GENERALIZED LIMITS IN GENERAL ANALYSIS*
SECOND PAPER

BY
CHARLES N. MOORE

In a previous paper of the same titlet I have developed the fundamental
principles of a general theory which includes as particular instances the
theories of Cesaro and Holder summability of divergent series and divergent
integrals. Ifurther made use of these fundamental principles to prove a general
theorem which includes as special cases several important theorems in the
above mentioned special theories.

In the present paper the general theory referred to above is extended to
the case of multiple limits and the theorem mentioned is likewise generalized.
The theorem thus obtained includes as special cases the extension to multiple
series of the Knopp-Schnee-Ford theorem} on the equivalence of Cesaro and
Holder summability for divergent series, the extension to multiple integrals of
the analogous theorem of Landaui for the case of divergent integrals, and the
extension to partial derivatives of a corresponding theorem with regard to the
equivalence of certain generalized derivatives. Once the principles of the
theory are set forth, the proof of this general theorem is fully as simple as
the proofs of any of the special theorems would be. Thus we have exhibited
the greater power of the methods of General Analysis as compared with the
methods of classical analysis.

The basis of our general theory may be indicated as follows:
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where A = [a] denotes the class of all real numbers a, P; = [p:] denotes
a class of elements p; (: =1, 2, ..., m), and &; = [o®] denotes a class of
sets o of elements p; of the range B; (1 =1, 2,...,m); @ = [r], $;: = [4?]
(t=1,2,...,m), & =[P (i=1,2,...,m), D =I[1], and F = [¢p] are
(2m + 3) classes of functions, 7, 7P, ..., 9™, M ... ¢™ g and ¢ respec-
tively on &,, &, ..., Sn to A (we consider only single-valued functions);
@™ is a special function of the class §; J; is a functional operation turning
a function of the class ® into a function of the class 9; or a function of the
class §; into a function of the class $;, denoted by J;y or J;4® respectively;
and J is a functional operation turning a function of the class @ into a function
of the class § or a function of the class § into a function of the class §,
denoted by Jy or J7 respectively.

In order to show the relationship of our general theorem to the special
cases of it to which we have referred, we will indicate here what the general
basis reduces to in the particular instances III and IV.

PM = [alln, =1, 2,3,...] (t=1,2,..., m);
G = [on, = (1, 2, ..., m)|ni] t=1,2,...,m);
C=6=g = = § = [all y, 19, @@, g, ponS&u....Cnto¥]

t=1,2,..., m)
@™ (Onay Ongy - -+ y On,) = MyMg - Nm (n; 1 =1, 2, ..., m);
ky=mn;
(J: 6)(on, ..., 9n) =k210(c,.,, cevy Oy ooy On)
‘=
(mi; e =1,2,...,m 0=77"](0)§

kh=mn kﬂ=”n
(J8) (on,, - - -, On) =k§1 ---kgo(ok., ey O

mi; ¢ =1,2,...,m; 6 =y, 1q).

PV = [all a,> 0] i=1,2,...,m),
©; = [o® = (allz;such that 0 <z,;<a;) (a,>0;:=1,2,...,m)];

® = [all functions that are finite in any finite region (0 <x; < a;
i=1,2,...,m) and are integrable (Lebesgue) with respect
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to each of the variables z; (¢ = 1, ..., m) on every finite inter-
val O<z<a;i = 1, ..., m)];

Z
9, = all g =J v(@, xsy .. iy ..., xm)dzi (@i>05i=1,...,m);
0

S

&L
all p® =fq(i)(m1,x,,...,xi,...,xm)dxi (@i>0;i=1,...,m);
0
o ,,
O = ally =f.--fr(a>1,...,acm) (x;>0;2 =1, ..., m)
0 0

L Ty
%—Eall0>=f--°fﬂ(w1, ceey Tm) (>0 =1, ..., m)
0 0

('Pf)"’))(da., LR} O’a‘.) =0 A3 Qm (ai; 1= 1’ et M);

]

(Ji0) (%, ..., 0a,) =f0da:¢ (a; 1 =1, ..., m; 6 =y, 9D);

0

o ay,

(J0) (%, ..., Ga,) =f.--f0 (a;e=1,...,m; 0=y, 7).
0

0

With regard to each of the classes &,, &, ..., &, we make definitions
analogous to those made for the class © in Paper I, and we further postulate
analogous properties. These properties will be referred to by the same letters
as in the previous paper with a subscript or index attached to indicate the
particular class to which reference is made. When any two functions 6, « on
S, ..., Sm to A are regarded as functions of a single set @, the other sets
being held fixed, we define the notation (D;6) (a9, ..., ™) = a(a®, ..., o)
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in a manner entirely analogous to that in which the notation (D 6) (¢) = «(0)
was defined in Paper L.

When functions of the class @ are regarded as functions of a single set ¢@,
the other sets being held fixed, we postulate for them the properties of class &
of Paper I, these properties to be referred to by the same letter with suitable
index or subscript.. Analogous properties for the classes $ and §§, designated
in similar fashion, are also postulated. Furthermore for the classes 9; and {;,
regarded as functions of the set o® alone, we pustulate the properties of
classes § and § of Paper I and indicate them in like manner. When the
functions of classes @ and ; that are involved in the operation J; are regarded
as functions of the set o® alone, we require J; to have all the properties
required of J in Paper I, which properties we shall designate by the same
symbols with subscript or index z. We further postulate that any of the
operations Ji, Js, . . ., Jm is interchangeable with any other of the set, which
property we designate as (). We also postulate as to the relationship be-
tween J and Jy, J;, ..., Jn that

@) (™, ..., a™) = (Ji(Js-- (Img)---)) (6, ..., o™).

With regard to the special function p{™ (o, ..., o) we postulate that

@) (e, o) = g, (60) g, (o) - p, (a),

where @, (6®) as function of ¢®, for ¢ =1, 2, ..., m, is the same function
as @, (o) of Paper I as function of . We also postulate for the class ¥ that
(Jip) (oW, ..., ™), fori=1,2,..., m, is of the class §, which property
we designate as (K).

For the sake of brevity we shall agree to represent, in all cases where no
loss of clearness is involved, the set of elements p®, ..., p™ by the single
symbol p, the set of classes P@, ..., P by P, the set of classes SV, ..., St»
by &, and the set of sets o, ..., o™ by 6. Analogous to the definition of
the notation lim, 6 (¢) = a in Paper I, we define the corresponding notation
in the case that o represents the set of sets o®, ..., a®™ to mean that corre-
sponding to every positive e there exist sets o(", ..., o™ such that for sets
a®>e®(;=1,2,...,m) we have |6(c) —a|<e.

We then postulate as to the class § the property (B) defined by
(B) If lim, 5 (o) exists and is equal to a, then |7 (c)| < a, (o).
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If we also for the sake of brevity agree to represent a group of properties
such as Ry, Rs, ..., R by the single letter B, we may indicate the foundation
of our theory as follows:

- UAR qonGto¥u.LP, ~on&to¥.L,P,SY .
Z=(?I;§B;@ ; ; Di ihi% Gi=1,...,m);
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onGto¥U.LPSgCJK, mg. X,
% ) Po )

.on§to%, M M 10101 .
Jionatob, on §;to ;. My” M3" I, I; (1=l,...,m);
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We now set

1) P (9) = @y, (a®) @y, (52) - - - gy, (a™),

where @,,, (6@), as function of 6@, is the same function as @, (), as function
of o, defined by equation (3) of Paper I. We are then ready to define the
two generalized limits with which we shall be concerned. Given any function
7(s), we set

! m

@ (Can) (0) = @% T (a),
1

3) (M n) (o) = W (Jn) (o),

@) (Han) (o) = (M 1) (s)  (n).

If for a fixed n lim, (Cy, 1) (o) exists, we define this limit as the generalized
limit of type (Cn) for 7 (o). If lim,(Hn7) (o) exists, we define this limit
as the generalized limit of type (Hn) for 5 (o).



464 C. N. MOORE [October

Before proceeding to the proof of the equivalence theorem we introduce the
following notations:

(5) (Mi7) () = [V (D] (TN (@  G=1,...,m),
TP (nlyett
®) (Ci*h ey (o) = %(cm)” ey (i Teu) ) @) ),

7P (0) = @o (D) g (6) - @o (6 ) y(a) (n>2;i=1,...,m),
(M
7P (0) = @ (a?) 7(a), r®(a) = (o) (i =1,...,m),

where of), o, ... are defined with regard to o in the same manner as
Gy, Oy, . . . With regard to o in Paper I;

® @ene = (AUt tE)r )@ w,

@ SR () = (PSR (S 7)) () (mi=1,..., m),
10) (8a7) (o) = (S(82-- (&™) =) (0)  (m),

(1) (T27)(s) = ny (s) - % Fir9) (@)  (m5i=1, ..., m).

We are now ready for the proof of our theorem; we begin by proving some
lemmas.
LEMMA 1. If we define Sn as in (10), we have the identity

(12) (8 (Cu 1)) (0) = (M(Cp17)) (6)  (m).

We have from Lemma 1 of Paper I and the interchangeability of the various
operations involved
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(S2(Cam) (@) = (8550 (C» ™2 (3 (¢4 ) (@)

_ (Sg,z,...,m—z) (Cg,z,...,m—z) (Sﬁf’“l) ™ (M (O, ’))))))) (o)

= (e (oD Wy (Mo (T 1)) (@)

= (8, @y - WUaCas 1)) --+)) () = (M(Cas 1)) (0).

Our lemma is therefore established.
We define ¢ in a manner analogous to the definition of y® in (7). We also set

®on.i (3) = @on (D).

We then prove

LEMMA 2. Iflim, ¢ (o) exists and is equal to a and |@(a)| < a, for every a,
then lim, [@,, (6®)]7 (J, @) (o) will exist and be equal to a/n and we shall
have

[ @on (8] (J; D) (0)| <af (o, m; s =1, ..., m).

Given a positive e, we choose o; so that a —(e/4) < @ (o) < a1 (e/4) for
6 >0..* We have

[Pon (a1 (J; 9) (0)
(13) = [Po (aN] 7 (J; D) (a®, ..., 0@, ..., a™)]
+ (@, (6] [(J; 9P) () —(J; 9P) 6P, ..., o, ..., a™)].

* It should be remembered throughout that o/ is an abbreviation for (¢, ¢, ...,

o™, and that > o, is an abbreviation for the set of relationships ¢V>a%", ...,

Pzl
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Analogous to (18) of Paper I we have the relationship

(19 7, 99) (@) = (%, [+ (D, 94.09] ) (0.

Making use of (14), and postulates M$ and I®, we see that the second term
on the right hand side of (13) lies between

o g ey o o) [~ 22

T o, (o n ENCON

From (IV) of Paper I it follows that for a proper choice of o, > a; the above
expression differs from a/n by a quantity that is less in absolute value than
4 e for all 6 > o',

The first term on the right side of (13) is seen from (14), M;”, and IS to
be less in absolute value than

.21_ wo,; (G:i))
n won (c(i)) '

From IV of Paper I it follows that we can choose o;” > o, S0 as to make this
expression less in absolute value than e for ¢ > o,”. If now we choose for o,
the greater of o; and o¢”, it follows from (13) that for ¢ > o,

| [®,, (8] (J; 9?) (6) — (a/n) | <e,

and the first part of our conclasion is established.
Making use of (14) and M{®, we have

= <90 (80 (7, 99) (o) < S

which establishes the second part of our conclusion.
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LEMMA 3. If lim, ¢ (o) exists and is equal to a, and | ¢ (¢)| < a, for every o,
then lim, (Sn @) (o) will exist and beequal to a and weshall have | (Sn @) (6)| < as
Jor every .

By virtue of deﬁmtlon (10) the operation S, is equivalent to a succession
of operations S for i = 1,2,...,m. It follows from Lemma 2, for the
case n = 1, thatif a function ® (o) remains finite for all ¢ and approaches
a hmlt as to g, the same is true for the function resulting from the operation

) applied to @ (¢). Hence by a succession of m applications of Lemma 2,
we obtain the conclusion of the present lemma.

We now set

(15) i (0) = (89 ¢) (o) (6=1,2,...,m).

We then prove

LEMMA 4. If for any ¢ lim, @;(c) exists and is equal to a, and | 9}(s)| < a,
Jor every o, then lim, ¢ (o) will exist and be equal to a, and we shall have
|@(0)| < as for every o.

By a procedure analogous to that used in the proof of Lemma 3 of Paper I
we may transform equation (15) into the form

(16) p0) = (T P (0) (n=2;i=1,...,m),

where T'® is defined by equation (11). Our lemma then follows from Lemma 2
for n=>2. For » =1 it is an obvious consequence of (15) and (8).

LEMMA 5. If lim, (S, @) (0) exists and is equal to a and |(Ss @) (0)| < a,
Jor every o, then lim, @ (o) will exist and be equal to a and we shall have
|@(0)| < ag for every o.

Making use of the definition of S, given in equation (10), we see that this
lemma may be established by successive applications of Lemma 4.

Noting that S, and M are interchangeable operations, we have from suc-
cessive applications of (12), in a manner analogous to the corresponding
reductions in Paper I by means of equation (14) of that paper,

(17) (Hp 1) (o) = (Sl (Sr .. (Sa (Sn-1 (82 (Cnm))) -+ ))) (o) (n).
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We are now ready to prove our theorem:

THEOREM. If lim, (Cn 9) (o) exists and is equal to a, then lim, (Hy 1) (o)
will exist and be equal to a, and conversely.

From (17), (B), and successive applications of Lemma 3, we obtain the
result:

If there exists lim, (Cn ) (6) = a, then there exists lim, (Hy 9) (0) = a(n).

From (17), (B), and successive applications of Lemma 5, we obtain the
result:

If there exists lim, (Hy 9) () = a, then there exists lim, (Cpn 1) (3) = a(n).

Our theorem is therefore established.
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