
ON A CLASS OF FUNCTIONS DEFINED BY
PARTIAL DIFFERENTIAL EQUATIONS

BY

LIPMAN BERS AND ABE GELBART(i)

1. Introduction. Various problems.in mechanics of continua lead to a sys-

tem of differential equations of the form

<riix)uz = Tiiy)vv,

<r2ix)uy = — T2(y)»x,

where k=m(x, y), v—vix, y), and subscripts denote partial differentiation (').

The similarity between this system and the Cauchy-Riemann equations

suggests the study of complex-valued functions

(1.2) /(* + iy) = «(*, y) 4- !»(*, y),

whose real and imaginary parts are connected by the equations (1.1). Many

concepts and results in the theory of analytic functions of a complex variable

can be extended to functions satisfying the system (1.1), notably the concept

of differentiation, integration, powers, power series, the theorem of Cauchy

and Morera and the fundamental theorem of algebra(').

In what follows we make the following assumptions concerning the co-

efficients <r,-, Tj.

Hypothesis a. o-i and r¡ are defined for all values of their respective real

variables.

This assumption is made mainly for the sake of convenience.

Hypothesis ß. <r¿ and t¡ are analytic functions of their respective real vari-

ables.

Presented to the Society, October 30, 1943; received by the editors February 4, 1944.

(l) The results of this paper were obtained while the authors participated in the program

of Advanced Instruction and Research in Mechanics at Brown University, Summer, 1942. The

authors wish to express their appreciation to Professor Prager for the many profitable discus-

sions they had with him and for his constant encouragement.

(') Cf. [4] where the applied aspect of the same problem is treated. Numbers in brackets

refer to the references cited at the end of the paper.

(3) The idea of defining classes of functions similar to the class of analytic functions by

means of systems of partial differential equations has been announced by Picard in 1891 (cf.

[5, 6]). A. Weinstein kindly drew our attention to the fact that for the case <ri = cr2 = l,

Ti — T2 = l/y Beltrami defined a process identical to our "differentiation" and "integration"

(cf. [l, 2]). There also exist other methods of applying function-theoretic results to the study

of partial differential equations, notably S. Bergman's method of integral operators (cf. [3]

and the papers quoted therein).
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For many purposes this hypothesis can be replaced by

Hypothesis ß'. a i and t¡ are continuously differentiable.

Hypothesis y. <r< and r¡ are positive.

This assumption is essential. It insures that the second order equations

which are obtained from (1.1) by eliminating either sor«:

(1.3a) ((o-í/tí)ux)x + ((o-2/t2)uv)v = 0,

(1.3b) ((t2/o-2)vx)x + ((ri/<riK)„ = 0,

be of elliptic type. Hypothesis y can be replaced by

Hypothesis y'. <ritr2rir2>0.

Some of our results hold also for the hyperbolic case, <7io-2TiT2<0 (cf. §11).

At one point we shall also assume

Hypothesis 5. The limits <rt( + <*>), <tj(— <»), n( + *>), t¡(— °o), i, j = l, 2,

exist and are not equal to 0, «>.

Together with (1.1) it is desirable to consider the associated system

ux/c2(x) = Ti(y)vy,

ujo-i(x) = — T2(y)vx.
(1.4)

The coefficient matrices of (1.1) and (1.4) will be denoted by 2 and 2'

respectively. Thus

1/C2 Tl

(1.5) S =
(Tl Tl

ff2 T2

S'
\/a     t2

and

(1.6) 2," =-L.

We shall also use the matrix

(1.7) S(X) =

x       x
ai     n

x       x
C2 T2

X being a real parameter. Plainly

2(1) = 2, 2(X)' = 2'(X).

If hypothesis 8 is satisfied as well as the hypotheses a, ß  (or ß'), and

y, we call S a normal matrix. If 2 is normal, so are 2' and 200.
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We shall often use the non-decreasing function m-ziA), defined by

(1.8) m-ziA) = max  max  max IcAt)', Tiit)'\.
<-l,2    ]-±l     \t\gA

Note that
m-z'iA) = msiA),

and

(1.9) wS(X)U) á m-ziA) for 0 g X g 1.

If mx = l, then
1    1

2 =
1    1

and (1.1) coincides with the Cauchy-Riemann equations.

2. Differentiation. 2-monogenic functions. Let/ = «+**' be an arbitrary

function defined in some neighborhood of a (fixed) point z=x4-i'y. We define

its ^-difference quotient at z as

As/(z)/A2z = 9? {(Az)"1 [<ri(*)Ai« + iniy)A2v]}

+ î3{(Az)-1[A2«A2(y) + iAiv/ffiix)]}

where Az is an arbitrary complex variable of sufficiently small modulus,

Aiu = 2~1[m(z 4- Az) + uiz 4- Äz) - 2«(z)],

A2w = 2_1[m(z + Az) + uiz — Äz) — 2«(z)],

and Aiu and A2v are defined similarly. We define the 1,-derivative of/(z) (at z) as

(2.2) dzf(z)/dtz = P(z) = lim (A2f(z)/Azz)
A2-.0

provided the limit exists and is finite.

Theorem 2.1. Iff—u-\-iv possesses a ^-derivative at z, then u and v possess

partial derivatives at this point and

(2.3) f\z) = oiUx + ii/o2)vx = TiVy — ii/r2)uy

so that u and v satisfy (1.1). Conversely, if u and v possess continuous partial

derivatives at z that satisfy (1.1), then f possesses a ^-derivative at this point.

Proof. The first assertion follows immediately from the definition of the

S-derivative (by taking Az first as a real and then as a purely imaginary

quantity). On the other hand, assuming the existence of continuous partial

derivatives and setting
Az = reie,

we have by the mean value theorem
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2As/(z)/A2z = {ffi(x) [ux(z + fiei9) + ux(z + r2e-i9)] cos2 0

+ Ti(y) [»,(* + ^eie) + »„(3 - r6e-i9)] sin2 0}

+ \<ti(x) [uv(z + fie") - uv(z + r2e_i9)]

+ Ti(y)[»i(z + r4eie) — »i(z — r6e_i9)]} sin 0 cos 0

+ »{(t!W)_,[- «*(* + '*") - "v(z - '*+)] sin2 0

+ (<r2(x))-1[^(z + rAei6) + »»(« + r,*-«)] cos2 0}

+ i\(T2(y))-l[- ux(z + rxe") + «,(« - r,«"«)]

+ O^OO)-1 [»„(z + r4e<9) — b„(z + r6e-i9) ]} sin 0 cos 0

= {l} + {2} sin0 cos0+ i{3] + t'{4} sin 0 cos 0

where
0 á f< á f, t = 1, 2, • • • , 6.

When r—>0, then, independently of 0, {2}—»0, {4}—>0 (since the partial de-

rivatives are continuous), and {l} and {3} possess limits by virtue of (1.1).

A function f(z) possessing a 2-derivative at z and at all points of some

neighborhood of z shall be called 2-monogenic at z. If mz(A) =1, then

f\z) = m

and a 2-monogenic function is analytic.

Some immediate consequences of Theorem 2.1 and of our definition follow.

A 2-monogenic function is continuous.

A constant is 2-monogenic ; and any function with an identically vanishing

2-derivative is constant.

If f and g are 2-monogenic and a and ß are real constants, then af+ßg is

2-monogenic and

(af + ßgY = af + ßg\

Note that if a is a complex constant and if / is a 2-monogenic function, af is

not in general 2-monogenic. Neither are/(z)g(z), /[g(z)] (/ and g being 2-

monogenic) nor the function z=/-1 (w) (w=f(z)).

Remark. In the symmetric case(4), <ri=cr2=cr, ti=t2=t, the definition

(2.1) may be replaced by the simpler one:

Az//Asz = dt{(Az)-1[<r(x)Au + ñ(y)Av]\

+ i${(Az)-l[Au/T(y) + iAv/c(x)]},

where
Am = u(z + Az) — u(z)

and Av is defined similarly.

(4) By introducing new independent variables £ = </>(*). V-'l'(y) the system (1.1) can be

put into a simpler form; for instance, into a form with <n = <rs, ti = t2, or a form with m =n = 1.
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3. Integration. We define the ^-integral of a continuous function /(z) over

a rectifiable curve C by

(3.1) I fiz)d2z =   1   i<r2udx — r2vdy) 4- i I   Hv/a^)dx + iu/ri)dy).
J c J c J c

Clearly

f («/ + /%)<*zz = « f fdzz + ß [ gdzz,

a and /3 being real constants, and (over C)

fd-zz +  I    fdzz =   I    /drz,
o «^ i) "To

a, b, c being points on the curve. A S-integral over C can be approximated

by a S-integral over a polygon.

Since (3.1) can be written in the form

f fdzz = m f gdz+ ¿3 f Ads,

where
g = a2u + iV2!>, Ä = u/ti + iv/ai,

we have the crude but helpful inequality

(3.2) I (fdzz í£ 2»í2(¿1) max | f\ I,
c

where / is the length of C, A a constant such that for all points of C, \x\ ^A,

\y\ ^A, and «j the function defined by (1.8). Plainly (3.2) can be replaced by

(3.3) f fdzz   è 2mziA) f | /| ds,
IJ c        I J c

ds being the arc length element on C.

Theorem 3.1. 7//(z) is ~L-monogenic in a closed simply connected domain D

bounded by a rectifiable curve C, then

(3.4) f/(z)d2z = 0.

Proof. The theorem can be proved by a reasoning similar to that used in

Goursat's proof of Cauchy's theorem. A much shorter proof can be given, if

we assume an extension of a theorem of Menshoff and Looman, which was

suggested by Miss Lorenz and announced without proof by Saks(6).

(6) [7 pp. 242-243].
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Consider the real part of (3.4),

(3.5) f   o-2udx — r2vdy.
J c

We know that the partial derivatives ux, uy, vx exist. It follows from assump-

tion ß that (ff2u)x, (<r2u)y, (r2v)x, (r2v)v also exist. By (1.1), ((r2u)y = (— t2v)x.

This implies that (3.5) vanishes, by virtue of the theorem mentioned above.

The same holds for the imaginary part of (3.4). From this proof it follows

that

Theorem 3.1 also holds if assumption ß is replaced by ß'.

Now let/ be a 2-monogenic function and

F(z) =  f fdtz= U + iV.
J a

We have

(3.6) Ux = <s2u,    Uy = — T2V,    Vx = v/ci,    Vv = u/ti,

that is,
Ux/C2   =   TiVy,

Uy/Cl  =   —  T2VX.

Since the partial derivatives (3.6) are continuous we have

Theorem 3.2. The 2-integral ofa 2-monogenic function is 2'-monogenic.

Next set

G(z) =  f Fdz>z = d> + #.
J a

By Theorem 3.2 and (1.6), G is 2-monogenic. Furthermore, <p and ^ possess

continuous partial derivatives of the second order. Since they are connected

by equations (1.1), 4> satisfies (1.3a) and $/ (1.3b). These equations are of

elliptic type and have analytic coefficients. Hence <p and ^ are analytic. Since

U  =   (Ti/02)^xy, V  =   —   ((Ti/T2)4> xy,

we have

Theorem 3.3. The real and the imaginary parts of a 2-monogenic function

are analytic functions of x and y.

This implies

Theorem 3.4. The 2-derivative of a 2-monogenic function is 2' -mono genie.

In fact, setting
f = «v + tV
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we have x x
Ux/O-I   =    ÍTlVy)z/a2   =    ÍTl/0-2)VZy   =   TliVX/a2)y   =    TlVy,

Uy/ai   =    i<TlUX)y/<Jl   =    UXy   =    T2(m„/t2)í;   =     —   T2VX.

Thus unlimited 2 and 2'-differentiations of a 2-monogenic function, /, are

possible.

Theorem 3.5. ^-differentiation and 2'-integration as well as 2' -differenti-

tion and Z-integration are inverse processes, that is,

—- f 'î(X)djS = /(*), f ÎiVdz'ï = f(b) - fia),
dz'Z  J a J a

where f is a 2-monogenic function.

This follows simply by comparing formula (2.3) and (3.1).

The preceding considerations contain also the proof of

Theorem 3.6. Iffiz) is continuous in a simply connected domain D and if

for every simple closed rectifiable curve C in D, Jcfd2z = 0, f is 2,-monogenic

in £>(•).

This implies

Theorem 3.7. The limit of a uniformly convergent sequence of 'L-monogenic

functions is 2-monogenic.

For such a sequence can be 2-integrated term by term.

Remark. Let us replace hypothesis ß by ß'. Then Theorem 3.2 is still

true, Theorem 3.3 obviously false, Theorem 3.4 true only if u and v possess

continuous partial derivatives of the second order and Theorem 3.5 is true.

Unlimited 2 or 2'-differentiation is, in general, impossible.

4. Formal powers. Since a (complex) constant is 2-monogenic, we can

construct 2-monogenic functions by iterated 2- and 2'-integrations of a con-

stant. We define (a and z0 being constants) (7)

a-Z<°>(z0;z) = a-Z<0)izQ; z) = a,

a-Z<-n\zo;z) = n \    (a-Z^-^zo; z))dz>z,

(4.1)

a-Z(n>(z0;z) = re f   (a-Z<B-1)(z0; z))dzz.
J '0

By definition a-Z(n) is 2-monogenic and a-Z(n) 2'-monogenic. Furthermore

(for reel)

(•) Analogue of Morera's theorem.

(') In the following formulas a ■ Z is one symbol.
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(4.2)

(4.3)

LIPMAN BERS AND ABE GELBART

a-Z<">(z0; zo) = a-Z<-n\zQ; z„) = 0,

'   d2
(a-Z<«>(z0; z)) = m-Z<-"(!.;!),

(a-Z<">(z0;z)) = na-Z<n-»(z0; z).

[July

dsz

dv

. dz'Z

For the sake of brevity we set 1 • Z(n> (z0 ; z) = Z« (z0 ; z), 1 • Z("> (z0 ; z) = 2(n) (z0 ; z),

a-Z(n)(0; z)=a-Z<">(z), a-Z<">(0; z) =a-Z(">O0- Obviously, for real a and /3,

(4.4) (a + iß)-Z^(zo; z) = aZ<«>(zo; z) + ßi-Z^(z0; z)

and similarly for Z(n)(z0; z).

We call a-Z(n> the "formal product" of a with the "formal power"

Z«(z0; z) (cf. §8). If ms = l, then a-Z<">(z0; z)=a(z-z0)n.

The real and imaginary parts of the formal powers aZ(n)(z0; z) furnish

an unlimited number of particular solutions of the equations (1.3a) and

(1.3b). For the handling of these formal powers it is convenient to use the

following formulas, formally equivalent to the binomial formula for (z —z0)"(8).

We first introduce the following (real) functions:

X™(xQ; *) = A-*<°>(*o; *) - Y«»(yo; y) = F*<°>(y0; y) = 1,

X(n-x)(xo; £)d£   if n is odd,

X^(xo; x) =
xoO'l

C2

X*M(xo; x) =

(4.5)

F<«)(y0; y) =

F*<">(y„; y) =

í    f
J a

»/

ral     <t2

J x0 Oi

Í f"ra I    —

rra I     t2
.       * I/O

/• ¡/

ral    T2

ral    —
.     J va Tl

Ö

{)X(b_1)(íico; l)^ if ra is even,

Ç)X*(*-»(x0; i)d$    if ra is odd,

^("-"(xo; 0¿í if ra is even,
e

v)
F(B_1)(yo; i?)dr?   if « is odd,

i;)F(n ''(yo; »y)¿i7    if ra is even,

i7)F*<"-1)(yo;í/)ái?   if rais odd,

F*c"_1)(y0; i?)^ if « is even.
v)

(8) Formula (9.2) is another analogue of the binomial formula.
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In other words:

(4.5a)

/•x l   r             r      r dxn
— I     <r2 • • •  I    cr2 |    -in integrals, n odd),

x0 <Tl J i0                  J z0      J x„   °~i

/■x      r   1         r       r  dx"
<j2 I    — • • •  I    <r2 I    -(re integrals, re even),

x0          ^ l0  *1              J x<¡       J *o    ffl

and similarly for X*M, F(n), F*(n). If x0 = 0 (or y0 = 0), we merely omit it.

Now we have (for z0=Xo-Myo)

n

Z<"'(zo; z) = ICi-'JWti,; *)F<"->(y0; y),

n

Z""(z0; z) = LCn^i-'J^^ixo; *)r<-"(y0; y),

(4.6)  i-Z<»>(So;*) =

i-ZMizo; z) =

i2ZCn.À"-yX*Mixo; *)F*<"-">(y0; y) if re is odd,

i2^Cn,yin~"X(-")ixo; *)F*<n-')(>'o; y)   if » is even,

¿ZC»,»t,,-'Jfw(io; *)F*tB-'>(yo; y)   if re is odd,

»'¿C„,,i»-'X*W(*o; *)F*f"— >(y0; y) if « is even.

These formulae can be checked easily by calculating the first few formal

powers and then proved by induction.

In this section we did not use hypothesis ß but only ß'. Even a weaker

hypothesis (continuity or integrability of the o-,-, r,) would be sufficient.

5. Inequalities for formal powers. In this section we shall derive some

auxiliary inequalities to be used later. These inequalities show that for very

small and (under certain conditions) for very large values of \z — Zo\,

a-Z(n)(z0; z) behaves like an ordinary power.

First we note that by (1.8) and (4.5)

-"II II ZCn)(*o;   X) n    , i ,       ,

(5.1) »z ( I *o I + I * I ) á-r~ - Ws( | *0 I + | * I )•
(*  —   *o)"

Similar inequalities are also true for X*<-"\ F(n), F*(n).

This implies

Lemma 5.1. We have

(5.2) | a-Z<">(z0; z) | á 21'2! a\ {21/2w2(|z0| + \.z | ) | z - z01} ".
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For, setting a=a+iß, we have by (5.1) and (4.6)

I 7(n)/ %   I2   <-    O  I I2      2n t\ I      L   I       \\t\ III \\2n
\ a-Z    (z0; z) |   §= 2\ a\ ms (\ Zo\ + \ z\ )(\ x — Xo\ + \ y — yo\ )   ■

We have also the somewhat deeper

Lemma 5.2. Given two constants a 5^0 araa" Zo, araa" a positive integer n, there

exist a positive 8 and a positive e (both depending upon 2) such that

(5.3) | a-Z^(za; z) \ > S\ z - z0|" for | z - z01 g e.

Proof. Without loss of generality we may assume Zo = 0. We consider first

two special cases:

(I) (Ti(0)=<ri(0)=Ti(0)=T,(0)=l,

(II) ffl(0) =(T,(0) =CTo^To=Ti(0) =T2(0).

In case (I) we choose corresponding to any positive ei<l a positive

e2 = €2(ei)<eisuch that max {|l-<r?(*)|, |l—r)(t)\ } <eu for \t\ á«j, *-l, 2;

k= ±1. Then mz(e2) <l + «i and

(5.4) | XM(x) - xn\ < acn\ x\n, |*|á«í.

where

(5.5) Ci = 1    and    cn+1 = 1 + 2c„.

For, assuming that | x j ^ €2,

/..
(1 - l/(n)di

0

and if (5.4) holds for ra — 1 we have (say for an even ra)

I X<-n)(x) — xn'\ «■     I    n[o2X"-i - x"-*]dx

I/» X I I /» z
ra I    <r2(X^-1) — Xa-1)dx   +. « I    (cr2 - \)xn~ldx

Jo I      1    J0

< €i(l + eOc„_i| *j» + «i| *|» < ei(l + 2c„_i)| x\".

Similar inequalities hold for X*<-n\ F(»\ F*<»>.

Now

< «i   *

ZW(z) - z"| = IC,,[i"-"I<'»(ï)F("-')(y) - «"y"-"]

n

á   Z C»., I X<">(s) - *» I I F«»-')(y) I

n

+ Z C»,, \x\'\ F«-"(y) - y— | = Si + 5,.
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By (5.1) and (5.4) we have for \z\ ^e2

n

Si < cnei 2Z Cn.y | * |'[f»s(ej) I y I ]"-'
y- 0

<c»ii[| *| + (1 + «0 I y|]n<22»cnei|z|».

Similarly
S2< 22»c„ei|z|",

so that
| ZMiz) - z" | < 22n+1c„€i | z I", I z\ £ e2.

Also i ii i
| i-Z^iz) - izn\ < 22n+1cnii| z\n, I «| á et,

so that for a =a+iß7-^0, \z\ á«s,

| a-Z<n)(z) - flz"| < 22C"+1'c„€i| a| | z|n

and
\a-Z^iz)\ >|a||i|"(l - 22<"+1>cn€i).

Choosing «i so small that

Ô = \ a | (1 - 22<"+1>cnei) > 0

and setting e2(ei) = e, we get

| a-Z<"'(z) | > 5 | z\n, for |*| á «.

We consider next case (II). Plainly

g(z) = <r09i{a-Z<»>(s)} -f tr.9{«-Z<">(i)}

is a 2*-monogenic function of z, with

tri(*)/o-0     Ti(y)/ro

cr2(*)/cro     T2(y)/r0

A simple calculation shows that the first (« —1) 2*- and 2*-derivatives of g

vanish identically, whereas the reth derivative is a nonvanishing constant,

say ö*. Since g(0) =0 we have

giz) = a*Z+  (z),

a* • ZS¡I° being the formal power obtained from 2* in the same way as a ■ Z(n)

was obtained from 2. Obviously

\a-ZM(z)\ ^mz\0)\giz)\.

But 2* satisfies condition (I). Thus case (II) is reduced to case (I).

Finally, the general case can be reduced to case (II). Let f = £+¿77 be a

2* —
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2* =

new independent variable defined by

g = x + iy = (#i(0)t,(0))W{ + i(ffi(0)Tl(0)yi\

A simple calculation shows that a 2-monogenic function f(z) is a 2*-mono-

genic function of f where

(<r2(0)/<ri(0))1/Vi[(<ri(0)r2(0))1/2¿],  (r2(0)/ri(0))^2ri[(<T2(0)r,(0))1'27,]

(<Ti(0)A2(0))»/V2[(<ri(0)r2(0))1/^],  (ri(0)/r2(0))1/2r2[(<r2(0)ri(0))1/2,]

and that
dif/dxf = (tT2(0)r2(0))-1/2á2.//á2.f.

Similarly a 2'-monogenic function h (z) is a 2*-monogenic function of f and

dvh/dvz = (•rí(0)Tí(0))-1'yz.A/¿¿f-

Thus the first (ra —1) 2*- and 2*-derivatives of a-Z(n)(z) (regarded as a

function off) vanish, whereas the rath equals [o-2(0)T2(0)]"/2a. Therefore

a-Z<»>(z) =  h(0)r2(0)]"/2a.zr)(r),

Z*n) again denoting the formal power formed with respect to 2*. Since

| f | è »^(0) | z |

and since 2* satisfies condition (II), the proof is complete.

Lemma 5.3. Let 2 be a normal matrix. Given a positive integer ra arad two

constant za and a?¿0, there exist two positive constants 8 and R (both depending

upon 2) such that

| a-Z(n)(zo, z) | > 5 | z - z0|n, for | z - Zo| è 2?.

Proof. Again we may assume that z0 = 0. Consider the matrices

fid* |)    Ti(|y|) <ti(— | a; |)    ti( | y \ )

»i(| *1.)    t2(| y | )     ' <r2(- |*|)    ti(| y I )

<r,(-|*|)     Ti(-|y|)||      _        [[ eri( | ac | )     Ti(-|y|)

2i =

23 =
<T2(-

y\)

x\)    T2{-\y\)

24 =
<n(|*|)    r2(-|y|)

and denote the formal powers formed with respect to 2;-by a-ZfK Obviously,

for z = reie, 0^6^2ir,

a-ZW(z) = a-Zf\z), for (j - 1)tt/2 ^ 0 g jiv/2, j = 1, 2, 3, 4.

Therefore it will be sufficient to prove our lemma for the case when

0-¿(+°°)   =   */(-«)■ Tí(+00)   =   T,-(-00), i   =   1.   2.
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This case can be reduced (in the same way as in the proof of Lemma 5.2) to

the case

(5.6) «rf(+*)*^(-«)=T/(-foo) = T/(-ao)s=lI i =1,2.

We assume (5.6) and say that for any positive integer re

(5.7) I X<"> - xn\ = oi\ x\n), |*|->°o

(and similarly for **<»>, F<»>, F*<»>). In fact, by (5.6) and 1'Hospital's rule

/I  X f  XI 1 — 1/ci | dx = <?( I * |), I     I 1 — a21 dx = oi | * | )
0 J 0

and therefore

Xd'(x) - * | =     f   (l/<r2 - \)dx   = oi | * | ).
I J o I

Thus (5.7) holds for re = l. If it holds for re —1, we have, say for x>0 and an

even re,

| X<">(*) - *"| n   f  i<j2X^~» - *"-]y*
I J o

/.*
<r2(X(n-1) - x"-x)dx

o
4- re If    x"-l(o-2 — 1)¿*

I J o

< rews(oo)   I    o( | x|"_I)á* 4- re | *|"_1o( | x | ) = o( | * |").
■J o

(Note that for a normal matrix ws(oo) < oo.)

Now

|Z<»>(8)  -Z"|   =
X;C„,,i',-''[XW(*)F("-'')(3') - x'yn~']
t=0

Ú  ÊC„.,|X<'>(*) - *"|| F<*-')(y)|
v=l

n-1

+ T,Cn.,\ F("-)(y) - y"-'|| «|»

=   ¿C,.,o(|i|')0(la|—)
►=i

n-l

and similarly

+ ZC„y>(|z|"-")0(|z|") = o(| «I"),
»- o

¿■Z(n)(z) - izn\ = o(| z|"),
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whence it follows easily that for any constant a

| a-ZMiz) — azn\ = oi\ zl")

so that
| a-Z<»>(*)| > | a||*|"- *(|*|")

and therefore
| a-Z<n>(z)/z"| ^ | a | - o(l), |*|->»,

so that for suitably chosen 5 > 0 and 7? > 0

| o-Z<»>(*)| >«|*[", |z| è R.

Thus the lemma is proved.

Finally we consider the matrix 2(X) (defined by (1.7)) and denote by

a-Z\\z) the formal powers constructed with respect to this matrix. Re-ex-

amining the proof of Lemma 5.3 and recalling (1.9) as well as the obvious

fact that

| 1 - ax| < | 1 - a|, a>0,        0 g X g 1,

we see that the following somewhat stronger lemma is true.

Lemma 5.4. Let 2 be a normal matrix. Given a positive integer re and two

constants a^O and *o there exist two positive constants R and o such that

| a-Z?\z0; z) | > 5 | z - zo |",    for    | z - *„ | ^ 7?,    0 á X á 1.

In proving the above lemma we made use only of hypothesis ß' (not ß).

6. 2-derivatives of higher order. We define higher 2-derivatives of a

2-monogenic function /(z) by

/t0I(3)  = /(*),

(6.1) „...        (dzfln~lKz)/dzz,      if n is odd,
fMiz) = <

\dz'fln~1]iz)/dz'Z,   if re is even.

Plainly/'2"1 is 2-monogenic and/[2n+1] 2'-monogenic.

If we write
/["!(*) = uM + ivM

and set

(6.2) Did, = <Tid<b/dx, D2d> = i<r2)-lddy/dx,

we have by (2.3) and (1.5)

Mt2»+u = DiiDtDiYu,       j)t2"+n - D2iDiD2)nv,

«[2nl = iD2Di)nu, i;'2"] = iDiD2)nv.

Lemma 6.1. Let Fiz), G(z), 77(z) be analytic functions of z defined in the
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neighborhood of the origin. Set

Fo(z) = F(z),

( G(z)Fr[-i(z),    if ra is odd,
7„(z) = < ,

\H(z)Fn-i(z),    if ra is even.

Then there exists a positive constant C such that

(6.4) | F„(0) | g ra!C".

Proof(9). Set

F(z) = Z <*nZn, G(z) = Z A*", 77(z) = Z 7»2"

and consider three other analytic functions

F*(z) = Z « *z",       G*(z) = Z /3„*z-,        27*(z) = Z 7n*z™

such that

0 g | <*„ | ^ «,*, 0 ^ | ^„ | ^ j8„*, 0 á | 7» | S 7„*.

Let T",,*^) be defined in the same way as Fn(z). Since T^O) is a linear com-

bination of the coefficients a„ ßß, y\ with positive coefficients, we have

(6.5) | 27,(0) | Sf?(0).

Let M>0 be so large and 8 > 0 be so small that for \z\ ^8, F,G, H are regular

and | 7"!, \g\ , \H\ are not greater than M. By Cauchy's inequality

I n   I     I  ñ   I     I -v   I   <   WÄ~n

Therefore we may set

F* =G* = H* = MS/(S - z).
Then

F*(z) = 1-3.(2ra - l)Jf»+i5»+7(i - z)2n+1,

so that

(6.6) 7„*(0) = 1-3.(2ra - l)Mn+1/8\

(6.6) and (6.5) imply (6.4).

Lemma 6.2. If f(z) is 2-monogenic at z = z0, then there exists a constant C

such that

(6.7) |/[n,(zo)| < ra!C".

Proof. Without loss of generality we set z0 = 0. Noting (6.3) and applying

the previous lemma to the case

(') The original proof has been simplified due to a suggestion made by S. Bergman.



82 LIPMAN BERS AND ABE GELBART [July

F(z) = u(z, 0),       G(z) = <n(z),        27(z) = l/<r2(z),

we see that

| u"\o, 0) | < nlCl

Similarly

| vM(0, 0) | < nlCl

so that

| /M (0)| <ra!(d + C2)\

Theorem 6.1. If f(z) is 2-monogenic at z = z0 and if

(6.8) /I»l(zo) = 0, ra = 0, 1, • • • ,

then

/=0.

Proof. Without loss of generality we set z0 = 0. It follows from (6.3) that

M1"1   =   <t>n + tndnu/dXn,

where <pn is a linear combination of products of partial derivatives of u with

respect to x of order less than ra and \¡/n is a nonvanishing function. Hence

(6.8) implies that

(dnu/dxn)x.y=o =0, ra = 0, 1, • • • .

Since u(x, 0) is an analytic function of x

u(x, 0) = 0.

Similarly
v(x, 0) = 0,

and therefore
(dv/dx)y=o — dv(x, 0)/dx =■ 0.

Thus

(du/dy)y=o = - (T2(0)/<r2(x))(dv/dx)y=o = 0.

But m is a solution of a partial differential equation of second order with

analytic coefficients (1.3a). Since for y = 0, u=0, dw/dy = 0, it follows from

the Cauchy-Kowalewski theorem that u = 0. Hence v is constant and so is/.

But/(0) =0 so that/vanishes identically.

7. Formal power series. By virtue of Theorem 3.7, a formal power series

CO

(7.1) ¿2an-Z(n)(a;z)
n-0
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represents a 2-monogenic function in any domain in which it converges uni-

formly. We shall postpone the discussion of the exact domain of convergence

of (7.1) and prove only

Theorem 7.1. If the ordinary power series

00

(7.2) 2>„*«
n-0

possesses a nonvanishing radius of convergence, then there exists a neighborhood

D of z such that (7.1), as well as all series obtained by 2- and Hi'-differentiating

(7.1) term by term, converges uniformly and absolutely in D.

Proof. Let D be the domain given by

(7?) | a - a\ á p/Vi2mzi | *„ | + r), p < r,

where r is the radius of convergence of (7.2) ; then D possesses the required

property. For, in D, (7.1) satisfies the inequality (cf. (5.2))

¿|an-Z<»>(a;z)|¿ 2¿|o»|p»,

and a similar argument holds for the derived series.

Thus formal power series may be 2- and 2'-differentiated term by term.

Therefore, if

(7.3) fiz) = ¿>nZ<«>(a;z)
n-0

we have

(7.4) n\an = /[»>(«)•

Now let /(z) be an arbitrary 2-monogenic function defined at z = a. We de*

termine the coefficients o„ from (7.4) and use these coefficients to form the

series (7.2). By virtue of Theorem 6.1 this series possesses a nonvanishing

radius of convergence. With the same coefficients we form the series (7.1).

By virtue of Theorem 7.1 this series converges uniformly and absolutely in

some neighborhood of a. The function it represents possesses at a the (2, 2')-

derivatives n\a„. Therefore, by Theorem 6.1, the series represents/(z). Thus

we have proved

Theorem 7.2. A function which is 2-monogenic at z = a can be iuniquely)

expanded in a formal power series of the form (7.1).

We next establish

Theorem 7.3. 2-monogenic functions possess zeros of only a finite integral

order.
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This means: If/(z) is 2-monogenic at z = a and if/(a) =0, then there exists

an integer k >0 such that

Í/C < | f(z)/(z - a)k | < C,     for    | z - a\ < t,

where C and e are appropriately chosen positive constants.

Corollary. All zeros of a 2-monogenic function are isolated points. A

2-monogenic function is uniquely determined by its values at any infinite se-

quence of points, provided it is regular at a limit point of the sequence.

Proof. By Theorem 7.2, f(z) has the form

CO

f(z) = Z<*n-Z<">(a;z), JijíO.

By Lemma 5.1 and Lemma 5.2 there exist two positive constants 8 and e such

that for \z— a\ ^e

00

\}(z) |>5|z-a|*-2  Z Un| {21/2w2(|a| + t)\z - a\\«,

and
00

I/O) \û 2ZI«n| \2i'2ms(\a\ + e) \z- a\\\

Therefore
| f(z) |/|z — a|*^5 + o(|z — a|), z —> a,

and

1/^1      <■ o^\112   kr\    I _l   ï j_   f\ i\
-¡-fr á 2(2 )    rais(| a I + e) + o(\ z — a\ ), z—> a,
| z — a |*

which proves the theorem.

We see that a is a zero of the &th order if and only if

/[oi(ff) = /[i](a) = . . . = /U-H(a) = 0, /W(«) * 0.

If we replace hypothesis ß by ß' the proof of Theorem 7.1 remains

the same, whereas that of Theorem 7.3 breaks down. Theorem 7.3 is still true,

but only for functions for which the existence of a formal Taylor development

at z = a is known a priori.

8. Correspondence between 2-monogenic and analytic functions. Let f(z)

b,e 2-monogenic at z = a and <p(z) analytic at this point. We say that at a f

corresponds to <f> if

(8.1) fM(a) = <pM(a), ra = 0, 1, • • • .

By the results of the preceding section the existence of/implies the existence
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of <p and vice versa(10). (This concerns the existence of the functions in the

neighborhood of a.)

Instead of (8.1) we write

(8.2) /-<*>

(at a). If (at a)
f ~ <f>    and    i'^'i'i

where / and g are 2-monogenic and <p and \¡/ are analytic functions, then (at

this point)

/+ g~4> + $,

a/'~ ad, (a a real constant),

yt"i r^ ,£(•>>,

and

where

$

Fiz ) =   I    fdzz,        $(z) =   I    <bdz.
"a "a

If/(z) is 2-monogenic,/i(z) 2i-monogenic, and 0(z) analytic and if/~<£,

fi~<p (at a), we write/~/i (at a).

Hat a

(8.3) f~4>,        g~i,

then the function h which corresponds to the analytic function x—iH' (at a)

shall be called the formal product of/ and g, a being the center of multiplica-

tion. For this product we write

(8.4) *-/■*

The usual laws can be extended to this formal multiplication, with one ex-

ception. If (8.4) holds, then

fib) = 0, b * a,

does not necessarily imply that A(o) =0. Note that the function

77 = fib)-g (center of multiplication at a 9e b)

(that is, the formal product of the constant fib) and the function g) is differ-

ent from h. In general Hib)^hib).

Theorem 8.1. If <f>iz) is an entire analytic function and if

f ~ d>    (at a)

(J being 2-monogenic), then the formal power series iaround a) representing f

(10) The concept of corresponding functions is a useful one in applied problems (cf. [4]).
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converges uniformly and absolutely in every finite domain. For every point b^a

there exists an entire analytic function ^(z) such that

(8.5) f~4>    iatb).

Proof. The series

4>iz) = S a*iz - a)n
n-0

converges in the whole finite plane. By the argument used in proving Theo-

rem 7.1 this fact implies that the series

(8.6) ¿ an-ZC>(z) =/(*)
n=0

converges uniformly and absolutely for | z | ^ 7? < <=°. Set

Hz) = 2¿ M | a | +|ô|)21/2]«|an|z«.
n-0

<ï> is an entire function. By (8.6) and Lemma 5.1

|/'"'(*) | < i-(n)(|o - a\).

Therefore

^ /'"■(*>)
*(») = 2J -— z"

n-o      w!

is an entire function satisfying (8.5).

9. Formal polynomials. We shall call a 2-monogenic function a formal

polynomial of the «th degree, if at some point a it corresponds to a polynomial

of the «th degree, that is, if

(9.1) /(*) = a0 + ai-Z^ia; z) -\-h an-Z^\a; z), an ^ 0.

Theorem 9.1. A formal polynomial of the nth degree corresponds, at any

point b, to a polynomial of the nth degree.

Proof. By Theorem 7.2, a,-ZMia; z) can be represented by a formal power

series around b. Using (7.4) we obtain

v

(9.2) a,-Z<">(a;a) = £ C.Ja.-Z<-">(<*; b)]-Z<*\b\z).
d-0

In this formula (a generalization of the binomial formula) the center of multi-

plication is at b and ö„-Z("-"'(a; b) is to be treated as a constant.

By virtue of (9.2), (9.1) can be written in the form

/(*) = ba 4- bi-Z^ib; a) + ... 4- &„Z<»>(J; z).

It is easily seen that an^0 implies £»„^0.
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(9.2) could also be proved by direct computation. Therefore Theorem 9.1

holds independently of hypothesis ß.

We now prove the following theorems.

Theorem 9.2. If 2 is a normal matrix, a formal polynomial of nth degree

possesses exactly n zeros (each zero being counted according to its multiplicity).

Theorem 9.3. A formal polynomial of the nth degree possesses not more than

ra zeros (each zero being counted according to its multiplicity).

We shall prove the first theorem without making use of hypothesis ß.

Therefore the second is implied by the first. For, let f(z) be a formal poly-

nomial of the rath degree,
n

f(z) = £d,íi')(í), fljíO,
»-o

possessing more than ra zeros. There exists a positive A such that/(z) possesses

more than ra zeros within the square \x\ <A, \y\ <A. We define four func-

tions <r*j(x), T#j(y), j=l, 2, which need not satisfy hypothesis (ß), such that

v*i(x) = o-i(x),        T*j(y) = Tj(y),

for
| x | ^ A,     | y | ^ A    and * j = 1,2

and such that
0*1      T%i

2j% =
"#2      T*2

is a normal matrix. Denoting by a»-Z* the formal powers obtained from the

matrix 2*, we have

Therefore

a-Z*\z) = a-ZM(z)     for    \ x\ ^ A,    \ y\ Ú A.

g(z) = ¿a,-4"(z) = f(z)     for    \ x\ £ A,    \ y\ á A.

Thus g(z) possesses more than ra zeros. This contradicts Theorem 9.2.

Now for the proof of Theorem 9.2(u). Set

M*) = Z *-ZW(i),

the subscript X indicating that the formal powers have been obtained from

the matrix 2(X) (see §1). Using (1.9) and the Lemmas 5.1 and 5.4, we have

forO^X^l

(") A formal polynomial can be decomposed into linear factors but this does not yield the

existence of zeros.
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,1— 1

,(n),

Ad) | ä I <vZx (*) I - lUr^Wl
»-o x

>5|z|n - 2ÎC|a,|t»2(°o)(2y/2|zr     for     I z I = *.

ô and 7? being positive constants. Therefore there exist two positive con-

stants a and A such that

(9.3) | AOO là«, for | *| è A, 0 á X á 1.

Obviously/x(z) is a continuous function of X (for a fixed z). By (9.3), log/x(z)

is a continuous function of X (for |z| ^A, OgX^l) and so is

7(X) = (2W)-1 ^        d log /x.
l«l-¿

But 7(X) is always an integer, therefore it is constant and 7(0) =7(1). Since

n

foiz) = 2~2 a-z",
r-0

/o(z) possess re zeros. By (9.3) these zeros lie within | z| =A. Therefore 7(0) =re

and

(9.4) 7(1) = (27TÍ)-1 <£       d log/ = ».
J      \z\=A

(9.4) indicates that/(z) possesses zeros within z=^4 iA is so chosen that there

are no zeros outside of this circle). Their number is finite, by virtue of Theo-

rem 7.3. We denote these zeros by Z\, z2, • • • , zjv, and their respective multi-

plicities by vi, v2, ■ ■ ■ , vn. Around each z¡ we draw a circle |z —z,| =e,- such

that all circles are situated within |z| =A and no two circles intersect or in-

clude one another. Furthermore, we choose each e, so small that

| fiz)/iz - z,)'» I > 0     for     | * - a, | g «,-.

This is possible by virtue of Theorem 7.3. Then

/,

/(*)
d log     JK\   - 0,

\,-tj\-tj (Z   —   Zj)"'

and therefore

.5) <b d log/(a) = <p d log (z — zj)'> = 2iriv,-.(°

By a familiar argument
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(9.6) £/ d\ogf=<f ¿log/.
j-iJ     \z-zs\=tj J      \l\-A

From (9.4), (9.5) and (9.6) we have

N

Z "i = n.
,-i

This proves our theorem.

We are now in a position to prove a theorem in polynomial interpolation.

Theorem 9.4. Given a constant a 5^0, N distinct constants Zi, z2, ■ • • , zN,

and N sequences of constants c¡o, c,i, ■ ■ ■ , c¡Vj, j = l, 2, • • - , TV", there exists one

and only one formal polynomial

n-l

f(z) = Z a*-Z<*>0) + a-Z^(z),       » - n + ■ ■ • + v* + N,
k-0

such that

(9.7) f'Kzi) = c,-i, 1=0, 1, ••• ,vitj= 1, 2, ••• ,N.

Proof. (9.7) can be written in the form

«jWW-«[«yi-it.M],

$gm(zi) = 3[cíj - ¿.M], * - 0, 1, • - - , vhj - 1,2, • ■ • , N,

where

g(z) = 2fl*-Z(«(«)
4-0

and

■4nl/ =

a-Z{n~l)(zj),    if ra — iis even,
(ra-0!

ra!
-a-Z^-'Kzt),   if ra - /is odd.

l(ra-0!
We write

a* = ak + iß*.

8?g[!1(z3) and Sgll](zj) are linear combinations of a0, • ■ ■ , an-i, ß0, • • • , ßn-i.

Therefore (9.8) is a nonhomogeneous system of 2(j»i+ • • • +vN+N)=2n

equations for the 2ra unknowns ao, ■ ■ • , ßn-i- Suppose that the corresponding

homogeneous system possesses a non-trivial solution Ao, • ■ • , B„_i. Since

the coefficients of the equations are real we may assume that Ao, ■ ■ ■ , 2?„_i

are real. Set

G(z) = ZG4*+ iBk)-Z^(z).
¡fc-0

We have
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G^izi) = 0, I - 0, - • • , vfi j - 1, • • - , N.

Thus the formal polynomial, Giz), of a degree less then re possesses vi+ - • •

+ vy-\-N = n zeros. This is impossible by virtue of Theorem 9.3. Therefore

(9.8) always possesses a unique (real) solution and Theorem 9.4 is proved.

It follows from Theorem 9.4 that there exists a uniquely determined

formal polynomial /(z) of the «th degree, which possesses prescribed zeros

Z\, ■ ■ ■ , Zn of prescribed multiplicity vi, • ■ ■ , i>n, vi+ • • • +v/r = n, and a

prescribed coefficient of highest order. (In the same way we could prescribe

the lowest nonvanishing coefficient.)

Note that the coefficients of two formal polynomials of the same degree

possessing the same zeros are in general not proportional.

10. 2-exponential and 2-trigonometric functions. In this section we con-

sider 2-monogenic functions which at a point z = Zo correspond to the analytic

functions

aea<*-zo\        a sin a(* — *o),        ß cos a(z — *o).

These functions might be called 2-exponential and 2-trigonometric functions;

they will be denoted by

(10.1) a-Eizo; a, z),        a-Siz0; a, z),        a-Ciz0; a, z).

Ii Zo = 0, we omit it. If ö = 1, we omit it.

Theorem 10.1. If a 2-monogenic function /(z) corresponds to an analytic

function of the form aea'-\-b sin az-f-c cos az, at some point z=z0, then /(z) has

the form

(10.2) a'-Eia, z) 4- b'-Sia, z) + c'-Cia, z).

Proof. If we write down the formal power series for the functions (10.1)

and apply (9.2) we obtain by a formal calculation the following "addition

theorems" :

(10.3) a-E(z0; a, z) = {a-E(z0; a, zi)}-E(zi; a, z),

(10.4) a-S(z0; a, z) =  {a-S(zQ;a, Zi)}-C(zi; a, z) + {a-C(z0;a, Zi)}-S(zi; a, z),

(10.5) a-C(z0; a, z) = [a-C(*0; a, *i)} C(*i; a, z) — {a-5(z0; a, *i)j-5(zi; a, z).

In these formulae the expressions { • • ■ } are to be treated as constants.

Now, by hypothesis /(z) has the form

fli-£(z0; a, z) 4- bi-Sizo; a, z) + cvCizo; a, z),

where

ffi = ae"'",        bi = b cos azo — c sin az0,        Ci = b sin az0 + c cos azo.

From (10.3)-(10.5) it follows that/(z) can be written in the form (10.2) where
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a' = al·E(zo; a, 0), b' = b1·C(zo; a, 0) - Cl'S(ZO; a, 0), 
C' = b1·S(zo; a, 0) + Cl'C(ZO; a, 0). 

By virtue of Theorem 10.1 it will suffice to consider the functions E, S, C. 
These functions possess many properties similar to those of the ordinary ex-
ponential and trigonometric functions. For instance, we have 

E" - a 2E = 0, S" + a 2S = 0, 
S·S+C·C=l, 

E(a + (J, z) = E(a, z) . E({J, z), 

C" + a2C = 0, 

S(a + (J, z) = S(a, z) ,C({J, z) + C(a, z) ·S({J, z), 
C(a + (J, z) = C(a, z) ·C({J, z) - S(a, z) ·S({J, z), 

S(a, z) + i'C(a, z) = E(ia, z). 

In these formulae the center of multiplication is at the origin. 
Note that for real values of a, E(a,z) is an entire function of a. (The 

same applies to S and C.) However, the valu'e of this function for a =a' +ia" 
is, in general, different from E(Ia' +ia", z). 

In what follows we consider only real values of a. A simple formal calcula-
tion yields the separation of the functions E, S, C into their real and imagi-
nary parts. We set 

Sh (a, z) = {E(a, z) - E( - a, z) } /2, 

Ch (a, z) = {E(a, z) + E( - a, z) } /2. 

(These functions correspond at the origin to the analytic functions sinh az, 
cosh az, respectively.) Then . 

(10.6) 
(10.7) 
(10.8) 

E(a, z) = E(a, x) Ch (a, iy) + Sh (a, iy), 
S(a, z) = S(a, x)C(a, iy) + C(a, x)S(a, iy), 
C(a, z) = C(a, x)C(a, iy) - S(a, x)S(a, iy). 

Similar formulae hold for i· E, i· S, i· C. 

THEOREM 10.2. Essentially all(i.'2) particular solutions of the differential 
equations (10.3), (10.4) with the variables ;eparated are obtained by forming the 
real and the imaginary parts of the functions 

E, i·E, S, i'S, C, i·C, Z(l), i·Z(l), Z(2), i·Z(2). 

Proof. It will be sufficient to consider the differential equation for u. 
Setting 

u = cp(x)I/I(y), 

(H) In a sense specified below. 
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we obtain for <p and \fs the ordinary differential equations

(10.9) (<n<*>')' + Ko-2<p = 0,

(10.10) W/i2)' - Ki/n = 0,

K being an arbitrary constant. For any choice of K we obtain a system of 4

different particular solutions u,

u = <pi\p}, i, j = 1,2,

where <pi, <P2 (lAi. iM are two linearly independent integrals of (10.9) (10.10).

It is easily seen that for K>0 such a system can be obtained by taking

the real parts of the functions S, C,i-S,i-C, with a = K112. For K<0 we may

take the real parts of Sh, Ch, i-Sh, i-Ch, with a = (—7£)1/2. For K = 0 we

may set

<Pi = 1,       4>2 =  \   dx/ai = X^ix),
J o

*i= 1,       ^2=  f "r2¿y = F*»>(y).
J 0

Thus

*!*! = i, &*,= -9î{;-z<i>(z)},

*«*i = 9ÎZ<l>(z),      *#, = - 2-m{i-z^iz)\.

This completes the proof.

The similarity between the functions E, S, C and the ordinary exponential

and trigonometric functions is also exhibited by the following theorems

(which could be extended easily and supplemented by others of the same

kind).

Theorem 10.3. The functions Eia, z) and i-Eia, z) have no zeros.

Proof. Since 7£(a, z) = i>(x)^(y) (cf. (10.6)), Eia, z) =0, z0=*o+iyo, would

imply either Eia, z) =0 for 9?z = x0, or Eia, z) =0 for $z=y0. Neither is pos-

sible by virtue of Theorem 7.3, since Eia, 0) = 1. The same argument holds

for i ■ E.

Theorem 10.4. The functions Sia, z) and Cia, z),a^0, have only real zeros.

Proof. Assume that

(10.11) Sia, xo + iyo) = 0, yo r* 0.

It is easily seen that

«      Q,2ny(2n)(y') »     a2n+ly(2n+lV.,)

Cia, iy) = 52 ■-> Sia, iy) = i 2~] -■
to        (2«)! W n-0       (2»+1)1
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Since Yi2n)(y) andyF(2n+1)(y) are positive for y ^0,

(10.12) C(a, iyo) * 0,        S(a, iy0) ^ 0.

(10.7), (10.11) and (10.12) imply that S(a, x0) = C(a, x0)=0. Therefore
S(a, z) =0 for $Rz = x0- This is impossible by virtue of Theorem 7.3. A similar

argument holds for the function C.

11. Final remarks. In the hyperbolic case, <ri(r2TiT2 < 0. The formal part of

our considerations can be carried out without any changes. Since the equa-

tions (1.3), (1.4) are now of hyperbolic type, the real and the imaginary parts

of a 2-monogenic function are not necessarily analytic functions of x and y.

Neither are the Lemmas 5.2 and 5.3 true. These indications may be sufficient.

If at z = Zo, (Ti(T2TiT2 = 0, we call zo a critical point. A critical point lies on a

critical line along which o-io-2tit2 = 0. The integrals defining the formal powers

Z(z), i-Z(z) are not necessarily convergent when z or z0 are critical points,

or when these points are separated by a critical line. If the integrals are con-

vergent, they represent 2-monogenic functions. In such a way it is possible

to obtain particular solutions of partial differential equations which are ellip-

tic in one part of the plane and hyperbolic in another. We also note that at a

critical point the uniqueness Theorem 6.1 is not necessarily true.

Finally we note several open questions which seem to be of interest.

What is the connection between the domains of existence of corresponding

2-monogenic and analytic functions? Can a 2-monogenic function, defined

in a simply connected domain, be approximated by formal polynomials? Un-

der what conditions is it possible to find a 2-monogenic function which maps

a given domain into a given domain?
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