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Introduction.

Let i be a line of a rectilinear congruence; X, Y, Z, its direction-cosines;

and x,y,z, the coordinates of the point in which L cuts a surface of reference

S. These six quantities are functions of two parameters, say u and v, which

we assume to be real.    As usual we put

*-»(£)•  '-»£&   -»(£)"
(!)

e=2^-5—,    ;=2^-^—,    f = 2. ^-=—,    q==2.^-5—.
cu  cu     J        dv   ou      J ou   ov      " ov   ov

Of all the ruled surfaces, formed by lines of the congruence, which pass through

L two at most are developable.    They are defined by the equation

(2) (Ef- Fe)du2 + (Eg + Ff - Ff - Ge)dudv + (Fg - Gf)dv2 = 0.

In the case of normal congruences, congruences of Guichard, cyclic congruences

and congruences of tangents to a real family of curves on a surface, the integrals

of equation (2) are real. But there is a large variety of congruences for which

the integrals of this equation are imaginary. We say that a congruence is of

the hyperbolic or elliptic type according as the two values of dv/du given by (2)

are real or imaginary. This paper deals with congruences of the latter type,

and particularly with pairs of ruled surfaces which are real only in this case and

which possess properties analogous to those of the developable surfaces of a con-

gruence of the hyperbolic type.

One of these systems may be defined analytically by means of the following

theorem of Cifarelli : f

Given two quadratic differential forms

(3) a, du2 + 2a2 du dv + a3 dv2, bxdu2 + 2b2dudv + b3dv2,

of which the first is definite, that is, a, a3 — a2 > 0 ; if one forms the Jacobian

* Presented to the Society September 13, 1909.

i Le Congruenze, Annali di Matemática, ser. 3, vol. 2 (1899), p. 148.
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of these forms and equates to zero the Jacobian of the resulting quadratic form

and of the first of (3), the solutions of the resulting differential equation define a

real transformation, say u = eb(u, v), v = ^(w, «), which changes the forms

(3) into two

a, du   + 2a'2 du'dv + a'3 dv",        6, du   + 2b'2 du'dv + b'3 dv ,

which are such that

Since the left-hand member of equation (2) is a definite quadratic form, it

may be taken as the first of (3). If we take for the second the square of the

linear element of the spherical representation, namely

(5) da2 = Edu1 + 2Fdu dv + Gdv2,

the parametric ruled surfaces u = const., v = const, constitute a system which

we shall study in detail. We call them the characteristic ruled surfaces of the

congruence.

In § 1 the equation of the characteristic ruled surfaces is derived, and there-

from we discover properties of the lines of striction of these surfaces, of their

spherical representation, and the fact that their parameters of distribution are

equal to one another and to the harmonic mean of the maximum and minimum

values of the parameter of distribution of all the surfaces through the line.

The determination of a congruence with an assigned spherical representation

of its characteristic ruled surfaces is investigated in § 2, and the results are

applied in § 3 to the discussion of congruences whose characteristic surfaces

meet the surface of reference in its asymptotic lines. These congruences are of

the Ribaucour type. The necessary and sufficient conditions for their existence

are found, and an example of such congruences is given in § 4. Incidentally a

theorem is derived concerning the case where the characteristic lines on a surface

correspond to the asymptotic lines on an associate surface.

Since the quadratic form (2) is definite, there exist an infinity of real trans-

formations of variables such that in terms of the new variables the expression

(2) is of the form \(du + dv ). We say ¿hat such a parametric system is

isothermic. Section 5 deals with the determination of congruences with an

assigned spherical representation of an isothermic system of ruled surfaces. If

p denotes the distance from the middle point of a line to one of its two conjugate

purely imaginary focal points, the surfaces which are the loci of the points at the

distances ip, — ip from the middle point are of interest in this theory. We

call them the pseudofocal surfaces of the congruence.

When the pseudofocal surfaces correspond with parallelism of tangent planes,

as in § 6, the congruences are of the kind studied by Lilienthal.    He took
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three functions of u + iv, written

xx + ix2 =fx(u+iv),        yf + iy2=f2(u + iv),        zx + iz2=f3(u + iv),

and considered the congruence of lines joining corresponding points of the sur-

faces which are loci of the points (a;,, yx, zx), (x2, y2, zf). We say that two

such surfaces are conjugate-potential. These congruences of Lilienthal are of the

Ribaucour type, and the spherical representation of their imaginary develop-

ables is similar to that of congruences whose focal surfaces are curves.

Conjugate-potential surfaces are associate to one another. Section 7 deals

with congruences which consist of lines joining corresponding points on associate

surfaces. Certain congruences of Ribaucour possess this property in an infinity

of ways, and of this group are the congruences of Lilienthal.

§ 1. Characteristic Buled Surfaces.

Given a congruence of the elliptic type expressed in terms of any parametric

system and with an arbitrary surface of reference.    If we put

m     A     Ef'-F< n     Eg + F(f-f)-Ge Fg - Gf
\o)    a=      jf~ >       tí=z 277 ' 77     '

where 77 = -AEG — F2, the equation of the developables (2) may be written

(7) Adu2 + 2Bdudv + Cdv2 = 0.

If we apply the theorem of Cifarelli to the left-hand member of this equation

and to the right-hand member of (5), we find that the differential equation of

the characteristic surfaces is reducible to

[A(AG-CE)- 2B(AF- BE)] du2 + 2[B(AG + CE)

-2ACF]dudv+ [2B(BG - CF) - C(AG - CE)]dv2 = 0.

In order that the characteristic ruled surfaces be parametric, we must have

(AG -CE) A- 2B(AF- BE) = 0,
(9)

(AG- CE)C-2B(BG- CF) = 0,

which equations are reducible to

(10) ^-£,        7? = 0,

unless

(11) A(BG- CF)-C(AF-BE) = 0.

But in the latter case the middle term also of (8) vanishes, so that the charac-

teristic ruled surfaces are indeterminate in this case.    Hence equations (10), or
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in other form

F(f-J) + Eg-G,~0,
constitute a necessary and sufficient condition that the characteristic surfaces be

parametric.

If the middle surface of the congruence is taken as the surface of reference,

we have*

(13) (f + f')F-EG^ + ffj = 0.

Combining this equation and the first of (12), we have

(14) /+/' = <>        ¿ + f-0,

and the second of equations (12) may be given either of the forms

(15) Eg + Ff' = 0,        Ff+Ge = 0.

In order to interpret the second of equations (14), we recall that the abscissa

r, measured from the surface of reference, of the point P on a line L where the

line of striction of the ruled surface defined by a value of dv/du meets L is

given by f
_      edu2 + (f + f )dudv + gdv2

{    > ' " Edu2 + 2Fdudv + Gdv2    '

From this and (14) it follows that the values of r for the two characteristic sur-

faces through L differ only in sign.    Hence we have

Theorem 1. The lines of striction of the two characteristic ruled surfaces through

a line L of the congruence meet L in points equidistant from the middle point.

We call these the characteristic points.

Before proceeding we return to the consideration of the particular case for

which equation (11) holds as well as (9), that is when the characteristic ruled

surfaces are indeterminate.    These conditions are equivalent to

AG-CE    AF-BE    BG-CF
(1T) ~~2B      "       A       -~~~C       -X'

where \ denotes the factor of proportionality to be determined. The condition

that these equations be consistent is

G 2\ E

F—\      E 0

0        -G    F+X

= 2\(EG - F* + \2) = 0.

*E., p. 401.    A reference in this form is to my Differential Geometry, Boston, 1909.

tE., p. 395.



1910] OF   THE   ELLIPTIC   TYPE 355

Since the quantities are real, we must have A = 0, and consequently equations

(17) are reducible to

A_B_ C

Ë~F~G'

Hence the congruences sought are such that their developables are represented

on the sphere by the minimal lines of the latter. This is a characteristic prop-

erty of isotropic congruences.*    Hence we have:

Theorem 2. The characteristic ruled surfaces of an elliptic congruence are real

and determinate, except when the congruence is isotropic.

Isotropic congruences will be excluded from the subsequent discussion.

Let r and 72 denote the abscissa?, measured from the middle point of a line L,

of a limit point P and of the characteristic point Con the same side of the middle

point. If co denotes the angle which the tangent plane at C to the correspond-

ing characteristic surface makes with the tangent plane to the principal surface

at P, we have from Hamilton's equation f

72 = r (cos2 co — sin2 ta).

In like manner for the other characteristic ruled surface we have

72 = — r(cos2 to' — sin2 at ).

From these equations we obtain

(18) cos 2o) + cos 2û>' = 0.

Consequently the curves on the sphere which represent the characteristic ruled

surfaces either form an orthogonal system, or they are equally inclined to the

curves which bisect the angles between the curves representing the principal

ruled surfaces.

In the former case, when these surfaces are parametric, we should have

F= 0 and also f +f = 0, from the first of (12). Moreover, from the second

of (12) we should have Eg = Ge; that is, the congruence is isotropic. Hence

7^ 4= 0, and we have

Theorem 3. The curves on the sphere which represent the characteristic ruled

surfaces are equally inclined to the curves which bisect the angles between the

images of the principal surfaces.

The developables of a congruence of the hyperbolic type possess the same

property.

By means of the preceding results we obtain the quadratic equation which

the abscissae of the characteristic points satisfy, when the parameters and sur-

face of reference are any whatsoever.    If Bx and 722 denote these abscisssae

*E. p. 412.

fE, p. 397.
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and rx, r2, the abscissae of the limit points, we have from Hamilton's equation

72, = r, cos2 co + r2 sin2 to,

B2 = r, cos2 iù'+ r2 sin2 co',

and from (18)
cos2 co' = sin2 ta, sin2 co' = cos2 to.

From these equations we deduce

72, + i22 = r, + r2,

cos2 8
BxB2=(rx + r2)2-^ + rxr2ain280,

where 80 denotes the angle between the spherical images of the characteristic

surfaces. If the differential equation of the latter surfaces be written in the

form

Ldu2 + 2Mdudv + Ndv2 = 0,
it is readily shown that

-a    . .- (EN-2FM+GL)2,        4H2(M2-NL)
»'        °~ E2N2-4EFMN+2EG(2M2-NL)-4FGLM+4F2LN+ G2L2 '

Since moreover

r   , r      (f + f')F-gE-eG 4eg-_(f + fy
'\i-i2- EG — F2 ' i 2—     EG — F2    '

we can readily determine the expressions of the coefficients of the quadratic

equation satisfied by the abscissae of the characteristic points. On account of

the involved form of this equation we will not give it here.

We shall obtain another property of the characteristic ruled surfaces by

recalling that the parameter of distribution of the ruled surface determined by

a value of dv/du is given by*

Adu2 + 2Bdudv + Cdv2

(    ' P = Edu2 +~2Fdudv+~Gdv2 '

The first of equations (10) expresses the fact that the parameters of distribution

of the two characteristic surfaces through a line are equal.

The differential equation (8) can be written

AG+CE-2BF    Edu2 + 2Fdudv + Gdv2

(    > 2(AC-B2)     ~ Adu2 + 2Bdudv + CW '

If now px and p2 denote the maximum and minimum values of p for all the

ruled surfaces through a line, and if pc denotes the value for the characteristic

*E, p. 424.
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surfaces, equation (20) may be written, in consequence of (19),

Hence we have

Theorem 4. The parameters of distribution of the two characteristic ruled

surfaces through a line have the same value, namely the harmonic mean of the

maximum and minimum, values of the parameter for all the ruled surfaces through

the line.

The first part of this theorem is a consequence of the following theorem which

can be readily proved :

Theorem 5. If the lines of striction of two ruled surfaces through a line I

meet the latter at points equidistant from its middle point, the parameters of distri-

bution of the two surfaces have the same value ; and conversely.

§ 2. Spherical Bepresentation of Characteristic Bided Surfaces.

It can be shown that the first derivatives of the coefficients of the surface of

reference of a congruence are expressible in the form *

dx     eG-f'FdX    fE-eFdX
du1"      F2     ~du~+'~~lr-     'dV^^'

dx    fG-gFöX    gE-fFdX
dv~      H2       du +      H2       dv +7iA'

and similar equations in y and z, where 7 and 7, are functions which must

satisfy the conditions

do     du      x l ■'e + { V }'/- {'8S}'/ + { Ï }'g + Fy -Eyx = 0,

<22)   %-^¿~ {?}'«+{?)'/- i"Yf'+ViY9+Gy-Fyx = 0,

dv      dv,
Ii + /-/' = 0,dv

the Christoffel symbols being  {''}' are formed with respect to the quadratic

form (5).

We consider now a congruence of the elliptic type referred to its characteris-

tic surfaces. We assume that the middle surface is the surface of reference and

that R is the abscissa of the characteristic point of the surface u = const.

From (14), (15) and (16) we have

^_ K = Ë = -G=-ËG==ÊG'
* E, pp. 406, 407.
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The abscissae of the limit and focal points are given by the respective

equations *

(24) ?.^-^ p2-tJ?\**) r 4J^2 » H   —       JJ2      •

From equations (23) and (24) we obtain

(25) 72 = r sin 80,        72 = ip cos 80,

where 80 denotes the angle between the central planes of the two characteristic

surfaces.

In consequence of (23) equations (21) are reducible to

dx     EBdX       _ dx GBdX
(26)       3u-=fF-dv-+,*x>    w—m+*x-

From the first two of (22) we find that

*-¿(Tr)+f (*«*>•+»«)').
and the last of (22) may be written

¿(^)+S(f)+¿[>?r+*m'>]
(28)

+ §v[§(E{*i}'+G{x}}')] + 2]^-B = 0.

Since equations (22) are sufficient conditions upon the functions e, f, /', g

y and 7, that equations (21) define the surface of reference of a congruence with

a given spherical representation of linear element (5),t we have

Theorem 6. Given any system of curves on the sphere and let E, F, G de-

note the fundamental coefficients ; each solution of equation (28) determines a con-

gruence whose characteristic ruled surfaces are represented on the sphere by the

given system of curves.

From (26) we obtain by differentiation with respect to u and v the following

dv

(27)

du2
(d 10^+r2vYx   (Er2v+FyYx+A x
\dul°ë  F +^2} )du-\V{l} +-GBjdv-+A"A>

w£^-ïiw£-5m'S?+<i-r.dudv ~      EX2S du      GXi ' dv

\dx      fd        GB \dx

dv2~\ER     E

*E., pp. 396, 399.

tE., p. 407.
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where, for the sake of brevity, we have put

F f d       EB\ E dy
** = nim - 7 ({','}' + FJog -=- j + 7l5 {»}'-JSÄ + ¿,

7Í (r dy       GE
¿n=G{"]'^ + FW"i + dv--rR'

(30)
■ff ,   w Ö ,   ,,        dyx     GE „

f [ ß CI? \ C d
¿n--r*im-v1({\*y+¿iiog1F-) + vw{xiy+GB+-¿ dv

§ 3.   Congruences whose Characteristic Buled Surfaces meet their Middle Surfaces

in Asymptotic Lines.

We consider in particular the case where the characteristic surfaces cut the

middle surface in its asymptotic lines. From (29) and (30) it is seen that a

necessary and sufficient condition for this is

Axx = A22 = 0.
In this case we have

dy dy, d        EB d GR
AxxG + A22E=G¿+E-^-yGIwloEir-yxEWvXog~F- = 0.

When the values of y and 7, from (27) are substituted in this equation, the

result is reducible to

(31) ¿[Ií"í'+{^'+ál0«>li]-¿[l í?>'+<*>'+¿**>!f)
But this is a necessary and sufficient condition that the parametric curves on

the sphere be the spherical representation of the characteristic conjugate

system on a unique surface 2.* The coordinates x, y, i of S are given by the

quadratures

■    '     du G \     du do  J        dv       E \     du dv  J

where X is given by

OhgX     d_      JS B
du        dulog \ ^     * » ' G     {x * '

(33)
ÔlogX     d ¡G ,0
^-dv^ = dvl^\~E-^2^ E—

22

*Eisenhart, Three particular systems of lines on a surface, Transactions of tbe A menear

Mathematical Society, vol. 5 (1904), p. 434.
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From (26) and (32) we have

dxdx dxdx dx dx dx dx

^     ' du du ' du dv dv du ' dv dv

Hence S and 2 correspond with orthogonality of linear elements and conse-

quently the congruence under consideration is of the Ribaucour type,* and 2 is

the director-surface.

Referring to (29), we have that another necessary condition that the asymp-

totic lines on S be parametric is

d / d      ER \     did      GR \

dv\du l°SF-+{^) = d-u\dv l0S^-+{'i2} )■

This equation and (31) are equivalent to the two

d2 G      d d d G ô E

w dffïvi°ZE-+du^Y-dv^Y=°>  duF^y=dvG^y-

We shall show that these conditions are sufficient.

When equations (35) are satisfied, equation (31) is true and there exists a

surface 2, defined by (32). Since the parametric curves on 2 are the charac-

teristic lines, we have f

(36) |-f,        7)' = 0,
and consequently the second of equations (35) is reducible to J

(37) ¿{?}i-JSlï>i.

where the Christoffel symbols are formed with respect to the linear element of

2. This is the condition that there exist a surface S corresponding to 2 with

orthogonality of linear elements and such that its asymptotic lines are para-

metric. § If we take S for the middle surface of a congruence of Ribaucour

whose director-surface is 2, we have a congruence of the kind sought.

Since the developables of a congruence of Ribaucour correspond to the

asymptotic lines on the director surface, the conditions (10) that the character-

istic ruled surfaces be parametric are equivalent to equations (36). Hence we

have

Theorem 7. The characteristic ruled surfaces of a congruence of Ribaucour

cut the middle surface in the curves which correspond to the characteristic conjugate

system on the director-surface.

*E., p. 420.

t Loc. cit., p. 435.

JE., p. 201.
gE.,p. 380.
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In order that these curves on the middle surface may be asymptotic lines, the

condition (37) must be satisfied, and consequently we have

Theorem 8. Let 'S. be a surface of positive curvature whose characteristic lines

form a conjugate system with equal point invariants and let S be the unique sur-

face corresponding to 2 with orthogonality of linear elements in such a way that

its asymptotic lines correspond to the characteristic lines on 2 ; then S is the

middle surface and 2 the director-surface of a congruence of Bibaucour whose

characteristic ruled surfaces cut S in its asymptotic lines ; and these are the only

congruences of this sort.

§4.  The CaseE= G.

We shall establish the existence of such congruences, by showing that there

exist upon the unit sphere systems of curves which are such that when they are

parametric the conditions E= G and (35) are satisfied. The latter conditions

become in this case

(38) ¿tf>'-¿W'   £.<«>'-£(*>'•
If we put

(39) E=G = X,        F=\coaco,

the first of these conditions may be written

'dlogX ölogX\ /dlogX 51ogX\

dv du      )      d j      du dv      I

sin to I      ov \ sin to

and the second is reducible by means of the first to

d

du
or in other form

(    1    e<0\- d (    1    8eû\
\ sin co du J ~ dv \ sin o> dv J '

d2        d2 \ , to     n

du-2+dvrosUn2 = 0'(

The general solution of this equation may be given the form

C40Ï tan2--ti^Z^)

where eb and >}r are arbitrary functions.

From the first of equations (38) it follows that there is a surface S0 whose

asymptotic lines have the given representation on the sphere. Since E= G,

the equation of the lines of curvature on S0 is du2 — do2 = 0, so that if

M, = U-ft>, Vx = U — V,

the curves m, = const., vx = const, are lines of curvature.    From (40) it follows

Trans. Am. Math. Soc. 9* 121
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that

(40') cos to = ff« +V\-+ <«-«> = jPI^M .v     ' <£(« +«;) +^(u-v)      ^(«J + ^K)

and consequently the linear element of the spherical representation is

der2 = jj—y ( Udu\ -4- Fdij2 ).

Moreover, the linear element of Sa is of the form *

/ du2     dv

*\u + Í).
where p is a determinate function. Hence S0 is an isothermic surface whose

lines of curvature are represented on the sphere by an isothermal system. Con-

versely, it can be shown that when a surface of this kind is referred to its

asymptotic lines conditions (38) and (40) are satisfied, f

To this group of surfaces belong the quadrics, cyclides of Dupin, surfaces of

revolution, minimal surfaces, certain surfaces with plane lines of curvature in

both systems, \ and a group of systems recently discussed by A. E. Young. §

Suppose that S0 is such a surface referred to its asymptotic lines, and that Sx

is the unique surface whose characteristic lines have the same spherical repre-

sentation as 80. In consequence of (39) these lines on Sx form an isothermal-

conjugate system, and since the second of equations (38) is satisfied, this conjugate

system has equal point invariants.|| Hence there exists a surface S, corre-

sponding to Sx with orthogonality of linear elements, whose asymptotic lines cor-

respond to the characteristic lines on Sx. From Theorem 7 it follows that the

congruence of Ribaucour for which S is the middle surface and Sx the director

surface is such that the characteristic ruled surfaces cut & in its asymptotic

lines, and thus we have a congruence of the kind sought.

It is evident that S0 is an associate surface of Sx and consequently determines

a surface S' corresponding to Sx with orthogonality of linear elements. When

S0 is referred to its asymptotic lines, the parametric curves on *S" form a conju-

gate system. In view of Theorem 7 we have that the characteristic ruled sur-

faces of the congruence of Ribaucour, whose director-surface is Sx and middle

surface S'x, cut S' in a conjugate system.

In general, when the characteristic ruled surfaces of a congruence of Ribaucour

*E., p. 192.

fCf. A. E. Young, On a certain class of isothermic surfaces, Transactions of the American

Mathematical Sooiety, vol. 10 (1909), pp. 79-94.

}Eisenhart, Isothermal-conjugate systems of lines on surfaces, Amerioan Journal of

Mathematics, vol. 25 (1902), pp. 239-248.

§1. o.

|| E., p. 380.
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cut the middle surface in a conjugate system, the spherical representation of

these surfaces is that of the asymptotic lines on that associate surface of the

director-surface which is determined by the middle surface.    Hence we have

Theorem 9. A necessary and sufficient condition that the characteristic ruled

surfaces of a congruence of Bibaucour cut the middle surface in a conjugate system

is that the spherical representation of these surfaces satisfy the conditions

d d
_i "i'_s in'
du{x> ~dv[2i '

dudv   G+du\E{ 2* )     dv\G{li)~

The knowledge of one such system of curves on the sphere leads to the deter-

mination of another.    This results from

Theorem 10. If the characteristic lines on a surface correspond to the asymp-

totic lines on an associate surface, the characteristic lines on the latter correspond

to the asymptotic lines on the former.

For, let Sx and S0 be two associate surfaces with the characteristic lines and

asymptotic lines respectively parametric ; then

(42) ^-^.        D[ = 0,        Do = B> = 0,        B'0 = -uD'; = *Bx,

where p and tr are two functions such that the coordinates of the two surfaces

are in the relations

dx0 dxx dxQ      1 dxx

du ~ dv ' dv ~     du"1

and similarly for the y'a and z'a.*    From these we have

(43) E, = p2Gx,        Ga = o*Ex,

the functions Ex, Gx in (42) and (43) being the coefficients of the linear element

of Sx, and E0, G0 the corresponding functions for S0. The differential equa-

tion of the characteristic lines on S0 is reducible to f

E0du2 + G0dv2 = 0,

which by means of (42) and (43) is equivalent to

Bxdu2 + D'x dv2 = 0 ;

consequently the theorem is proved.

*E., pp. 378, 380.

fE.,p. 131.
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Since asymptotic lines and characteristic lines are real only on surfaces of

negative and positive curvature respectively, it follows that if a system satisfying

(41) is real, the similar system obtained by means of Theorem 10 is imaginary,

and vice-versa.

§ 5. Isothermic Systems of Bided Surfaces.    The Pseudqfocal Surfaces.

Since the quadratic form

<E> = Adu2 + 2Bdudv + Cdv*

is definite for a congruence of the elliptic type, there exist double systems of

ruled surfaces which are such that, when a system of this kind is parametric,

the coefficients of the form <t> satisfy the conditions

(44) A=C,        B = 0.

The determination of these double systems of ruled surfaces is the same analytical

problem as that of isothermic orthogonal systems of curves on a surface.* For

this reason we say that ruled surfaces satisfying the conditions (44) form an

isothermic system.

On the assumption that such a system is parametric, we have from (6)

(45) Ef'+Gf-F(e + g) = 0,        Eg - Ge + F(f -f)= 0.

Furthermore, if we take the middle surface of the congruence for the surface of

reference, we have the condition (13). Combining the latter and (45), we find

that

e ff g
(46) J=-==v=- = =tr,

where cr denotes the factor of proportionality.

When the values (46) are substituted in the first two of equations (22), we

obtain

(47) y=-d-fv-*S,        y^li + crT,
where we have put

(48) S={xxy +{?}',        T={22}'+{»}'.

And the third of equations (22) is reducible to

d2tr     d2* dtr     „dv     fdT    dS     „ \

(49) J^+^+Tdu-+Sdlf+{dü + do- + i:+G)^0'

«Cf., E., p. 93.
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Moreover, from (21) we derive the equations of the middle surface in the form

dx dX

du dv
-(£ + ^)X'

—    /a xdx dX      f der

dv ~ du

Conversely, when the parametric lines on the sphere are any whatever, and

tr is any solution of equation (49), equations (50) define the coordinates of the

middle surface of a congruence referred to an isothermic system of ruled surfaces.*

We shall consider now the two surfaces Sx and S2, whose coordinates are

given by

x, = x — trX,        y, = y — er Y,        z, = z — erZ,

(51) ' »       *     » • i
x2 = x + aX,        y2 = y + erY,        z2 = z + aZ.

In the first place we remark that Sx and S2, thus defined, are the same surfaces

for all isothermic systems. In fact, if the values (46) be substituted in the

second of (24), we find the following relation between a and the abscissa of an

imaginary focal point

(52) a = ip.

Because of this result we call Sx and S2 the pseudqfocal surfaces of the

congruence.

§ 6.  Conjugate-Potential Surfaces.    Congruences of Lilienthal.

Of particular interest is the case when the tangent planes at corresponding

points of Sx and S2 are parallel. In order to investigate this case, we differ-

entiate equations (51), with the result

(53)

dxx

du

(dX     dX\      fdtr     da \

Ox, fdX    dX\      (da     dtr \
!¿ = -°{lú + l*) + {du--c3v- + <rT)X>

dx2 fdX    dX\     fdtr     dtr         \ v
5tJ= *{ -du- + -dv7) + \du—do--<'8)X^

(54)
dx2 fdX     dX\      (da     da           \

If XX,YX,ZX; X2,Y2, Z2 denote the direction-cosines of the normals to Sx

*Cf. Sannia, Nuova esposizione delta geometría infinitesimale delle congruenze rettilinee, A nil al i

di matematioa, ser. 3, vol. 15 (1908), pp. 39, 40.
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and S2, we find from (53) and (54)

1     VEXGX-F\

(55)

2^*2 -1   2

2XH+(r^-^)(2^ + S+r)

+ ('£-*£)(•*£-'+-' )}•

-('£-*£)(■**-' + «+')}•

where Ex, Fx, Gx; E2, F2, G2 are the first fundamental coefficients of S, and

SL. From these expressions it follows that the necessary and sufficient condi-

tion that the tangent planes to Sx and S2 be parallel is that

(56) EXGX-F2 = E2G2-F¡
and
,,.... <3 log cr m d log: o-

When the values from (57) are substituted in (53) and (54), it is found that

£-£~[(£-S)+««-*>4
(58)

dx, dx. [(dX    dX\ ,n     m   x/|

From these equations it follows that x, + i'x2, yx + iy2, z, -f iz2 ave analytic func-

tions of u + iv. Hence we say that Sx and S2 ave conjugate-potential surfaces,

and the congruence consists of the joins of corresponding points of the pair.

Conversely, given any three analytic functions, consider the congruence of

linesjoining corresponding points of the surfaces Sx and S2 so determined.

The direction-cosines of the lines are of the form

v_x2 ~3 y = ^2 ~ ^' Z = ?2 ~ z'

2o-

where 2tr denotes the distance between the points on Sx and S2.    From these we

obtain

dX 1 (dxx i dxx i  „diog

du

<69)

*(?g+?g+2ÎMSx),
2a \ dv      du du        J

= 1.(^1 _ dJh _ 2 —°?— x]
dv      2a\ du       dv dv J'

If x, y, z denote the coordinates of the mid-point of the join of corresponding
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points of Sx and S2, equations (59) may be given the form

(00)Ôf=-1(d^ + 2Ôl^x),        d*=1(¥-2Ôl^x).
v    '   du a\dv du J dv      a\du dv )

From these equations follow equations (46). Hence the surface S is the middle

surface of the congruence, and the parametric ruled surfaces form an isothermic

system. Congruences of this kind were considered by Lilienthal,* and so we

shall refer to them as congruences of Lilienthal.

The preceding results may be stated thus :

Theorem 11. A necessary and sufficient condition that the pseudofocal sur-

faces of a congruence correspond with parallelism of tangent planes is that the

congruence be of the Lilienthal type; in this case the pseudofocal surfaces are

conjugate-potential.

From (57) it follows that a necessary condition that the parametric lines on

the sphere represent an isothermic system of ruled surfaces of a congruence of

Lilienthal is

(61) kT-k8'
Furthermore, the function a given by (57) must satisfy equation (49). This gives

the further condition

<62) 2|"^ + lf- + 2(£+G)]=r2+^-

Conversely, from the general theory it follows that when conditions (61) and

(62) are satisfied, there exists a congruence of Lilienthal which can be found by

quadratures.

In consequence of the identity f

¿({V}'+{1|}')=¿({222}'+{112}'),

equation (61) is equivalent to

¿({,2^}'-{2l2}') = ¿({112}'-{12,}')•

But this is the condition % that the parametric lines on the sphere represent a

real isothermal-conjugate system on a surface 2 whose coordinates £, y, ¿fare

given by the equations

,68ï    Öf       l(     CÔX+FÔX\ d*       lÍFdX    FdX\
(63)   dü = w[-Gfrl+F-dff)>     dv=F2\F-du~E-dfr)'

* Untersuchungen zur allgemeinen Theorie der krummen Oberflächen und geradlinigen Strahlensysteme

(Bonn, 1886), p. 80.

t E., p. 153.
ÍE., p. 202.
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where t is given by

gl°g*      fiiy     tmv        al°g(     fiiy      .ni'
du ~ *2 ' ~ [ x j '       a»  — i i í — 12 > •

From (50) and (63) we find that

dx df + dy dy + dz dÇ = 0.
Hence:

Theorem 12.    A congruence of Lilienthal is a congruence of Bibaucour.

If we put
w = ü + v, v = i(v — Ü),

the ruled surfaces w = const., v = const, are the developables. If E, F, G

denote the fundamental coefficients of the sphere in this case, we find that the

conditions (61) and (62) may be given the form

(64) ¿{?}'-¿{?}'-{?}'{f}'-^

where the symbols {"} are formed with respect to Edü2 + 2Fdüdv + Gdv2.

When a real system of lines on the sphere satisfies (64), these lines represent

the developables of a congruence whose focal surfaces are curves;* moreover,

the semi-focal distance is given by quadratures.

Since the tangent planes to two conjugate-potential surfaces Sx and S2 at corre-

sponding points are parallel, it is readily shown that the second fundamental

coefficients of these surfaces satisfy the relations

BX = ^B'; = B'2,        B'X = -B2 = F'2,

and consequently

BxF'i + F[B2-2B'xB'2 = 0.
Hence we have

Theorem 13.     Conjugate-potential surfaces are associate to each other.

§ 7.  Congruences which consist of the Lines joining Corresponding Points

on Associate Surfaces.

We have seen that the abscissae of the focal points are ia, —ia; hence, the

above result follows also from the following known theorem f :

Theorem 14. In order that two surfaces Sx and S2 corresponding with paral-

Idism of tangent planes be associate surfaces, it is necessary and sufficient that for

the congruence formed by the joins of corresponding points Mx and M2 of these

surfaces, the focal point» and the points Mx and M2 form a harmonic range.

*E., p. 412.

fE.,p. 425.
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We inquire whether a pair of associate surfaces is connected with every con-

gruence after the manner described in the preceding theorem.

We assume that a given congruence possesses this property and that the two

associate surfaces meet a line of the congruence in points whose distances from

the middle point of the line are denoted by <, and t2.    By Theorem 14 we have

txt2 = P2, and by (52)

(65) txt2=-a2.

We must express the condition that the surfaces 2, and 22, defined by

Çx = x + txX, yx = y + txY, Çx = z + txZ,

Ç2 = x + i2X,        y2 = y + t2Y, it2=z + t2Z,

correspond with parallelism of tangent planes.

By means of (50) we have

dJl = td^+adX+(d^-d-^-aS\x
du       1 du dv       \du      dv J     '

(66)
V    ' 3£, dX

dv ' du

dX     (dtx     da \ v
+ t>Hv- + {dvl + dur + °T)x>

and similar expressions in yx and f,.    From these we find

l/ExGx-F2xXx = (t2x + a2)HX+[tx^+d^+aT}

Jîh. _ ^1 _ aSX] ( Z~ - Y—\
\du      dv )J \    öm du J

r   (dt     da \ (dt     da \ "I /    dY    „dZ\

where EX,FX, Gx are the first fundamental coefficients of 2, and Xx, Yx, Zx are

the direction courses of the normal to 2,.

The expressions for X2, Y2, Z2 are similar to the above.    The necessary and

sufficient conditions that these respective quantities be equal are reducible to

(67) tx JE2G2-F2 = - t2 JEXGX-F\,

dd da dd da
<68)   f>v+*adu-+*°3T+8e=Ç><        -dû'^-dv-^8+T6-Q

where, for the sake of brevity, we have put

(69) 8 = txa-j.
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By means of (49) the condition of integrability of (68) is reducible to

l(dS     dT\n      (da\2     (da\2        (da 8a\

4{du-df)0+ [du:) + [dv-) +CT(Ää» + Tdu-)

(70)
a2fdT     dS 1

-■4^+^+2(i?+Gi)-(7,2+'S2)j=0-

Hence in order that two associate surfaces 2, and 22 exist it is necessary that

the function 8 given by (70) satisfy equations (68). Moreover, it is readily

shown that these conditions are sufficient.

When in particular 8=0, equations (68) reduce to (57) and then (70) is

satisfied.    This is the case of congruences of Lilienthal.

It may be shown that equation (61) is equivalent to the first of equations (64)

and consequently is the condition that the congruence be of the Ribaucour type.

From this and (70) it results that for the congruences of Ribaucour, for which

a is a solution of (49) and

(da\2     (da\2        (da      rrlôa\

{du-)+{df)+^{S^ + Tdu)

(71)
-H^+^+2(i?+G?)-ÍT2+S2)j=0'

the function 8 involves a parameter, and consequently there is an infinity of

pairs of associate surfaces such as 2, and 22. Moreover, their determination

requires quadratures only.

Since congruences of Lilienthal are of the Ribaucour type, the above result is

applicable to these congruences ; for equation (71) is satisfied by the function a

given by (57).    Now equations (68) reduce to

30 _2dl°ga -8-0 d° -2dlOga8-0

dv do     ' 'du du       ~~    '

of which the general solution is
<? = ca3,

c being an arbitrary constant.    From this result, (69), and (65), we have

tx = aa,        t2 = —
a

a

where a is an arbitrary constant.    Hence we have

Theorem 15. With a congruence of Lilienthal there are associated an infinity

of pairs of associate surfaces ; two of these are conjugate-potential surfaces which

cut a line of the congruence at points distant a and — a from the middle point ;

and corresponding points of any other pair are at distances aa, — a ¡a, where a

is a constant.

Princeton, September, 1909.


