BUNDLES AND PENCILS OF NETS ON A SURFACE*
BY

ERNEST P. LANE

I. Introduction
A net of curves on a surface consists of two one-parameter
families
of curves such that through each point of the portion of the surface under
consideration there passes just one curve of each family, the two tangents
at each point being distinct.
It is a characteristic property of conjugate
nets that at every surface point the two tangents of every conjugate net
separate the tangents of the asymptotic net harmonically.
In other words,
at every point of a surface the cross ratio of the two asymptotic tangents
and any two conjugate tangents is —1. Recent developments in projective
differential geometry seem to indicate that these ideas should be generalized.
In the first place, the number —1 may be replaced by any number r,
and we may then consider the class of all nets on a surface, every one of
which has the property that at every surface point its tangents form with
the asymptotic tangents the constant cross ratio r. In the second place,
the asymptotic net may be replaced by an arbitrary fundamental
net.
We are thus led to introduce the following definition. The class of all nets
on a surface, every one of which has the property that at every surface point
its two tangents form with the two tangents of a fundamental net the same
cross ratio, will be called a bundle of nets. A bundle of nets on a surface is
therefore determined by a fundamental net and a number r. For example,
all conjugate nets on a surface constitute a bundle, for which the fundamental net is the asymptotic net, and for which r = —1.
The one-parameter family of conjugate nets on a surface, each of which
has the property that, at every surface point, its tangents form with the
tangents of a fundamental conjugate net a constant cross ratio, has been
calledf by Wilczynski a pencil of conjugate nets. This definition can be extended from the bundle of conjugate nets to any bundle of nets. A pencil

of nets in a bundle is a one-parameter family of nets in the bundle, each of
which has the property that, at every surface point, its two tangents form with
the two tangents of a fundamental net of the bundle a constant cross ratio.
This cross ratio is different for different nets of the pencil, but for a given
* Presented to the Society, December 26, 1924; received by the editors in June, 1925.
t Wilczynski, AmericanJournalofMathematics,
vol. 42 (1920), p. 216.
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net is the same at every point of the surface. A pencil of nets in a bundle
is determined by a fundamental net of the bundle.

II. Bundles

of nets

In order to formulate analytically the definitions which we have introduced, let us suppose that the four homogeneous coordinates y(1), • • -, y(4)
of an arbitrary point on a surface S are given as analytic functions of two
independent variables u, v. Then a net of curves on 5 may be represented
by a differential equation of the form

(1)

A du2+2Bdudv

+ C dv2= 0,

wherein A, B, C are functions of u, v such that AC—2?2=*0. A fundamental
net Ni being given by equation (1), let us consider a second net N2 defined
by the equation

(2)

Ldut+2M dudv+N dv>= 0,

LN-M^O.

We wish to impose on the net N2 the condition that at every surface point
its two tangents shall form with the two tangents of the net Ni a constant
cross ratio. So we write down the condition that the two roots of equation (2), regarded as a quadratic in the ratio dv : du, may form with the two
roots of equation (1) a cross ratio r which is independent of u, v. This condition reduces to

(3)

(1-r)2 (AN-2BM+CLY=A(l+rY

(AC-B2) (LN-M2).

The class of all nets represented on a surface S by an equation of the form (2),
whose coefficients satisfy equation (3) with given functions A, B, C and a fixed
value of r, is a bundle of nets. A bundle of nets on a surface depends therefore on one arbitrary function, and is determined by a net Ni and a number r.
The symmetry of equation (3) shows that if a net Nt belongs to the
bundle determined by a net Ni and a constant cross ratio r, then iVi belongs
to the bundle determined by N¡ and the same constant r. Interchanging
the two component families of Ni, or of 2V2,changes r to 1/r, but leaves

equation (3) invariant.
If r=— 1, this equation simplifies into the well
known condition that at every surface point the two tangents of 2V2separate
the two tangents of Ni harmonically: namely, the vanishing of the harmonic
invariant of the binary quadratic differential forms in equations (1) and (2).
If iVi is taken for the parametric net on S, then A=C = 0, B^O, and
equation (3) takes the form

(4)

4rM2=(l+r)2LN.
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We wish to find the differential equation of the most general net N\ that
belongs to the bundle Br determined by the parametric net and a constant
cross ratio r. To this end let us consider an arbitrary one-parameter family
Fx of curves on S, distinct from the parametric curves. The equation
of such a family F\ may be written in the form
(5)

¿D-X¿M = 0,

wherein X is an arbitrary function of u, v. And let us seek to determine
the most general family of curves, represented by the equation

dv—p ¿m=0,
which forms with Fk a net of the required kind. Multiplying together the
left members of the last two equations and comparing the result with
equation (2), we find

L = \p,

2M=-\-p,

N=l.

Substituting these functions into equation (4), and solving for p, we find
that we may take p = rX. Therefore, if the family F\, which is represented
by equation (5), aw¿ the family Fr\, which is represented by the equation

(6)

dv—r\du = 0,

are taken together to form the net N\, whose differential equation is

(7)

(¿»-X ¿m) (dv-r X ¿m)= 0,

then N\ is the most general net that belongs to the bundle BT determined by the
parametric net on any surface S and a constant cross ratio r.
We might equally well have taken p = X/r, but this choice is equivalent
to interchanging the first and second component families of the net N\.
III.

A PENCIL OF NETS IN A BUNDLE

We propose now to obtain the differential equation of the most general
net of the pencil determined by the net N\ in the bundle BT, and then to
find the differential equation of all the curves of this pencil.
The equation of an arbitrary net of the bundle Br may be written in

the form
(8)

(dv—p du) (dv—rp du) = 0.

We wish to determine the function p so that, at every surface point, the two
tangents of this net may form with the two tangents of the net N\ a constant
cross ratio c. Multiplying out the left members of each of equations (7)
and (8), and substituting the resulting coefficients into equation (3),
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we find that p must be proportional to X, so that we have p=XA, where h
is a constant depending on c for its value. Therefore the most general net N\k
of the pencil determined by the net N\ in the bundle BT,—which is itself determined by the parametric net on any surface S and a constant cross ratio r,—

¿5 represented by the equation

(9)

(dv-\

h du) (dv-r\

h du) = 0,

wherein h is an arbitrary constant. If any other net of this pencil than the
net N\ is selected as the fundamental net to determine a pencil of nets in
the bundle BT, the same pencil is obtained as before. Therefore a pencil
of nets in a bundle is independent of the one of its nets used to determine it.
The totality of curves contained in all the nets of a pencil in a bundle
is a two-parameter family of curves. Such a family is represented in curvilinear coordinates by a differential equation of the second order. If we set
either factor of equation (9) equal to zero, solve the resulting equation
for h, and differentiate totally with respect to u, we obtain the differential
equation of all the curves contained in the pencil of nets determined by the

net N\ in the bundle Br, namely

(10)

d2v

Xu dv

X„/ dv\2

du2

X du

X \ du /

-(-1=0.

If the parametric net is asymptotic, this equation is identical with the
equation which we have found* for the curves of a pencil of conjugate nets.
It will be remarked that, although equation (10) appeared as the
differential equation of the curves contained in a pencil of nets in the
bundle determined by the parametric net and a constant cross ratio r,
still the equation is independent of r. It follows that the curves of a pencil
of nets in a bundle are independent of the cross ratio used in defining the bundle.
The reason why equation (10) is identical in form with the equation of the
curves in a pencil of conjugate nets thus becomes evident.
The curves u = const, are not included among the integral curves of
equation (10). If we wish to include them, we may write the equation
in a more general and more symmetrical form by supposing that m and v
are functions of a parameter t along an integral curve. Equation (10)
then becomes

(10')

mV'-m'V-

— m'V—-mV2 = 0,
A

wherein accents denote differentiation

A

with respect to /.

* Lane, A general theory of conjugate nets, these Transactions,

vol. 23 (1922), p. 289.

1926]

153

BUNDLES AND PENCILS OF NETS

IV. Systems G
It is convenient to introduce here the notion of a system G of curves
on a surface, by means of the following definition. A system G of curves on
a surface S consists of three distinct one-parameter families of curves together
with the curves of all the one-parameter families each of which has the property
that, at every surface point, its tangent and the three tangents belonging to the
three fundamental families form a constant cross ratio. If two of the fundamental families of a system G constitute the parametric net on 5, and if
the third family is Fx, represented by equation (5), then the family FT\,
represented by equation (6), is a family of curves belonging to the system G.
Therefore all the curves of the system G determined by the parametric net
and F\ are integral curves of equation (10'). Conversely, every equation
of the form (10') can be integrated once and its integral curves can thus
be shown to constitute a system G.
If we select any three distinct one-parameter families of curves contained in a system G to determine another system G, we find the same
system G again. Therefore a system G is independent of the three of its oneparameter families used to determine it.
The curves of a system G constitute a special family of hypergeodesics.*
In fact, a family of hypergeodesics can be shown to be a system G if, and
only if, the curves of the family can be assembled into a single infinity of
one-parameter families of curves such that, when any four of the families
are selected, the cross ratio, at every surface point, of the four tangents
belonging to these four families is constant.
The single infinity of one-parameter
families of curves contained in a
system G may be paired so as to form a one-parameter family of nets in
various ways. We have seen the families of integral curves
equation (10)
paired, for example, as in equation (9) to form the nets belonging to a
pencil of nets in the bundle Br. And in particular, if the parametric net is
asymptotic and if r= —1, we can pair the families of integral curves of (10)
to form the conjugate nets of the pencil which is determined by the conjugate net
(11)

dv2-\2du2 = 0.

Any one of these nets can have its equation written in the form
(12)

dv2-\2h2du2 = 0.

* Wilczynski, Some generalizations of geodesies, these Transactions,

vol. 23 (1922), p. 226.
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V. A GENERALIZATION OF CONJUGATE NETS

The bundle of nets determined on a surface by the asymptotic net and
an arbitrary constant cross ratio r is a generalization of the bundle of conjugate nets, reducing to the bundle of conjugate nets if r= —1. We are
now in position to examine the theory of conjugate nets critically with a
view to determining what features of this theory are due to the constancy
of the cross ratio of conjugate and asymptotic tangents, and what features
depend also on the size of this constant. We shall confine ourselves for the
most part, however, to an examination of the ray-point cubic and ray conic,
and shall find that the ray-point cubic depends only on the constancy of the
cross ratio, whereas the ray conic depends on the size of this constant as well.
In order to define the ray-point cubic, let us consider a surface Sy on
which the asymptotic net is parametric.
Such a surface is an integrating
surface of a system of differential equations which can be reduced* to the
form
, l3)
yu»+2by»+fy=0,
yn + 2a'yu+gy

= 0.

The tangents of the family F\ represented

(5 bis)
form a congruence.

on Sv by the equation

dv—Xdu = 0
The two focal surfaces of this congruence are Sv and

another surface which we may denote by Sa. The tangent at a point Py
on S y of the curve of F\ through Py touches S„ at a point <7xwhich is called

the ray point of Pv with respect to F\.
are givenf by the formula
(14)

The coordinates

of the point ax

1

crx= p + X<r-f-— (a'\3+b)y,
A

wherein we have placed

1 K
(15)

p=yu+——y,
2 \

IX,
c=yv-——y2 A

The coordinates of the ray point ovx of P„ with respect to the family Fr\
represented by equation (6) are obtained by replacing X by rX in formula

(14), with the result
(16)

1

<rrx= p+rX<7-(a'f»X»+6)y.

rX

* Wilczynski, First Memoir, these Transactions,
vol. 8 (1907), p. 233.
t Green, Memoir on the general theory of surfaces, these Transactions,
vol. 20 (1919),p. 131.
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If we replace X by XAin formulas (14) and (16), we obtain the ray points
a\h and ovx*of the point Py with respect to the first and second component
families of the net N\k represented by equation (9). If we use the points
y, p, a in the tangent plane of Sy at Pv as the vertices of a triangle of reference
for a local coordinate system, with suitably chosen unit point, the local
coordinates of the ray point a\h are given by the following equations:
(17)

xx=-(a'\sh3+b),

x2 = \h,

x3= X2A2.

Finally, if we eliminate h from these equations and make the result homogeneous in the usual way, we obtain the equation of the locus of the ray point
a\h as the net N\k varies over all the nets of the pencil determined by the net N\
in the bundle Br,—which is itself determined by the asymptotic net and a
constant cross ratio r,—namely
(18)

a'x3+bx2+xxx2x3

= 0.

The locus of the ray point <rT\his the same curve. This is the ray-point
cubic which we set out to define.
It will be observed that the ray-point cubic (18) is independent of r,
and is therefore the same as the ray-point cubic of the pencil of conjugate
nets determined by the conjugate net (11), which we have studied* elsewhere. This cubic is really determined by the surface Sy and the family Fx.
If, however, any other family of the system G determined by the asymptotic
net and F\ is used to determine a ray-point cubic, the same curve is obtained as before. Therefore there is in the tangent plane of Sy at Py just one
ray-point cubic associated with the system G determined by the asymptotic net
and any family

F\.

The ray point of Py with respect to each family

of the

system G lies on this curve. This conclusion can also be reached by use of
some of Wilczynski's results concerning hypergeodesics.
We shall next consider the ray conic. The ray of a point Pv with respect
to a net is the line joining the ray points of Py with respect to the two
component families of the net. The ray of Py with respect to the conjugate
net (12) has coordinates given by the equations
(19)

Mi= X2Ä2, M2= a'X4Ä<, u3 = b.

Eliminating h, we obtain the equation in line coordinates of the envelope of
the rays of Py with respect to all the nets of the pencil of conjugate nets determined by the net (11), namely
(20)

a'iM2=M2M3.
* Lane, A general theory of conjugate nets, these Transactions,

vol. 23 (1922), p. 290.
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This is the ray conic* of the pencil of conjugate nets. The ray (19) touches
the ray conic (20) in the point Q whose coordinates are given by the equations
(21)

xi=-2a'b\2h2,

x2 = b,

x3= a'X4Ä4,

so that the equation of the ray conic in point coordinates is
(22)

4a'6x2x3 = x2i.

Observations similar to those made in connection with the ray-point cubic
show that there is in the tangent plane of Sv at Pvjust one ray conic associated
with the system G determined by the asymptotic net and any family F\. The ray
of Pv with respect to the conjugate net determined by each family of the system G
is tangent to this ray conic.
In order to study the pencil of conies touching the asymptotic tangents
at the points where the ray conic touches these lines, let us consider again
the net N\h represented by equation (9). The first family of this net determines the conjugate net (12), and the ray of Py with respect to this net
touches the ray conic (22) at the point Q, whose coordinates are given by
equation (21). The second family of the net N\h determines also a conjugate net, whose equation is
(23)

dv2-r2\2h2du2 = 0.

The ray of Pv with respect

to this net touches

the ray conic (22) at the

point QTwhose coordinates are given by the equations
(24)

xi=-2a'br2\2h2,

x2 = b,

x3 = a'r*\4h*.

The line I, joining the contact points Q and Q, has coordinates
given by the equations
(25)

Mi=(l+r2)X2A2,

u2=2a'r2\*h4,

which are

u3 = 2b.

If we eliminate h from these equations and make the result homogeneous,
we obtain the equation of the envelope of the line I, as the net N\k varies
over all the nets of the pencil determined by the net N\ in the bundle Br,
namely
(26)

4a'ftrV=(l+r2)2M2«3.

The line I, touches this conic at the point whose coordinates are given by
the equations
(27)

*i=-4a'ôr2X2Â2,
* Lane, Ioc. cit., p. 293.

x2 = b(l+r2),

x3 = a'r2(l+r2)\*h*,
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so that the equation of the same conic in point coordinates is
(28)

16a'ôr2x2x3= (l+r2)V.

If r= —1, so that the bundle BT is the bundle of conjugate nets, this conic
reduces to the ray conic (22). If r is regarded as a parameter, all the conies
represented by equation (28) belong to a pencil of conies, every one of
which touches each asymptotic tangent at the point where the flex ray*
of the ray-point cubic (18) intersects the tangent.
The polar line of the point (27) with respect to the ray conic has co-

ordinates given by the equations
(29)

ux = 2r2\2h2,

u2 = a'r2(l + r2)\W,

u3 = b(l+r2),

and the coordinates of the intersection points of this line with the ray conic
are found to be given by the following formulas:
*i=-2a'Ml+r2)[2r±i(l-r2)]X2Ä2,

Xt=b[-l+6r*-r4±4ri(l-t*)],
*3 = a'r2(l-r-r2)2X4A4,

wherein i=-\j—l.
Therefore, if we suppose for a moment that all the
numbers used hitherto have been real, these intersections are imaginary,
so that the point (27) is inside the ray conic, and all the conies represented
by equation (28) for different values of r are inside the ray conic. Moreover,
it can be shown under this assumption that the conies (28) intersect the raypoint cubic in imaginary

points only.

As the net N\k varies over all the nets of the pencil determined by the
net N\ in the bundle BT, the line (29) envelopes a conic whose equation
in line coordinates is
(30)

a'b(l+r2)2u\=\r2UiU3.

The point of contact of the line (29) with this conic has coordinates given

by the equations
(31)

Xi=-a'¿(l+r2)X2A2,

*,=*,

x3 = a'r2\*h*,

so that the equation of the same conic in point coordinates is
(32)

r2x2= a'ô(l+r2)2x2x3.

* Lane, loc. cit., p. 290.
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Of course, the point (31) is the intersection of the Une (19), which is tangent
to the ray conic at Q, and the Une
(33)

ui = r2\2h2,

M2=aV4X4A4,

u3 = b,

which is tangent to the ray conic at Qr. These two lines are the rays of Pv
with respect to the two conjugate nets determined by the first and second
component famiUes of the net N\n. If again we suppose for a moment that
all numbers used are real unless otherwise designated, the point (31) is
outside the ray conic and all the conies represented by equation (32) for different values of r are outside the ray conic, but are in the same pencil as the
conies (28). Moreover, each conic (32) can be shown to intersect the ray-point
cubic in two real and four imaginary points.
We shall now show how the ray conic may be generaUzed in still another
way. The ray of Py with respect to the net 2Vxajoins the ray points ff\h
and ox* of Py with respect to the two component families of the net. The
Une coordinates of this ray are found, by means of equations (17), to be
given by the equations
Mi=rX2A2,

(34)

u2 = \h[-a'r2\3h3+b(l

+ r)},

u3 = a'r(l+r)\3h3-b.

If we eliminate h from these equations and make the result homogeneous,
we obtain the equation, in line coordinates, of the envelope of the ray of Pv
with respect to an arbitrary net iV\* of the pencil of nets determined by the net
N\ in the bundle BT, as iVx*varies over all the nets of this pencil, namely,

r3ulu\+r2(l + r)2ui(a'ul+bu3)
+a'br(l+r+r2)

(l+±r+r2)u\u2u3-a'2b2(l

+ r+r2)3u\=0.

This is a curve of class four and order six. It has a double point at Py, the
double point tangents being the asymptotic tangents.
If r is regarded as a parameter, equation (35) represents a one-parameter
family of curves. We shall characterize two particular curves of this family.
First, if l+r = 0, the curve (35) reduces to the ray conic (20) counted twice.
Second, if l+r-|-r2 = 0, the equation (35) reduces to
(36)

u\u\+ui(a'u\+bu3)

= Q.

This curve is the only curve of the family which is tangent to the flex ray of
the ray-point cubic (18), and it has the flex ray for triple tangent, the contact
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points being the points where the Segre tangents meet the flex ray, namely,
the points represented by the equation

a'ul+bu¡=0.
The curve has no inflexions, four double points, and six cusps.
We shall find it profitable to obtain the parametric equations of the
envelope (35) in point coordinates. Any point r¡ on the ray of Py with respect
to the net 2V\*is given by
V= <MTXA+/So-rxik
= (a+ß)p+

(a+ßr)\h<r

(37)
-[ar(a'\sh3+b)+ß(a'r3\3h3+b)]y,

rXA

where a, ß are arbitrary functions of u, v. As N\h varies over all the nets
of the pencil, the point v describes a curve. The point drj/dh is on the
tangent of this curve, and the point r¡ will be the point of contact of the
ray Avith its envelope if, and only if, dv/dh is a linear combination of o-x»
and arx». Imposing this condition on ~, we find
a : ß=(a'r2\3h3+b)

: (a'r\3h3+b).

Using this ratio in equations (37), we find that the point of contact of the
ray with its envelope has local coordinates given by
xi=-&2(l+r)-2a'Ml+r2)X3A3-e'2r8(l+r)X6A«)

(38)

x2= rXA[26+a'r(l+r)X3A3],
x3= rX2A2[o(l+r)+2a'r2X3A3].

These are the parametric equations of the envelope in terms of the parameter h.

VI. The Segre-Darboux

system G

The Segre curves, whose differential equation is
a'dv3 -bdu3

= 0,

and the Darboux curves, whose equation is
a'¿s3 + bdu3 = 0,

play a significant rôle in the projective differential geometry of a curved
surface. The six one-parameter families of Segre and Darboux curves belong
to a system G, which also contains the asymptotic net, and which we shall
call the Segre-Darboux system G.
We shall now establish two theorems concerning the Segre-Darboux
system G. The ray of Py with respect to the net N\, represented by equa-
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tion (7), joins the ray point o-x, given by (14), and the ray point o\x, given
by (16). The point of contact ij of this ray with its envelope (35) is given by
r,= (a'r2\3+b)<rx+(a'r\3+b)<T^.

If the family F\ is any one of the three famiUes of the Segre-Darboux
system G for which the differential equation is
(39)

a'r2dv3+b du3 = 0,

then we have
aV2X3+o = 0,
and the point of contact r¡ coincides with the ray point ar\. The family Fr\
which forms with Fx the net N\ of the bundle Br is then one of the three
families of the Segre-Darboux system G for which the differential equation is

(40)

a'dv3+brdu3

= 0.

Therefore each family represented by equation (39) can be associated with a
family represented by equation (40) to form a net which belongs to the bundle Br,
—determined by the asymptotic net and a constant cross ratio r,—and which
is such that the ray of Pv with respect to this net touches the envelope (35) in
the ray point of Py with respect to the component family given by equation (40).
Similarly, if the family F\ is any one of the three families for which the
differential equation is
(41)

a'r dv3+bdu3 = 0,

then the point of contact rj coincides with the ray point ov The family Frx
is then one of the famiUes for which the differential equation is
(42)

a'dv3+br2du3=0.

Therefore each family represented by equation (41) can be associated with a
family represented by equation (42) to form a net which belongs to the bundle B,
and is such that the ray of Py with respect to this net touches the envelope (35)
in the ray point of Pv with respect to the component family given by equation (41).

VII. Bundles with conjugate

nets fundamental

The bundle of nets determined on a surface Sv by a conjugate net and
a constant cross ratio r is analogous to the bundle of conjugate nets, the
asymptotic net of the latter being replaced by an arbitrary conjugate net,
and —1 being replaced by r. In studying such a bundle we shall suppose
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that the fundamental conjugate net is parametric. Then Sy is an integrating
surface of a system of differential equations of the form*
.

.

yuu = a ym+b

(43)

yB.=

The differential

equation

yu+cyv+d
b yu+c'yv+d'y.

of the asymptotic

(44)

y,

net is

a du2+dv2 = 0,

and the family conjugate to the family Fx, represented
parameters, is given by the equation
(45)

by (5) in conjugate

a¿M+X¿» = 0.

In order to find the ray point of Pv with respect to the family Fk, let
us observe that the point yu+\yv is on the tangent at P „ of the curve of Fx
through Pv. Any point Y, except Py, on this tangent is defined by the

formula
Y = yu+\yv+Ky,

wherein K is a function of u, v which is to be determined so that the point Y
shall be the required ray point. We find, on differentiating Y and making

use of system (43),
Yu = ayvv+(b+\b'+K)yn+(c+\c'+\u)yv+(d+\d'+Ku)y,
Yv = \yvv+b'yu+(c'+K)yv+(d'+\v+Kv)y.

The expression XFU —aYv does not contain yvv, and is a linear combination
of y and yu+Xy„ if, and only if, K satisfies the condition
(\2+a)K=-b'\3+(c'-b)X2+(c+ab')\-ac'+\\u-a\v.

Therefore the ray point ax of Py with respect to the family Fx is given by

the formula
(46)

<rx=(X2-r-a)p-(-X(X2+a)<r-f-X(ÖX+aP)y,

wherein we have placed

(47)

P=— + 2b'-,
a

X

Q= 2c'-b+—,

X

and p, a are the covarients whose definitions are
(48)

P = yu-c'y,

<r= yt-b'y.

* Green, Projective differential geometry of one-parameter families of space curves, American

Journal

of Mathematics,

vol. 37 (1915) and vol. 38 (1916).
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In fact, the points p and a are the ray points of Py with respect to the
famiUes v = const, and u = const, respectively.
If we replace X by XÀ in equation (46), we obtain the ray point o"xäof
Py with respect to the first family of the net N\h represented by equation
(9) in conjugate parameters.
And if we use the triangle y, p, a as a local
triangle of reference, with suitably chosen unit point, the local coordinates
of <r\h are given by the equations
(49)

Xi = \h(QU+aP),

EUminating
we obtain
(50)

x2 = \2h2+a,

h from these equations,

(ax2+x2)
(±Xi-Qx2-Px3)
13

x3= \h(\2h2+a).

and making the result homogeneous,

+ aQx3-3aPx*x3-3QxiX2+Px3
2
2
3

3

= 0.

This is the ray-point cubic of Pv with respect to the system G determined by
the parametric conjugate net and the family F\. It has a node at Pv, the double
point tangents being the asymptotic tangents,
ax2+x2=0.
2
3

The cubic, moreover, has three inflexions which lie on the flex ray
4xi-Qx2-Px3

= 0,

and each inflexion lies on one of the lines through Pv given by
aQx¡ - 3aPx*x3 - 3Qx2x¡+ i>x3= 0.

It is interesting to compare the cubic (50) with the cubic (18). For this
purpose we shall need to have the equations of the two curves referred to
the same coordinate system. Let (x1; x2, x3) be the coordinates of a point
referred to the triangle used in deriving equation (18), and let (xi, x2, xz)
be the coordinates of the same point referred to the triangle used in the
present section. Moreover, let the parametric conjugate net for system (43)
be the conjugate net (11). Then the transformation of coordinates between
these two systems is found to be given by the equations

(51)

xi = 2X^„(xi

- £'x2-Wx3),

xt=

-ypvXi+ipvx3,

X3=

HipvXi + ipvX3),

where X is the function of the asymptotic parameters
tion (11), and ip, ypare solutions of the equations*
_

iPu+^iPv = 0,

* Lane, loc. cit., p. 285.

ypu—\ypv = 0,

that appears in equa-
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while 99', ©' are the invariants
1 /

(52)

„..-(«.+2---),

usually defined by the formulas

c

By means of the transformation
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av\

1 /

a„\

r.7(v-2»+-).

(51) and the relation*
a*>2+*2 = 0,
-

equation
(53)

(18) is transformed

v

into

(ax2-!-*2)
(xx- &'xi-%'x3)+a<í'xl-3aWx2x3-3(i'xiX2+®'x3
2
3
2
2

3

3

= 0,

the dashes being dropped from the result. Comparison of equations
and (53) shows that the two curves are the same if, and only if,

(50)

P = 4SB', Ç2= 4S'.
These conditions may be reduced,
(52), to the differential equations

A„

by means of the definitions

1 a„

X " 2 a'

X„

1 a„

X"

2 a'

(47) and

of which the most general solution is
X= const. y[a.

Therefore the ray-point cubics (50) a«¿ (18) are the same if, and only if, the
system G associated with the cubic (50) contains the asymptotic net.
The transformation
(51) is useful for many purposes.
For example,
the equation Xi = 0 of the flex ray of the cubic (18) becomes, in the notation of conjugate nets,
xi-<S'x2-S8'x3

= 0.

The equation of the Darboux tangents is, in this notation,

a®'^-3aS3V2x3-3(5'^+93'^

= 0,

and the equation of the Segre tangents is
a2S'x3+3aSVx3-3ai8'x2r2-

gV=0.

Finally, the equation (22) of the ray conic becomes
(a$B'2+ S'2) (ax¡+x¡) = a(xx- S'^-SB'x2)2.

We shall now consider briefly the envelope which is analogous to the
curve (35). If in equations (49) we replace X by rX, we obtain the coordinates
* Lane, loc. cit., p. 286.
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of the ray point of Pv with respect to the second family of the net N\k. The
Une coordinates of the ray of Pv with respect to the net N\k are then found

to be given by the following formulas:
wi = r2X4A4+a(l+r2)X2Â2+a2,

(54)

M2= rX2Ä2[-QrX2Ä2-aP(l-|-r)XÄ+aC],
Ma= a [PrX2Ä2-(2(l+r)XA-aP].

The envelope of the ray, as N\n varies over all the nets of the pencil determined
by the net N\ in the bundle B„ is therefore ordinarily a curve of class four.
If, however, r = —1, and if \2h2+a^0, equations (54) reduce to
«i = X2Ä2+a,

u2=-Q\2h2,

u3=-aP,

so that the result of eUminating h is the linear relation
PQui+Pu2+Qu3 = 0.
Therefore we have the following conclusion. // we consider a bundle of nets
consisting of all nets every one of which has the property that at every surface
point its tangents separate the tangents of a fundamental conjugate net harmonically, and if we consider a pencil of nets in this bundle, determined by a net
N\ of the bundle, then the rays of a surface point Py with respect to all the nets
of this pencil form a flat pencil of lines. If the fundamental conjugate net
of the bundle is the parametric net of system (43), the center of the bundle is

the point (PQ, P, Q).
VIII. Bundles with non-conjugate

non-asymptotic

nets fundamental

In a paper pubUshed* posthumously, G. M. Green employed the differential equations of a surface 5, referred to a non-conjugate non-asymptotic
net, in the form
ym = ayuv+byu+cyv+dy,

(55)
yw = a'yuv+b'yu+c'yv+d'y.

The differential equation of the asymptotic net in this notation is
(56)

adu2+2dudv+a'dv2=0,

and the family conjugate to a family F\, in these parameters, is given by

(57)

(a+X)d«+(a'X+l)di>=0.

* Green, Nets of space curves, these Transactions,

vol. 21 (1920), pp. 207-236.
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If the parametric tangents form with the asymptotic tangents at every
point of S a constant cross ratio r, then equation (4) shows that we must

have
(58)

ir=(l

+ r)2aa'.

Therefore the parametric net on an integrating surface of system (55) belongs
to the bundle determined by the asymptotic net and a constant cross ratio rj^ —l

if equation (58) is satisfied.
In studying the bundle determined by an arbitrary net not conjugate
and not asymptotic, and a constant cross ratio r, we take the arbitrary
net as the parametric net of system (55). Then, by a course of reasoning
similar to that employed in the preceding section, we find that the ray
point ax of a surface point Py with respect to the family Fx, in arbitrary
parameters, is given by the formula

(59)

<rx=(XV+2X+a)p+X(XV-r-2X+a>+X(()X-r-P)y,

wherein we have placed
b'

c

P = ca —c a —b —a-2
a'

(60)

X

b

X„

Xu

a

a'

X

X

defined by the formulas

c
(61)

Xr

c

Q = b'a-ba'-c'-a'-2-Va'—,
and p, a are the covariants

Xu

— +-a—,
a
X

p=y«+—

a

V
y,

o = yv + — y.
a

The points p and a are the ray points of Py with respect to the curves
v = const, and the curves u = const, respectively.
The ray point ax* of Py with respect to the first family of the net N\k
has coordinates which, referred to the local triangle y, p, a with suitably
chosen unit point, are given by the following formulas:

xx= \h(Q\h+P),
(62)

*2= X2ÂV+2XA+a,
*3= XA(X2AV-|-2XA-|-a).

Eliminating

h from these equations,

we obtain

(ax\+2xiX3+a'x\)[±(l-aa')xx-(2P-aQ)xi-(2Q-a'P)xs]

+a(2P-aQ)xl+3aa'Px¡x3+3aa'Qx2x'+a'(2Q-a'P)xl=0.
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This is the ray-point cubic of Pv with respect to the
by the parametric net of system (55) and the family
meters. It has a node at Pv, the double point tangents
tangents. It also has three inflexions which Ue on the

4(1 - oa')xi-

system G determined
F\ in arbitrary parabeing the asymptotic
flex ray

(2P- aQ)x2- (2Q- a'P)x3 = 0,

and each inflexion lies on one of the lines through Py,

a(2P-aQ)xl+3aa'Px¡x3+3aa'Qx2xl+a'(2Q-a'P)xl

= 0.

Let us suppose that the asymptotic net belongs to the system G associated with the cubic (63). Then the cross ratio of the asymptotic tangents
and the parametric tangents at every surface point is constant, so that
aa'= const.
Moreover, the cross ratio of the parametric tangents, the
tangent belonging to the family F\, and the tangent of either family of
asymptotic curves, at every surface point, is constant, so that

—l-f-\l —aa'
X= const.-=

const.
-.

a

a

Then we find

(64)

2P-aQ = U%'W, 2Q-a'P = 4a'(i'M ,

where S'(u) and (§.'M are the invariants* whose vanishing impUes that
the curves Cu and Cv respectively are Darboux curves. Under these conditions, if oo'=í4, equation (63) becomes
(ax2+2x2X3-(-ö,/x8)[(l
iu) 3

(65)

—aa')xi—aS'

3a a

+ a2®'('xl-—(2(S'(
aa —4
3aa

---(aIE'

aa —4

iu)

x2—a'S'
(„)

x3[

,

'-f-aV })*U

iu)

iv)

«

+2S'C W,+«'2e'

(v) i

x, = 0.

This is the ray-point cubic of the system G which is determined by the asymptotic
net and one family of the parametric curves of system (55), and which also
contains the other parametric family. If ao' = 4, equation (58) shows that the
cross ratio of the parametric tangents and asymptotic tangents at every
surface point is a root of the equation l+r+r2 = 0.
* Green, Nets of space curves, p. 217.

1926]

BUNDLES AND PENCILS OF NETS

167

The line coordinates of the ray of Py with respect to the net iVx* represented by equation (9) in arbitrary parameters are found to be given
by the following equations, analogous to equations (54):
M1= r2a'2X4A4+2a'r(l+r)X3A3+(4r-r-ao'+oa'r2)X2A2-r-2a(l-r-r)XA+o2,

(66)

M2=-rX2A2[a'CrX2A2+a'F(l+r)XA-r-2F-aC],

m3=-(2Q-a'F)rX2A2-a(>(l-f-r)XA-aP,
where P and Q are the functions defined in equations (60). The envelope of
this ray as the net N\h varies over all the nets of the pencil determined by the
net N\ in the bundle BT is, therefore, ordinarily of class four. However, if
r= —1, equations (66) reduce to
Mi = o'2X4A4+2(aa'-2)X2A2+a2,

(67)

u2 = \2h2(-a'Q\2h2+2P-aQ),
u3= (2Q-a'P)\2h2-aP,

and the envelope is a conic.
University of Chicago,
Chicago, III.

