SOME THIRD-ORDER IRREGULAR
BOUNDARY VALUE PROBLEMS*

BY
LEWIS E. WARD

INTRODUCTION

We treat here the problem of expanding functions in infinite series whose
terms are solutions of the differential equation d*/dx*+p% =0 and various
types of boundary conditions. Birkhoff{ has treated a general problem of
this nature for the case in which the boundary conditions are regular, and
Hopkins} has considered a very special case of irregularity. The first part
of this paper is an extension of Hopkins’ work in which the distinctive
feature of the boundary conditions is that two bear at only one point and
the third bears at two points. In the second part of the paper is considered
a very special case in which one boundary condition bears at one point, the
second at another point, which is complex, and the third at both points.
And in the third part is considered a case in which the boundary conditions
bear symmetrically at three points, one at each point.

Part 1

The boundary conditions are written W («) =0, i=1, 2, 3, where W;(«)
is a linear homogeneous form in «(a), %'(a), u'’(a), u(b), u'(b), w'’(b) with
constant coefficients, which we shall suppose to be real. Here ¢ and b are
taken real and positive and ¢ <b. By linear combination among themselves
the conditions can be reduced to the equivalent set

au’’ (@) + anu'(a) + arou(a) + Bu#'(b) + Brou(d) = 0,
azt' (a) + anv'(a) + aswu(a) + Bear”’ () + Bart’ (b) + Baou(b) = 0,
azi’ (@) + asou(a) + Baw’(b) + Baou(b) = 0.

We shall represent by W,(«), W(u), and Ws(u) the left hand sides of these
three equations respectively, by W..(%) that portion of W;(») which bears
at ¢, and by W (%) that portion which bears at b.

* Presented to the Society, April 16, 1927; received by the editors in October, 1926.
t G. D. Birkhof], these Transactions, vol. 9 (1908), pp. 219-231 and pp. 373-395.
1 J. W. Hopkins, published by D. Jackson in these Transactions, vol. 20 (1919), p. 245, et seq.
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IRREGULAR BOUNDARY VALUE PROBLEMS 17

The characteristic equation is A(p) =0, where

Wi(y) Wilys) Wi(ys)
Alp) = | Walyr) Walys) Walys)
Ws(y) Wi(y:) Wa(ys)
Here yi, ¥z, and y; are any three linearly independent solutions of the dif-
ferential equation. We shall take
yi = e“(==®)  where w; = — 1, wy = ™3, wy = e~*/3,
Inserting these functions and expanding the determinant, we find

A(p) = Baas + Boase®® P + Agpae =0 4 Aygaerr =)

+ Aps + Appae®r (5D - Apgpesr (68 4 A gevir(a=b)

where

Agaa = 3(wz — w3)p*D,,
Agap = (w1 — wo)p[— wsDasp* — w1Dasgp® — weDasp? — wsDa1p — wiDao],
Asa = (03 — w1)p[— weDasp* — 01Dasp® — wsDa2p? — weDarp — wiDao],
Byas = (02 — 03)p[Dasp* + Dasp® + Dasp? + Darp + Dao],
Aaw = (w2 — w3)p[Dyap* + Do3p® + Dyap® + Dyip + Do,
Boap = (w3 — w1)p[— wsDbap* — w@iDssp® — wsDpap? — weDpsp — wiDio],
Appa = (w1 — w2)p[— wsDpap* — w1Dp3p® — wyDp2p? — wsDprp — w1 Do),
Ay = 3(ws — w3)p®Ds.

In these expressions the D’s are certain real combinations of determinants
formed from the array of coefficients in the boundary conditions.

The regularity condition, which bears on the differential system, plays
an important rle in boundary value and expansion problems. In the present
case the system is regular if each of the six exponentials in A(p) is present
and multiplied by a polynomial of degree five in p. As mentioned in the
introduction the regular case has been treated by Birkhoff. The cases in
which the multiplying polynomials are of degrees less than five are susceptible
of a treatment similar to that employed by Birkhoff, and the results are
similar to those of the regular case. They will not be considered here.

We propose to treat some of the cases in which every D, equals zero or
every D; equals zero. These we call the highly irregular cases. One of them
is Hopkins’ case. For the sake of definiteness we shall take Dj;=0,
i=0,1,2,3,4.
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The characteristic equation. Divide the p plane into six equal sectors
defined by Ir/3< arg p<(I+1)7/3,1=0,1,2,3,4,5. It is only near the
rays arg p=0, 2r/3, 4w/3 that we can hope to find characteristic numbers,
for if |p| is large and p is not near one of these rays in an angular sense, some
one of the exponential terms in A(p) will far outbalance in numerical value
all the others. But since p appears in the differential equation only as p?,
we may restrict p to the sector —w/3 < arg p<w/3.

Consequently we need look for characteristic numbers only near the
ray arg p=0.

We may write

Alp) = e [(p) + ()],
where
3(p) = Aaap + Agpae@r—enp(t=a)
and
e(P) = (Aaaa + A“b)eu,p(a-b) + Abaae(ul—u')’(b_a)o

If we lay down the further restriction —w/6+8=< arg p<w/3, § being a
small positive constant, |e(o) | will be small for |p| large. If D,; is that D,
having the largest second subscript and not being zero, we have

i i
#(p) = (w1 — w) Zwk’“Daka'l 4+ (w2 — wy)elwswale(t—a) Eka‘,y‘p"‘H

k=0 k=0
= (01— wz)p"“[wiDaf + (%)] ¥ + ¢()],

where (1/p) means a quantity of the size of 1/p for |p| large, |¢/(p) | is small
for |p | large, and

2
w
Y(p) = it elw—w)p(b—a)
w;j
Here wo=w;, wy=w1, and ws=w,.
We have
2
w
Y(p) = —= — ginstltoo-0),
w;j
whose zeros are given by
1 wi

log

p=- 0
i-31%(b — a) wj

This logarithm has one of the values #z/3, —wi/3, or wi, j being 0, 1, 2, 3,
or 4. Hence the zeros of ¥(p) are real and are evenly spaced along the ray
arg p=0.
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We can now discuss the zeros of A(p). For we have
1
D 86) = @ = wdpriennc-sl D + () |16 + ),

where |¢''(p) | is small for |p | large. Draw small circles all of the same radius
centered at the zeros of Y(p), and call S the portion of the sector (—=/6
+8, v/3) which is exterior to these circles. As the imaginary part of p
becomes positively infinite, ¥ (p) —>w2i1/w; ; as the imaginary part of p becomes
negatively infinite, Y(p)—o ; and y/(p) has a real period. Hence [¢(p) | has
a positive minimum p in S. Hence from (1)

cle— 1M1

1
18() 1> | (1 = @a)pitieow o [w,-paf + (‘)]
P

Now let |o| be so large that |¢’’(p) | <p/2. Then we have
@) [Ap) | > k| pftleme®2 |,

and this inequality is valid for p in S and |p| sufficiently large, % being in-
dependent of p. This inequality shows that A(p) has no zeros in S for |p|
large.

That A(p) for large |p | does have a zero in each small circle and only one
is seen from (1). As p travels just once around one of the circles, arg ¥(p)
increases by just 2, i.e., the point ¥(p) travels just once around the origin.
Hence the point A(p) will travel just once around the origin provided
l¢'/(0) | is small enough, and hence A(p) has just one zero in the circle.
Moreover, if |p| is large enough, the zeros of A(p) will be real. We omit the
actual proof, which consists in showing by purely formal manipulations that
A(p) = —A(p), dashes denoting conjugates. We denote the zeros of A(p) by
pr, k=1,2,---.

The characteristic functions. A form of solution of the differential
equation and the first and third boundary conditions is

y(x)  yx)  ys(x)
u(x) = m Wi(y) Wi(y:) Wiys)
U W) Wa(y) Walys)

Substitution of p, for p in u(x) yields the kth characteristic function ().
We consider the characteristic functions for the case in which

Wi(%) = anu'’(a) + anw'(a) + awu(a),
3) Wailw) = axnu'’(a) + anw'(a) + asou(a) + Baat’’(b) + Ban’(b) + B2ou(d),
Ws(u) = ant'(a) + asou(a),
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the distinctive feature of which is that two of the W’s bear only at one end
of the interval. This is a case in which every D, equals zero. Highly irregular
cases in which at least two boundary conditions bear at both ends of the
interval will be treated in a later paper.

Proceeding to develop the form of the characteristic functions, we have
u(x) = A.1(p)y1(x) + A2(p)y2(x) +As(p)ys(x), where the A’s are certain quadratic
polynomials in p. We may write
(4)  u(2) = ananp®i[p(x — a)] + anaswdz[p(x — a)]

+ (anas — aas)ds[p(x — a)],
where

31/2
51(pt) = w1t + ewsrt | ewiwt = g7pt | 2ept/2 cos (Tpt>:

x 312

Sa(pt) = €“1Pt — w3e@Pt — woe! = ¢7Pf — 2ert/2 cos( — _3_ + Tpt)’
x 3l

d3(pt) = e“1Pt — weewrPt — wievirt = =Pt — 2¢#t/2 cos (? + - pt).

These & functions are seen to be real if p and ¢ are real, and they satisfy the
relations

d d d
zéx(pt) = — pds(pt), 582(»0!) = — pbi(p?), Esa(pt) = — pds(pt) ;

5:(0) = 3, 5:(0) = 0, 83(0) = 0, etc.

Hence u(x) is real if both p and x are real. We may write

u(x) = e [aranp? + anewp + (enasn — aas)]
32 T
) + 2ertz-)2 [a12a31P2 cos {Tp(x - a)} — a3a30p COS{ -3

1/2

+ Tp(x - a)} — (anase — aas) cos{-g- + f;—”p(x —a) }]

Necessary conditions for convergence of formal series. We state the
following

LEMMA. If the series

©) ()

k=1
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converges uniformly in some interval a<x=B, where 0<a<B<w, then
|ax | < ue=rr(=o=912 where x, is any constant less than B, and p is independent
of k.

Noting that at least one of the cosine terms in (5) must be present, for

otherwise we should not have more than two boundary conditions (3), the
proof of this lemma is the same as that of the corresponding one in Hopkins’

paper.
In the series (6) we now allow x to be complex. Writing x —a =¢, we have

3
[3:[ox(z — @)]| < 22 lewimt| ;

=1
and, calling ¢=¢+7i, £ and 5 both being real,
8:[pr(x — a)]| < emmrt + emrtemn-3t/Diz 4 eonteta-3t/hiz,

Here k is supposed to be so large that p, is known to be real. Let ty=%0—a,
and choose a number x; less than x, but greater than a. Let {,=x;~a. Then
h—ty=2—%,<0. We shall have

e—PkE < eﬂk‘llz e > - '}tl
eP(t=1 3012 < gmrtii2 } provided { & — 5°3Y2 < 4,
err(trn -3t  pokey2 E4 0312 <ty

All of these inequalities are satisfied if ¢ is within the triangle whose sides
are £=—4/2, £—n+312=4, E+9+3V2=4,i.e.,if x is within the equilateral
triangle centered at ¥ =a and having one vertex at x=x,;. Hence we have
within this triangle

3
lur(x) | < 3eer(==12 and |apui(x)| < —Ee’*(‘n"o)/’.

But the expression on the right is the general term of a convergent series
of positive constants. Thus we have proved

THEOREM 1. Under the hypothesis of the above lemma series (6) converges
uniformly in the interior of the equilateral triangle centered at x=a and having
one vertex at x==xo, and represents therein an analytic function of the complex
variable x.

This theorem presents a restriction on the type of function representable
by series (6). But there are further restrictions. We may write
f@) =X imoca(x—a)* =2 inia:susr(x), where ci=(1/k!)f®(a). By the first of
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(3) we bhave awui’ (a)+anui (a)+awui(a)=0. Use of the differential
equation satisfied by #.(x) gives

auuk"""")(a) + alluk(1+3")(a) + alouk(”)(a) =0 (" = 0,1729 °c °)°

Hence

auf(l+8»)(a) + auf(“"")(a) + amf(”')(a) =0 (n=0,1,2,---).
Hence
(7) a12(2 4 3n)(1 4 3n)catsn + an(l + 3n)c143n + @r0csa = 0

(n=10,1,2,---).
Now write f(x) =¢:(x) +¢2(x) +¢s(x), where

d

¢l(x) = i CS»(x - a)‘"; ¢2(x) = 2 51+8n(x - a)l+”)

ne=0

$s(x) = i Carsa(x — @)2H3n,

n=0

and form the expression

a126s"(%) + ands (%) + ardi(x) = an i c2432(2 + 3n)(1 4 3n)(x — a)3»

N0

+ an O cipan(l + 3n)(x — a)**
ne=0

+ a0 2 caa(x — a)**
nw=0

= 3 [@12(2 4+ 3n)(1 + 3n)co43n + ann(l + 38)c1ian + @106s.](x — a)®».
a=0
By (7) the coefficient of every power of (x—a) in this series is seen to equal
zero. Hence

(8 a1y’ (x) + angs (x) + adi(x) = 0.
Similarly
(8" asdd (x) + aspi(x) = 0.

Convergence proof. The conditions of analyticity at #=¢ and identities
(8) together with certain auxiliary conditions imposed on f(x) for the purpose
of accomplishing readily the convergence proof constitute sufficient condi-
tions that f(x) be expansible in a series of type (6). The convergence proof
will now be given, and the theorem stated after the proof is finished.
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We introduce a Green’s function and a contour integral equal to the sum
I.(x) of the first #» terms of the formal series arising from f(x).* Let
y'(s)  32"(s)  24"(s)
yi(s) 34(s) yi(s)
() ya(s)  ys(s)

+ifx>s
{— if x <s.

y(x)  yAx)  ya(x)
yi(s) 9"(s) 4(s)
y1(s)  ya(s)  ys(s)
13 1
ol e ; yi(#)z:(s) = + Fﬁa[p(x -9],

g(x:s’P) =% ’5‘

p

Here the definitions of the functions z;(s) are obvious, and the reduction to
the & function is straightforward. It turns out that

wg

2i(s) = — E;;e"-”(""’.
Let
yi(x)  ya(x)  ya(x)  g(x,s,p)
G(z,5,0) = — ___1__ Wi(y) Wi(y:) Wi(ys) Wa(g)
’, Alp)| Wa(y) Walys) Walys) Walg)
Wi(y) Wsa(ys) Wi(ys) Wa(g)
Then

1
I(s) = E:'r: f ” 36,5, nscris o,

where v, is an arc of a circle centered at p =0 and extending from arg p = —u/3
to arg p==/3. It is supposed that the radius of v, is greater than |p,| but
less than |oa41]-

Before considering the integration we alter the form of G. Multiplying
the first, second, and third columns of the determinant in G by #2(s),
32(s), and 4zs(s) respectively, and adding to the fourth column, we get

y(x)  ya(x)  ya(a)  glx,s,0) + 300 ya)zds)

- _1__ Wi(y) Wilys) Wi(ys) 0
Alp)| Wayr) Wiy Wailys) 2W »(g) '
Wi(y1) Wiy Wilys) 0
which on being expanded gives
G=g+ % zj; (@) + 2 _:(‘3)” W8 (.

* See Birkhoff, loc. cit., p. 379 and p. 390.
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Further, A(p) = (ws —ws)p[302D . — Wa(u)], so that

2Wan(g)u(x)
302D, — Wa(n)

1
G = —;5;[p(x - 5)] + if x > Sy
3p

_ 2Wa(g)u(x)
" 3pD, — Wa(u)

Thus we obtain the form of contour integral with which it is convenient to
work, namely,

l z
L) = o= f f 8alo(z — 5)1/(s)ds dp

_2Wa(gu(x)
2-m .[,” f 32D, — Wa(n) D — Wam) O

The following six functions are introduced :

Py(x) = p*¢1(a)d2[o(x — a)] — pps (a)8s[p(x — @)] + ¢5"(a)b:1[o(x — a)],
Py(x) = p*1(a)ds[p(x — a)] — pos (a)d1[p(x — a)] + &5"(a)8:2[0(x — @)],
Py(x) = p1(a)81[o(x — 0)] — pdd (0)bs[o(x — a)] + ¢4"(a)ds[o(x — 4)],

Riz) = — o f 5s[o(x — 5)]oi"(s)ds + f 51[o(x — 5)]6a"""(s)ds

ifx <s.

9)

Y AP
R’(x) = — pfzsllp(x —_ s)]¢1”(3)d3 + fza2[p(x - 8)]¢2'”(S)d$
Re(z) = — p f z,;,[p(x — 5)]¢"(s)ds + f z&a[p(x — 5)]¢2"""(s)ds

l z
- f 51lo(x — )]s (s)ds.

Using f(x) =¢1(x) +¢2(x) +¢s(x), and integrating by parts the term
containing ¢:(s) twice, that containing ¢.(s) three times, and that containing
¢s(s) four times, we find that

z 3 3 1
f 8s[o(z — 9)]f(s)ds = 7f(x) - ;;d’a' "(2) = F{Pa(x) + Rs()},
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and

b 3 1
30 [ Wi fas = m{;{mb) + 610} = (PO + RO) }]

3 1
+ Bu [Tf’(b) +={P:0) + RO }]

¢s”’(b)} 1

e® e®

+ B2 [%‘{f(b) - {Ps(b) + Rs(d) } ]
These results are to be substituted in (9), and the terms separated into three
groups, one containing f(x), the second containing ¢/ () and terms involving
the values of the ¢’s and their derivatives at x =5, and the third containing
terms involving the P’s and R’s.

The p-integration is taken in two steps, one being an integration over vy ,
which is that part of v, on which arg p>0, and the other an integration
over v,", on which arg p<0. We consider first the integration over v, .

Since the inequality |u(x) | <I|p%vs*= |, where I is independent of p,
and inequality (2) are both valid on v,/ , we have

3pwsp (z—a)

A(p)

1-312
2

u(x)
3p2D¢ - Wzb(u)

(10)

]e31/2

|p2igwe =0 |,

The exponential in the last expression has an exponent whose real part is
negative over the entire arc v . For this reason the second group of terms
arising from (9) yields in the p-integration over v,/ only terms which tend
uniformly to zero as n—, x being restricted to a closed interval interior
to (a, b) not containing either a or b. We shall refer to terms arising from
(9) which tend to zero in this manner as terms which can be neglected.

The terms of group three are all put over the denominator 3p2D, — W (%),
and it is then seen that that part of the numerator which contains D, leads
to terms which can be neglected. The terms of the numerator containing
P’s are

% [Ba2f Ps(x)u"(b) — p?Pi(b)u(x)} + Bauf Ps(x)u'(b) + pPa(b)u(x) }

If in this expression we replace each P and each u by its value in terms of the
6 functions, the coefficients of the §’s are each seen to equal zero. Con-
sequently we have
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W@ = %f(x) + )

_ _1__ f {Bzz[P’“(x)Rl(b) — u'(B)Rs(x)] — Bau[pu(x)Ra(b) + #'()Ra(%)]
2xi J,; p3[302Dy — Wap(u)]
Bao[4(x) Rs(b) — “(b)Rs(x)]} i
p*[3pD0 — War(u)] ’

in which e,(x) stands for that portion of I,/ (x) arising from the neglected
terms.

The coefficient of each 8 in the numerator of this integrand is to be con-
sidered by itself. We define variable y by means of the equation

y—a=(x— ag)e’*2p

In the following we also change the variables of integration by the trans-
formations s=a¢+w2(t—a). We have

z 3 z
f bilo(x — 5)]6'()ds = 3 wiewivs f eeinng ! (s)ds
a 1 a
8 a—ws(z—a)
ewp(z-a)f ep(l—¢)¢l'(t)d¢
1 a

8
= 8ifp(x — Q)] + 2 eviret=oly,,
1

where

v
ui = f er (=) (T (1) dt
a
and
a—wi(z—a)
vij = f eP(‘—a)¢i(i+l)([)dt.
v

In order to render these steps and the following ones valid we require each
of the functions ¢;(¢) to be analytic in a circle centered at t=a. Let r<b—a
be the radius of this circle. We require the real number x to be within this
circle. Then the complex variable y, as well as the numbers a—w;(x —a)
will be within the circle. Hence, taking the paths of ¢-integration as straight
lines, these paths will lie entirely within the circle. By steps similar to those
above we find

f’ ’SI[P(x —-3) ]¢2"'(3)d5 = 0, [p(x — a) ][lz + Ew?v‘ge“w(’—ﬂ),
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and

f’ 6‘1[p(x —3) ]cba*"(s)ds = 43 [p(x - a)][.ts - Ew;vae"i’("".

1

From these we get

(12) Ry(x) = — pds[p(x — @) ]us + 82[p(x — @) Jus — %51[0(" — a)Jus + 4,
where

3 1
(13) A3 = Ee""('—“)[— va + wlrva + —wWea]-
1 14

The reason for breaking up Rs(x) in this way is that the portion of Rs(x)
containing the u terms does not yield in the p-integration a quantity which
has zero for its limit as #— o, but does cancel against a similar portion of
the other part of the coefficient of the 8 under consideration. The 4; portion
of Rs(x) does yield in the p-integration a quantity which has zero for its
limit as #—o.

We have also

(19 R®) = = » [ 506 - 9ls s + ) Balo(b — 5)]és""(s)ds

_1 f “51[o(6 — $)]és¥(s)ds + Cs,
P Ja

where \ ,
Co=—p f salo(d — ) J6r"(s)ds + f 8s[o(b — 5)]éa’"(s)ds

- % f 2o — 9 ]ésv(s)ds.
But

fzaﬁ[l’(b - 5)]4’1”(5)45 = 81[p(b - a)]m + Zyﬂevw(b—a)’

(15) f}s[P(b — $)]¢2"""(s)ds = 8a[o(d — a) Juz + im,’wge""ﬁ("“),
a 1

fzsl[p(b - S)] ¢iv(5)d5 = 63[})(6 - a)]p, -_ iw‘y“e“w(b—a)_

1
Hence (14) becomes

(16) Rs(®) = — pbalp(® — @) Jus + 82[o(d — @) Jus — ';l;% [o(6 — @)]us + By + Cs,
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where
3 1

(17)  Bs= 23""("-“)[— pvir + wivis + '—wsl'ea]-
1 p

From (4), (12), and (16) we get for the coefficient of By in the numerator
of the integrand in (11) the expression

p{:1[o(x — ) 1:[0(d — 0)] — 8:[o(x — @) Js[0(6 — )]} {arsaaius
+ auaaolll} + P{as[P(x - a)]5l[P(b - a).] - 51[P(x - a)]%[ﬂ(” - a)”

18
(18 « {ansasus — (anaso — anas)m} + {63 [o(x — a)]8:[p(6 — a)]
— 83[p(x — a)18s[p(d — a)]} {aractsons + (enaso — aroas))uz}
+ u(x)(Bs + Cs) — u(b)A4;.
Now

v
agips + asu; = f er= [agpa" (1) + azodt”(#) ]d2,
which is seen to equal zero provided (8”) is satisfied. For similar reasons
auaulla-(auaso—aloaal)#l=0 and alzaao#z‘l‘(auaso"aloaal)#z=0- Hence
(18) reduces to %(x)(Bs+Cs) —u(b)As,.
In exactly the same way the coefficients of 8 and S, in the numerator
of the integrand in (11) reduce, and we obtain
1 Bualo?u(x) (B, +C) —u" ()43
19) I.(z) = W(2) — — f {
19 KG) =46 + e - | | T
_ Bulpu(@)Br+-C) +4'©)4s] +Bal () (Bs+Co) —u(b)4s }d
*[30?Da — Was(w)] >

where
3
. 1
By = 3 e“# )| puwwiy + vis — —wdvis |,

1 P

Ci=—p f b&[p(b — 5)]es"(s)ds + f bsz[p(b— s)]¢2"""(s)ds
~ i— f " lo(b — 9)e(s)ds,

a=-of hlo(b — 9J6r(ds + ) Bl 9)]ex"()ds

- % ) "salo(6 — 5)J6s(s)ds.



1927] IRREGULAR BOUNDARY VALUE PROBLEMS 729

Consider next the portions of the integral in (19) arising from the terms
containing 4s. We see from (13) that A; itself contains nine integrals of
the type

a—ws(z—a)
f er(t—a) (+D()dt.,
v

In every one of these integrals |e#¢*— | takes on its largest value along the
line of integration at the upper limit. For, as ¢ runs from y to ¢ —wi(x—a),
p(t—a) runs from — |p|(x—a) to —wp(x—a). The points in the complex
plane representing this latter pair of numbers are at equal distances from
the origin and the former is on the negative axis of reals. Consequently the
real part of p(¢#— @) increases steadily as ¢ runs from the lower limit of integra-
tion to the upper. Hence, if |¢,-(f+1’(t) | <M, a constant, for all j entering
in this discussion, we have |vi;| <2M(b—a) |e=#(==®|. Hence |4:|<K|p|,
where K is independent of p and of x. The portion of the integrand containing
Aa iS
Wan(u) . tis .
3P2D¢. - Wg,,(u) pa

We have seen that the first of these factors is a bounded function of p for
|o| large and on v./. Hence the portion of the integrand containing 45 can
be neglected.

Consider now the remaining portion of the numerator of the integrand
in (19). Formal reductions yield

() [B220*B1 — Ba1pBs + B20Bs)

3
= D ewr{u2D 05 — wDasp* + Dazo® + wDarp?
=1

1 1
- w&DaoP} {51[p(x —a)va — —p‘szlp(x —a) s+ ;;Galp(x - a)]v“} ’

and show that %(x) [822p?C1—B2pC:+BxCs] equals a sum of five products of
which the ith is of the form

)
D“p"'“{al [o(x — a)] f 3i[p(d — ) ]ou"(s)ds

- —152[13(70— 0] f Se[o(d — 5)]e2"""(s)ds
4 z

+%5alp(x —a)] J; b5t[ﬂ(b - S)]d’a"(S)dS},
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7, k, I having the values 1, 2, 3 in various orders in these terms. Hence
| %() [B2202B1 — B21pBs + B20Bs]|
< 6M(b = a)] | 3o esr0=0]+| Dygpitt]+| g
< K| pitlgme=a)| | -
where K is independent of p and of x. Also
| %(x)[B220°C1 — B21eCa + B2Cs]| < K'| pitlewed-a)| |

K’ being independent of p and of x. Hence the portion of the integrand in
(19) containing the B and C terms is less in numerical value than some
constant divided by |o?|, and can be neglected. This leaves I,/ (x) =4f(x)
~+€.(x), where €,(x) tends uniformly to zero as a limit when n—.

The portion of I,(x) arising from integration over the arc v,!’ is treated
in a fashion quite similar to the above treatment of I, (¥) and with similar
results. We omit the consideration of it, and state immediately

THEOREM 2. If the boundary conditions can be written in the form (3)
with at least one D, not zero ; if f(x) =1 (%) +d2(x) +ds(x), where ¢1(x) =D csn
c(@—a)™, da(x) =D Crean(X—a)¥3", y(x) =D Carsa(x—a)?*3n are power
series convergent in and on the boundary of a circle centered at x=a and of
radius r<b—a which satisfy the identities onapd’ (x)+ andd (x) + i (x) =0,
asngd (%) +aspi(x) =0 ; and if also ¢’ (x), ¢¢'’ (x), s (x) are continuous for
real values of x from a to b, then the formal series for f(x) of type (6) converges
uniformly to f(x) along the segment of the real axis from a to a+r.

From Theorem 1 it follows as a corollary to Theorem 2 that the formal
series will converge uniformly to f(x) in the equilateral triangle whose center
is at x =¢ and one vertex of whichisat x=a+r.

We come next to the case in which two of the boundary conditions bear
only at x=5b. We do no more than state the results. Let the boundary con-
ditions be written in the form

Brte” (B) + Bus’(8) + Prou(d) = 0,
(@) + et (0) + (@) + Bart”(8) + Bt B) + Basti(8) = 0,
Bast' () + Bsou(d) =10.

The characteristic numbers are found to lie along the rays arg p = 7/3,
7, 51/3. We restrict p to the sector 27/3 < arg p<4w/3, using the
characteristic numbers along the ray arg p=mw.
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On the assumption of uniform convergence of > ’bsu.:(x) in an interval
aSx =B, where a <a<f<b, we obtain a restriction on the b;’s which is of
sufficient strength to allow us to show that the series converges uniformly in
the equilateral triangle centered at x =5 and having one vertex at x=a. A
formal property of the characteristic functions then shows that the series
necessarily represents a function of the form f(x) =¢:(x) +¢2(x) +¢s(x), where

¢l(x) = icxn(x - b)’", ¢2(x) = ;icl*_a”(x_b)l'i-ah’
¢3(x) = i:cz-l-&»(x - b)2+3n’

each ¢ being analytic in the triangle, and that the ¢’s must satisfy the
identities

Br2ds” (%) + Buds (x) + Prodi(x) = 0, Bags (x) + Paedr(x) = 0.

If we now take a function f(x) satisfying the above conditions and in addition
such that ¢/’ (x),#{"’ (x), and ¢s'¥(x) are continuous from a to b, the formal
series for f(x) of type D i b.ui(x) will converge uniformly to f(x) in the
interval (b—7, b),  being the radius of the circle in which the ¢’s are assumed
to be analytic.

Part II

We have made reference to a very special case treated by Hopkins in
which the boundary conditions can be written #(0) =u'(0) =u(x)=0. The
characteristic functions in this case are #i(x)=0;(0sx), k=1, 2, - - -, and
they satisfy the functional equations u%i(—wsx)= —wsur(x), uir(—wsx)
= —wotr(x). Hence u(—wem) =ui(—wsm) =0. Also, denoting differentiations
with respect to x by accents, /' (—wsx)=u{'(x). Hence u{' (—wsr)=0.
From these we select

(20) u(r) = u(— wgm) =0, u"(r) = 4"(— wgmr),

which we shall take as boundary conditions. They will be seen to lead to a
larger class of characteristic functions than Hopkins’, but one which includes
his.

Use of the first two of (20) gives

(21) u(x) - (820,”' — —u,pt)ewlpz + (ez‘l?zpﬂ’ — —o.pr)ew,pz + (e2u,pr — e—alpr)eo;pz,

at least to a factor independent of x. The characteristic equation is
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ev1rT evrT evIrT
A(p) = e PV ad L ewIrT

wltpz(eu,pf — eu,pr) wzlpﬂ(ew,pf — eu,pt) w32p2(eu.pr —_— eu,pt)

(22) = (w3 — w1)p?3(p7)ds(— pm) = 0.

The fact that the characteristic equation factors in the particular way in-
dicated here is what suggested the choice of boundary conditions under
consideration. This choice, of course, is only one of many that might be
made. The factor 8;(om) of (22) has for its zeros precisely Hopkins’ charac-
teristic numbers, which we denote by pi:. The other factor §;(—p) has the
negatives of the numbers py;: for its zeros; we denote these by ps, and write
P2k = —P1k.

We have

EOIPLET — ()o@ IPLET — (g@WPIAT == 0,

and
EUPLET — (o€ 1PLET — (yze@sP1kT = (),

the first being Hopkins’ characteristic equation, and the second being ob-
tained by multiplying the first by —w. and rearranging the terms. From
these two equations we get

1: — wy: — wg = 2UIPKT — g~ WIPIKT ; Q2WaPLET — —WIPLLT; 20 1PLET — ETWIPKT

Consequently if in (21) we replace p by pix and remove the proper factor
independent of x, we get what we shall take as one set of characteristic func-
tions, namely #.:(x) =8;(oux). These are Hopkins’ characteristic functions.
If we transform by means of the transformation

(23) 2= wr — x

to the point w,m as a new origin, we find by steps similar to those above that
the rest of our characteristic functions are given by #a(x)=208;(pux’) =

8s o (war — ) .
From Part I we know that if the series

(24) 3 ()

converges uniformly in some segment of the axis of reals from 0 to =, it
represents a function analytic in x# and of the form x2¢(x3), ¢(x°) being a
convergent power series in 3, and that the series also converges uniformly in
an equilateral triangle centered at x=0 and having one vertex on the axis
of reals between 0 and w. Noting that the transformation (23) consists of



1927] IRREGULAR BOUNDARY VALUE PROBLEMS 733

a parallel shift &'’ =x —w,r followed by a rotation through 180°, »' = —x"’,
we see that if a series

(25) iau u,;,(x)

converges uniformly in some segment of the straight line between wsr
and —wsm, it represents a function of the form (w.r—x)? ¢[(wer—x)?],
where ¢ [(wsm —x)3] is a convergent power series in (w,m —x)3, and the series
also converges uniformly in an equilateral triangle centered at x=cw,r
and having one vertex on the segment from w,r to —wsw. If the triangle cen-
tered at =0, which we call triangle I, and the triangle centered at x=w.,
which we call triangle II, are so large as to have one side in common, it is
conceivable that on this common side a series of the type

(26) i[alk“lk(x) + azuar(x)]

may represent functions of a wider class than those represented by either
series (24) or (25) individually or than a linear combination of functions
representable by series (24) and (25).

Let, therefore, triangles I and II be so large that they have a common
side C, which will be the segment from = to —wsw. Putting f(x) equal to
series (26), how shall we determine formally the a’s? To answer this question
we proceed to a definition of adjoints.

Write L(u) =4"""+p* and M(v) = —v'"'+p%. Then

f [vL(%) — uM(v)]dx = f [o0'" — W' ]dx = [ur” — u'v' + u'"v]c.
c c

If we require that u(w)=u(—wsm)=0, ' (7)=u"(—wsr), and v'(7) =
v'(—wym) =0, v(r) =v(—wsm), we have

f [vL(%) — uM(v)]dx = 0.
[+

If we require also that » satisfy L(x)=0, » will be a characteristic function
w1:(x) or uz;(x). The functions v satisfying the above conditions at = and
—wsm and also the differential equation M (v) =0 we define as the adjoints
of the  characteristic functions. Mere formal manipulations suffice to show
that the characteristic numbers for the v differential system are the same as
those for the # system. Adopting an obvious notation for the » characteristic
functions, we have
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f [oa,L(01) — 1M (v2;)|dx = 0.
(o}

But
S tnd) — it @)z = 6l — 2 [ wana.
Hence
j; %1 095d% = 0 for all 4 and j ; and similarly
w0 dx = 0 for all 7 and 7,
(27) )

f wmmdz =0 if i, and
c

f wamadz = 0 if i].
[+

All integrations over C are to be made from —ww to w. The functions v
are found to be given by v:1(x) =8 [pu(wer —x) ] and s (%) = 8:(ousx), except
possibly for factors independent of x, of which we take no account. The
relations (27) enable us to determine formally values for the a’s in series (26).

We proceed to study series (26) under the hypothesis that it converges
uniformly in some segment of C. Writing x=£+ (7 —§)i/3V/2, which yields
z on the line of C if £ is real, we have

T - . r— ¢
(28) un(x) = e—nt[cos Pk YT — i sin py YT ]
pit paT
— (¢—x/2) —
et [cos( + 312 + .31/:)

. [ 7%
e sm( Tt 2-3!/8)]

* 20 paw
—_— x/ —_—
e’k ’[COS( + 31/2 + 2.31/2)

.. (r 2pik prr )]
—isin{— + - ,
3 312 2.3U2
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and o
- 17 et . . [ AT P
uan(%) = e (=D [cos (2o31/: + %) T e (2°31/’ + ﬁ)]
(29) _ PAT it . . pir Pk
- »f[cos( +:‘5‘7—;3‘_”)+ zsm( +3_1/;—.3m)]

2 2
— et [cos(l L _f’:f) — isin (1 L P*)],
3 24312 312 3 2+31/2 312

Here we have used p: to stand for pu, and we suppose not only that
—m/2<E<m, so that x will be on C, but also that £ is so restricted that «
is within the range of assumed uniform convergence of (26).

Take % so large that there will be a value ¢ of £ in its restricted range

such that
( T prT 2pk€)
cos| — +
3 2e3U2 3us

If o’ is the value of x which corresponds to ¢, we find
“u,(x') = e”'/’[wz + E]k] and uu(x') = 6”'/’[— 1+ E”],

where Ey, and Ey both can be made as small numerically as desired by taking
k sufficiently large. Consequently
(30) a1(we + Erx) + aa(— 1 + Ezn) = e*2[amu(2’) + aasar(s)].

If % is large enough, we can repeat the work of this paragraph with another
value £ of £, such that

T 20" 7% 4
cos(s- + 3z 2.31/2) =1,

and if 2"’ is the corresponding value of #, we shall obtain

(30")  au(= 1+ EW) + asrlws + En) = —ov/2[g1000(2") + aaassan(2”) ).

Equations (30) and (30’) are to be solved as non-homogeneous linear equa-
tions for the @y and ax which appear in their left hand members. If the
solution is made in the usual way by determinants, we find ay given by a
quotient of two determinants times e*/2, The determinant in the de-
nominator of this quotient is seen to have a numerical value greater than
some positive constant, while the determinant in the numerator is less
numerically than some positive constant, since |auwu(x)+auun(®)|<g,
where g is independent of both x and %, holds for both x=x’ and x=x"'.
Similar remarks are valid for the solution for ax. Thus we have proved the
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LEmMA. If series (26) converges uniformly in some segment of C, then
|a1e| < Ie12 and |am| <hy#*12, by and h, being independent of k.

From this lemma we may prove the following theorem by the method
of reasoning used in the work immediately following the lemma of Part I.

THEOREM 1. If series (26) converges uniformly in some segment of C, then
series (24) converges uniformly in the interior of triangle 1 and represents a
Sfunction analytic in x and of the form x?¢(x3), and series (25) converges uni-
formly in the interior of triangle 11 and represents a function analytic in x
and of the form (wom —x) Y [(werr —x)3].

Let us now write purely formally f(x)=>_.," [auwuw(x)+anun(x)],
and determine the a’s by means of relations (27). We shall suppose that
f(x) is continuous together with its first two derivatives on the closed segment
C. We find

(31) f f(®)o(x)dx = o f un(x)vi(x)dx,
c c

and

(32) ff(x)vg;,(x)dx = azkfuzk(x)vu(x)dx.
c c

Carrying out the integrations appearing on the right hand sides of these
equations explicitly, we find

(33) fc wp(x)a(2)dx = fc sa(Bon@)dx = (w3 — wp)w8a(— par) .

Also, making two integrations by parts,

1
f fx)on(2)dz = — —[wsf(x) + f(— war) Jaloam)
(4] Pk

1
+ -——2— f&alpg(wzﬂ' - x) ]f”(x)dx7
Pk C
and

1
j;f(x)”zk(x)dx = - ;’U("’) + wsf(— wsr) |83(par)
%

1
e fc 55 o) () dz.

We may, therefore, write
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_ wsf(r) + f(— wsm) . 82(pim)

(31)  au — e
T w.)w:,,zs,(- ox) fca, [ox(@er — %) 11" (x)dz,
and
G2 on= f(")(: ‘ffi:)wwar) ' p,,::<(ik 7:.),‘,)
+ (w2 — wa)qr:,}ga(_ Py ]; 83(pr2)f"(x)dx.

We now insert these expressions for the a’s into series (24) and (25),
and test these for convergence on C. Before actually doing this, however,
we investigate the sizes of a;x and ax. Consider the integral in (31’). It
contains in its integrand the sum of three exponentials, no one of which at
any point of C exceeds e**/2 in numerical value. Hence

f sa[on(onr — )] ()dx | < Mesre,
C

M being independent of k. Also

1
—————— = gTPET 1 e(pr) ],
83(— prmr) [t + on]

where €(p:) has the limit zero as k—«. Hence the term of (31’) which con-
tains the C integral can be written (1/p:2)e=**/2 M(p:), where M(p:) is
bounded for % large. Now

L3u2
(34) _Salpsm) = e"pgf/2[ -2 cos(p "”23 - 1)

53(— p;.1r) 3
wae—2w,pkr+pkf12 + wze—z‘"wk""ﬂk"/? — —,,,r/z]
d3(— pir)

Hence (31’) can be written

2w3f(ﬂ')+f(— wsT) Cos(ﬁrﬂr';”” :) M'(Pk)]’

pi

(35) ay, = e~Prrl 2[

(w2 - "’3)7"Pk

where M'(px) is bounded for % large.
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But from (28) we have on C

. T 20 prw
(36) wu(z) = en '2[— s (—37"' 3ur 2-31")

.. [T, 2
+ 1sm(? + iz m) + eu(i)],

where €(£) tends to zero uniformly as an exponential function when k— o
if x is restricted to a closed interval on C which does not include the end
points of C. From (35) and (36) it is clear that series (24) will converge
uniformly on those segments of C on which

| «31/2 2
E — cos (pur — —T-) cos (1 + ] il ) and

T e 2 3 3 312 - 24312

i i cos (py,n"3”2 - 1) sin <1 + Zosk - )
2 3

T o 33Uz Q.32

(37

both converge uniformly. From the equation whose roots are p; we get

o 21/2 1/2 uz
o (B2 2) - (= 1 L) A,
2 3 2 4 4

It is clear, therefore, that both series (37) will converge uniformly on those
segments of C on which

= (= 1)k 20k paw S (= DF | /208
zl: Pa cos(sm B 2.31/2) and 12 o o0 (31/2 - 2.31/:)

both converge uniformly. Since px=(1/3V2)(1/3+2k)+ €, where & is
given by

. ,,ek.31/z (_ l)k+l

sin
2 2

e~ 3pk7/2 s

we see by simple reductions that these series will converge uniformly on
those segments of C on which

© —_— 1 k -] —_— l k 1
> ) cos ks and ), ) sin ks, s =—(4 — ),
1 Pk 1 P 3

both converge uniformly. However, these series are known to converge
uniformly except possibly in neighborhoods of the points s=2ir and
s=(2l—1)m.* These exceptional points correspond on C only to the end

* Bocher, Introduction to the theory of Fourier series, Annals of Mathematics, (2), vol. 7 (1906),
p. 111.
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and mid-points. Similar considerations are valid for az and #s(x) on C,
the work being based on (32’) and (29). We may, therefore, state

THEOREM 2. If f(x) is continuous together with its first two derivatives, and
if an and ag are given by (31') and (32'), then series (24), (25), and also (26)
converge uniformly in all closed intervals of C not containing the end or mid-
points of C.

If series (26) converges uniformly on C, and f(x), the function to which it
converges, has a continuous second derivative on C, then the determinations
(31’) and (32’) of aw and ax will be valid. Hence series (24) and (25) will
both converge uniformly in all closed intervals of C not containing the end
or mid-points of C, and will represent on these intervals continuous functions
of x. Referring to Theorem 1, we see that we may now state

THEOREM 3. If series (26) converges uniformly on C to a function which has
a continuous second derivative on C, then series (24) and (25) both converge
uniformly in all closed intervals of C not containing the end or mid-points of C,
series (24) comverges uniformly in triangle 1 to an analytic function of x of the
Sorm x2¢(x%), and series (25) converges uniformly in triangle 11 to an analytic
Sunction of x of the form (wym —x)2 [(wemr —x)3].

We see, therefore, that under the hypotheses of this theorem, series (26)
must represent on C a function which is capable of being written in the form

(38) 2%(2%) + (war — 2)% [(0ar — 2)?]

on C, where ¢(x®) is an analytic function of « in triangle I and ¥ [(wsr —%)?]
an analytic function of x in triangle II, both being of the forms indicated.

Let us now begin with a function f(x) of the form (38) on C and such that
¢(x?) and ¢ [(w.m —x)?] both have continuous second derivatives on C. Will
the series (26) with coefficients given by (31) and (32) converge to f(x) on
C? Let us write x2¢(x*) =) _.° auuu(x). It is known that if

ou= [l =iz + [ wulote = 9z,

then this series will converge uniformly to x?¢(x®) along a certain segment
of the real axis between 0 and =.* We shall prove that ey thus given equals
ax as given by (31). To this end we need only prove that

* Hopkins, loc. cit.
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ff(x)vu(x)dxf'ulk(x)as[pk(r — x)]dx
C 0

= fulk(x)vu(x)dx f'x’d:(x’)&a[pk(f — x)]dx.
c 0
But
[ wislotr = )]z = xsstour).

Hence, in view of (33), we need only prove

(39)  8a(oxr) f A @)ou(2)dx = (w3 — w5)8a(— par) f 26(a%)8 [ox(r — )]d.
C 0
But

f F@vu(a)dz = f {2%(%) + (w0 — D)% [(0ar — 2)*]}8:[oa(wsr — 7)]d=
[+ (4

= Lx2¢(x3)61[pk(w21r — ) ]dx,

since (wemr —x)2¢ [(wer —x)3] 8, [px(wem — ) Jdx is the differential of a single-
valued function of (w,r—x)3. Also

Jroanlostom = 9o =| [ + [ Jronnlontom - 2l

= f;%(x") {51[pk(w21r - x)] - 61[pk(w21r + wax)]}dx

by Cauchy’s integral theorem together with a change of integration variable.
Hence to establish (39) we need merely prove

8a2(par) {81 [pr(wer — %)] — 81 [pr(wer + wsx)]}
= (w2 — w3)d3(— pam)ds[pr(r — 2)],

the truth of which is readily established by use of the equation defining the
numbers py.

But with a,; as given by (31) we know that series (24) converges uniformly
along C except possibly at the end and mid-points. In view of the above it
follows that (24) converges uniformly to x?¢(x?) on C except possibly near
the end and mid-points. In a similar way we may show that with asx as
given by (32), series (25) will converge uniformly to (wer —x)2 ¢ [(wer —%)3]
on C except possibly near the end and mid-points. We may, therefore, state
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THEOREM 4. If f(x)=22¢(x%)+(wer—2)? ¢[(wemr—2x)3] on C, where
&(x?) is continuous together with its first two derivatives on C and analytic in x
and of the form indicated in triangle 1, and where Y [(wer —x)3] is continuous
together with its first two derivatives on C and analytic in x and of the form
indicated in triangle 11, then the series (26) with the formal determinations of
the coefficients will converge uniformly to f(x) on all closed intervals of C not
containing an end or mid-point of C.

ParTt IT1

The type of expansion considered in Part II is one of a class in which the
characteristic functionsare determined by thedifferential equation %"’ +p% =0
and three boundary conditions imposed at two of the points =, —w,m,
—wsw. We shall not consider this type further, but take instead a case in
which the boundary conditions bear in a symmetric fashion at these three
points. We take #(7) =u(—w.r) =u(—wsr)=0.

Here the characteristic equation is

EUIPT  QWPT oW T
A(P) = YT LT pupT = 0.
EUWT  pWIPT  pwapT

Simple reductions give
(40) Ap) = 3 — edowr — gowr — glowr = — §,(pr)ds(pm)ds(pm).

Accordingly, the characteristic numbers fall into three sets, all distributed
along the positive axis of reals, and determined respectively by the equations

1(pm) = 0, 8a(pm) = 0, 85(pm) = 0.
They are given respectively by
1 1 /5
P = 3172(1 + 2k) + ex, pa = 3\ 3 + Zk) + e,
(41)

1/1
pak = 3—”-2("3- + 2/3) + e,

where €. tends to zero as a limit when k— o, 7 being 1, 2, or 3.
Use of the conditions #(7) =u(—w,r) =0 gives

(42) u(x) = e“‘lP’(e2"’d"’ — e——m.pr) + ew,pz(e2a,pr — —a,pt)

+ eu,pz(ehy,pr —_ -—w,pr)’
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except possibly for a factor independent of x. The characteristic numbers
pu satisfy the following pair of equations; the second is obtained from the
first by a rearrangement of terms:

Al + ewT + evPT = 0’

€T | euwT | gt = (),
Hence
1:1:1: = e291Pk% — g—wsp1kT ; Q2WIPIAT — g—WIPIET ¢ p2WAP1KT — p—W2PLAT |

Thus we obtain from (42) for one set of characteristic functions #..(x) = 8: (o),
a suitable factor independent of x having been divided out of the right hand
side of (42). Similarly we obtain from (42) and the equations for the other
sets of characteristic numbers %z (x) = 82(p2x) and wg(x) = 8s(osix).

We have thus three sets of characteristic functions; each set consists of
the complete set of characteristic functions of an expansion problem of
the type considered in Part I. Let f(x) be a function analytic in x at x=0.
We may write f(x) =$:1(x?) +2¢5(x3) +x2p3(x3), each ¢ standing for a con-
vergent power series in #3. If each ¢ satisfies certain continuity conditions
from O to 7, Theorem 2 of Part I tells us that -1 ¢;(x*) may be expanded
in a series of type

(43) i airuir(%) (1=1,2,3).

k=1

We may, therefore, state

THEOREM 1. Subject to the continuity conditions on the interval (0, )
of Theorem 2, Part 1, any analytic function of x may be expanded in a series

of the type
(44) 2 lanun(®) + annuar(x) + asusi(#)],
1

and the series will converge uniformly to the function in the interior of an equi-
lateral triangle centered at x=0 and having one vertex on the segment from 0
to w.

The following theorem, which we will now prove, states essentially that
a series of type (44) necessarily represents a function which is analytic in x.

THEOREM 2. If series (44) converges umiformly in an interval (o, B),
0<a<B=m, each of the three series (43) converges uniformly in the interior
of an equilateral triangle centered at x=0 and having one vertex in the interior
of the interval (c, BB).



1927] IRREGULAR BOUNDARY VALUE PROBLEMS 743

Let 21, 22, s be three values of z in (@, B), # being fixed, such that
ta(xa)=0,4=1,2,3. Itisclear that if % is sufficiently large, three such values
of  will exist. Then, calling

ur(x) = ant(x) + aartiai(x) + asrusi(x),

we have
wi(x) = asrthor(%1x) + asrtssi(%1x),
ur(x2r) = anthir(®or) + asitsr(xar)
ur(2%sx) = anwrr(xsr) + azatear(war) .
Calling
0 uar(z1r) wse(x1z)
A= | u(za) 0 wus(x) |,
‘ulk(xak) uzk(xak) 0
we get
1 wi(21k) ar(21k) sr(21x)
(45) oy = N %r(%2k) 0 usi(xe) |,
up(x3r) ton(2sx) 0

with similar formulas for as and as;. We shall use these expressions to de-

termine the sizes of the a’s.
We have

1/2
Ui(%ar) = P17k + 2ePiear/2 cos (TPuxu).

But from (41)

312 312 X 312
cos (T P1x%¥2k )= cos [_2‘P2kx2k -3 + - xor(ere — flk)]-

Also, from wz(22) =0, we get

P 31/2 1
CcoSs ( - ? + —Z—pzkxz,,> = —2— -3Pakzak/3’

T 31/2 1 1/2
sin{ — — 4+ —parx =1 — —¢3pmzn/2 .
( 3 + 2 P2k 2k> ( 2 >

We may choose the positive sign before the radical by selecting x2: properly.

Hence
31/ 2 . ™ Xok
cos —z"plkxzk = — sin ? - —3- + e,

whence

where ¢ is a symbol which we shall use for any quantity which can be made
as small numerically as desired by taking % large enough. Hence
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™

u(%ar) = ePnk"zk”[ -2 sin<—3— - —

In a similar way we find

uu(xa,‘) = eP1k®sk/2

“2k(xlk) = ePskZ1k/2

B L f2r
tg(x3r) = ern/2| — 2sin{ —

_ 3

-
usr(x1x) = emr=/2| 2sin 3"

usk(xw:) = ePkTakl2

Hence

A= e(hk’:k"'?:lc"lk*‘hkzxk)/2[ -2 Sin(— -
3

2r 2x3;,

[ B ZSin(s

+ e@lk'ak"‘hk’xk"‘ﬂak’sk)/2[ 2 sin(

.[—Zsin<

™

™ X1k

3 ) * e] [2 Sin(? -

[October

X2k

)+

3

T

=)+
)+

T

X3k
T+

2r

TG -5+

By means of obvious transformations this can be written

T X1k , T— X2k

T— X

3k
e(P1kZ1ktParZarte sk an) 12

A = 16 sin sin 3 sin

— eloa(z a2z Foak (21— 231) +o 2k (23k—2 1) /2((:05

Now

e P 1k(Zak—210) +pak(Z sk—Zak) +o sk (Z1k— 2 1) lz(COS

3

T = X3k

+9|
)

T = Xok

-+ €

pi(Zax — x1x) + pa(xar — x22) + par(x1r — %3x)

ERT (2231 — x1x — xa1) + ¢,
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and

pur(xan — x1x) + par(Z1x — x2x) + psa(xar — %sn)

= 3.31 (xu + 20 — 220) + e
We will make szk"xlk—xﬂ: >xu,+x3,,-—2x2,, by taking xzk+x3k>2x1k. To
secure this we divide (o, 8) into three pieces, each a closed interval and each
separated from the others by some small fixed amount. We require xu
to be chosen from the left hand one of these subintervals, and #s and s
from the other two. This renders the inequalities true. We will denote these
three subintervals by I, II, and III in order from left to right. Evidently
cos ((m—2s)/3) and cos ((w —x2)/3) are both positive. We require that s
and 3, be chosen from intervals IT and ITI respectively. This assures us that
cos ((m—xs)/3) >cos ((m—=xau)/3). Itisnow clear, if % is large enough, that

(46) I Al > heuzitrazatenzi) /2

where £ is independent of k.
Returning to (45) we have for the determinant there written out ex-
plicitly, which we shall call N,
N = up(2or)thor(®sr) Use(®1x) + wr(xsr) ar(xer) ar(%12) — wr(216)tor(%ar) usi(w2r) -
On account of the assumed uniform convergence of series (44), |ux(2a)]
is less than some number which is independent of 2. Further,
I uzk(xzk) I < ge"”‘z""z, | usk(xlk) I < gePak’nklz’
l a(%2k) l < gepneal?, | g (%1) l < gePnTl?,
the same g, which is independent of %, serving in all cases. Hence
l Uan(%3k) Uar (1) l < glelruzatrnzid it L pelonswtoman) /2,
' usk(xzk)uzk(xlk)| < glearratratin 12 L pePamitrizi) 12
I u2k(x3k)“8k(x2k)| < gze(hkzak"‘ﬂzkzzk)lz < uelParatekzn) 12
u being independent of k. These inequalities in conjunction with (46)
yield |a.| <wie=P#=n/2, where », is independent of k.
In a similar way we find |aa| <vee~"2tm1%/2 and |as: | < vse=#s+=14/2. Moreover
it is clear that by taking & sufficiently large we may choose % so that 8 —xu
is less than a preassigned positive constant. The theorem now follows by

an argument like that used following the lemma of Part I. Evidently the
triangle of this theorem may have one vertex as near to § as is desired.
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