INEQUALITIES FOR THE ZEROS OF LEGENDRE
POLYNOMIALS AND RELATED FUNCTIONS*

BY
GABRIEL SZEGO

INTRODUCTION

In what follows we deal mainly with some inequalities for the zeros of
Legendre polynomials P,(cos 6), given by Bruns [1], and later independ-
ently by A. Markoff [6] and by Stieltjes [8], improving the results of Bruns.

Let 6y, 65, - - -, 8, denote the zeros of P,(cos ) in the interval (0, 7) in in-
creasing order, so that
(1 0<6,<0:< - <0, <.

Then the inequalities of Bruns can be formulated as follows:

1

i1r<0,<
n+ 3 n+ 3

T v=1,2,---,n).

(2)

The improved inequalities due both to A. Markoff and Stieltjes are

v —}

r (=12, [n/2]).

7|'<0v<
n n+4+1

3)

This concerns only the group of zeros lying in the interval 0 <6 <w/2. The
symmetric property

(4) 0’ + 0n+l—y =7

yields however a similar estimate for the second group of zeros in the interval
T/2<0<T.

These inequalities indicate in particular the “regular distribution” of the
systems of zeros in the interval (0, m) if n—x.

We show in the first part of this paper how the inequalities (2), (3) can
be derived in a very simple way using the classical ideas of Sturm and the
well known differential equation satisfied by the function P,.(cos 6). The
second part contains some elementary facts about the zeros of a class of
trigonometric polynomials and gives also some inequalities for the zeros of
P, (cos 6) derived on the basis of these facts.

* Presented to the Society, September 13, 1935; received by the editors February 2, 1935.
t Numbers in bold face type refer to the Bibliography at the end of this paper.
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We start in §I with a formulation of a theorem of Sturm adapted to our
later needs. In §II we prove (2) and (3) by means of Sturm’s method obtain-
ing the lower estimate of (3) in even a sharper form, [(»—%)7/(n+3%) in-
stead of (v—3%)m/n]. The proof of the upper bound is based on the following
remarkable property of the zeros in question, which is a simple consequence
of Sturm’s theorem. T'ke sequence

(5) 0= 00, 01, 02, ey, 0p+1, p = [n/Z],

is convex, that is to say, the differences 0,—0,_, are increasing if v runs from 1
to p+1. [Cf. the hint in Hille 5, p. 162.]

§1IT treats of some analogous properties of the Bessel function J,(6) by
Sturm’s method. We obtain some new inequalities for the zeros 8, in terms of
the zeros of Jo(8). There is no difficulty in extending these results to some
ultra-spherical polynomials and to general Bessel functions (§IV).

In the second part we first consider trigonometric cosine polynomials

(6) Nocosmt+ Ajcos(m — 1)t 4+ -+ + Ap_1 €0t + Am
with positive and monotonically increasing coefficients:
@) NMS>A >N > - >N\ > 0.

Pélya has shown [7, p. 359], by a simple application of the principle of the
argument, that the zeros of such a polynomial are all real and simple. We
prove that, under the condition mentioned (and even if equality holds in
place of all inequalities (7) except the first), every interval

(8) ™ w=12---,m)
contains exactly one of these zeros (§V). These inequalities yield, under a rather
general condition, the “regular distribution” of the zeros for large values of m.
The extremely simple proof is based on the classical fact that the sums

9) sin 4 +sin$t+ - - - + sin (m + 1)t (m=0,1,2,3,---)

are positive in the interval 0 <#<2x. As an application of our result we derive
very simply the main theorem of Pélya’s paper quoted above (§VI).
Legendre polynomials P,(cos 6) are not exactly of the form (6), (7). Our
method gives however also in this case some inequalities for the zeros which
are only a little less precise than those of Bruns. The same method can be
applied to some generalizations of Legendre polynomials due to Fejér [3].
In special cases an improvement of these results can be easily obtained. We
prove for instance the lower estimate in (3) by this elementary method.
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PART 1. APPLICATIONS OF STURM’S METHOD

I. PRELIMINARIES

1. With regard to the later applications it is advantageous to formulate
Sturm’s theorem in the following form:

Let f(x) and F(x) be continuous functions in a <x < b and let there f(x) < F(x)
but f(x) ZF(x). Let the functions y(x) and Y (x) satisfy in a <x <b* the differ-
ential equations

1 y' '+ fx)y=0, Y¥Y'+F@xY =0,
and further the following conditions:

2) y(x) >0 ina<x<b, yb) =0;

A3) ,li?lo {y(®)Y (%) — y(x)Y'(x)} exists and = 0.

Then either the function Y (x) is identically zero or it assumes negative values
in some subintervals of (a, b).

It may be observed that our equations are not necessarily satisfied for
x=a.

The essential idea of the proof is well known. Namely as a consequence
of the assumption ¥ (x) 20, ¥V (x) #£0 in a <x <b, we have

07 = Ik = [ F@ - )T @@ 2 K >0,

provided that a <, <b and ¥, —a is sufficiently small. Here the positive num-
ber K is independent of x,. Consequently we have [cf. (3)]

YO (B) — y(®)Y'(6) = y' ()Y (b) > 0.

Now, by (2), ¥'(b) <0, whence Y (b) <0, which is a contradiction.

If the limit in (3) is <0, the statement is changed in an obvious way. If
in addition to (2) the condition
3) linio{y’(x)l/'(x) — y(x)Y’(x)} =0
is satisfied, ¥ (x) is either identically zero or it has at least one variation of
signin ¢ <x <b. ’

The same statement holds in the well known classical case in which condi-
tions (2) and (3’) are replaced by

* For =5 this means that the left-hand derivatives of the first and second order exist at x=»
and satisfy differential equations (1). We write for brevity y’(6—0)=y'(3), y''(b—0)=y"'(b) and so
on.
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4 y(x) >0in a < x < b, y(a) = y() =0,
and both differential equations (1) are satisfied in the closed interval
a=<x=<b. In this case ¥ (x) 20, ¥ (x) #0, a <x<b, implies
y(®Y () — y'(a)Y(a) > 0.
This is a contradiction because
y'(a) >0, y'(4) <0, Y(a) 20, V(b) 2 0.
2. We mention in this connection the following important application:

Let ¢(x) be continuous and decreasing in x,<x<X,, and let y be a
solution of

©) ¥+ ¢(x)y =0

which is not identically zero. The sequence of zeros of y is always convex, i.e.,
the sequence of differences of consecutive zeros is increasing.

This theorem also goes back to Sturm [9, p. 173; cf. also Hille 5]; it can
be deduced by means of the following simple argument. Let p <g<r<s< - - -
be the zeros in question,* g— p =/k. We apply Sturm’s theorem in the interval
(¢, r) to the equations

Y+ ¢(x)y =0, ¥ + ¢(x — H)Y = 0,

thesecond having the solution ¥ (x) =y(x — k) ;itisevident that ¢ (x) <¢(x— k),
so that r—g>h, ie., r—qg>q—p.

Remarks. This proof, and consequently the last inequality, remain valid
under the following more general assumption:

(6) o(x) > ¢(q) for x < ¢ and ¢(x) < ¢(gq) for x > g.

Furthermore we can also have p =x, in the sense that lim,_.,+oy(x) =0, pro-
vided that condition (3’), §1, is fulfilled for y(x) and Y (x) =y(x— %) at x=q.
This means that
lim {y(2)y(= =) = 3@y (= B} =0, h =g,
x—q
or, since the first term tends to zero and y(x)/(x —¢) tends to a limit different
from zero,
) lim (x — ¢)y'(x — k) = lim (x — x0)y'(x) = 0.
z—q+0 x—>x°+0

3. In what follows we apply these theorems to the Legendre differential

equation in the form

* We suppose, of course, the existence of at least three zeros in the interval considered.
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(A) 24 {(n+ 3?4 (2sin8)2}z =0, 2z = (sin 6)"/2Py(cos 9),
to the Bessel differential equation

(B) w4+ {14 202 u =0, u=28Y29),

to the differential equation of the ultraspherical polynomials

(©) 5 + {(n + w? + u(l — w)(sin 6)=2}z, = 0, 3, = (sin )P, (cos ),
and to the general Bessel differential equation

(D) W’ + {14+ 1 — )20 2um =0, wu=0YU\0).

The equations (A) and (C) are satisfied in the open interval 0, =; (B)
and (D) are valid for 6>0.

II. LEGENDRE POLYNOMIALS
1. We compare (A), z=Y, with the solution y=sin (z+3)(x—x,) of
(1) ¥+ (n+ 3Py =0.

This gives at once the existence of at least one zero of (sin 6)/2P,(cos 6) in
every interval of length 7/(n+3), especially in the intervals

<0<
n+3 n+ 3

T v=12---,n)

[in the first interval condition (3’), §I, is satisfied ]. Consequently every in-
terval contains exactly one zero 6,, and

(2) ™ v=1,2,---,m).

1
ov=11’—9»+1—v>1r‘-n+1—1,1r=y_7
n+3 n+3

so that we obtain the inequalities of Bruns.
2. We now prove first the upper estimate (3) of the Introduction. Since
(2 sin 6)~% decreases in 0<0<w/2, Sturm’s theorem (§I, 2) asserts the con-
vexity of the sequence of 6, [(5) of the Introduction]. For even values of #
the first remark in §I, 2 [cf. (6) ] must be used in the interval 6,2 <0 <8,/21.

Hence the convexity of the sequence

(3) 6, =86, — ™ (V=0,1,2,,[ﬂ/2]+1)
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also follows. Now a convex sequence attains its maximum only at the end
points of any interval, that is to say, always for the first or the last value of
v. Since 8¢ =0 and, for # odd, 8(n41y,2=0, this gives at once the upper bound
for n odd. Let further # be even; then 8,/s+0,/2,1=0, so that there are only
the possibilities

9,:/2 <0, 0,:/24.1 > 0; 0,’,/2 >0, 0:,/24.1 < 0; 9:./2 = 0:,/24.1 = 0.

Each of the last two cases is impossible: 8 =0, 0,/241 <0 implies 6./2<0 and
the third assumption would give, since 03 =0, that 8, =0 for each », i.e., the
identity of P,(cos 6) and sin (n+1)6/sin 6. But 6,,,<0 yields 6/ <0, »=1,

2, - - -, n/2, therefore we have again the upper bound obtained above.
We base the proof of the lower bound on the inequality
(4) 0,—0,_1<1r/(n+%) (v=l,2,---,n;00=0)

which is a consequence of the comparison of (A) with (1). We put now

v -1

™
n+3
according to (4) we have 6, —6’", <0, so that ;' is decreasing. For # odd,

Ocni1y2=0, consequently 8, >0, »<(n+1)/2. For n even it is sufficient to
prove 8,/,>0. This follows from (4), because-

Onjot1 = Onjz = T — Opj2 — Onp2 < w/(n + 3).

(5) 0;',, = ov -

i

Thus our theorem is completely proved.

III. BESSEL FUNCTION J(6) AND LEGENDRE POLYNOMIALS AGAIN

1. We compare (B) first with y’’+y=0. This gives at once the existence
of an infinite number of zeros of 6'/2 J(6):

1 O=jo<i<ja<---,
for which
(2) Jp—Jrr <mand j, <wr v=1,23"---).

Moreover the differences j,—j,—1 are monotonically increasing, so that ke
sequence {j,} is convex. These facts are well known.*
Using (2) we see that 7, —»x is decreasing, therefore

o= =1 —7=0764: -7 —m,

whence

* Cf. Sturm 9, pp. 174-175.
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3) S W@—HDr+0.014- - - 7.

2. Now we compare (A),z=Y, with
(B") Y+ {(n+ )+ (202} y = 0,

which has the solution y=0V2J,[(n+2)0], 0<6 <= [condition (3’), §I, at
6 =a=0is satisfied ]. Since sin <6 we obtain the existence of at least one zero
of P,.(cos ) in every interval j,_/(n+3%),7,/(n+%3),v=1,2, - - - ,n. The fact
that 7,/(n+3%) <w, implies the existence of exactly ozne zero in each of these
intervals, so that

(4) Ja/(n+3) <6, <jf(n+3) v=12---,n).

The upper estimate is particularly important. It is better than the upper
estimate of Bruns. It yields at once a lower bound for j,. In fact, let » be any
positive integer, and #=2v—1. Then v=(n+1)/2, 6,=n/2. We have there-
fore /2 <j,/(2v—%), that is, in view of (3),*

(5) C—Hr<ifp=@—-1Hr+0.014-- -7 v=1,2,3---).

The upper estimate (4) for 8, =0,(x) is the best possible for fixed », n—o.
Indeed it is known that

(6) lim (7 + )0, = j,.

n— oo

3. The first inequality in (4) is not particularly sharp. To obtain a better
one, we use the elementary inequalityf

(sin@)2—62<1—(2/n)t=Fk, 0<0Z<7/2,
and compare (A), z=1, with
(B") Y+ {(n+ 32+ k/4 + (2072}7 =0
instead of (B’). Thus we obtain
) 0, > j./[(n + 32+ k/4]Y2, 0 <6, < w/2, k/4 = 0.148678816 - - - .

The same argument gives a sharper inequality for the zeros in the interval
0<6 =<9, where v is a fixed positive number, » <7/2; we then obtain (7) with
a constant k, instead of k, where &, = (sin v)~2—2~2. For example,

tkes = 0.094715264 - - -,

L1kae = 0.088109344 - - - .

* Cf. Watson 11, p. 489-490; there it is shown that the positive zeros of Jo(6) lie in the intervals
(v—1)m, (v—3)r (theorem of Schafheitlin).
t The function on the left side is increasing in 0, 7/2.
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Formula (7) gives also an upper bound for j,, putting as before n=2v—1,
v=(n+1)/2,0,=7/2:

- R ) R/ Uk
. L N7
Jv<7[(21’ 2>+4] e 4>w[1+(2y_%)2]

(8) b
y—Hr +—— .
< ( ) +n@—@

This inequality for »=1 is not as good as (3); it is much better, however, for
v =2 and especially for large ».

IV. ULTRASPHERICAL POLYNOMIALS AND GENERAL BESSEL FUNCTIONS

1. We consider equation (C) in the “principal case” 0 <u <1. The same
argument as in the special case p=3% (§II, 1) gives, with the same notation
as was used in that case,

v—1
1 <0, < =12,.---,n
() 1I,+p,1r n+”’7r (V ’ ’ )’
from which we obtain by means of the symmetric property
v—(1—u
2) ——;:;——W<0»<n+ﬂr v=1,2,---,n).

These are the inequalities corresponding to those of Bruns.
2. We have further
v—3(1—w

(3) — X Tr<6< P
"+ n+1

(v=1,2,---,n),

corresponding to the Markoff-Stieltjes inequalities. The proof is the same as
in §II, 2; it is based on the convexity of the sequences 6,, and

Al
—_— T

=071)27"'1 2 17
- g fn/2] + 1)

4 6, —

and on the inequality
Q) 0, — 0,y < w/(n+ u) =12 y 7).

3. In the “principal case” —3} <A<} we obtain similar results for the
zeros 7,(N) of 1/27,(6) asin §III, 1. We have in particular

(6) j’()‘) - jv—1(>\) < ™, j’(x) < (V = 1! 27 3: T )]0()‘) = 0))

and

* (14-2)V2<14-2/2, x>0.
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(M Q) = (v — D+ 51(N).

We further compare (C) with (D) putting u=\+%; we obtain [condition
(3"), §1, is satisfied ]

(8) F1N)/(n 4 p) < 6,<7N)/(n + ) v=12---,n).
The upper estimate here is the best possible in a sense analogous to §11I1, (6).
We obtain from it as before 7/2<j,(\)/(2v—1+p), so that*

® GHEN2=Dr<iN) <@ —Dr+iQ) (<vr) (v=1,2,3,---).

Remarks. Comparison of (sin 6)“*P® (cos 8) with 8/27_,(6) [for A =0 with
the Bessel function of the second kind ¥ ¢(6) ] is also possible. Condition (3),
§1, is now satisfied only if A <0. We consequently obtain

0, < ju(=N)/(n + ) if N <0; 6, <jora(—N)/(n+p) if A20.

On the other hand the ordinary form of Sturm’s theorem gives at oncc
J»(=N)>7.,(\) in the first case, j,.1(—\) >7,(A) in the second, so that these
bounds are less precise than (8).

The lower estimate in (8), on the other hand, is always valid with —\
in place of \. For negative \ this result is better than (8).

4. We obtain a better lower bound of 6, than that given in (8) in a way
similar to that of §III, 3:

(10) 8, > 5N/ [(n + w)? + ku(1 — w)]'72, 0<6,=7/2,

where k has the same meaning as in §III, 3. Hence it follows as before that
. ™

(11) WA < w4+ N2 —Dr + (k/8)(2 — Y m

For large values of », this bound is better than either the upper bound in (9)

or that due to Schafheitlin, quoted in the last footnote.

PART 2. TRIGONOMETRIC POLYNOMIALS

V. DISTRIBUTION OF ZEROS

1. Let Xo, A;, A, - - -, A be non-negative numbers satisfying the ine-
qualities

* Cf. Watson 11, pp. 490491, where a theorem of Schafheitlin (in extended form) is stated: the
zeros of J)\(6) lie in the intervals

G+N2-—PDr =0 (+N4— P (»=123---,=3 <A<}
The upper bound (9) is better than this, since

for JA\[(\/4+3)w] <0 (cf. Watson 11, p. 491, ¢=1n/8).
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n MS>MZAZ - ZAa 0.

We shall prove that the trigonometric expressions

p() = Nocosmt + Aycos(m — 1)t + - -+ 4 Ap_1€05¢ + A,

g@®) = Nosinmt + Aysin (m — 1)t 4+ - - - + Ap_1sin ¢,

r(t) = Nocos (m + 3t + Nicos(m — 1)t + - - - + Ap_1cos 3t + A, cos 3¢,
s(®) = Nosin (m + $)t + Aysin m — L)t 4+ - - - + Ap_1sin $£ + N sin 3¢

(2)

have only real and simple zeros which are regularly distributed in the follow-

ing sense. Denoting by #, f, #, - - - the zeros in question in the interval
0<t¢<m, in increasing order, we have for p(s), ¢(¢), r(¢), s(¢) respectively
w— % b+ 3
” %ﬂ'<t“<m+%7r (F=1’2)”"m)’
M w+1
7 <4< r (w=12,---,m—1),
m+ 3 + 3
® 5 b+ 3
— 3 3
m+11r<t“<m+l1r (=12, ,m),
rp+1
<t < =1,2,---,m).
m+ 1 ™ M m+ 1 ™ (:“ ) 4y ) )

Besides these zeros in the interval 0 <¢ <, there are, of course, the other zeros
+1,42hr; moreover ¢(#) has the zeros hm, r(f) the zeros (2h+1)w, s(f) the
zeros 2kw. Here £ is an arbitrary integer. All these zeros are simple.

As another formulation, we have in the open intervals

b= 3 b+ 3 ) u p+1
T, ™), ™, ),
m+3  m+3 m+ 3  m+3
(u—% v+ 3 ) ( u b+ 1 )

™, T}, T, T,
m + 1 m+ 1 m + 1 m+ 1

respectively, exactly one zero of p(¢), q(¢), 7(¢), s(¢); u runs here over all in-
teger values except

p=0mod2m + 1), u=—1,0 @mod2m + 1),
p=0@mod2m +2), upu=—1,0 (mod 2m + 2)

@

(®)

in the corresponding cases. In the second and fourth case we further have the
trivial zeros ¢=0,42m,+4m, - - - ; all zeros (4) are “non-trivial” except in
the intervals u=m (mod 2m+1) in the second, p=m-+1 (mod 2m+2) in
the third case, containing the zeros ¢= +x,+ 3w, - - -
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2. The proof of the inequalities just formulated is very simple and can
be based entirely on the classical fact that the trigonometric sums

6) om(t) =sin it +singt+ -- - 4 sin (m + 1)¢ (m=0,1,2,3,---)

are all non-negative for 0 <¢<2w. This property is well known from Fejér’s
summability theory of Fourier series, in which it plays a decisive role.
We have
— 3<e—i(m+1/2)t{p(t) + iq(t)} = — S(e—i(m+l)t{r(t) + is(t)}
7 m
M > i sin (kB + b)t.

k=0

Partial summation shows at once that the last expression is non-negative for
0 <t < 2w. More precisely, it remains there decidedly positive because

®) Zm3 Aesin (B 4+ )2 = (Mo — A)oo(t) + (A1 — Ne)on(2) + - - -
par

+ ()\m—l - Am)am—l(t) + )\mo'fn(t)a

the first term being positive. From this remark we deduce the important in-

equalities
0 p(#) sin (m + 3)t — q(¢) cos (m + 3)t > 0,
© r(t) sin (m 4+ 1)t — s(f) cos (m + 1)t > 0, 0<¢t< 2m,

so that for the values of u mentioned in (3),

snp<”—%1r> sn( # 1r>—snr<ﬂ_%7r>
g m+ 3 gqm+% g m + 1

"
= = —_— 1 #+1
En s(m 1 ") =1

and this gives our assertion.
3. Under more restrictive conditions than (1), sharper inequalities can be
stated. Let the coefficients satisfy, for example, the following conditions:

(10)

(1) =M >M—=2ZX =M Z kA1~ A ZAn 2 0.

(This is always satisfied if the sequence Ao, Ay, - - - , A, 0, 0 is convex and not
identically zero.) We then prove that
41 +1
(12) £ T, Tz T, # T, T2 T
m m m+3  m+3
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can be taken as upper bounds of ¢,, instead of those in (3) respectively. To
show this, it is sufficient to prove that

u v+ 3 u
sgn p — sgn ¢ i =sgnrm+%1r

(13)
b3
= sgn s T )= (— 1)
m -+ §
We have
m m—1
(1 — et Z)\ke;(m—k)t = — pgei(m+t Z Ak — Nppr)estm=mre )
k=0 k=0
so that
— Jeitmtune(] — eu)i Apei(m—kt
m—1 k=0
= Nosin 32 + X (A — Aey) sin (B + 3¢ + A sin (m + 3)t
(14) k=0

= (2N —N)sin 3+ A1 — ) sin gt + - - -
+ (Am—1 — Am) sin (m — 1)t + A, sin (m + 3)z.
The positivity of this trigonometric polynomial in 0, = (even in 0, 27) is a
consequence of our condition, so that
(15) p(#) cos mt + ¢(¢) sinmt > 0, 0<t<2r.
Similarly it is shown that
(16) r(¢) cos (m + 1)t + s(t) sin (m + $)¢t > 0, 0<t<2r.

Thus our theorem is established.
4. The reality of the zeros of

an ap() + B9()),  ar(t) + Bs(®)

follows in the same way as in 2, provided that the inequalities (1) are satisfied;
here o, 8 are arbitrary real constants not vanishing simultaneously. For these
zeros inequalities similar to those given above hold; they are all simple.

To prove this statement, put a8 =pe(p >0, § real). We obtain from (9)
for im+31)t=(@u—37r+6, 0<i<2m,

(— 1)"+1{p(t) cos & + ¢(¢) sin 6} >0,

so that
(18) {sgn ap(t) + Bg(t)} = (— 1)w+1,
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We can assume 0 <8 <, § =7/2. The last result gives immediately the exist-
ence of at least one (consequently of exactly one) zero in each interval

(#—%)r+6<t< (#+%)1r+6,

a9 "t m+ % =1,2,---,2m,if0 <8 <w/2,
—3)r 46 — Dr 4.5
(# '3‘) <t<( z)"" ,#=1,‘2’...,2m’if1r/2<6<7r.
m+ 3 m+ 1

These are the zeros in the interval 0 <z <2w. All zeros are real and simple,
lying in the intervals (19), where u runs over all integer values, u#0 (mod
2m+1).

Trigonometric polynomials ar(f) +8s(¢) can be treated in an analogous
way with a similar result.

VI. ON A THEOREM OF P6LYA

The elementary inequalities of the preceding paragraph lead in a direct
way to a theorem of Pélya [7], giving even a slightly more precise result. We
consider the entire functions of z

1) U(z) = flf(x) cos zxdx, V(z) = flf(x) sin zxdx

and we prove the following theorem:

Let f(x) be non-negative, monotonically non-decreasing and not identically
gero in 0<x<1; further, let the integral [ lf(x)lda:: exist. Let o and (3 denote
real constants not both zero, a+iB=pe®, p>0, 0<d=m. The entire function
aU(2) +BV (3) has only real and simple zeros; every interval

(2) (w—Hr+3, b+ 3r+ 8 mw=0,%1,%2,---),

except that with 2=0,* contains exactly one zero as inner point.

The only exception is the case in which f(x) is a step function with jumps
at the points of the form 1 —2wh/[(u—3)mw+ 8], h and u integers. In this case the
zeros are also real and lie in the closed intervals (2).

The proof is based (in a somewhat different form from that in the paper of
Pélya 7, p. 361) on the trigonometric expressions

Um<z>=ii’f( ) cos ——z,

4

3) mk:o m + 3 m+ 3
vV (z)=i2'f< i )sin i z
" m ko  \m+ 3} m+ 3

* For a=cos §=0, i.e., for V(z) itself, we have two exceptional intervals, namely —, 0 and 0, =
with the single simple zero z=0.
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the symbol >_’ meaning that the highest term 2 =m is to be multiplied by
1+m™! or more generally by a factor >1 tending to 1 for m—o . These ex-
pressions tend respectively to U(z) and V(z) uniformly in an arbitrary finite
region of the z-plane. The same is valid for aUn(2) +8V (z). Hence we obtain,
by means of the results of §V, 4, and of a well known theorem of Hurwitz
(used also by Pdlya), that all the zeros of aU(z)+8V (3) lie in the closed in-
tervals (2).

Zeros in the inner part of these intervals are of course always simple. The
only double zeros must have the form z=2,=(uo—3)m+8 (uo integer). Now
we have*

- S‘e“’{ U(z) + iV(z)}
— —1z i:zd
3o [ ftaresas

4

1 0
f f(1 — x) sin zx dx= f g(x) sin zxdx,
L] 0

putting g(x) =f(1 —x) for 0 <x <1, g(x) =0 for > 1. The last integral can be
written for >0 in the form (cf. Pdlya 7, p. 378)

Tz
6) [ sinsalg®) = gla+ 7/9) + gla+ 20/5) — glo+ 3n/5) + - a,

which is positive “in general” for all values of z, 2>0. Consequently we ob-
tain for z=20=(uo—2)m+94

(6) (— 1)“0‘“{ U(20) cos § + V(zo) sin 6} >0,

so that 2, is not a zero for U(z) cos §+ V(2) sin 8. Incidentally, this argument
yields at once the existence of at least one zero in the intervals (2).

Zeros of the form z=z¢= (uo—3)m+39, 20>0,} can occur only if the integral
(5) vanishes for z =2y, that is, if

(7 g(x) — g(x + 7/20) = 0, g(x + 2w/20) — g(x + 3w/20) =0, - - -,
0 <x< 1r/Zo.
This means that g(x) =f(1—x) is a step function with jumps at the points

21!'/20, 47I'/Zo, 61I'/Zo, L
Indeed under this assumption we have

* The following argument corresponds to the treatment of the “algebraic” case given in §V, 2.
1 We can assume zo>0 because (4) is an odd function.
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1 1
U(z) cosd + V(z)sind = f f(%) cos (zx — 8)dx = f g(x) cos (zx — z + 8)dx
0 0

m—1 (k+1)d
8 =, gkf cos (zx — z + 8)dx,
k

k=0 d

=5 Z2gma120, g6>0;d= 2w/20, m = [zo/(21r)].

Now the last sum is

8k

k=0 z

"'i‘ sin (z2(k + 1)d — z + 8) — sin (skd — z + 9)

= Eﬂ:ﬂz_)ngcoS(z(k‘l'?)d-z-I—a)

k=0
Both factors have here the simple zero z =z,.
The theorem proved in §V, 3, gives similarly the results of Pélya for
convex and increasing f(x).

VII. TRIGONOMETRIC POLYNOMIALS OF THE LEGENDRE TYPE
1. Let
(1) o, 1, Ayt Omy
be a given sequence of positive numbers. The cosine polynomials

I
Faq 2, if 7 is even,

fn(0) = apancosnf + aras_ycos (n — 2)0 4 - - - + { An—1)/20(nt1)/2COS 0,
[a/2] if 7 is odd,
2) = 2" aran_i cos (n — 2k)6*
k=0

have been considered by Fejér [3]; Legendre polynomials P.(cos §) are par-
ticular cases for

- (2n— 1)

(3) Ap = gy = 74 In (1/1,-)f n—l/2(1 — x) 12y

In what follows we use also the corresponding sine polynomials

[n/2]
4) gn(0) = X 'onan_s sin (n — 2k)6.

k=0

I have proved in a previous paper [10] that all zeros of f,(§) are real and
simple provided that the sequence

©) a1/, az/a, as/as, * - -, anfan_y, -+ -

* For n even, the last term »=7/2 is to be multiplied by 3.
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is monotonically increasing. Under this condition the coefficients of (2) are
monotonically increasing. On putting 260=¢ and m=n/2 or m=(n—1)/2,
fa(6) becomes of the type p(¢) or r(#) in §V, (2), respectively. The inequalities
of §V, (3), give at once the following information about the zeros 6, of £,(6),
0<0,<0:< - - - <O, <7:

(6)

g w=1,2,---,n).

2. The inequalities just obtained are not so precise as those of Bruns.
By making some restrictions on the sequence {a.}, they can be improved.
We show the possibility of deriving by this very elementary method the
lower estimate not only in the theorem of Bruns but also in that of Markofi-
Stieltjes.

Let the sequence {a.} be of the form

(7 o, =f xrf(x)dx,

where f(x) is non-negative and integrable in the Lebesgue sense withoo>0.

The sequence o, =g, corresponding to the Legendre polynomials, is of
this type [cf. (3)].
As a consequence of our condition we first see that the sequence

(8) QO0lp, A10p—1y * * ° 5 XpQn—p, p= ["’/2]’

is positive, monotonically decreasing, and convex. Indeed Schwarz’s inequal-
ity gives af <ai_10tk41, SO that ax/ay_y is increasing. The convexity follows
from the representation

1 1
9) axan_p = f f xky»=kf(x)f(y)dxdy.
1] 0
We show further that

v -1}

(10) Sgnf"< 1l')= (_ 1)v+l (V= 1) 2’ 3)' Tty P = [”/2])
which is (in the case. of Legendre polynomials) equivalent to the lower
estimate in the Markoff-Stieltjes theorem.*
To this end we use the following inequality due to Fejér [4]:
gm/2 sin mt,

11 in ¢ sin2t+---+,,.sinmt>{ 0<t<m.
(11) gusint + g2 ? — gm/2sin (m + 1), N

* We obtain immediately from (10) the existence of at least one zero in each of the intervals
(v—3r/n<6<(v+3)r/n,v=1,2,3,- - -, p—1. An easy discussion shows then the existence of an
additional zero in (p—})7/n<0<w/2.
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Here ¢1, ¢z, - - -, ¢m is a positive, monotonically decreasing, and convex
sequence. Fejér gives only the first inequality; the second arises from the first
by considering the sequence g1, gz, - - - , ¢m, ¢m, Which has, of course, the same
properties as ¢i, gz, * * * , @m-

Let n be even. On putting 20=1¢, n/2=m, in the first inequality (11),
we see at once that

[n/2] [n/2]
(12) — Jeint Z'akan_ke“"‘“‘” = E'aka,._k sin 2k6
k=0 =0

is positive in the interval 0 <6 <m/2. We have therefore
(13) f+(0) sin n6 — g,(8) cos n6 > 0, 0<0<7/2,

so that (10) is valid. If »# is odd, we put again 20=¢, (n—1)/2=m, and
observe that the particular value ¢=(2v—1)7/n satisfies the equation mt¢
+(m~+1)t=(2v—1)m, so that sin mt=sin(m+1)¢. This means that the two
expressions on the right side of (11) have opposite signs. The expression on the
left side is therefore positive and this gives again (10).
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