THE INTERSECTION NUMBERS*

BY
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1. In his first memoir on analysis situst Poincaré defined a number
N(Ty, I'n-x) which had previously been considered, at least in special cases,
by Kronecker. With certain conventions as to sign this number represents
the excess of the number of positive over the number of negative intersections
of a k-dimensional circuit Iy with an (»— k)-dimensional circuit I',_x when
both are immersed in an n-dimensional oriented manifold. The purpose of the
present paper is to show how to calculate this number when the manifold is
defined combinatorially as a collection of cells and the circuits are composed
of sets of these cells; and to show how the matrices which represent the inter-
sectional relations between the k-circuits and the (n —k)-circuits depend on
the matrices of orientation of the manifold. We also define certain modulo 2
intersection numbers and discuss the matrices connected with them.

The terminology and notations of the Cambridge Collogusum Lectures on
Analysis Situs (New York, 1922) will be used without further explanation,
and the references not otherwise indicated will be to that book.

2. Let a manifold M, be given as the set of all points of a complex Cj.
Let C7, be a complex dual to C,, constructed as explained on page 88 by means
of a complex Cy, which is a regular subdivision both of C, and of Cj. Every
k-cell a¥ of C, has a single point P¥ (cf. p. 85) in common with a single
(n—k)-cell pf C;, which is called b7~*. Our first problem will be to assign
a positive or negative sign to the intersection of a¥ with b7—*.

In order to do this, we suppose M, to be oriented as explained in Chapter IV
and that all cells, circuits, etc., are oriented. Moreover, in the regular
complex Cy, in which each ¢-cell is uniquely determined by its -1 vertices,
the orientation of the ¢-cell will be denoted by the order in which its vertices
are written, and the following two conventions will be followed: (1) if
Ay Ay --- Ax denotes a given oriented k-cell (k =1,2, ..., n) any even
permutation of 4y 4; --- Ax denotes the same oriented %-cell and any odd
permutation denotes its negative; (2) the oriented (x—1)-cell 4, 4; - -- Ax is
positively related to the oriented k-cell 49 4; --- Ax.

* Presented to thg Society under a different title, April 24, 1920.
t+Journal de 'Ecole Polytechnique, ser. 2, vol. 1 (1895).
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A simple argument by mathematical induction could, but will not here, be
given to prove that these notations and conventions are consistent with them-
selves and with the definition of oriented cells.

3. The k-cell aj."of C,, is made up of a number of k-cells of C, having Pj‘ as
their common vertex. Using the notation of page 86, let one of these be
denoted by

P p ... PF? pj",

the points P being chosen, as is always possible, so that the orientation of
this %-cell agrees with that of af. In like manner, 5*~* is made up of a number

of (n—k)-cells of C, having P;" as their common vertex, and we let any one
of these be denoted by

k-
Pt L PR

the points P being chosen this time so that the sense of the k-cell which they
represent agrees with that of b}~ K According as the oriented n-cell

PPy ... PF PP ... P

is positively or negatively oriented, we say that the intersection of aj’.‘ with
b7 " is positive or negative. In the first case we write

N(a}‘, b}“") =1
and in the second case
N(af, bp%) = —1.

From the definition of the points P it follows directly that this definition
is independent of the particular cells of C, which it employs. It also follows
that the function N is such that

N (af, BF) = — N (— af, 1%
(3.1)
= — N(af, —br).

Since the relation between C, and C, is reciprocal, the definition given here
determines the meaning of N (7%, af), and a simple count of transpositions
in the notation gives the formula

(3.2) N (b, aF) = (—1)F0-P N (a¥, bF).
J J J7 )
38
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4. The cells of C, and C, are so oriented (cf. p. 123) that
E’é = Eﬂ—k—i—l)

which means that af is positively or negatively related to a¥1 according as
b?**1 is positively or negatively related to b} *. Now the points P may
be so chosen that P; P} ... P represents an oriented cell on a¥~? and

#=1 p¥ Pf... PP represents an oriented cell on b7 ™', By the definition
in § 2 above, the oriented cell PP ... PFis positively or negatively
related to P3 Py--- P Pf, and therefore to a¥, according as (—1)* is
positive or negative. On the other hand, P/~* P¥ P¥™ ... P} is positively
related to P¥ PF™ ... P}, and therefore to b7 *. Hence if b *"" is positively
related to b2—*, a¥~!is positively related to a¥ and (—1)* N (a1, b2-*+1)
is positive or negative according as

PPy - PF PP ... P

is positively or negatively oriented. A similar result holds if b g

negatively related to 5} . Hence

S

N (df, b}‘—") = (—1)*¥ N (ab71, bp-kt1),
By repeated application of this formula we obtain
N(ah, b3%) = (— 16" N (ad, 1),

But all the n-cells b} are similarly oriented. Hence the value of N (al, b%)
is the same for all zero cells a, and consequently the value of N (aj’.‘, b;.'—")
is independent of j. Hence if the notation is so chosen that b} is positively

oriented,*
N, b)) =1,

N(a}, 1271) = —1,
N(a 72 = 1,
N(a, bpY) = —1,

and all these equations are independent of ;.

* Cf. Poincaré, Proceedings of the London Mathematical Society, vol. 32 (1900)
p. 280.
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5. An oriented complex I'; composed of the oriented k-cells af af - - - af

counted x' times, z* times, ..., 2™ times, respectively, is represented by the
notation

(5.1) I, = (24 2%, ..., ™).

Let I's,—x be an arbitrary oriented complex of Cf, so that

5.2) I‘:t—k = (?/1, ?/zy ey ya')o

By the number of intersections of Iy with I';_, having regard to sign, we
shall mean the number N (I, I'y—x) defined by means of the equation

i3

N(rky n:—k) == Z.’L‘j yj ]V(a}‘ b}z—k)
Jj=1

5.3)

(213
= (—1)ROtDI2 D gy,
=t

If we recall that there are no intersections of cells of Iy of dimensionality

less than % with cells of I';_x and that no cell af intersects a cell 47" unless

¢ =7, it is clear that this definition is in accordance with geometric intuition.
6. The last equation has as obvious corollaries the equations

6.1) N(I'x+ Ay, In_y) = N(I'i, Ti—y)+ N(Ax, Tn—y),
6.2) NIy, Ty + A ) = NIy, Iyy_i) + N(Ix, An—1),

from which it follows that if I'% (i = 1 y 2, ..., o) is any set of k-dimensional
complexes on which all k-dimensional complexes of Cy, are linearly dependent
and I'n—x(:=1,2, ..., a) aset of (n—¥k)-dimensional complexes on which
all (n —k)-dimensional complexes of C7, are linearly dependent, then if

ag
(6.3) I = Z:x |y
1=

and

ag
(6.4) r, .= 21 yi Do
1=
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where the z’s and ¢’s are integers, then

(6'5) A(FL, Iy ;) = 223('1, Yi A(rh, ’n ).

=1 J_'

Hence the intersection numbers of all k-dimensional complexes with all
(n— k)-dimensional complexes depend on the matrix of numbers N(I%, Ti_p).
By choosing the complexes I and I} _x in the normal manner described in the
Colloquium Lectures this matrix may be given a very simple form, which we
shall determine in the next three sections.

7. As proved on page 116 of the Colloquium Lectures, a set of k-dimensional
complexes upon which all the complexes formed from cells of C, are linearly
dependent may be so chosen as to consist of (1) a set of Pr—1 non-bounding

circuits which we shall denote by ri(i = 1,.-., Pr— 1), or in Poincaré’s
notation,

(1.1) ri = 0;

(2) a set of 7 circuits 4% (i = 1, ..., z:) which satisfy the homologies
(1.2) £ A~ 0

in which ¢ represents a k-dimensional coefficient of torsion; (3) a set of i1
— 7 bounding circuits O
(1.3) 6 ~ 0;

and (4) and (5) two sets of complexes @} and ¥, which are not cirenits but
satisfy the following congruences:

(7.4) m;c = @;:C—-l, O < 2 < YE— Tp—1,
(7.5) q;]: = ti‘c_—l ..//;;__1, 0<i< Tk—1,

in which ©}_; and 45, are defined by replacing % by k—1 in (7.3) and (7.2).
These relations are derived from the matrix equation

(7°6) Ek . ch == CI:—1 : Ek
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which arises in reducing (cf. p. 108) the orientation matrix Ej to normal form.
The matrix Ey is one in which all elements are zero except the first rx elements
of the main diagonal. The first 7z—zx—1 of the non-zero elements are 1 and
the remaining =, are the coefficients of torsion of dimensionq]ity k—1.
The first 7x—7x—1 columns of Dy represent the complexes @y, the next rx—;
columns represent the complexes T}, the next P.— 1 columns represent the
circuits I, the next 741 — 7 columns represent the circuits O, the next z
columns represent the circuits 5. Thus, for example, if the jth column of

Dy (O <j< 7'k—7k—l) is (xlj, L2jy o ooy :cakj) we have
1.0 Of; = (z1j, X2jy -+ + , Tgy))-

The columns of the matrix Cy—; are the same as the columns of Dy—; in
a different order, and each complex represented by a column of Dy is bounded
by the circuit represented by the corresponding column of the matrix Cy—,- E¥.
It is from this fact that the congruences (7.4) and (7.5) are derived. The fact
that I‘k, ./lk, O% are circuits is a consequence of the fact that all elements
of Ej subsequent to the 7xth column are zero.

The homologies (7.2) and (7.3) arise by similar reasoning from the matrix
equation

(7.8) L1+ Dir = Ck - Efina

in which it is to be remembered that the columns of Cx are the same as those
of Dy in a different order.

8. The (n —k)-dimensional complexes required in the formulas of § 6 may
be determined by the same process as described in § 7, from the matrices of
the dual complex C7. The matrices of the dual complex are related to those
of C, by the equation (cf. p. 123).

(8.1) Eny = Ejn
in which E,_y is the matrix of the relations between (n—k—1)-cells and

(n—"Fk)-cells of C’, and Ejy, is the matrix obtained by interchanging rows
and columns of Ly, The equation (7.8) gives the following:

—1 s
Ci + Exy1- Dxy1 = Eja,
!/
. —~1 Y
Diyy - Biiq - Gy = K,

— ’ _— !
—1 * —1
Ey - C; = Ey k- Diy1.
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The columns of Ci v determine a linearly independent set of complexes
analogous to those determined by the columns of Dx. They are described by
the foll,owing homologies and congruences, written in the order of the columns

of Cit:

(8.2) O = Of_y, 0<j < repr—rn;
(8.3) T = 7" ) s, 0<j <
(8.4) Ii.=0, 0<j< Pi—1;
(8.5) G}~ 0, 0<j < re—tk-1;
(8.6) 5 A~ 0, 0<j <.

9. Since the columns 9f Dy are the same as those of Cy in a different order,
and the columns of Cx* are the same as the rows of C; ', the matrix equation

9.1) Cit-Cr=1
implies the relations
ax
¢ el g=p
(9.2) igl x-u xzp —{ O if j 4: p
between the columns (zij, #2j, ..., %q ;) 0f Di and the columns

(@ip, Xhp, +++y Ty of €% But by (5.3) this implies that the intersection

numbers of IY, 4}, etc., with T)_x, A} _y, etc., are zero except in the following
ay cases, written in the order of the columns of C;1:

(9.3) N (O}, Oh_y) = (—1)t+0e, 0<j =< rep—mn;
9.4) N (A, T_p) = (—1b+0 0<j <
(9.5) N (I}, Tj-y) = (—1)&tvi2 0<j< Py—1;
(9.6) N(®@), 6)_p) = (—1)etiDiz 0<j < rx—oe;

(9.7) N (B, Api) = (—1pC+E, 0<y < 7.
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Thus, each k-circuit T intersects the corresponding (n—k)-circuit once
and intersects no other of the fundamental (n—k)-dimensional complexes.
None of the other k-circuits (Ak or O intersects any (n—k)-circuits, but
each Of intersects a complex @},_; which is bounded by Oh—k—1; and each
A} intersects a complex T which is bounded by /1,._;,_1 counted £ times.
Thus we may say that each O} links one and only one @;_x— once and each
Ay, links one A3 x—; in a manner which may be described as a fractional
number of times, = 1/z% A further study of these linkages would carry us
beyond the bounds of the present paper.

10. The matrix spoken of at the end of § 6 is now seen to consist entirely
of zeros except for ai elements whose value, 1 in every case, is given by
equations (9.3), ..., (9.7). If we limit attention to circuits the only non-zero
terms which remain are those given by the intersections of Iz, . . ., rie ™ with
the corresponding non-bounding (n — k)-circuits. The matrix is therefore one
which consists entirely of zeros except for the first P,—1 terms of the main
diagonal which are all 1’s. For any k-circuit I'x of Cy, we have

P—1 Tee1—Tx

(10.1) 2 x;I‘k-I-Zyi/fk-l- 2 z Oy,

and for any (n— k)-circuit of C; we have

k1~

P—1 Tx
(10.2) Loy =2 2t it Zyide+ 2, 4 6.
i=1 =1 =1

‘When these expressions are substituted in (6.5) there results

P-1
(10.3) N(Lie, i) = (— 1)"<"+1>f{21 a; 2.

1=

Thus we have the theorem that ¢/
P—1
(10.4) i~ Z a; Th +Zy, A,
and
P

(10.5) Tk~ Z @t Tk + Z,y: An_x,

then the intersection number of I'y with I'n—x is given by (10.3).
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This theorem has the corollary that
N(Ig, I'x) = 0
if and only if at least one of the homologies
pIe~0or gy~ 0

is satisfied for some integer value of p or ¢. In other words, the statement
p T ~ 0 is equivalent to the equation

lv(rk, rn-k) =0

for the one circuit I'x and all circuits I'—y.
From this it follows that if I is any k-circuit composed of cells of ¢, and
such that

rk’\"rk’:

then

l\r(rk’ L) = N(rI:) Thoi).

11. Incidentally it may be remarked that (10.4) and (10.5) give rise to the
following ‘“homologies with division allowed”:

B P—1
i = =i
T~ D xi Ty, Tk~ 2y Taog,
=1 =1

Whenever these homologies are satisfied the equation (10.3) is satisfied. As
remarked by Poincaré, it is because the intersection numbers are more closely
related to the homologies with division allowed than to the ordinary homo-
logies that his attempt to prove the Euler theorem and the theorem about
the duality of the Betti numbers by means of the intersection numbers was
unsuccessful.
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12. The fundamental sets of circuits which appear in the formulas of § 10
are chosen in a very special manner. A perfectly arbitrary fundamental set
of k-circuits is however related to this special set by homologies

P—1 P—141,

_ o e
I ~J_§1 o it 2y of 45T
- %k

in which the (Px—1 - 7x)-rowed determinant [«i| = 4 1. A general funda-

mental set of (n — k)-circuits I is related to the special set by an analogous
set of homologies. Hence the matrix of the intersection numbers

AT(F’:;, f?{—k)

is one of Py—1- 7 rows and Pr—1- zz—1 columns, of rank P,—1 and
having all its invariant factors unity.

13. For some purposes it is desirable to introduce intersection numbers
which do not distinguish between positive and negative intersections. The
theory of these numbers is much simpler than that which we have been deve-
loping because all the determinations of algebraic sign in §§ 2, 3, 4, 5 can be
omitted. We simply replace the definitions of § 3 by the agreement that

M ™ =10r0

according as a; and b}‘—k have a common point or not. Then the definition in
§ 5 is replaced by

Ak
M(ri, Do) =242 o,
J:

the sum being taken modulo 2.

The determination of the intersection numbers of fundamental sets of
k-circuits and (n — k)-circuits in §§ 7, 8, 9 is replaced by an analogous theory
based on the matrices Ax—; and By which arise in the reduction of the inci-
dence matrix Hy to normal form (cf. p. 79 and following pages). The result
obtained is that there exist a set of k-circuits I't, I, ..., I't* " and a set of
(n—k)-circuits T'a—x, I'n—x, ..., I'™" such that

n—k

a(r, ) = {03 03 s
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and if
BR-1
I, = in I‘]: )
i=1
B—1
N = Eys P
=
then
R—1
M(T, Ta-1) =i§ xi i (mod 2).

It should be observed that these formulas cannot be obtained by reducing
the formulas of § 10, modulo 2, because the formulas of the present section
take account of non-orientable circuits which do not enter into the theory of
oriented intersections.
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