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1. Introduction. Let us consider a complex-valued function f(t) of the real

variable t, which is bounded for all real t and integrable in the Lebesgue sense

over every finite interval. It is proposed to investigate the conditions under

which/(/) admits a representation of one of the following types:

(F) f(t) =   re»xdF(x),

where F(x) is real, bounded and never decreasing ;

(G) /(/) =  f   e»*dG(x),
J -co

where G(x) is of bounded variation in ( — <~} co ) ; and

(g) f(t) =   I    eitxg(x)dx,

where g(x) is absolutely integrable over (— °°, °°). The functions G(x) and

g(x) are not necessarily real.

We shall say that a representation of one of these types exists, whenever

f(t) is represented by the corresponding expression for almost all real t. If, in

addition, we know a priori that f(l) is continuous, it readily follows from

elementary properties of the above integrals that our representation holds for

all real t.

Now let us denote by p(t) a function which satisfies the following condi-

tions (1) and (2) :

| p(t) | dt is finite,
-co

eitxm(x)dx,

-to

where m(x) is real and never negative, and

m(x)dx = 1.
-CO

* Presented to the Society, February 25, 1939; received by the editors January 31, 1939.
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The functions p(t) =e_,,/2, n(t) = e_|il, and

(3) M(0 = io, ||| 2 1,

are examples of functions satisfying these conditions. The corresponding

w(x)-functions are, respectively,

1 , 1 1 — cos x
e -x'tf

(27T)1'2 7t(1   +  X2) XX2

For any positive e we denote by g€(x) the function defined for all real x

by the absolutely convergent integral

(4)
1   /"»

«.(*) = — I     e-itxß(et)f(t)dt.
2?r«/_M

Obviously g,(x) is bounded and everywhere continuous.

We then have for any particular pit) satisfying (1) and (2) the following

necessary and sufficient conditions for the existence of a representation off(t) ac-

cording to (F), (G), or (g):

Type (F). gt(x) should be real and never negative for 0<€<1 and for all

real x.

Type (G)./r»|g,(x)|¿x<const./or 0<e<l.

Type (g). gt(x) should satisfy the condition for type (G), and further

r* 00

lim   I     | gt(x) — gt'(x) | dx = 0.
«-*0   «/-oo€"•0

If a given function f(t) satisfies one of these conditions for owe particular

function p(t), it follows that the same condition is automatically satisfied for

all p(t) satisfying (1) and (2).

Proofs of the conditions will be given in §§3-5. In §7, it will be shown that

similar conditions hold for functions f(h, ■ ■ ■ , tk) of any number of variables.

2. A particular case. Choosing for p,(t) the particular function given by

(3), we obtain, writing A = 1/e,

*M-lC(1-l-r)m<r'"'"
(5) i   rA rA

- I       I     /(/ - u)e~ix^-uUt du.
2irA Jo   Jo

In this particular case, our conditions are analogous to those given by
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Hausdorff [4] with respect to the problem of representing a sequence of num-

bers ck, (k = 0, ±1, +2, • ■ • ), in the form

/> 2t eikxdF(x)
a

or in one of the similar forms corresponding to (G) or (g).

Our condition for type (F) constitutes, in the particular case when p(t)

is given by (3), a simplified form of a we'll known theorem due to Bochner

(cf. §7). For type (G), Bochner [2] and Schoenberg [6] have given a neces-

sary and sufficient condition which is, however, fundamentally different from

ours.

Some applications of our conditions to the theory of random processes

will be given in a forthcoming paper.

3. Representation of type (F). In the case of a representation

(F) /(/) =  f   e«»_F(»)
J -00

with a real, bounded, and never decreasing F(x), it is almost obvious that our

condition is necessary. We obtain, in fact, from (4)

1 /»  «J p CO

gc(x) = — I    e~itxp(tt)dt j    eil"dF(y)
2irJ-x J _w

1 /»  00 f* 00

= — I    dF(y) I    e-i'^x-^p(et)dt,
2tJ-x J _«,

the inversion of the order of integration being justified by the absolute con-

vergence of the integrals. According to (1) and (2) we have, however, almost

everywhere

1   c °°
m(x) = — I    e~itxp(t)dt,

2w J__

so that g,(x) is given by the "Faltung"

!.(*)-—/    ™(^-¡^)dF(y),

which is obviously real and never negative.

In order to show that the condition is also sufficient, we consider the iden-

tity

C2A /        \x\\ /sin At\2

L_(1-_r)r**"M(-_->
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which holds for every A >0. Multiplying by (2w)-1p(tt)f(t)dt and integrating

with respect to t over (— », °° ), we obtain, according to (4),

/2A / |x|\ 1   r°°/smt\2li- -^J ge(x)dx = — J     f—-j y.itt/A)fit/A)dt.

Now |/x(/)| =T by (2), and/(2) is bounded by hypothesis; say \f(t)\ úc. Thus

if gtix) is real and never negative, we conclude

for 0 < e < 1 and for all positive A. This obviously implies

gt(x)dx ^ c

for0<e<l.

From (4) and (6) we then obtain for almost all values of x

/oo
e«*g,(x)dx.

-oo

Now, since both p(t) and the integral are continuous functions of t, it follows

that it is possible to find a continuous function/*(/) which coincides with/(¿)

for almost all real /. We then have

/CO

e«*gt(x)di

for all real / and for 0 < e < 1.

Consider now the last relation for a sequence of values of e tending to zero.

As p(0) = 1, the left-hand side tends to/*(¿) uniformly in every finite interval.

According to a fundamental theorem on characteristic functions due to Levy

[5] (cf. also Bochner [l ]), we then have for all real t

/oo

-oo

eiixdF(x)

where F(x) is real and never decreasing. As f*(t) =f(t) for almost all t, this

proves our assertion.

4. Representation of type (G).f If we have for almost all t

(G) f(t)=  f   e«*dGix),
J -oo

f The author is indebted to Mr. E. Frithiofson of Lund for a remark leading to a simplification

of the condition for this type.
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where G(x) is of bounded variation in ( — <~, oo ), we obtain as in the preceding

paragraph

1  C x   (x- y\
g,(x) = — \     ml-JdG(y)

and thus, m(x) being never negative,

| ge(x) | ¿x _i   I     | dG(y) |  I w(x)dx.
i, J -oo •'  (xi-v)/<

Hence we obtain, using (2b),

f   | g.(x) \dx=  f   | dG(y) |
•/  _oo »^ -00

for 0 < e < 1. Thus our condition is necessary.

In order to show that the condition is also sufficient we observe that, owing

to the convergence of /__ | g>(x) | dx, the relation (4) may be converted into (7)

for almost all real /. As in the preceding section, it follows that there is a con-

tinuous function /*(t) which coincides with/(/) for almost all real /. We then

have as before

/oo
eitxgt(x)dx

-00

for all real t and for 0 < e < 1. Putting

G,(x) =  I    gt(y)dy,
J  -OO

we may write this as

/oo
eiixdGt(x).

-00

When e tends to zero, the left-hand side of this relation tends to f*(t) uni-

formly in every finite interval. On the other hand, f™x | ge(x) | dx is uniformly

bounded for 0<e<l, so that Gt(x) is of uniformly bounded variation in

(-co, co ). It is well known that we can always find a sequence ei, e2, ■ ■ ■

tending to zero and a function G(x) of bounded variation in ( — oo, co ) such

that

(9) G(x) = lim G„(*) = lim   f   gtn(y)dy
11—*°° W-+00     */   --on

in every point of continuity x of G(x). It then follows from a lemma given by
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Bochner [2, p. 274], that we have for all real t

/OO

eitxdGix).
-00

As/*(¿) =f(t) for almost all t, this proves our assertion.

For a later purpose it will now be shown that, if our condition for type (G)

is satisfied, then the integral

(10) J"|«.(*)dx

is uniformly convergent for 0 < e < 1. If the condition is satisfied, we already

know that/(¿) admits a representation of type (G). Now let ô>0 be given.

We can then choose y0 > 0 and x0 > yo such that

Jl  CO S\ 00

\dGiy)\<h,
Vn J   In—V

mix)dx < 5.

Obviously x0 and y0 can be chosen independently of t. For x2>Xi>x0 and for

0<e<l, we then conclude from (8) and (2b) that

/x, /* Va /» *

| *.(*) | dx < o        | dGiy) | +        | dGiy) |
X, J -oo J I/o

<o|~l + j   |dG(y)|~|.

A similar inequality evidently holds for negative values of Xi and x2, and thus

the uniform convergence of (10) is established.

5. Representation of type (g). As in the preceding cases, we begin by

proving that our condition is necessary. Any representation of type (g) being

a particular case of type (G), it is obvious that the first part of the condition

is necessary. It thus remains to show that, if

(g) fit) -  f   e**g(x)dx
J —X,

holds for almost all /, where git) is absolutely integrable over (— », °o), then

/oo
I g'(X)   —  ge'(x) | dx  =   0.

-oo

As \ge — gel ^ \g — gc\ +\g—gt'\, it is only necessary to prove that

s+ oo

(11) lim   I     | gix) - gtix) | dx = 0.
«-0   J _„
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According to the preceding section, it follows from the first part of the

condition that the integral (10) converges uniformly for 0 <e < 1. Given 8 >0,

we can thus choose x0 = x0(ô) such that

(12) f        | g(x) - g,(x) \dx<0
J l*l>*t

for0<e<l.

We now choose a function g*(x), bounded and continuous for all real x,

such that

/co I g(x) - g*(x) I dx < S
-oo

with

and we put

We then have

g*(x)\ <K = K(Ô),

1  f °°    /x - y\
g*(x) = — I     ml-)g*(y)dy.

(14)

/xo /• io n xo

I <?(*) - g*(x) \dx ■=   \      | g(x) - g*(x) I <fx +   I      I g*(x) - g*(x) I dx
-x„ J -x„ ■'-lo

/I0

I ,?.*(») - _.(*) I á^.
-I.

According to (13), the first term on the right-hand side is less than 5. We fur-

ther have, using (2b),

(15) g*(x) - g*(x) = ^-j^nt^^j (g*(x) - g*(y))dy.

Now, g*(x) is uniformly continuous in every finite interval. The numbers 5 and

Xo being given, we can thus choose h = h(ô,x0) such that for | x| <x0, |x—y\ <h

we have

|g*(x) - g*(y)\ <&/xo.

We can further choose y0 = yo(5, x0, K) such that

/m(y)dy <
\v\>vo 2Kxo

For any e such that 0<e<h/y0, we then obtain from (15)
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| g*ix) - g*(x) | < — + 2K \ miy)dy < —
Xo J \v\>h/t Xo

and

(16) f  ' \g*(x) - g?(x)\dx <45.

Finally, we have

1 f °°   (x ~ y\
g*(x) - ge(x) = — J     »m(-j (g*(y) - g(y))dy,

and hence by (13)

/XO /»  00 y»   (XO— V)lt

I g*(*) - g«(») \dx ^ | f*(y) - g(y) | dy I w(x)dx
.   „. -«• ''-« J (-x„-y)/.

p  00

^ I    l«*(y)-«(y)|¿y <«•

From (12), (14), (16), and (17) we then obtain

/oo
I Six) - gt(x) | dx < 73

-00

for all sufficiently small e>0, so that (11) is proved.

We now have to show that our condition is sufficient. From the first part

of the condition, it follows by the preceding paragraph that we have for al-

most all real t

(G) fit) = f   e*"dG(x),
"  -oo

where G(x) is of bounded variation in (— », <x>), and according to (9)

(18) G(x) = lim G.» = lim   f   g,„(y)dy
»-♦«> n->oo  J _„

in every point of continuity x of G(x).

From the second part of the condition it follows, however, that there is a

function g(x), absolutely integrable over (— », oo), such that

/oo

I giy) - g<Sy)\ dy = 0.
-oo

Hence we obtain for all real x
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/X /»   Xg<n(y)dy = I   g(y)dy.
—00 ■»  —00

It then finally follows from (18) that

G(x) =  I    g(y)dy
J -co

for almost all x, and

/co
eitxg(x)dx

-oo

for almost all t, so that the proof is completed.

If the first part of our condition for type (g) is replaced by the condition

given above for type (F), it is readily seen that we obtain a necessary and

sufficient condition for representation of type (g) with a real and non-nega-

tive g (x).

It may be worth while to point out that the first part of our condition for

type (g) is not contained in the second part. This is shown by the example

'*(- 1 - t),  - 1 < t < 0,

/(/) = j ¿(1 - i), 0 < / < 1,

.0, / = 0,  \t\ = 1.

In the particular case when p(t) is given by (3), this function yields for

0<e<l

x — sin x         x sin x — 2(1 — cos x)
£«(*) = -0-r-e-;->

so that the second part of the condition is satisfied but not the first part.

Accordingly, no representation of any of our three types exists, which is also

directly seen from the behaviour olf(t) near 2 = 0.

6. The case of an unbounded f(t). In all the preceding paragraphs it has

been a priori assumed that /(/) is bounded. It will, however, be seen that this

assumption has only been used on two occasions; namely (a) to ensure the

absolute convergence of the integral (4) which defines gc(x), and (b) for the

proof that our condition for type (F) is sufficient.

Let us now omit this assumption and consider the class of all functions

/(/) which are integrable over any finite interval. Let us further choose for p(t)

the particular function given by (3). As this function is equal to zero for

| ¿| =_1, it is obvious that the integral (4) will still be absolutely convergent

for any positive e.

Thus the conditions for types (G) and (g) remain true under the present con-
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ditions, while in the condition for type (F) it will have to be explicitly staled that

\fit) | should be less than a constant K for almost all values of t.

The necessity of this addition to the condition for type (F) is shown by

the example f(t) = 11\ ~a, (0 <a< 1), where obviously no K can be found such

that \f(t) | <K for almost all t. The corresponding function gt(x) can be shown

to be positive for 0 < e < 1 and for all real x, although evidently no representa-

tion of type (F) exists.

7. Functions of several variables. So far we have only considered functions

/(/) of a single variable t. All our considerations can, however, be extended to

functions f(ti, ■ ■ • , tk) of any finite number of real variables. This requires

only a straightforward generalization of our above arguments, based on the

elementary properties of Fourier integrals in several variables. The only deli-

cate point arising in this connection is the generalization to several variables

of Bochner's lemma used in the proof of our condition for type (G). This

generalization is, however, easily performed by means of a general induction

method due to Cramer and Wold (Cramer [3, p. 104]).

We obtain in this way direct generalizations of our above conditions, the

auxiliary functions p.(t) and gt(x) being replaced by the functions of ft varia-

bles obtained when, in (1), (2), and (4), we regard x, /, and tt as abbreviations

for (xi, • • • , xk), (h, ■ ■ ■ , ti), and (th, • ; • , ttk), respectively, and put

tx = tiXi+ • ■ ■ +tkXk, the integrals being taken over the ft-dimensional eu-

clidean space Rk. Moreover, in the definition (4) of gc(x) the factor l/2x has

to be replaced by l/(27r)*.

For p.(ti, • • • , 4) we may, for example, choose any function of the form

p(li)p,(t2) ■ ■ ■ p(tk), where p(t) satisfies the conditions (1) and (2). The defini-

tion (4) of g,(x) will then be replaced by

ge(xi, • • • , xk)

(i9) i   r
= ——        *-*<«»*+• "+»»*>m(«/i) • • • Pittk)fih, ■ ■ ■ , tk)dh ■ ■ ■ dtk.

(2ir)kJ Rk

In particular, we obtain in this way the following new characterization of

the class of positive definite functions of ft variables as defined by Bochner

[1, p. 406]. Bochner has established the identity of this class with the class

of functions represented for all real tr by the expression

fih, ■ ■ ■ , h) =  f   e4<*«+"-+»«)<IP(xI, ■ ■ ■ ,xk),
J Rk

where F is real, bounded, and, for each particular xr, never decreasing. The

class of positive definite functions such that/(0, • • ■   0) = 1 is thus identical
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with the class of characteristic functions of ¿-dimensional random variables

in the sense of the theory of probability (cf. Cramer [3]). Using our general-

ized condition for type (F) we then conclude :

For any particular p(t) satisfying (1) and (2) a necessary and sufficient con-

dition that a given bounded and continuous function f(ti, • • ■ ,tk) should be posi-

tive definite is that gc(xi, ■ ■ ■ , xk) as defined by (19) should be real and never

negative for 0<€<1 and for all real xh ■ ■ ■ , xk.

Choosing, in particular, in (19) the special function p(t) given by (3), we

obtain in analogy with (5), writing A = 1/e,

1     rA        rA
I.(*i, ■ ■ ■ ,xk) = -——       • • • |    /(ii, • • • ,

(2ir)kJ-A J-A
h)

• expf — i^_ xrtr 1 • exp f ¿__! xTuT 1 dh ■ ■ ■ dtkdui ■ ■ ■ duk.

Now Bochner's original condition for a positive definite function requires

that

/A /» A• • ■   I    f(h — ui, ■ ■ ■ , tk — uk)p(h, • ■ ■ ,h)

•p(ui, ■ • • , uk)dti ■ ■ ■ dtkdui ■ • ■ duk ^ 0

for all real a, A and for all continuous/unctions p(h, • ■ ■ , tk). Thus our condi-

tion, with the particular choice of p(t) according to (3), involves a considera-

ble simplification.

References

1. S. Bochner, Monotone Funktionen, Stieltjessche Integrate und harmonische Analyse, Mathe-

matische Annalen, vol. 108 (1933), p. 378.

2. -, A theorem on Fourier-Stielljes integrals, Bulletin of the American Mathematical So-

ciety, vol. 40 (1934), p. 271.
3. H. Cramer, Random Variables and Probability Distributions, Cambridge, 1937.

4. F. Hausdorff, Momenlprobleme für ein endliches Intervall, Mathematische Zeitschrift, vol. 16

(1923), p. 220.
5. P. Lévy, Calcul des Probabilités, Paris, 1925.

6. I. J. Schoenberg, Remark on the preceding note by Bochner, Bulletin of the American Mathe-

matical Society, vol. 40 (1934), p. 277.

University of Stockholm,

Stockholm, Sweden


