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1. Introduction, f In the present paper we treat the variable end point

problem of the calculus of variations in parametric form in w-space with end

points variable on manifolds.

We set up the index form associated with an extremal segment cut trans-

versally by two manifolds. We characterize the type numbers and nullity of

this form, and apply our results to give necessary conditions and sufficient

conditions for a minimum. Our characterization is partly in terms of focal

* Presented to the Society, April 9,1932; received by the editors December 17,1931.

t The reader is referred to the following articles; references in the text will be given by number.
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points, and partly in terms of the type numbers and nullity of a certain

fundamental invariant function which we define.

The results which we obtain are new. They include a complete generaliza-

tion of the classical Jacobi conditions, which so far as we know have never

even been formulated for the variable end point problem in space (3), either

for the problem in parametric form or for the problem in non-parametric

form.

We wish to thank Professor Marston Morse for kindly reading this paper

and suggesting many improvements in form of presentation which we have

adopted. Our work here is closely related to Morse's paper on separation

theorems (4), and depends directly on the results obtained by Morse for the

one-variable-end-point problem.

I

2. The integrand. Let 2? be an open region in the space of the variables

(z) = (zx, • • ■ ,zm). Let F(z, r) =F(zh ■ ■ ■ , zm, ru - ■ ■ , rm) be a function of

class C for (z) in R and (r) any set not (0). We suppose that F is positively

homogeneous of order one in the variables (r). Let / be the following integral

in parametric form:

(2.1) J = JF(z,z)dt,

where (¿) stands for the set of derivatives of (?) with respect to t.

Let g be an extremal segment lying in R. We suppose that g is an ordinary

curve of class C". Let F i and F„- denote the first and second partial deriva-

tives of F with respect to the (r)'s in the usual way. We assume that F is

positively regular along g, that is, we suppose that*

(2.2) FíjUíUj > 0 (i,j = 1, • • • , m),

where the arguments of the partial derivatives of F are (z, z) taken along g,

and (u) is any set not (0) nor proportional to (z).

We assume that F(z, z) is positive for (z, z) taken along g. This assumption

is a matter of convenience, and is not an essential restriction on the problem.

3. Admissible fields of extremals. Let H be an (n = m — l)-parameter

family of extremals whose equations are given parametrically in the form

(3.1) Zi = Zi(t, <t) = Zi(t, <tx, ■ ■ ■ , o-n) (i = I, ■ ■ ■ , m; n = m — 1)

where the above functions together with their first partial derivatives with

* We adopt the convention here and elsewhere that the repetition of a subscript denotes summa-

tion with respect to that subscript.
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respect to t are of class C" for (a) near (a0) and t on the closed segment (a, b)

of the i-axis.

The family H will be said to constitute an admissible field if the following

four conditions are satisfied.

(i) The extremal g is a member of H, and for (a) = (a0) (3.1) give the equa-

tions of g in terms of arc length t as parameter.

(ii) For (a) constant near (a0), (3.1) give the equations of an extremal y

of the family H, and the parameter t is arc length along 7.

(iii) The Jacobian of the functions (3.1) with respect to the parameters

it, a) evaluated for (a) = (a0) vanishes, if at all, for isolated values of t on the

closed segment (a, b) of the i-axis.

(iv) The family H is a Mayer field, that is, the Hubert invariant in-

tegral exists and is independent of the path for all paths lying in the field.*

4. Focal points and transverse manifolds. Let H be an admissible field of

extremals as defined in the preceding section. Let the equations of H be

given in the form (3.1).

The points of g corresponding to values of the parameter t for which the

Jacobian t of the functions (3.1) vanishes are said to be the focal points (on

g) of the field H. The order of a focal point is defined as the nullity of the Ja-

cobian matrix at the corresponding point.%

Let (z) be a point of g not a focal point of the field H. The set of first par-

tial derivatives of the functions (3.1) with respect to t can be expressed as a

set of functions of (z) for (z) near (2). This set of functions, which we denote

by r(z), is said to be the set of direction cosine^ functions of the field H. The

particular set of values that r(z) take on for a fixed value of (z) is said to be

the set of direction cosines of the field H at the point (z). The set r(z) is said

to be the set of direction cosines of g at (2), and will be denoted as the set (f).

Let V(z) be the Hubert integral associated with the field H. The function

V(z) is uniquely defined (up to an additive constant) for (z) near (2), where

(z) is a»y point of g not a focal point of H. As is well known, the Hilbert in-

tegral has the following explicit form as a line integral:

(4.1) Viz) = JFidZi (f=l, ■••,»»),

* Cf. Bliss (5), loc. cit. The Hilbert integral can be expressed either as a function of the param-

eters (/, a) or as a function of the coordinates (z) of points in the space (z). When expressed as a func-

tion of the parameters the Hilbert integral is uniquely denned for (<r) near (a0) and t on the closed

segment {a, b) of the i-axis. When expressed as a function of (z) the Hilbert integral is uniquely de-

fined for all points near points of g not focal points of the field H.

t That is, the Jacobian of (3.1) with respect to the m variables (i, 0), evaluated for (¡r) = (y0).

î Cf. Morse (2), loc. cit., pp. 383-384, also p. 397; also Morse (2'), loc. cit.

§ We recall that the parameter t gives arc length along the extremals of the field H.
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where the arguments (r) of the partial derivatives of F are taken as the set of

direction cosine functions r(z).

We see from (4.1) that the first partial derivatives of the function V(z)

axe equal respectively to the partial derivatives Fi[z, r(z)] (i = l, ■ ■ ■ , m).

For (z) = (z) these partial derivatives do not vanish simultaneously, as is well

known, since the integrand F is positive along g. The manifold M, whose

equation may be written as follows,

(4.2) V(z)-V(z) = 0,

is said to be the transverse manifold of the field H at the point (z) of g. Be-

cause of the fact that the first partial derivatives of V(z) do not vanish

simultaneously for (z) =(z), equation (4.2) can be solved for one of the (z)'s

in terms of the remaining n = m — 1 of the (z)'s as independent variables.

This fact is well known, and its proof follows at once from well known im-

plicit function theorems.

5. Admissible broken extremals. Let H and H' be two admissible fields

of extremals. Let M be a transverse manifold of the field H, where M cuts g

at some point not a focal point of H. Let M' be a transverse manifold of H'

cutting g at some point not a focal point of H'. We assume that the positive

sense on g is the sense from M to M'.

Let

(5.1) M, M1, ■ • • , M", M'

be a+2 manifolds, of which the first and the last are defined above. Let the

manifolds (5.1) cut g at successive points, and let them be so close together

that there are no pairs of conjugate points on any of the closed segments of g

between successive manifolds.

We assume that the interior manifolds, that is, the manifolds (M1, ■ • • ,

M"), cut g at ordinary points, that is, at points which are not focal points'of

H or of H'.

We assume that the equations of the manifold Mk axe given parametri-

cally in terms of n = m — l of'the (z)'s as parameters, and that the equations are

of class C". We assume that Mk is not tangent to g.

Let

(5.2) P, P\   ■ • , P°, P'

be a+2 points neighboring g and lying on the manifolds (5.1) respectively.

The points (5.2) can be joined by unique successive extremal segments neigh-

boring g and forming a broken extremal E, said to be an admissible broken

extremal.
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Let (u) = (mi, • • • , uu) be p = (a+2)n variables. We assume that the set

(u) consists of a+2 successive subsets, and that these subsets are sets of

parametric coordinates on the successive manifolds (5.1). Let (w°) be the

set of parameters (u) which corresponds to the set of points in which the

manifolds (5.1) are cut by g. Let (u) be the set of parameters (u) which cor-

responds to the set of points (5.2). We shall say that the set (u) is the set of

parametric coordinates of the admissible broken extremal E.

6. The index form associated with two transverse manifolds. Let H and

H' be two admissible fields of extremals, and let M and M' be two transverse

manifolds of H and H' respectively.

Let E be an admissible broken extremal as defined in the preceding section,

and let (u) be the parametric coordinates of E.

The integral (2.1) taken along £ is a function of (u) which we denote by

J(u). For iu) = (u°), E becomes the segment of g between M and M'. The

function Jiu) has a critical point for iu) = (u°).

The index form Q(u) is defined as follows:

(6.1) Qiu) = JijUiUj (i, j = 1, - • • , p),

where the partial derivatives of / are denoted in the usual way, and the super-

scripts zero indicate that these partial derivatives are to be evaluated for

(«)-(«•).

7. The fundamental lemmas on the index form. Let (v) = (vx, • ■ ■ , vn) be

the set of parameters on the manifold Mk. The set (v) is a subset of the va-

riables (u) which have been defined as the parametric coordinates of admissible

broken extremals. Let (x) be the complementary subset. We now denote the

variables (u) interchangeably as (u) and as (x, v).

Let E be an admissible broken extremal which has no corners except on

the manifold Mk. Let the first segment of E between M and Mk be a member

of the field H, and let the second segment of E from Mk to M' be a member

of the field H'. The broken extremal E is uniquely determined by the corner

point on Mk. Let (x, v) = (x*, v) be the parametric coordinates of E. We readily

verify the fact that the elements of the set (x*) can be expressed uniquely as

functions of class C" of the variables (v). This follows from the fact that the

manifold Mk does not cut g in a focal point of H or of H'. The proof involves

well known implicit function theorems and can be left to the reader.

The first variation of the integral (2.1) vanishes along the broken ex-

tremal E defined above, except possibly at the corner of Mk. Hence the

following first partial derivatives are zero :

(7.1) Jx,(x*, v) = 0,
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where the subscript (i) runs through the set of all subscripts associated with

the set of variables (x), and (v) is any set near (v°).

We replace the variables (v) on the left of (7.1) by the variables (v°+ev),

thus obtaining an identity in e for e near zero. We differentiate the left hand

side of this identity once with respect to e and set e=0. We obtain the result

o     dxj* o
(7.2) JXiXj-vk + Jxivkvk = 0,

ovk

where the partial derivatives of the functions (x*) axe to be evaluated for

(v) = (v°), and the remaining notation is self explanatory.

Let (x') denote the linear combination of (v) which occurs on the left of

(7.2). That is, let (x') be the set

dx*
(7.3) */ = ——vk,

OVk

where the partial derivatives involved are evaluated for (v) = (v°) and where

the values through which the various subscripts run are indicated by the

variables to which they are attached.

We now evaluate the index form on the sum of the sets (w1) = (x, 0) and

(w2) = (x', v). We use a well known formulât which is

(7.4) 6}(V + u2) = (2(«x) + Q(u2) + 2BQ(u\ u2),

where BQ denotes the bilinear form whose matrix is the same as the matrix

oiQ.
We see from (7.2) that the bilinear form BQ is identically zero on the

variables (u1) = (x, 0), (u2) = (x\ v). The quadratic form Q(ux) =Q(x, 0) is a

form on the variables (x) alone. The form Q(u2) =Q(x', v) is a form on the

variables (v) alone, since (x') depends linearly on the (v)'s. We have thus

proved the following lemma.

Lemma 1. The index form Q(u) evaluated on the variables (u) = (x+x', v),

where (x) and (v) are arbitrary and (x') depends linearly on the (v)'s as in (7.3),

is identically equal to the sum of a form on the variables (x) alone plus a form on

the variables (v) alone, viz. to Q(x, 0) +Q(x', v).

A corollary of Lemma 1 may be stated at once as follows.

Lemma 2. The negative type number of the index form Q(u) is equal to the

sum of the negative type numbers of Q(x, 0) and Q(x', v), and the nullity of the

index form is equal to the sum of the nullities of the forms Q(x, 0) and Q(x', v).

t Bôcher, Introduction to Higher Algebra, New York, 1907, p. 119.
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8. The quadratic form Q(x\ v). Let E be the broken extremal defined in

the preceding section, which has one corner (on Mk) and whose first and sec-

ond segments are members of the fields H and H ' respectively.

The integral (2.1) taken along E can be expressed in terms of the Hilbert

integrals. Let V(z) and V'(z) be the Hilbert integrals associated with the

fields H and H' respectively. Then

(8.1) J(x*, v) = V(z) - V'(z) + const.

where (#*, v) are the parametric coordinates of E, and where it is understood

that the Hilbert integrals Viz) and F'(z) are to be evaluated for (z) taken at

the point iv) of the manifold Mk.

Let the equations of the manifold Mk be given in terms of the parameters

iv) as follows:

(8.2) Zi = Ziiv)  = Z;(»i, • • • ,Vn) (t =  1, • • • , f») .

Let da be the value of the first partial derivative of the function zA[v) with

respect to v{ for iv) = iv°).

We now replace the variables iv) on the left of (8.1) by the variables

iv°+ev), remembering not only that the set iv) occurs in the arguments of

Jix*, v) as indicated explicitly but that also each element of the set ix*) is a

function of iv) as explained in the preceding section. We replace the variables

iv) on the right of (8.2) by the variables (î>°+ct), and we assume that the

resulting functions of e are substituted for the arguments (z) of the Hilbert

integrals which occur on the right of (8.1). Equation (8.1) then becomes an

identity in e for e near zero. We differentiate each side of this identity twice

with respect to e and set e=0. On the left we obtain the form Qix', i>),andon

the right we obtain an explicit expression for this form. We thus establish the

identity

(8.3) Qix', v) = iVhk — Vhi)dhidkjv{Di   (A, k = 1, • • • , m; i, j - 1, • • • , »),

where the arguments of the partial derivatives of the Hilbert integrals are

the coordinates (z) of the point in which Mk cuts g.

We use the explicit formula (4.1) for the Hilbert integrals. We perform

the differentiation indicated on the right of (8.3). We obtain the further re-

sult
/drh     dri\

(8.4) Qix', v) = Flh[-—- )dkid,jViVi (A, k, s = 1, ■ • • , m; i,j = 1, • • •, w),
\dZk      dZk/

where riz) and r'iz) are the direction cosine functions of the fields H and H'

respectively. The arguments of the partial derivatives of F are (z, f), where

(z) is the point in which Mk cuts g and (f) is the set of direction cosines of g
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at this point. The partial derivatives of the direction cosine functions are

evaluated for (z) = (z).

By hypothesis (§5) the parameters (v) are n = m— 1 of the (z)'s. Hence

the matrix of partial derivatives of the functions (8.2) is of rank n, that is,

d is of rank n. By hypothesis (§5) the manifold Mk is not tangent to g. Hence

the set (f) is linearly independent of the columns of d. Hence the matrix

\\f d\\ is of rankw.

Now let Vo be an arbitrary variable. We define a set of variables (w) = (wx,

• • • , wm) in terms of the variables (vQ, Vx, • ■ • , vn) as follows:

(8.5) Wi = fiVo + diiv,- (i = 1, ■ • • • , m; j = 1, • • ■ , n; n = m - 1).

We make use of the well known identity Fa(z, r)r,=0 (i,j = l, ■ ■ ■ , m).

We find that

/¿Va      dr¿\
(8.6) Q(x', v) = Feh[-}wswk        (s, h, k = 1, • • • , m),

\dZk      dzkJ

where (w) is given by (8.5), with v0 arbitrary, and Q(x', v) is the quadratic

form which occurs on the left of (8.4).

The form on the left of (8.6) is a quadratic form in m — 1 variables (v) (the

set (x') depending linearly on (v)). The form on the right of (8.6) is a formón

m variables. The two forms are related by the non-singular collineation (8.5).

Hence the following lemma is true.

Lemma 1. The negative type number of the form Q(x', v) is equal to the nega-

tive type number of the form on the right of (8.6), where (w) is an arbitrary set

of variables. The nullity of Q(x', v) is one less than the nullity of the form on the

right of (8.6).

The form on the right of (8.6) does not depend upon the manifold Mk.

Hence the following lemma is true.

Lemma 2. The negative type number and nullity of Q(x', v) are independent

of the manifold Mk.

The form Q(x, 0) referred to in Lemma 2, §7, is from its definition inde-

pendent of the manifold Mk. Hence by Lemma 2, §7, and Lemma 2 of this

section, the negative type number and nullity of the index form Q(u) are

independent of the manifold Mk. This result applies to each of the manifolds

(ilf1, • ■ • , Ma) defined in §5. Hence the following lemma is true.

Lemma 3. Let the manifolds (M1, ■ ■ ■ , Ma) be replaced by another set of

admissible manifolds cutting g at the same successive points. Then the negative

type number and nullity of the index form Q(u) remain unchanged.
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9. The quadratic form Qix, 0). The quadratic form Qix, 0) is the index

form Qiu) evaluated on the set iu) = ix, 0). That is, Qix, 0) is obtained by

setting the variables iv) = (0) in the index form. Let E be an admissible

broken extremal passing through the point (z) in which Mk cuts g. The subset

iv) of the set of parametric coordinates of E is equal to (z>°). The parametric

coordinates of E can be written as follows: (m) = ix°+ex, v°). The quadratic

form Qix, 0) is then equal to the expression on the right of the following equa-

tion:

(9.1) Q(x,0) =—J(x» + ex, *«),
de2

where the second derivative on the right is evaluated for e = 0.

The function J(x°+ex, v°) whose second derivative occurs on the right

of (9.1) is essentially the sum of two functions, viz. the integral (2.1) taken

along the broken extremal E from M to the point (z) plus the same integral

taken along E from (2) to M'. These two functions are independent of each

other. We readily see that the form Q(x, 0) is equal to the sum of two quad-

ratic forms, the first form being on.the subset of the variables (x) which cor-

responds to the parameters on the manifolds M, Ml, ■ • • , M*_1. The other

form is on the subset of the variables (x) which.corresponds to the parameters

on the manifolds Mk+1, • • • , MaM'. These two subsets are non-overlapping.

The quadratic form on the first subset of the variables (x) is an index form

associated with the problem of the calculus of variations in which one end

point varies on the manifold M and the other end point is the fixed point

(2). Its negative type number is equal to the sum of the orders of the focal

points of the field H on the segment of g between M and (2), and its nuility

is zero.* Similarly for the form on the complementary set of variables. Thus

the following lemma is true.

Lemma 1. The nullity of the form Q(x, 0) is zero, and the negative type num-

ber of the form Q(x, 0) is equal to the sum of the orders of the focal points of the

field H on the openf segment of g between M and (2), plus the sum of the orders of

the focal points of the field H' on the open segment of g between (z) and M'.

10. The fundamental invariant function I(z, w). The invariant function

I(z, w) is defined in terms of the Hilbert integrals as follows:

(10.1) Hz, w) = (F„ - Vii)WiW, (i, j - 1, • • • , m)

* Morse (2), loc. cit., p. 399, Theorems 3 and 4. In order to apply the results of Morse's Theorems

3 and 4 we require merely the result announced by our Lemma 3, §8. In applying Theorem 3 we re-

member that the point (z) is not a focal point of the field H (or H').

f This segment can be open or closed, since its end points are not focal points of the field H.
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where V(z) and V'(z) axe the Hubert integrals associated with the admissible

fields H and H' respectively, where (z) is any point for which both V(z) and

V'(z) are defined, and (w) is any set.

We now state two lemmas concerning the invariant function.

Lemma 1. Associated with each point (z) for which the invariant function

I(z, w) exists there are two absolute numerical invariants, viz. the negative type

number and the nullity of I(z, w).

Lemma 2. The negative type number of the quadratic form Q(x', v) is equal

to the negative type number of the invariant function I(z, w) evaluated for (z)

= (z), where (z) is the point in which Mk cuts g. The nullity of Q(x', v) is one

less than the nullity of I(z, w).

Lemma 1 follows at once from the definition of the invariant function-

Lemma 2 follows from Lemma 1, §8.

11. The type number and nullity of the index form. Let q be the sum of the

orders of the focal points of the field H on the open segment of g between M

and (z), where (z) is any point of the open segment of g between M and M'

excepting focal points of H and H'. Let q' be the sum of the orders of the

focal points of H' on the open segment of g between (z) and M'.

Let N and h be respectively the negative type number and nullity of the

invariant function evaluated for (z) = (z).

Theorem 1. The negative type number (N°), and the negative type number

plus the nullity (N°+h°), of the index form Q(u) are given by the equations

(11.1) N° = q + q' + N,  N° + h° = q + q' + N + h - 1.

We can choose the manifolds (5.1) so that one of them, say the manifold

Mk, cuts g at the point (z). Then Theorem 1 follows directly from the follow-

ing lemmas, Lemma 2, §7, Lemma 1, §9, and Lemma 2, §10.

12. Conditions for a minimum. By a regular integral / we mean an in-

tegral of the form (2.1) where the hypotheses of §2 are all satisfied. We can

use the results of Theorem 1 to give necessary conditions and sufficient con-

ditions for a minimum. It is necessary that the index form Q(u) be positive in

order that the regular integral / take on a minimum along the segment of g

between M and M'. It is sufficient for a weak proper relative minimum that

the index form Q(u) be positive definite. The index form is positive if and only

if its negative type number is zero, and positive definite if and only if the sum

of its negative type number plus its nullity is zero.

We state the results in the form of theorems as follows.
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Theorem 2. In order that the regular integral J take on a minimum along

g it is necessary that there be no focal points of H or of H' on the open segment of

g between M and M', and that the invariant function I(z, w) satisfy the inequality

(12.1) I(z, w) ^ 0

for (z) taken along the open segment of g between M and M', where (w) is any set.

The inequality (12.1) is merely the condition that the negative type

number N of the invariant function I(z, w) be zero, for all points (z) of the

open segment of g between M and M'.

Theorem 3. In order that the regular integral J take on a weak proper rela-

tive minimum along g it is sufficient that there be no focal points of H or of H'

on the open segment of g between M and M', and that there exist at least one point

(z) of the open segment of g between M and M' such that the following inequality

is satisfied for (z) = (z) :

(12.2) I(z,w) > 0,

where I(z, w) is the invariant function evaluated for (z) = (z), and (w) is any set

not (0) nor proportional to (f), where (f) is the set of direction cosines of g at (z).

We see that (12.2) is a necessary and sufficient condition in order that

N+h —1=0, where TV is the negative type number of I(z, w), and h is the

nullity of the same form. We see that if the conditions of Theorem 3 are satis-

fied the expression on the right of the second equation (11.1) will be zero,

which is necessary and sufficient in order that the index form Q(u) be positive

definite.

Theorem 4. Let J be a regular integral, and let the Weierstrass E-function

E(z, r, a) be positive for (z, r) taken along the closed segment of g between M and

M', where (a) is any set not (0) nor proportional to (r). Let there be no focal

points of H or of H' on the open segment of g between M and M'. Let there exist

at least one point (z) of the open segment of g between M and M' for which the

inequality (12.2) is satisfied. Then the integral J takes on a strong proper relative

minimum along g.

Theorem 5. The necessary conditions of Theorem 2 are not only necessary

but sufficient in order that the index form Q(u) be positive, and the sufficient con-

ditions of Theorem 3 are not only sufficient but necessary in order that the index

form be positive definite.

Theorem 5 shows that the conditions of Theorems 3 and 4 are as close to

being both necessary and sufficient as it is possible to give without making a

study of higher variations than the second variation of the integral /.
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II.   THE GENERALIZED JaCOBI CONDITIONS

13. A separation theorem. Let g be any closed segment of g whose end

points (z1) and (z2) are not focal points of H or of H'. We assume that the

positive sense on g is the sense from (z1) to (z2).

Let k and k' be respectively the sums of the orders of the focal points of

H and H' on the closed segment g of g.

Let I'\z, w) be the invariant function. Let A7"1 and h1 be respectively the

negative type number and nullity of /(z1, w), and let N2 and À2 be respectively

the negative type number and nullity of /(z2, w).

Theorem 6. The number of focal points of H and H' on the closed segment

g of g, and the type numbers of the invariant function /(z, w) at the ends of this

segment are related by the following identities-*

(13.1) Nl+ V = N2+ k,  hl = h2.

We can assume without loss of generality that the closed segment g of g

lies on the open segment of g between M and M' .If this condition is not satis-

fied we select new transverse manifolds, M, M', which do enclose the segment g

of g on the open segment between them.

Now let q be the sum of the orders of the focal points of H on the open

segment of g between M and (z1), and let a' be the sum of the orders of the

focal points of H' on the open segment of g between (z1) and M'. By Theorem

1, (11.1), the negative type number of the index form Q(«) is given by the

equation

(13.2) Na = q + q' + Nl,

where N1 is the negative type number of Iizl,w).

We can also apply Theorem 1, (11.1), to the point (z2) of the open segment

of g between M and M'. We obtain the further result

(13.3) N° = q+k + q'- k' +N2,

where A72 is the negative type number of /"(z2, w), where q+k is the sum of

the orders of the focal points of H on the open segmentt of g between M and

(z2), and where q' — k' is the sum of the orders of the focal points of H' on

the open segment! of g between (z2) and M'.

The right hand sides of (13.2) and (13.3) are different expressions for the

* Cf. Morse (4), loc. cit., p. 64, Theorem 6.

t These segments of g can be taken as either open or closed, since in any case the end points of

the segment involved are not focal points of the field of extremals involved.
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same thing, i.e. for A7°. If we set them equal to each other and cancel out q

and q' on each side we obtain the first equation (13.1).

The nullity of the index form Q(u) is always one less than the nullity of

I(z, w), for (z) any ordinary point of g. This follows from Theorem 1. Hence

the nullity of I&1, w) is the same as the nullity of I(z2, w). Thus the second

equation (13.1) is true.

14. The Jacobi conditions. Let M and M' be two transverse manifolds

of the admissible fields H and H' respectively. Let the positive sense on g be

the sense from M to M', and let Q(u) be the index form associated with the

manifolds M and M'.

Let (z) be a point of g which lies in the positive direction from M', that

is, (z) does not lie on the open segment of g between M and M'. Let (z) be an

ordinary point of g.

Let q be the sum of the orders of the focal points of H on the open segment

of g between M and (z). Let q' be the sum of the orders of the focal points of

H' on the open segment of g between M' and (z).

Let N and h be respectively the negative type number and nullity of

I(z, w).

Theorem 7. The negative type number (N°), and the negative type number

plus the nullity (A70+A°), of the index form Q(u) are given by the equations

(14.1) N° = q - q' + N,        N° + h° = q - q' + N + h - 1.

Theorem 7 follows at once if we combine the results of Theorem 1 with

the results of Theorem 6, as we now prove.

Let (z1) be an ordinary point of the open segment of g between M and M',

and let (z2) be an ordinary point of g which lies in the positive direction from

M'. Let g be the closed segment of g between (z1) and (z2).

Let qx be the sum of the orders of the focal points of H between M and

(z1), and let q{ be the sum of the orders of the focal points of H' between

(z1) and M'. Let N1 be the negative type number of ¡(z1, w). Then by The-

orem 1 the negative type number N° of the index form is given by the equa-

tion

(14.2) N° = qx + q{ + N1.

Now let N2 be the negative type number of I(z2, w), and let k and k' be

respectively the sums of the orders of the focal points of H and H' on the

segment g of g which lies between (z1) and (z2). By Theorem 6, Nx = N2+k

— k'. We substitute the expression N2+k — k' for N1 in equation (14.2), thus

establishing the result announced by the first equation (14.1). The second

equation (14.1) can now be readily established.
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15. The generalization of the classical Jacobi conditions.* Let the equa-

tions of g be given parametrically in terms of t as parameter, for t on the

closed segment (a, b) of the r-axis.

Let t be the r-coördinate of the first focal point of H in the positive direc-

tion from M. Let (U, • • • , t¿) be the r-coördinates of the first, second, etc.,

focal points of H' which lie in the positive direction from M', where focal

points are counted according to order.

Let (/—) be the r-coördinate of an ordinary point of g which lies in the

negative direction from t, and is very close to /, so that no focal points of H

or oí H' lie between (t—) and t.

Let N and h be respectively the negative type number and nullity of the

invariant function I(z, w) evaluated for (z) taken at the point of g whose

r-coördinate is (t—).

Theorem 8. In order that the index form Q(u) be positive [or be positive defi-

nite] it is both necessary and sufficient that one of the following mutually exclu-

sive weak [or strong] inequalities be satisfied:

(i) tí = t£ti, N [or N + h - l] = 0,

(ii) t{ < / g tí, N [or N + h - l] g 1,

(iii) ti < t ^ tí, N- [or N + h - l] ^ 2,

(15.1) •

im-l)        (.U</|i,'-.1 N    [or N+ h- l] g m- 2,

im) <m'_i <ig/„'.

Theorem 8 follows at once from Theorem 7 and Theorem 1, and the proof

will be left to the reader.

Theorem 9. In order that the regular integral J take on a minimum along

g it is necessary that one of the mutually exclusive weak inequalities (i), • • ■ ,

im) of Theorem 8 be satisfied.

Theorem 10. In order that the regular integral J take on a weak proper rela-

tive minimum along g it is sufficient that one of the mutually exclusive strong in-

equalities (i),   • • ■ , im) of Theorem 8 be satisfied.

Theorem 11. In order that the regular integral J take on a minimum along

g it is necessary that the inequality

(15.2) tl ^ t

be satisfied.

* Bliss (3), loc. cit.
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Theorem 12. In order that the regular integral J take on a weak proper rela*

live minimum along g it is sufficient that the inequality

(15.3) C-i<*

be satisfied.

Theorems 9 and 10 are as close as possible to giving conditions which are

both necessary and sufficient. Theorems 11 and 12 (corollaries of Theorems

9 and 10) on the other hand are in general not at all close to giving conditions

which are both necessary and sufficient. In order that the index form Q(u)

be positive it is not sufficient, in general, that t{ á l- In order that the index

form Q(u) be positive definite it is not in general necessary that t„-x<t. In

the special case m = 2, that is, in the problem of the calculus of var ations in

2-space, Theorems 11 and 12 are as close as possible to giving conditions

which are both necessary and sufficient. We may state the facts here in the

form of two theorems as follows.

Theorem 13. The classical Jacobi necessary condition in 2-space (that is

condition (15.2)) is a sufficient condition in order that the index form be positive,

and the classical Jacobi sufficient condition in 2-space (that is condition (15.3)

for m = 2) is a necessary condition in order that the index form be positive

definite.

Theorem 14. The generalized necessary Jacobi conditions of Theorem 9 are

sufficient conditions in order that the index form be positive and the generalized

sufficient Jacobi conditions of Theorem 10 are necessary conditions in order that

the index form be positive definite.

Theorems 9, 10, 11, 12, and 14 follow at once from Theorem 8.

Theorem 13 is somewhat more precise than Theorem 14 for the special

case m = 2. In 2-space the mutually exclusive conditions of Theorem 8 be-

come the two conditions

(i) t{ =t^tl,       N    [ox N+h-l} = 0,
(15.4)

(ii) = (m)        t{ < t g t2 .

It can be shown in 2-space that the strong condition (15.4) (i) is im-

possible, that is, it never occurs. If t{ =t then A = 2, and the strong condition

N+h — 1 =0 cannot be fulfilled. Moreover, if tl =tin 2-space, h = 2 and N = 0,

so that the weak condition N = 0 is automatically fulfilled. Hence Theorem 8

states more than is necessary to state in the special case m = 2. In this case we

need merely to state the inequalities between tl and t which occur in the

first column of (15.4) without reference to the type numbers of the invariant

function. Hence Theorem 13 is true. The proof of this fact requires a slightly
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more extended study of the invariant function.* For the problem of the

calculus of variations in space, that is, for m>2, we cannot avoid bringing

in the type numbers of the invariant function, and for all cases m>2, The-

orem 8, and Theorems 9, 10, 11, 12, and 14 are the most precise theorems

which can be stated. They are of course all true for the case m = 2.

We can also give conditions for a strong minimum as follows.

Theorem 15. Let J be a regular integral, and let the Weierstrass E-function

£(z, r, a) be positive for (z, r) taken along the closed segment of g between M and

M', where (a) is any set not (0) nor proportional to (r). Let one of the mutually

exclusive strong inequalities of Theorem 8 be satisfied. Then J takes on a strong

proper relative minimum along g.

* Cf. Morse (4), loc. cit.
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