ON FINITE-ROWED SYSTEMS OF LINEAR
INEQUALITIES IN INFINITELY MANY
VARIABLES*
BY

I. J. SCHOENBERG

1. Introduction.
The theory of systems of linear inequalities was originated by Minkowskif and Farkasf and extended in several directions by L. L.
Dines, A. Haar§ and others. While in this theory only systems involving a
finite number of variables were investigated, more recent papers of F. Hausdorff contain explicit solutions for interesting particular systems|| of linear
inequalities involving infinitely many variables. In the present paper a larger
class of such systems, which include the systems of Hausdorff as a special
case, are solved.
This paper is divided into three parts. If In the first part a brief sketch of
a theoryof convex bodies in the space of infinitely many dimensions is given.**
Such bodies occurred implicitly in the earlier work of F. Rieszff and Carathéodory.§§ At the same time finite-rowed systems of linear inequalities in
infinitely many variables of the type (4.1) are considered and their relation to
convex bodies ((4.2) and Theorem 4.1) as well as to a problem of F. Riesz
(§5) is investigated. In the second part a particular class of such finite-rowed
systems are solved by means of Stielt jes integrals (Theorem 8.1). Essentially
the same method has already been used by the author to prove Hausdorff's
* Presented to the Society, December 30, 1931; received by the editors March 14, 1932.

t H. Minkowski, Geometrieder Zahlen, Leipzig, 1896, §19.
X J- Farkas, Theorie der einfachen Ungleichungen, Journal für Mathematik,

vol. 124 (1902),

pp. 1-27.
§ A. Haar, Über lineare Ungleichungen, Szeged Acta, vol. 2, No. 1 (1924), pp. 1-14. For a complete bibliography concerning the work of Dines, Carver, Fujiwara and Stokes see the recent paper
of R. W. Stokes, A geometric theory of solution of linear inequalities, these Transactions, vol. 33(1931),
pp. 782-805. A geometric theory more complete than those given by Haar and Stokes is given by the
author in a paper which will appear in the American Mathematical Monthly.
|| See §9 and the references given below.
H The theorems stated in this paper which are not new will bear in parentheses the names of

their authors.
** A theory of integration

in the same space was given by P.J.Daniell,

Integrals in an infinite

number of dimensions, Annals of Mathematics, (2), vol. 20 (1918-1919), pp. 281-288.
tt F. Riesz, Sur certains systèmes singuliers d'équations intégrales, Annales de l'Ecole Normale

Supérieure, (3), vol. 28 (1911), pp. 33-62.
§§ C. Carathéodory,

Über den Variabilitätsbereich

der Fourier'sehen Konstanten von positiven

harmonischen Funktionen, Rendiconti di Palermo, vol. 32 (1911), pp. 193-217.

594

SYSTEMSOF INEQUALITIES

595

theorem on completely monotonie sequences.* The third and last part of this
paper contains some applications of the general results of Part II. Hausdorff's theorems concerning his sequences of momentst appear as a special
case (§9). This way of stating Hausdorff's results (Theorem 9.1) raises some
new questions which are readily answered in §10. In 1929 S. Bernsteinî
proved a remarkable theorem (Theorem 11.1) on completely monotonie functions. This theorem was recently rediscovered by D. V. Widder.§ In the last
section (§11) it is shown that the theorem of S. Bernstein and Widder is essentially equivalent to Hausdorff's prior results concerning his Momentfunktionen (loc. cit., §4); only a slight modification of Hausdorff's Theorem
9.1 (Corollary 9.1) is needed to prove it.

Part I. Convex bodies and finite-rowed

systems or linear

INEQUALITIES IN INFINITELY MANY VARIABLES

2. Sets of points in S„. Let us denote by Sp the /»-dimensional space of the
real variables (xx, x2, ■ • •, xp). For p<q,Sp shall be called the pth partial space
of Sq and this space may be defined within Sq by the system xp+x= xp+2= ■ • •

=xq = 0. Similarly, the point Xp = (xx, x2, ■ • • , xp) shall be called the pth
partial point of Xq = ixx, x2, • ■ ■ , xq) of Sq, and Xp is precisely the orthogonal
projection of the point Xq on the sub-space Sp. Let us consider the space
S = SW of the infinite sequence of variables X = XK = (xx, x2, xs, ■ ■ ■). Just
as above, the spaces Si, S2, S3, ■ ■ ■shall be called the partial spaces oiS=SK,
and let us refer to Xp = (xx, x2, ■ ■ ■, xp) as the pth partial point of X.
The same definition may be extended to any set E = {X} of points X of 5.

The set Ep = {Xp} of the pth partial points of the X shall be called the pth
partial set of E. The set E shall be called bounded in case that every partial
set EPip = l, 2, • • • ) is bounded in the corresponding partial space Sp.
Let X<">= (ee'/0,4*\ *3U\ •••)(«
= 1, 2, 3, • • • ) be a sequence of points
of 5. We shall say that X(n)—>X= (xx, x2, x3, ■ • •) for »—>oo, in case a^"'—>x„
for n—r<x holds for every value oi p = l,2, 3, • • • .A point X of the space 5
is said to be an accumulation point of the set E, if X is the limit of a sequence
of points X(n) of E in the sense given above. A point set E shall be called
* I. J. Schoenberg, On finite and infinite completely monotonie sequences, Bulletin of the American

Mathematical Society, vol. 38 (1932),pp. 72-76.
f F. Hausdorff, Summalionsmethoden und Momentfolgen, II, Mathematische Zeitschrift, vol. 9

(1921),pp. 280-299.
X S. Bernstein, Sur les fonctions absolument monotones, Acta Mathematica, vol. 52 (1929), pp.
1-66. See his Theorem E on page 20 and formula (72) on page 56.
§ D. V. Widder, Necessary and sufficient conditions for the representation of a function as a Laplace
integral, these Transactions, vol. 33 (1931), pp. 851-892. See also J. D. Tamarkin, On a theorem of S.
Bernstein-Widder, same volume, pp. 893-896.
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closed, in case E contains all its points of accumulation. This definition does
not imply that any of the partial sets Ex, E2, E3, ■ ■ ■has to be bounded. For
example the whole space 5 is closed. Nor can we conclude that the partial
sets Ep axe closed if E is closed. To show this let E be the set of points X = (xx,

x2, x3, ■ ■ ■) defined by the inequalities xx>0, x2>0, xiXt¡tl. While E is
closed, the first partial set Ei which is defined by Xx>0 is not closed. The converse statement which says that E is closed, if Ei, E2, E3, • ■ ■ are closed, is
also not true. Let us take for instance for the set E the sequence of points

(1, 0, 0, 0, • • • ), (1, 1, 0, 0, 0, ■• ■), (1, 1, 1, 0, 0, •••),•••

.

The partial set Ep(p = 1, 2, 3, • • • ) contains precisely p different points and
is therefore closed. E however is not closed, for E does not contain its ac-

cumulation point (1,1,1,1,---).
Lemma 2.1. 2/ the set E is bounded and closed, then also all the partial sets
Ep are bounded and closed.

The partial set Ep is bounded by definition. To show that Ep is also closed
let Xpn)= (x(1n\ x2n\ ■ • ■ , xpn)) be a sequence of points of Ep with Xpn)—*
Xp = (xx, x2, ■ ■ ■ , xp) for w—»oo. We have to show that XpcEp. The point

Xf is the pth partial point of a point X<">= (xl*\ x2n),xf, ■■ ■) of E, and
P-q (i>P)

being all bounded

sets, applying

the theorem

of Weierstrass-

Bolzano and the diagonal method of Cantor we get a convergent sub-sequence
X(ni) out of the sequence X(n), that is to say X<-ni)^>X = (xx, x2, x3, • • • )
for i—Kx>.But E is closed and hence X cE. Hence Xp c Ep.

Lemma 2.2. Let the set E and also all its partial sets Ep be closed. Necessary
and sufficient conditions which insure that the point X = (xx, x2, x3, ■ • • ) belong
to E are that its pth partial point Xp = (xi, x2, ■ ■ ■, xp) shall belong to Ep and this

for everyp = 1, 2, 3, • • • .
The conditions are obviously necessary by the definition of E. To show
their sufficiency let us suppose that they are satisfied. To Xp = (xi, x2, • • • ,
xp) of Ep corresponds a point X(p) = (xx, ■ ■ • , xp, xfp+u xp%2,■ ■ • ) of E. Obviously X(p)—>Xfor p—Kx>,and E being closed, we infer that X cE.
Connected with Lemma 2.2 is also the following
Lemma 2.3. Let Ex, E2, E3, ■ • ■be a sequence of closed point sets in Sx, S2,
5s, • • ■respectively, and such that for every pair of integers p and q (0<p<q)
Ep is the pth partial set of Eq. Denote by E the set of points X = (xx, x2, x3, ■ • ■)
of S, with the property that for every p = 1, 2, 3, • • • the partial point Xp = (xx,
Xi, ■ ■ ■ , Xp) belongs to Ep. The set E of S is then closed and Ep is its pth partial
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set and E is thus completely defined by the given sequence, which dependence shall
be written thus :
E = (Ei, E2, E3, • ■ ■).

We have to prove two things: first that Ep is the pth partial set of E,
second that E is closed. If X c E then certainly Xp c Ep, according to the
definition of E. Obviously also every Xp c Ep is the ¿>th partial point of a
point X in E. To show that E is closed let X™, X<*\ X<®, • • • be a sequence

of points of E with X™-*X. We have to show that XcE.

But X^-^XP,

hence XpcEp and therefore also XcE.
3. Convex bodies in Sx. The point set E in 5=SK is said to be convex if
together with the points
X = (xi, x2, x3, ■ ■ ■), X' = (x{ ,*/,*/,•••

),

also the point
X" = aX + a'X'

= (axi + a'x{,ax2

+ a'xi,

■ ■ ■)

with a>0, a'>0, a+ct' = 1, belongs to E. A closed and convex set of points
in S shall be called a convex body and denoted by K, and its partial sets by
Kp. It is obvious that also Kp(p = l, 2, 3, • • • ) is convex in 5P, but not nec-

essarily closed. However, from Lemmas 2.1 and 2.2 we derive the following

Corollary

3.1. If K is bounded, then all its partial sets Kp(p = l, 2, 3,

• ■ ■) are closed, bounded and convex bodies. Moreover

K = iKi, Kt, Ks, • • • )
in the sense of Lemma 2.3.

An example of a bounded convex body K is the set of points X = ix) with

Oái»Sl

(» = 1, 2, 3, • • • )•

The partial body Kp is defined by
0 á xn g 1

(» - 1, 2, • • . , p)

and K = iKx, K2, K3, ■ • ■). This K may be called the unit-cube in 5. Another
example is the set of points with
xi2 +x22

+x32

+

■■■■£ 1.

The partial body Kp is the unit-hypersphere

xi +x$ + • • • +x£ ^1 in Sp

and K = iK~i,K2, K3, ■ ■ • ). It may be called the unit-sphere in 5. The set of
points X = ixi, Xi, x3, ■ ■ ■) such that x? +xi +x$ + ■ ■ ■is convergent (Hubert space) is convex but neither bounded nor closed.
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4. Finite-rowed

systems

of linear inequalities

[July
in infinitely

many variables.

Let us consider the finite-rowed system of linear inequalities
(4.1)

/,• = a.-o + auXx + ai2x2 + • • • + a¿„,.xni ^ 0

(i = 1, 2, 3, • • • ).

This system will involve all the variables Xx,x2, x3, ■ ■ ■, or only a finite number of them, according as the sequence »,-(»= 1, 2, 3, • • • ) is unbounded or
not. As usual we shall say that X = (xi, x2, x3, ■ ■ ■) is a solution of (4.1), in
case all the inequalities of (4.1) are satisfied, and (4.1) is consistent if there is
at least one such solution (different from the origin 0 = (0, 0, 0, • • • ) in the
homogeneous case ai0 = a20= • ■ ■ = 0). It is obvious that
(4.2) 2/ (4.1) is consistent, then the set of points X of S which are solutions of
(4.1), represent a closed and convex body K in S.

The system of inequalities rxx+x2 —2r1/2^0, where r takes all positive
rational values, is of the type (4.1), and because rxx+x2 —2rll2 = 0 is a tangent
to the branch of a hyperbola defined by Xxx2= 1, Xx> 0, x2> 0, the partial set
Ki of the set of its solutions is identical with the set of Si defined by xi > 0,
hence not closed. We see from this example that while the set K of solutions
of (4.1) is convex and closed, its partial sets Kp need not to be closed also.
But if K is bounded, then also all the Kp are closed according to Corollary
3.1. For this case we shall prove the following converse:

Theorem 4.1. Let K = (KX, K2, K3, • ■ ■) be a closed, convex and bounded
set of points in S (a bounded convex body in S). There is then a system of the type
(4.1) such that K is identical with the set of solutions of this system.
The partial set Kp(p = 1,2,3,

■■•) is bounded and therefore closed in Sp

(Corollary 3.1). Let P[*\ P2P),Pf,

-be

Kp and which have only rational coordinates.
corresponds a hyperplane
(j>)_

iTi

(p)

(?)

= Cío + Cu Xi +

all the points of Sp exterior to
To every such point P¡p) there

(p)

• • • + Cip xp — U

passing through this point and which is a bound for Kp. Every point Xp = (xi>
x2, • • • , xp) in Kp is a solution of the system tt\p)^0 (i = l, 2,3, ■ ■ ■), and
conversely, every solution of it is a point of Kp. The combined system

(p)

■*i

(p)

(.p)

= Cío + en Xi+

(p)

_

■ • ■ + cip Xp ^ 0

,.

.

,

,

(i, p = 1, 2, 3, • ■ • )

is of the type (4.1) and from Corollary 3.1 we infer that K is identical with
the set of its solutions in S.
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5. A problem of F. Riesz. F. Riesz (loc. cit., §IX) has investigated

the

following problem.
(5.1) Let <px(t),<p2(t),<p3(t), • • • be a given sequence of real continuous functions
for 0 ^ t ^ 1. There is to be determined the domain of variability of the sequence

(5.1')

Xn= f 4>n(t)dX(t)

(»= 1,2,3, •••)

Jo

where x(0 is monotonie for 0 g/ ^ 1 with

(5.1")

Cdx(t) = l.

Ja

Riesz' solution is contained in the following
Theorem

5.1 (F. Riesz). Consider in S the continuous arc

Cp : xn = <t>nit)

(0 g t g 1; » - 1, 2, • • • , p),

and let Kp = KiCp). The domain of variability of the sequence (5.1') is the

bounded convexbody in S defined by
K = iKx, K2, K3, ■_•• )•

It is obvious that
point of K, because,
K„iXp is the limiting
the Stieltjes integral

X = ixx, x2, x3, ■ • ■) as given by (5.1') and (5.1") is a
for every value of p, Xp = ixx, x2, • ■ ■, xp) belongs to
point of a sequence of points of Kp by the definition of
and Kp is closed). Let us prove now that any point X of

K may be written in the form (5.1') with (5.1"). If X belongs to K, then Xp
ip = l, 2, 3, • • • ) belongs to Kp = KiCp) and a theorem
(Carathéodory, loc. cit., §9) permits us to write
(5.2)

p
Xn = Jl^nitp.m)'Kp,m

of Carathéodory

(n = I, 2, ■ ■■, p),

with 0^tp,o<tPli< ■■■ </p,pgl, Xp,m^0 and2mXj,,m = l. Let Xp(0 be the
monotonie step-function defined on O^/^l
by x?(0)=0, 2xP(t) =Xp(¿+0)
+Xp(t—0) for 0<i<l,
and whose jump at the point t = tp,m (m = 0, 1, • • ■ ,
P) isXp.m. The system (5.2) may be written as

(5.3)

xn = f <Pn(t)dXp(t)
Ja

(» - 1,2, • • • , p).

The sequence x?(t) is uniformly bounded and a theorem of Helly* insures the
* E. Helly, Über lineare Funktionaloperationen,

Ha (1912),p. 286.

Sitzungsberichte

der Wiener Akademie, vol. 121,
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existence of a sub-sequence x«W such that Xg(l)~*x(t) for q—»°° and 0í£¿= 1.

When p = q—>°°,another theorem of Helly (loc. cit., pp. 288-289) shows that
(5.3) becomes (5.1') with (5.1"). Theorem 5.1 is therefore proved.
Combining Theorem 5.1 with Theorem 4.1 we get at once the following

Corollary
5.1. There is a system of linear inequalities of the type (4.1),
such that the domain of variability asked for in (5.1) is identical with the set of
solutions of this system.
A typical example for such a solution of Riesz' problem has been given by
Hausdorff* for the special sequence d>n(t)=tn (n = 1, 2, 3, • • • ). He found that
the domain of variability of the sequence

(n = 1, 2, 3, • • • ),

in = f FdX(t)

(5.4)

Jo

where x(0 is monotonie and x(l)-x(0) = l, is identical with the set of sequences Xx,x2, x3, ■ ■ ■which are solutions of the system
(5.5) Akxt m *, - (

Jxi+x + (

jxl+2 H-+

(- 1)**,+* = 0
(k,l = 0,l,2,---,xo

Part

= l).

II. Concerning a certain class of finite-rowed
systems
of linear inequalities in infinitely many variables

6. Statement of the problem. Let

A=

(6.1)

aoi

ao2 aos ■ ■

oil

Cli2

aai

a22 ■ an • •

Oi3 •

be an infinite matrix of real number's whose minors satisfy the conditions

(6.2)

for 0^i'i<i2<

(ll,

a,,.!

ai,,t

ai,.i

ai„t

i2, ■ ■ ■ , Ím) =

ai„v

>0,

• • • <im (m = l, 2, 3, ■ ■ ■). Let us also consider the matrix

* F. Hausdorff, Über das Momentenproblem für ein endliches Intervall, Mathematische

vol. 16 (1923), §1. See also I. J. Schoenberg (loc. cit.).

Zeitschrift,
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I*.¿Il=

(6.3)

Xo

aoi

ao2

ao3

xx

an

ai2

ax3

x2

a2x

a22

a23

obtained by bordering the matrix A with a column of variables, and let us

define

(6.4)

DkXi m

xi

a¡,i

a¡,2

• • • a¡,jb

Xi+i

a¡+i,i

a¡+i,2 • • • a¡+i,fc

xi+ic

a¡+k,i

ai+k,2

(k, 1 = 0,1,2,---),

• • ■ a¡+k,k

where D°x¡ means xt.
We shall be concerned with the problem of solving the system
Dhxi = 0

(6.5)

(*, I = 0, 1, 2, • • • ),

which is a homogeneous, finite-rowe'd system of linear inequalities in the variables Xo, Xi, x2, ■ ■ ■ .

An interesting special case of (6.5) is obtained for

A=

(6.6)

1
1
1
1

0
1
2
3

0
0
1
3'

0- ••
0- •
0-•
1••

which is the matrix of the binomial coefficients. It is readily shown that' the
conditions (6.2) are satisfied (hence those conditions are consistent) and that
Dkxi = Akxi = xi

-0

xi+i +•••

+ (-

l)kXi+k.

Hence (6.5) is identical in this particular case with Hausdorff's system (5.5),
whose most general solution is given by (5.4), as shown by Hausdorff. A
similar solution will be given for the general system (6.5).
7. The solution of the finite partial system. In this section we shall solve
the finite partial system

(7.1)

Dkxi = 0

(*, I - 0, 1, 2, • • • , p; k + / g p),

which involves only the variables x0, xx, ■ ■ ■ , x
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Let us first prove the following recursion formula

(1+ 1,1+2,-■■

Dkxi

,l+k)

Dk+1xi

(1+1,1+2,
■■-,1+k+l)
(1,1+ 1, ■■■,1+ k)

(7.2)

+

(1+ 1,1+ 2, ■• -,1+k

The algebraic complements

+ l)

Dkx,+x

of the four corner elements of the determinant

xi

ai,x

■••«!,*

ai,k+i

xi+i

ai+i.i

• • • a-i+x.k

a¡+i,¡t+i

Xi+k

ai+k.i

• • ■ a¡+i,jb

ai+tc,h+i

xi+k+x

a¡+i+i,i

• • • ai+k+x,k

a¡+k+x,k+i

Dk+1xi =

axe respectively equal to

(1+1,1

+ 2, ■■■,1+

Their determinant

k+

1), ± (1,1+1,-

■■,l+k),

Dkxi and ± Dkxl+i.

is

(1+ 1,1 + 2,-■■ ,l+k+

l)DkXl - (1,1+1,-■■

,1+

k)Dkxl+i

and is equal, according to a theorem of Sylvester,* to the original determinant
Dk+1x¡ times its central

minor

(l + l, • ■ • , l+k).

This proves

the identity

(7.2).
From (7.2) and (6.2) we infer that the system (7.1) is equivalent
partial system

(7.3)

D'-»xn = 0

Indeed, a repeated application of (7.2) shows
appears as a linear combination with positive
hand members of (7.3). It suffices therefore to
have to do is to find the linear transformation
formation
(7-4)

to its

(» = 0, 1, 2, ••-,*).
that every Dkxx with k+l<p
coefficients of some of the left
solve the system (7.3). All we
which is inverse to the trans-

yv,n = D'-»Xn

(n = 0, 1, 2, • - • , p),

which in more explicit form is
yP.n = (n +

(7.5)

1, n +

+(»,»+

2, ■ ■ ■ , p)xn

— (n,n

+ 2, ■ - ■ , p)xn+x

1, » + 3, ••• , p)xn+2 + ■ ■■

+ (- l)"-(n,

n + 1, • • • , p - l)xp

(n = 0, 1, • • • , p).

1Maxime Bêcher, Introduction to Higher Algebra, New York, 1924, p. 33, Corollary 3.

Let us verify directly that the inverse transformation

(7.6)
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Xn = E

is

(», m + 1, m + 2, • • • , p)

=o im + 1, • • ■,p)(m,m+

I, ■■■, p)

yP,m

in = 0, 1, • • • , p),

where the coefficient of yPtP is in)/ip)=ani/aPi.
Let cnm in,m = 0, I, • • ■ , p)
be the matrix product of the matrices of the transformations (7.5) and (7.6).
In both transformations
the coefficients below the principal diagonal are
zero and therefore also cnm= 0 for n>m. On the other hand c„„ = l for« = 0,

1, • • • , p. Finally for n<m we get
1
Cnm

,P)

im + I, ■■ ■,p)(m,m + 1,

(«, m + 1, • • • , p)

an,i

an,2

(»+ l,i» + 1, • • -,) P)

aM-i,i

a„+i,2 • • • a„+i,p_n

(» + 2.ÍM+1,

an+2,l

an+2,2 • • • a„+2,3,-n

ap,x

ap,2

•

) P)

ip, m + 1, • • • , p)

• • • an,p_n

■ • • ap,p-n

and this determinant vanishes because its first column is a linear combination of the next p —m+l columns ip—m+l^p—n).
Hence ||cnm|| is the unit
matrix and (7.6) is indeed the inverse transformation of (7.4).
Let us use for convenience instead of the yp.m = Dp-mxm, the quantities
(7.7)

(0,m + l,m + 2, ■■-,p)

\p,m =-Dr-mxm,

(m+1,

■ ■ ■,p)(m,m+

1, ■ • • , p)

and the system (7.6) becomes

(7.8)

* in,m-\

l,m + 2,

m=o (0, m + 1, m + 2,

,P)

in = 0, l,---,p),

where the coefficient of \p,p is (w)/(0).
We have proved so far the following

Lemma 7.1. The most general solution of the finite system (7.1) is given by
the set (7.8) for arbitrary values of the \pm

(7.9)

with

XP,o= 0, Xp,i = 0, • ■,K.p=\0.

8. The solution of the infinite system (6.5). The solution of the infinite
system (6.5) will be prepared by a closer study of the structure of the system
(7.8), for various values of p. The fundamental conditions (6.2) require in
particular that (¿) =a¿i>0 for z = 0, 1, 2, • • • . Without any loss of generality
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we may and shall suppose that

(i) = aa = l

(i = 0, 1, 2, •••).

For convenience we write
(n,m+l,m
+ 2,---,p)
(8.1) Cn.m.p=—-—-—--(»

(0,m+l,m

(

(n)
\
• ■,P;Cn,P.p = — = 1),

= 0,1,-

+ 2,---,p)\

(0)

/

and (7.8) becomes
p
(8.2)

Xn =

^Cn.m.pkp.m

(» = 0, 1, • • • , p) .

From (7.7) and (7.2) we readily get the recursion formula
(m,m+l,
Vm=

■■-,p+l)

(m,m+l,---,p)

(m+2,m
+

(m+l,m

(0, m + 1, m + 2, - ■■, p)
(0,m+l,m

+ 3, ■■-,p+
+ 2,---

1)

,p)

+ 2,---,p+l)Xp+ltm

(0, m + 1, m + 2, • ■• , p)
(0,m + 2,m + 3,---,p+l)

P+1,m+h

or
(8.3)

Xp.m = gp.m^p+l.m + hp ,m+l\p+x ,m+l

(»I = 0, 1, • • • , p),

if we define
(m, ■■■,p+
gp,m~

(8-4)

1)

(m,---,p)

(0,m+l,-

■■,p)

(0,m+l,---,p+l)

_ (m + 1, •■-,/»+

1)

'

(0, m, ■■■, p)

(m,---,p)

(0,m+l,---,p+l)'

while in (8.3) hp,p+i= l.
For a particular value of m(m = 1, 2, • • • , p) we put
(8.5)

Xp+i.m= 1, and Xp+i,r = 0

(0 á r á ¿ + 1; r y£ m).

For these particular values of the X, the set (8.2), taken for p + l instead of p,

becomes
(8.6)

Xn = Cn.m.p+l

(» = 0, 1, • • • , P + 1).

On the other hand we get from (8.5) and (8.3)
Xp,m_i = hp,m, \p,m = gp.m and \p,t

= 0

(Oás^JJ^ffl-l,

»).

With these particular values we get from (8.2)
(8.7)

Xn = Cn,m~l,php,m

+

Cn,m.pgP,m

(« = 0, 1, • • • , p) .
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Equating the two results (8.6) and (8.7) we get the recursion formulas
(**\
\ö.

- a

oy

Cn,m,p+1

,

— ftp ,mCn,m—l,p

L

/m=l,2,--,p\

\ Kp ,m^n ,m,p

\

It

V n = 0, 1, ■■■,p J

while c„,p+i,p+i= c„,p,P= («)/(0) = l, which relation will also be included in
(8.8) for m = p+l, if we define hpp+x= l and gP,P+i= 0. On the other hand,
from (8.8) and (8.1) we get for w = 0 the relations
(8.9)

hp,m + gp,m = 1, hp,m > 0, gp,m > 0

im=l,2,--,p).

Let us define
(8.10)

tp,m = ci,m>p

im = 0, 1, • • • , p).

For a particular value of n(n = 0,1,2,3, • • • ), let us consider the plane of the
variables (i, «») and let Plp) ip = n) denote the polygonal line joining successively the p +1 vertices
itp.m, Cn,m,p)

im = 0, 1, • • • , p).

We shall first prove that
(8.11)

0 = tp,a < tp,x <

< tp,p_x < tp,p =1

ip = 1,2,3,

■■■).

For p = l we have indeed ¿i,o= Ci,o,i= 0, h.i = Ci,i,i = l. Suppose (8.11) to be
true for a particular
(8.12)

value of p. From (8.8) and(8.10) we get for n = 1

tp+i,m = Ap,m/p,m_i + gp,mtP,m

(m = I, 2, ■ • ■ , p),

while /p+i,o= 0, ¿p+i,p+i= l. From (8.11), (8.12) and (8.9) we infer that (8.11)
is also true for p+l instead of p. Hence (8.11) holds for every value of p = 1,
2, 3, • • • . In particular it follows that P(0P)is the straight segment joining the

points (0, 1) and (1, 1), while P[p) is the segment joining (0, 0) with (1, 1).
Let us now consider the polygonal line P„p) for p = n, n + l, n+2, • ■ ■.
The polygonal line P„n) has n sides and its consecutive vertices are (0, 0),

(Í..1, 0), • • • , (/„,n_i,0), (1, 1). The formulas (8.12), (8.8) and (8.9), all taken
for p = n, show that P(^+1) is inscribed in P(*' in the sense that they have the
same end points, while the other vertices of P{"+1) are consecutively situated
on the sides of P„p) (limits excluded). A repeated application of the same
arguments will show that if
(8.13)

Un = Pn\t)

denotes the analytical representation

(0 = t^l,p

= n)

of the polygonal line P{p), then

(8.14) P„p)(t) is a non-negative, continuous, non-decreasing and convex function

oftfor0 = t^l,
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and

(8.15)

PnP\t) % P{n'\t) ú t for 1 á « Ú p < p', 0 £ l g 1.

From the convexity of the function P„p)(t) and the fact that the last side
of Pnp) is the steepest side and has the slope
Kn =

(1

tn.n— l)

,

we infer that

(8.16) 0 = Pn\t") - PJ'V) = kn(t"- t') for 0 £ f < *" £ 1

(/>= «).

Now we can readily prove that
(8.17)

lim Pn\t)

= <fn(t),

p—»CO

wAere <pn(t) is a non-negative, continuous, non-decreasing and convex function
of t for OíS/íSI, while the relation (8.17) holds uniformly with respect to t for

0=^1.
We have previously seen that P{0p)(t)= 1, hence <p0(f)= 1, while P[p)(t) =t
and hence <pi(t)=t. The existence of the limit (8.17) for n>l follows from
(8.15). The limiting function <pn(t) is obviously non-negative, non-decreasing
and convex from (8.14). We still have to show first, that 4>n(t) is continuous,
and second, that (8.17) holds uniformly with respect to /. From (8.17) and

(8.16) we get the Lipschitz condition
(8.18)

0 = <j>„(t")- Pn(t') á kn(t" - t') for 0 á t' < t" á 1,

which insures the continuity of <pn(t).The uniformity of convergence in (8.17)
follows immediately
from the fact that the sequence Pnn)(t), P^n+1)(i), • • •
is monotone, while its limiting function <pn(t)is continuous.*
Now we can readily prove the following

Theorem

(8.19)

8.1. (1) Every solution of the finite-rowed system

Dkxi = 0 (k, I = 0, 1, 2, 3, • • • ), aoi = au = <*m= • • • = 1,

may be expressed in the form

(8.20)

xn=

( Pn(t)dx(t)

Jo

(« - 0, 1, 2, • • • ),

where the <pn(t)are the functions defined by (8.17), while x(l) is a non-decreasing
function for O^t^l,
and conversely, every sequence xn defined by (8.20) with
%(t) non-decreasing, is a solution of the system (8.19).
* On the basis of the classical theorem of Dini. Cf. Carathéodory,

tionen, 2d edition, 1927, p. 276, Satz 4.

Vorlesungen über reelle Funk-
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(2) A necessary and sufficient condition that the function x(t) be uniquely

defined by the set (8.20) and the additional conditions

(8.21)

x(0) = 0, 2x(t) = x(t + 0) + x(t - 0) for 0 < t < 1,

is that every function f if), continuous on 0^.1 —1, shall be uniformly approximate as close as we want by a suitable linear combination of functions of the sequence

(8.22)

¿„(O = 1, 4>i(0=■t, 4>2(t),<p3(t),

Let Xo,Xi, x2, ■ ■ ■be a solution of (8.19). We have to express this sequence
in the form (8.20). It is obvious that the set x0, Xi, ■ ■ ■ , xP is a solution of the
partial system (7.1) for any value of p, and hence (7.7), (7.8) or (8.2), and
(7.9) will hold for every value of p. Let xP(t) be a step-function on 0^t = 1,
whose jump at the point t = tp,m (m = 0, I, ■ ■ • , p) is Xp,m, and which is

uniquely defined by the additional conditions Xp(0)=0, 2xP(t) =Xp('+0)
+Xp(t —0) for 0</<l.
We infer from (7.9) that xP(0 is non-decreasing and
the first equation of the set (8.2) gives
p

(8.23)

Xp(1)= XX.™ = *o.

Let n have a particular fixed value. By the definition of the function P„p)(t)
(p7>n), the nth equation of the set (8.2) may be written thus:
p
VÖ . Zrty

Xn

=

. .

/ .-* n
m—0

\tPtm)KPlm.

The uniform convergence of (8.17) and (8.23) permit us to write (8.24) thus:
(8.25)

xn =

S</)n(<p,m)Xp,m+ e/
m-0

=

I

<bn(t)dxP(t) + in"

Jo
(p)

with e„ —>0 for p —><» .
On the other hand, (8.23) and Xp(0)=0 show that the sequence of nondecreasing functions Xp(0 is uniformly bounded. From Helly's first theorem
(loc. cit.) we can get a subsequence Xg(t) with xq(t)—>x(t) for a—>°o and

0 = t = l. For />= ?—>=»,the second theorem of Helly shows that (8.25) becomes (8.20).
In order to complete the proof of the first part of Theorem 8.1, we have to
prove that the sequence given by 8.20 is a solution of (8.19). It will suffice to
show that the partial sequence xo, xx, ■ ■ ■, xp is a solution of the partial set

(8.26)

Dkxi ^ 0

(k + l^p),
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value of p. From Lemma 7.1 we know that
(m)

Xn

= Cn.m.p

(« =

0, 1, • • • , p)

is a solution of (8.26), for every m = 0, 1, • • • , p. Hence also
Xn\t)

= Pn\t)

(n = 0, 1, • • • , P)

is a solution of (8.26) for every t with 0 = t ^ 1. The relation (8.17) shows that

also

*.W = *.(*)

in = 0, I, ■■■, p)

is a solution of (8.26) for every t with 0^t = l. Therefore also

xn= f Mt)dx(t)

(n = 0, 1, • • • , p)

Jo

is a solution of (8.26) for every non-decreasing function x(t)- This last result
holds for every value of p and shows that the sequence defined by (8.20) is

a solution of (8.19).
The second part of Theorem 8.1 is a direct consequence of a theorem of
F. Riesz* We may add the following remark.
(8.27) A necessary condition that the function x (t) be uniquely defined by (8.20)

and iS.21) is that the set of points
tP,o, tp.i, ¿p,2, • • • , tp,p

ip = 1, 2, 3, • • • )

shall be everywhere dense on the interval Ogi^l.t

In order to prove (8.27), let us suppose our set to be not everywhere dense
and let the interval aßi0 = a<ß^l)
contain no point of the set. The polygonal lines P„p) iplàn) have no vertex for values of / on aß and Pnp\t) and
therefore

also <pn(t) are linear functions

for a = t^ß,

say </>„(/)=an+bnt.

Let

us suppose x(0 to be non-decreasing with x(a) <x(ß)- We may write

Xn= ( <t>n(t)dX(t)
= f + ( + f"<Pnit)dxit)
Ja

Ja

Jß

Ja

and
* F. Riesz, loc. cit., p. 53. The theorem says that if every continuous function on Oáíá

1 is uni-

formly approximable as close as we want by a suitable linear combination of functions of the sequence 0o(O) 0i(O> 02(0, ' ' ' tnen tne function x(0 of bounded variation is essentially uniquely
defined by the system (8.20). For a geometric proof of this theorem see the recent paper of W. Seidel,
On the approximation of continuous functions by linear combinations of continuous functions, Annals of

Mathematics, (2), vol. 32 (1931),pp. 777-784.
t It would be of interest to prove that this condition is also sufficient for the uniqueness of x(t).
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f" <t>n(t)dx(t)
= <t>n(t)x(t)\
- f x(t)dPn(t)
= <t>n(ß)x(ß) -Pn(a)x(a)-bn

['

í(t)dt.

These formulas show that the sequence xn defined by (8.20) is not changed
by altering the function x(0 within the interval aß, so as to leave the three

quantities x(«), x(ß) and Jlx(t)dt unchanged. This proves the statement

(8.27).
The first part of Theorem 8.1 can also be stated as follows. The sequence
Xo, Xi, x2, ■ ■ ■being given, a necessary and sufficient condition that there be a
non-decreasing function x(l), solution of the set (8.20), is that all the inequalities

(8.19) shall hold. Following a method devised by F. Hausdorff in a special
case,* we may readily answer the similar question concerning functions x(t)
of bounded variation. I may omit the proof of the result which I shall state

as
Corollary
8.1. The sequence x0, xh Xt, • • • being given, a necessary and
sufficient condition that there be a function x(l) of bounded variation satisfying
the set of equations (8.20), is that the sum

V K

IV

(0,nt+l,m

+ 2,---,p)

D*
2-1 I Xp,m| — 2-1
.o (m + 1, ■• ■, p)(m, m + 1, ■• •, p)
m—0
shall be bounded for p—><».The uniqueness of\(l) is insured under the same conditions as in Theorem 8.1.

Part III. Some applications
9. The systems of Hausdorff. In this section we shall be concerned with
a class of finite-rowed systems of linear inequalities which has been first considered by Hausdorff in his paper Summationsmethoden und Momentfolgen, IL
His system is essentially equivalent to the system f
* F. Hausdorff, Über das Momentenproblem für ein endliches Intervall, Mathematische Zeitschrift,

vol. 16 (1923),pp. 220-248. See also I. J. Schoenberg,loc. cit.
t Hausdorff's terminology and notations are quite different from those used here. He calls the
sequence xn completely monotonie with respect to the sequence a„, whenever the sequence x„ is a solution
of the system (9.1), while in his notation

11en a? • ■■af
1 ai+i aj2+i •

DHi

Xl+l

• Xl+k

\ai a.+i

• ai+k

ar*+i

11ai+i arV*• • •ar*+*
Our additional assumption (9.3), which is essential for our point of view, does not restrict the problem.
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(9.1)

Dkxl = 0

ik, I = 0,1,2,

derived as stated in §6 from the infinite Vandermondean

A=

(9.2)

[July

1

a0

a02

a03 • ■

1

ai

ai2

ai3 • •

1

a2

a22

a23 • •

),

matrix

whose elements a„ satisfy the following conditions:
(9.3)

0 è ao < ai < a2 < • • • ,
lim aT = co ,

(9.4.)

IV«-

(9.5)
Hausdorff's

results concerning the system (9.1) are essentially contained in

the following
Theorem 9.1 (Hausdorff). The first part of Theorem 8.1 holds for the system
(9.1), derived from the Vandermondean matrix (9.2), whose elements a„ satisfy
the conditions (9.3), (9.4) and (9.5), with the following expressions for the functions <pn(t) :

(9.6)

«„(/) = /<«»-«•>/<«i-«.>

(« = 0, 1, 2, • • • ; 0 ¿ t g 1).

The condition for the uniqueness of the function x(t) in (8.20) is always satisfied
in this particular case.
As a consequence of (9.3), the fundamental conditions (6.2) are satisfied.
Hence Theorem 8.1 may be applied. The coefficients of the variables xn in the
linear form Dkx¡ are either numerical constants or else Vandermondean determinants of some of the elements a„. All these coefficients and therefore also
the entire system (9.1) depend only on the various differences ak —at and
do not change when the elements a„ are replaced by an —a0. This shows that
without any loss of generality we may assume
(9.7)

o0 = 0.

From (8.1), (9.2) and (9.7) we readily get
(9.8)

Cn,

-n (i-*)
r=m+l

\

aTf

\Cn,p,p

1) ,
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and (9.8) and (8.10) give
(9.9)

tp.m = cUm,p= n

( 1 - —)

r-m+l

\

(tp.p = 1).

aTJ

From (9.9), (9.4) and (9.5) we may readily prove that the numbers tp,m are

everywhere dense on the interval 0—^al- This is best shown by the considera-

tion of
log tp.m=

¿

iog(i--Y

r-m+l

\

ar/

For m sufficiently large, the sequence log tp,m (p = m+l, m+2, • ■ ■) will
cover the entire half-axis —°o • • • 0 with gaps as small as we please, a fact

which is due to the divergence of 2~lm+¿°e (1 —ai/a/) (a consequence of (9.5))

and (9.4).
Taking into account the results of §8 we see that in order to prove that
d>n(t)=ta'>lai, it suffices to prove that for every particular value of t with
Oèlûl,
from tp<m—*t(for />—►<»),
it follows that cn,m,p—»í0"'01.
We have there-

fore to prove that

(9.10) If m —m(p) is such a function of p that
(9.10')

lim
p-">

XX (1-j
r-m+l

= t (t is a particular value with 0 I / ^ 1),

\

aTJ

then also

(9.10")

lim

II

Í-»»

r-m+l

( ! - — ) = t""'"1
\

(n = 2)

a,J

will hold.
This assertion is obviously true for t = 0, because of
0âc,,«,pâ/,,»

(«à

We may hence suppose that

(9.11)
The inequality

0 < tú 1.
1 —x^e~x (x^0)

insures the inequality

n(1_-)seíp{-„l¿ir
m+1
m+l

\\

Ctr/
Or/

V
\

which shows that (9.10') and (9.11) imply that
* We write e"—exp {y j

m+l
m+1

ar!

2).
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» 1
2^1— **boundedfor p—*<x>.

(9.12)

m+i

aT

A consequence of (9.5) and (9.12) is

(9.13)

\immip) = » .

Applying Taylor's formula
log (1 - as) - - *-(1

x2

- Ox)-2

(0 £ s < 1, 0 = 0(x) with 0 < 0 < 1),

we get for mip)^l,

(9.14)

m+l \

arJ

2

= exp \ - ai¿
t

1

— !--exp< - — £

m+i arJ

Í.

2

—( 1 - 0r — )

m+ia/V

ar/

L

J

For the exponent of the second factor on the right side of (9.14) we have

oa¿t4(I_t*)%S(1_*rj_£i
2 m+i tv \
a,/
2 >.
a2/

am+i

m+x ar

(m = »»(/>) ^ 1).

These inequalities, in connection with (9.13), (9.4), (9.12) and (9.14), show
that the second factor on the right side of (9.14) tends to 1 for p—>oo.Hence

from (9.10')
(9.15)

lim exp < - ax ¿
p-"*

\

For p sufficiently large we have mip)^n

m+i \

aTJ

\

— \ = t.

m+i

aT)

and for such values of p

m+i ar;

t

2

m+i a/ \

A similar argument as above and (9.15) show that

lim II ( 1#-»«•

m+l \

) = limexp < - a„ Í —V
arJ

p-**>

[I

P

exp< — ci I
t

and (9.10) is proved.

\

m+i

1 •) "ion/Oí

—>

m+l aT) J

= /o»'"!,

aT)

aTJ

)

1932]

613

SYSTEMS OF INEQUALITIES

The condition for
(8.22) is insured by a
We get again the
an = n (» = 0, 1, 2, • •

the uniqueness of the non-decreasing function x(t) in
theorem of Müntz* and by our assumption (9.5).
special system (5.5) and its solution (5.4) by taking
■). For these values the following identities hold:

Dkxi = 1!2!3! • • • (k - l)!A**i

(k, I = 0, 1, 2, • ■• ),

which show that the systems (5.5) and (9.1) are equivalent. The result (5.4)
is then a special case of (8.20) for c/>„(¿)=tn. The system (5.5) appeared twice
as a special case of (6.5), first, by replacing the general matrix (6.1) by the

matrix of the binomial coefficients (6.6), and second, as a Hausdorff system
for an = n (« = 0, 1, 2, • • ■).
Returning to the more general case a0^0, (8.20) and (9.6) give
Xn=

\

Jo

t<-°»-«>i<*-*>dx(t)

(n = 0, 1, 2, • • • ).

Replacing in this integral the variable / by /OI~°oand writing x(^1_a*) =4>(t),
we get

(9.16)

xn=

f ta*-«>d<p(t)

(» = 0, 1, 2, ••■),

Jo

the non-decreasing function <p(t), with 0(0) =0, being uniquely
(9.16) in all its points of continuity.
Let us now consider the function \p(t) defined by

(9.17)

p(t) = -

defined by

for 0 < / g 1.
fI tra°dp(t)
ira°d<p(i)

This function ip(t) is non-decreasing on 0</=; 1, ^(1) =0, but not necessarily
bounded for /—>0.Moreover, \¡/(t) is uniquely defined by (9.17) and (9.16) in
all the points of continuity of <j>(t).Let us consider the following convergent
improper Stieltjes integral:

JF«dp(t) = lim I ta"dp(t)
= lim I /»»-««¿0(/)
0

«-»O J,

e->0 J,

(9.18)

= - [t"n-^}t=0-[<*>(+
0) - 0(0)] +

f t^-^dp(t) .
Jo

The first term of the last member of (9.18) is 0 for «>0, and gO for « = 0.
* Ch. H. Müntz, Über den Approximationssatz

von Weierslrass, Mathematische

Abhandlungen

H. A. Schwarz gewidmet, Berlin, 1914, pp. 303-312. The theorem says that if 0<p,<p2<pi<
and 2™_i l/pn= °°, then every continuous function on Os^S 1 is uniformly approximate
we want by linear combinations of functions of the sequence 1, /"», f', t">, • • ■ .

■• ■

as close as
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From (9.16) and (9.18) we therefore get

xo= C + f ndpit),
(9.19)

( °
Xn = f ta"di(t)

in = 1, 2, 3, • • • ; C ^ 0),

Jo
where the integrals
Conversely, let
with 1^(1) =0, not
(9.19) is convergent

(9.20)

have to be taken as lim*-,of\.
xpit) be a function which is non-decreasing on 0</^l,
necessarily bounded, but such that the first integral in
and C2:0. Let us define the function <pit) by

0(0) = 0, cbit)= C + I f'drPit) for 0 </ g 1.
Jo

This function <£(/) is non-decreasing on Ofst^l.
From (9.19), (9.20) and
^(1) =0, we may derive back (9.17) and (9.16). The function <f>it)is uniquely
defined by (9.16) and c/>(0)=0 in all its points of continuity, therefore also
\pit) is uniquely defined by (9.19) and ^(1) =0 in all its points of continuity.

This proves the following
Corollary
9.1. Every solution x0, xx, x%,■ ■ • of the system (9.1) with (9.2),
(9.3), (9.4) and (9.5), way be expressed in the form (9.19), where C^0, while
xpit) is non-decreasing on 0 <t ¿¡ 1 with ^(1) = 0, and such that the first and hence
all the integrals in (9.19) are convergent.
Conversely, for every such C and \l>it), the sequence x0, xx, x2, • ■ • given by
(9.19) is a solution of the system (9.1). Both C and xpit) are uniquely defined by

the set (9.19) and the additional conditions ^(1) =0, 2xp(t)= \Pit+0)+\pit-0)

for 0<t<l.
This form of Hausdorff's Theorem 9.1 will be used in §11.
10. The solution of Hausdorff's system (9.1) when either (9.4) or (9.5)
does not hold. Theorem 9.1 is based on the assumptions (9.3), (9.4) and (9.5).
We shall now replace first the assumption (9.4) by
(10.1)

lim ar = a(<

oo),

r-Mo

and solve the system (9.1) in this new situation. For a0>0, formula (9.8) becomes

(10.2)

C„.m.p
= Il

r=m+i

( 1 - —H 1 - —)
\

arJ

From (8.10), (10.2) and (10.1) we get

\

a,/

(C.p.p= 1).
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/

flA«/

aoY"

lim /p,p_a = 11-1(1-)
?-»
\
aJ \

(10.3)

(a

-

\a

— ao/

(a

-

= -),
lim Cn,P-t.p = (-)

#->»
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aJ

ax\q

an\"

(q = 0, 1, 2, • • • ; n = 1, 2, 3, • • • ).

Va — ao'

These relations show that the polygonal line P{p) (n 2:1) tends, for />—>co,to a
polygonal line whose vertices are the origin (0, 0) and the sequence of points

<'•->

= ((—)'(—)*)
\\a

— a0/

\a

— a0/

/

(q = 0, 1, 2, • • • ),

which tend to the origin, while PQP)is as usual the segment joining the points
(0, 1) and (1,1). These limiting polygonal lines are the graphs of the functions
<j>n(t)of Theorem 8.1. The arguments which proved the statement (8.27) show
that the non-decreasing function xto may always be replaced in this special
case by a non-decreasing step-function which jumps only at the points
(a

— a{\

t = 0 and t = (-)
— a0J
\a —
aoJ

(q = 0, 1, 2, • • • );

let 7 and X3denote the amounts of the respective jumps. The integrals (8.20)

become
xo = y + Xo+ Xi + X2+ • • •
(10.4)

(a

-

Xn = Xo + Xi(—-)

an\

\a — aoJ

The substitution

(a

(7 ^ 0, X3 = 0),
-

+ X2 -)+

an\2

\a — aoJ

••■

(»=

1,2,3,

•••).

\g = (a —ao)gpi completes the proof of the following

Theorem 10.1. Every solution of the system (9.1) derived from the Vandermondean matrix (9.2), whose elements satisfy the conditions (9.3) and (10.1),
may be written in the form
Xo = y + po + pi(a
xn = Po + Pi(a

— a0) + p2(a — a0)2 + • • • (7, Mo, Px, Pi, • • • ^ 0),

— an) + pi(a

— an)2 + • • •

(n = 1,2,

3, • ■ •).

Conversely, every sequence of non-negative numbers y, p0, pi, p2, ■ ■ • , such that
the first series (10.5) is convergent, defines a sequence x0, Xi, x2, ■ ■ ■by means of
the set (10.5), which is a solution of the system of linear inequalities (9.1). The
coefficients y, p0, pi, p2, ■ ■ • are uniquely defined by the set (10.5).
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The last statement concerning the uniqueness of the coefficients follows
readily from a fundamental property of power series. The connection of
Theorem 10.1 with the theory of completely monotonie functions will be discussed in the next section.
Let us now replace the assumption (9.5) by the assumption
« i
(10.6)
I — is convergent.
r=i

ar

This of course implies (9.4). From (10.2) and (10.6) we get

(10.7) limCn,m.P
= bn,m= R Í1 ~ —) /
#-»»

r-m+l

\

arJ

'

f[ ( 1 - —).

r-m+1

\

0TJ

In particular, for n = 1,

(10.8)

limtp,m= bx,m= n

P—">

( 1 - —) /

r=m+l \

arJ

/

n

(l - —Y

r—m+l V

aTJ

Formula (10.7) shows that
(10.9)

Vm = 1, bn.m = 0 for n > m.

The limiting function c/>„(¿)of Theorem 8.1 is therefore represented
ally by the polygonal line whose vertices hâve the coordinates
(01.m, bn.m)

graphic-

(i» = 0, 1, 2, • • • ),

to which sequence converging towards (1, 1) we have to adjoin this limiting

point itself.
Just as in the previous case, we may replace in the system (8.20) the nondecreasing function x(t) by a non-decreasing step-function which jumps only
at the points t = bx,m (m = 0, 1, 2, ■ ■ • ) and t = l; let Xm and y denote

the

amounts of the respective jumps. The integrals (8.20) become

(10.10)

Xn = cVoAo+ tViAi + 6n,2X2+ • • • + y (» = 0, 1, 2, • • • )

(7, Xo,Xi, X2,• • • fc-0).
Let
(10.11)

Cn.m=

11
r^m+1

(1-),
\

Xm= ¿O.mMm.
&rJ

From (10.10) and (10.11) we get the following
Theorem 10.2. Tilery solution of the system (9.1) derived from the Vandermondean matrix (9.2), whose elements satisfy the conditions (9.3), and (10.6),
may be written in the form
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(10.12)

*o = 7 + Co.oPo + Co.xPx + Co.iPi +

■• • ,

Xx = y +

• • • ,

Cx.xPX +

x2 = 7 +

CX.ÎP2 +

Ct.tpt + • • • ,

(7, Po, Pi, ■ ■ • è 0),

the coefficients being defined by (IQ.ll). Conversely, every sequence Xo,xi,x2, ■ ■ ■
given by (10.12), where all the infinite series converge if the first one converges, is
a solution of the system (9.1).
I mention without proof that the set (10.12) defines uniquely the coefficients 7 and pm there involved. In particular y = lim xn for ra—>«>.
11. Applications

tion/(z)

to the theory of completely monotonie

functions. A func-

is called completely monotonie on an open or closed, finite or infinite,

interval 2",if
(11.1)

(-

l)"/(n)(s)

= 0 (n = 0, 1, 2, • • • ), for every x interior

to I,

which inequalities imply the existence of all derivatives involved, while only
the continuity of f(x) is required at the end points of a closed interval. We
shall prove the following fundamental
Theorem 11.1 (F. Hausdorff, S. Bernstein, D. V. Widdex). A necessary and
sufficient condition that f(x) should be completely monotonie in the interval
c<x<

(11.2)

00 is that

/(*) = f tr«áa(t),
Jo

where a(t) is a non-decreasing function of such a nature that the integral converges
for x>c. The non-decreasing function a(t) is uniquely defined in all its points of
continuity by (11.2) and the additional condition a(0) =0.

The sufficiency of the condition is obvious since

/"(*) = (- l)n f e-*<tnda(t)
Jo

(x > c; n = 0, 1, 2, • • • ).

To prove the necessity, without any loss of generality we may suppose
c = 0, that is to say, the function f(x) completely monotonie for *>0. For
0<Xo<Xx<x2<
■ ■ ■ <xn (n = 0, 1, 2, • • • ), a mean-value theorem of
Schwarz and Stieltjes* gives
* H. A. Schwarz, GesammelleMathematische Abhandlungen, vol. 2, p. 296, Berlin, 1890. T. J.
Stieltjes, Oeuvres,vol. 2, p. 105 and p. 110.
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fixa)

1

Xo

Xo2 ■ • • x0n

fix)

1

xx

xx2 ■ ■ ■ xxn

jyXnJ

^

Xn

Xn

/w(g)

(-1)"

[July

■ • • Xn

1

Xo

Xo2 ■ ■ Zo"

1

#i

xx2 ■

• #l"

^ 0

»!
X

This shows that for 0<a0<ai<a2<

"Tl

(0 > 0).

"71

• • • the sequence xn=f(an)

(n = 0, 1, 2,

■ • • ) is a solution of the Hausdorff system (9.1). Hence Corollary 9.1 gives

fiai) = C + f /«•#(/), /(a„)= f f-dxPit)
Ja

(11.4)

Jo

(» - 1, 2, 3, • • • ; C S=0, *(1) = 0),

where the integrals have to be taken as lime_0 /,. On the other hand it is obvious from the results of §9 that this function xpit) is also uniquely defined in
all its points of continuity by the set of equations derived from (11.4) by
leaving out one of its equations. We may therefore vary continuously any
one of the elements a0, ax, a^, • • ■without changing xpit). This proves that

(11.5)

fix) = f txdxb(t)= lim f ¿:dpit)

holds for every positive value of x. The substitutions
/ = c-', ait) = - pie-*)

transform (11.5) into

/(*)
=f

e-^dair)

for x > 0,

Jo

and Theorem 11.1 is proved.
Just as Corollary 9.1 has lead to a proof of Theorem 11.1, similarly Theorem 10.1 will readily prove the following

Theorem 11.2 (S. Bernstein).* A function fix) which is completely monotonic on the finite interval c<x<a,
is necessarily regular and analytic on
c<x<a+ia

—c), and hence

* S. Bernstein, Leçons sur les Propriétés Extrémales des Fonctions Analytiques, Paris, 1926, p. 190.
The définitions there used are somewhat different from those given in this paper but are essentially
equivalent. Our definition of a completely monotonie function has been taken from Widder's paper.
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(11.6)

f(x) = po + Px(ot — x) + p2(a — x)2 + ■ ■ ■ for c < x < 2a — c
(po, Pi, Pi, ■ • ■ è 0).

Without any loss of generality we may suppose c = 0. For any sequence
a„ with
0 < a0 < at < a2 < ■ ■ ■ < an —»a,

the corresponding sequence xn =f(an) is a solution of the Hausdorff system
(9.1) (a consequence of the general inequality (11.3)). Hence this sequence
Xn may be represented in the form (10.5). From fundamental properties of
power series we infer that the coefficients pn do not change if the elements a„
are varied continuously. An immediate consequence is the relation (11.6) for
0<x<a.
The analytic function f(x) is therefore obviously regular for

0<x<2a.
By means of Theorems 11.1 and 11.2 we may combine the results of
Theorems 9.1 and 10.1 in one single statement as
Corollary
11.1. Let (9.1) be a Hausdorff system defined by the matrix
(9.2) whose elements a„ satisfy the conditions (9.3) and (9.5). Let limn_w an = a
be finite or infinite. A necessary and sufficient condition that the sequence xn
should be a solution of the Hausdorff system (9.1) is

(11.7)

xo =C+f(aQ),

xn =/(«„)

(«= 1,2,3, ••• ; C £ 0),

where the function f(x) is completely monotonie on the interval aaúx<a.
function f(x) and the constant C are uniquely defined by the set (11.7).

The

For the case when (9.5) is replaced by (10.6), the general solution of (9.1)
is given by (10.12), as stated in Theorem 10.2. Any sequence x0, Xx,x2, ■ ■ • of
the type (11.7) of course still represents a solution of (9.1), but the converse
is not true that every such solution is of the type (11.7). This is readily shown
by taking for example the sequenceXo = Co.x,Xx= Cx,i,x2=x3 = ■ • • =0, which

according to (10.12) is a solution of (9.1) (for y=po=Pi=p3=
Pi = 1). This solution admits no representation of the type (11.7).
University of Chicago,
Chicago, III.
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