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Introduction

The purpose of this paper is to discuss certain topological questions

that arose in the theory of length and area. For an over-all picture the

reader may consult Youngs [7]('). However, we shall make a few general re-

marks concerning the origin of the topics discussed in the sequel, in the way

of motivation. Let Ti(cPi) = CP*, T2(<P2) — <P* be a pair of continuous mappings

from the Peano spaces ¥%, CP2 onto the same Peano space <P* (a Peano space

is a compact, connected, locally connected metric space). We assume that

í'i, CP2 are homeomorphic. If there exists a homeomorphism ii('Pi) =£P2 such

that T\(xi) = T2H(xi) for every point XiGPi then we shall say that T\ and T2

are topologically similar, and we shall write Ti~T2(ts). If for every e>0 there

exists a homeomorphism H,(<Pi) = <P2 such that the distance, in <P*, of the

points Ti(x-¡), T2Ht(xi) is less than e for every choice of the point ïiGfi, then

T\, T2 will be termed F-equivalent (equivalent in the Fréchet sense), and we

shall write T\~T2(F). For example, if <Pi, <P2 are both 2-cells, and <P* is a

subset of Euclidean three-space, then T\, T2 may be considered as representa-

tions of surfaces S\, S2 respectively. If T\~T2(ts), then T2 may be derived

from T-i by a change of parameters, and the surfaces Si, S2 are considered as

identical. The equivalence Ti~T2(F) yields a far more comprehensive prin-

ciple of identification. Its main usefulness lies in the fact that the relation

Ti~T2(F) implies that .4 (Si) =A(S2), where A denotes area in the Lebesgue

sense, (see, for example, Youngs[7]). Thus if Si is given by a representation T\,

there may exist more favorable representations T2 for Sx amongst the solutions

T2 of the relation Ti~T2(F). These remarks suggest the importance of meth-

ods to derive F-equivalent mappings T2 to a given mapping 7\. For concise-

ness, let us use the term F-criterion to refer to any criterion that facilitates

the decision whether two given mappings T\, T2 are F-equivalent or not. The

development of efficient F-criteria is one of the major topological issues that

arise in the theory of length and area.

The case when the initial spaces <Pi, <P2 are both 2-cells is of prime impor-

tance. We shall call this case the 2-cell case. Similarly, the 2-sphere case is the

case when fi, <P2 are both 2-spheres. A first extremely simple F-criterion in

the 2-sphere case was proposed by Kerékjártó in 1927 [2]. Let fPi, f2 be

2-spheres, let Mi(cPi) = $Jl, Af2(f2) = 5DÎ be continuous monotone mappings
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from Pi, CP2 onto the same Peano space SO?, and let L(W) be a continuous light

mapping from 9JÎ onto a subset P* of Euclidean three-space. (See Whyburn

[6] for terminology.) According to Kerékjártó [2], the mappings T\—LM\,

T2=LM2 should then be F-equivalent (products of mappings are to be read

from the right to the left). In 1935, Morrey [3] made, apparently independ-

ently, the same assertion in the 2-cell case, and proceeded to make extensive

applications to surface area. In 1940, Youngs discovered that the F-criteria

proposed by Kerékjártó and Morrey were both inadequate, and began com-

prehensive studies to develop a satisfactory topological foundation for the

theory of surface area. In an important paper, published recently [7], Youngs

developed a new F-criterion, and derived various fundamental applications.

This paper of Youngs is concerned with the 2-sphere case. The following

metric results of Youngs are relevant for the purposes of these introductory

remarks. Let TCP) =<P* be a continuous mapping from the 2-sphere P onto

a subset P* of Euclidean three-space. Let T = LM, M(<P) = Sft, L(3R) = P* be a

monotone-light factorization of T (see Whyburn [6]), and let us suppose that

the middle-space 5DÎ is not a dendrite. Let then T1, • • ■ , T", • • • be the

proper cyclic elements of SDÎ, and for each n, let an(ÜDi) = rn be the (unique)

monotone retraction from SOi onto Tn (see Whyburn [6]). Let us put

Tn = La"M. In the sequel, the mappings T1, ■ ■ ■ , T", • ■ ■ will be said to

constitute the cyclic decomposition of T. Let A(T), A(Tl), ■ ■ • denote the

Lebesgue areas of the surfaces determined by the representations T, T1, • • ■ .

According to Youngs, we have then the fundamental formula A(T) =A(Tl)

+ • • • +.i4(r")+ • • ■ . According to the terminology used in the sequel,

this result states the fact that the Lebesgue area A is cyclicly additive. Now

suppose we are given two continuous mappings Ti(Pi) = P*, 7"2(P2) = P* from

the 2-spheres Pi, P2 onto the same subset P* of Euclidean three space. Let

us assume that 7\ and T2 are related in the manner considered by Kerékjártó

fiée above), and let us express this assumption by writing T\~T2(K) (T\ and

T2 are equivalent in the Kerékjártó sense). Even though the relation

T\~T2(F) is not implied by this assumption, Youngs shows that A(T\)

= A (T2), a most remarkable result. In view of these significant developments,

the present writer undertook a further application of the results of Youngs.

The Lebesgue area A(T) has the character of an upper area. An entirely

different type of definition, whose basic idea is due to Geöcze, yields a lower

area a(T) (see [5]). Combining the methods of Youngs with analytic methods

available in surface area theory, the writer succeeded in obtaining a partial

solution of a fundamental problem already suggested by Geöcze himself, by

showing that a(T)=A(T) whenever A(T)< + <x>, and that a(!T)>0 if

A(f) = + <».
These results are relative to the 2-sphere case. Analogous metric results

for the 2-cell case, which is of greater importance at present, were derived

by the present writer in a rather devious manner, by means of a reduction
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to the 2-sphere case. This method involved a great deal of cumbersome ad hoc

metric and topological detail, and thus an attempt to develop a direct ap-

proach for the 2-cell case seemed desirable. Consequently, the writer at-

tempted to extend the topological results of Youngs to the 2-cell case. As a

matter of fact, Youngs himself pointed out various new difficulties that arise

in this case. Correspondence with Youngs (engaged in war work overseas) re-

vealed that ultimate clarification of the topology of the 2-cell case, to an ex-

tent comparable with the 2-sphere case, may require considerable time and

effort. On the other hand, the progress achieved in recent years in the ana-

lytic foundations of the theory of sur/ace area seemed to justify the hope that

the relevant metric results could be obtained on the basis of greatly reduced

topological requirements. This is indeed the case, and the purpose of this

paper is to give a discussion of the topological results involved in this ap-

proach. Part 1 is devoted to a study of the cyclic decomposition of continuous

mappings of general Peano spaces. Parts 2 and 3 are concerned with special

results concerning mappings of 2-spheres and 2-cells. The extension of these

results to w-cells and «-spheres may lead to problems of considerable interest

and difficulty. Part 4 contains a general theorem on cyclic additivity that

covers both the Lebesgue area A(T) and the lower area a(T). For the Le-

besgue area A(T) in the 2-cell case, a theorem of this type has been stated

first by Morrey [4]. His proof makes extensive use of the fact that .4(2") is

F-invariant (that is, T\~T2(F) implies that A (Ti) = A(T2)), and also of the

inadequate F-criterion proposed by him. Thus a thorough revision of the

proof is necessary, and the present lack of an adequate F-criterion for the

2-cell case makes this revision an interesting undertaking. As a matter of fact,

it turns out that no F-criterion is needed as far as the cyclic additivity theo-

rem is concerned. We prove the theorem for a general function F(T) of the

mapping T without making any assumption concerning F-invariance. The

theorem applies both to the Lebesgue area A(T) and the lower area a(T), and

covers simultaneously the 2-sphere case and the 2-cell case. In fact, the initial

space is required only to possess a certain property shared by 2-cells and

2-spheres, but the writer was unable to determine the precise scope of this

property(2). The assumptions concerning F(T) were chosen, of course, with

regard to present applications, and considerable simplifications may be pos-

sible both in the proof and in the choice of the assumptions. To facilitate such

improvements, the mutual implications of the assumptions used are discussed

in some detail.

The following remarks may be helpful as regards notations and terminol-

ogy. All spaces used are metric spaces. p(pi, p2) denotes the distance of the

points pi, p2; d(E) denotes the diameter of the set E. Even though up to five

spaces will be considered simultaneously at times, we agree to use p and d

(2) This point has been cleared up by G. T. Whyburn. Cf. footnote 3, §4.12.
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without indicating the space involved in the notation itself, since it will be

clear from the context just what space is meant. For brevity, we shall use

the terms 2-cell and 2-sphere to refer to topological 2-cells and topological

2-spheres. In connection with the cyclic additivity theorem, the following

remarks will be used to insure clarity and conciseness. Let K be a class of

elements to be denoted by a, b, c, ■ • • . Let ai, • • • , a„, • • • be a (finite or

countably infinite) sequence of elements of K. An element a(£K may occur

in the sequence not at all, or a finite number of times, or an infinite number of

times. In several instances, it will be immaterial in what order the terms of

the sequence are listed, so long as the number of occurrences of each element

of K in the sequence remains the same. To indicate this fact, we shall put the

sequence ai, • • • , a„, • • • between square brackets: [oi, • • • , an, ■ • • ].

Thus an equation [an]= [bn] means that the sequence bn is a rearrangement

of the sequence a„, and it does not mean that a„ = 0„ for every n. An equation

[a„] =[&„] + [c„]+ • • • will mean that the sequence an is the result of dove-

tailing the sequences bn, c„, ■ ■ ■ . Let now/(a) be a real-valued, non-negative

function defined on K that may take on the value + ». Then the symbol

/([o„]) will denote the sum of the series/(ai)+ • • • +/(a„) + • • • if this se-

ries is convergent, and + w if the series is divergent (the latter case is meant

to include the case when f(an) = + °o for one or more values of «). Since

/ is non-negative, clearly [a„] = [bn] implies f([an]) =f([bn]), and [an] = [b„]

+ [cn]+ ■ • ■ implies/([a„]) =/([&„])+/([c„])+ • • • . It will be convenient

to consider empty sequences. If a is an empty sequence, then we agree to put

/<[«•])=0.
Extensive use will be made of the topology of Peano spaces, and in particu-

lar of cyclic element theory. For all conceptions and facts used without ex-

planation, the reader is referred to Whyburn [ó]. Some of the applications

of the results of this paper are stated in a recent note by the writer [5]. Let

us mention explicitly a result not included in [5]. This result states that the

Lebesgue area A(T) and the lower area a(T) are X-invariant in both the

2-sphere case and the 2-cell case (that is, T\~T2(K) implies A(T\)=A(T2),

a(T\) =a(T2)). As regards A in the 2-sphere case, the K-invariance has been

already established by Youngs. As regards the 2-cell case, let us note that the

topological results must be supplemented by a considerable amount of ana-

lytic results to secure the theorem just stated.

1.   F-EQUIVALENT MAPPINGS OF PEANO SPACES

1.1. Let us first recall some general facts concerning continuous mappings.

Let T(P) =P* be a continuous mapping from the Peano space P onto the

Peano space P* (some of the facts stated in the sequel obviously hold for

more general spaces). Then T is uniformly continuous on P. That is, for

every e>0 there exists a 5>0, such that the conditions pi, p2£.P, p(pu p2)<¡>

imply p[T(pi), T(p2)]<e. Let now Tn(P)=P* be a sequence of continuous
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mappings. Then the sequence Tn(P) is termed equicontinuous on P if for

every e >0 there exists a 5 > 0, such that for every « and every pair of points

pi, pz€zP the inequality p(pu p2)<8 implies p\Tn(pi), T„(p2)]<e.

Let Tn(P)=P* be a sequence of continuous mappings and T(P)=P*

be a continuous mapping. If for every e>0 there exists an N such that

p[Tn(p), T(p)] <t for n>N and for every point pÇ=.P, then the sequence Tn

is said to converge uniformly to T on P. If F„ converges to T uniformly on P,

then it follows easily that the sequence T„ is equicontinuous on P.

Let Tn(P) =P* be a sequence of continuous mappings. If this sequence is

equicontinuous on P, then it contains a uniformly convergent subsequence.

That is, there exists an infinite sequence of positive integers n%<n2< • ■ •

<nk< ■ • ■ , such that T„k, k = l, 2, ■ • • , converges onP uniformly to a con-

tinuous mapping T(P)=P* (cf. Hahn [l, p. 231, Theorem 29.4.1]).

1.2. Continuation. Let Tn(P) =P* be a sequence of continuous mappings

converging on P uniformly to a continuous mapping T(P)=P*. Suppose that

each r„ is monotone (that is, T~l(p*) is a continuum for every point£*£P*).

Then the limit mapping T is also monotone (see Whyburn [6, p. 174, Theo-

rem 3.11]).

1.3. Let F(P)=P* be a continuous mapping, where í3, i3* are Peano

spaces. For each point £*£<P*, the set T~l(p*) is a non-empty closed subset

of <P, and hence every component of T~1(p*) is a continuum (possibly a single

point). We shall denote by K(T) the collection of all the components of all

the sets T~l(p*), ^CP*. The symbol y(E.K(T) will mean that the continuum

y is a member of the collection K(T). Clearly, if yiÇ.K(T), y2ÇzK(T), and

717^72 then 7i7¡¡ = 0. Furthermore, $>=¿Z'Y, yÇLK(T). The collection K(T)

possesses a number of important properties and is fundamental in the study

of the mapping T (see Whyburn [6, chap. 7]). A continuum y(E.K(T) will

be termed a maximal model continuum (under T in <P).

1.4. Given T(CP) = CP* as in 1.3, there exists a factorization of T of the

form T = LM, M(<P) = 50c, Z,(9Ji) = <P*, where M is monotone and L is light.

That is, for every point />*GIP*, L^1(p*) is a totally disconnected subset of W,

and for every point ôGSOî, M^1(a) is a continuum in i" (see Whyburn [6,

p. 141, Theorem 4.1]). The monotone factor M satisfies the relation

K(T)=K(M). In other words, T and its monotone factor M determine the

same collection of maximal model continua in <P (cf. Whyburn, loc. cit.). The

space SDÎ will be termed the middle-space.

1.5. Continuation. Let T = L*M*, M*(P) = 9W*, L*(5m*)='P* be a second

monotone-light factorization of T. Then K(M*) =K(T) =K(M) (cf. 1.4). It

follows that for every point âEUJÎ the set M^M~1(ä) reduces to a single point

in SfJ}*, and for every point ô+ÇESD?* the set MM*~l(d*) reduces to a single

point in SO?. We obtain in this manner two single-valued mappings h = M*M~l

and h^—MMiT1- The following facts are readily established (see Whyburn,

loc. cit.):
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(i) h and A* are both topological mappings, and h~1 = h*, 7t(9Jî) = SDî*,

Ä*(SR*)-2R.
(ii) L(a) =L*h(d) for every point áGSDÍ-

(iii) M*(p)=hM(p) for every point pÇL<P.
In particular, it follows that the middle-spaces ÜÖ? and SDi* are homeomorphic.

It follows easily that (iii) determines the topological mapping Ä(9D?) =2)?*

univocally.

1.6. Let P, P*, P be Peano spaces. Let L(P*)=CP be a continuous light

mapping, and let T"(P) =P* be a sequence of continuous mappings. Suppose

that the sequence of mappings LTn is equicontinuous on P. Then the sequence

Tn is also equicontinuous on P (cf. 1.1).

Proof. Let e>0. Since L is light, there exists aa>0 such that

(1) d(C*) <e   if   d[L(C*)] < o-,

where C* is a generic notation for a continuum in P* (this is an immediate

consequence of Whyburn [6, p. 131, Theorem 4.41 ]). Since the sequence LT"

is equicontinuous, there exists an 17 >0 such that

(2) p[LT"(qi), LT"(q2)] < a    if    ci, q2 G P, p(qu ?*) < V-

As a consequence, we have

(3) d[LTn(Q] < <r   if   d(C) < v,

where C is a generic notation for a continuum in P. Since P is a Peano space,

we have a 5>0 such that the conditions pi, p2(E.P, p(px, pi)<5 imply the

existence of a continuum C such that px+p2(ZC(ZP, d(C)<rj (see Whyburn

[6, p. 22, Theorem 15.5]). Now take any two points

(4) xi, x2 G P,       p(xi, x2) < 5.

By the choice of 5, we have then a continuum C such that

(5) xx + x2 C C C P, d(C) < r,.

In view of (3), we obtain from (5)

(6) p[T"(xx), T"(x2)] Í d[T»(Q],

(7) d[LT«(Q) <<r.

Now T"(C) is a continuum in P*, and hence (7) and (1) yield

(8) d[T»(C)]<e.

(4), (6) and (8) yield

P[T»(xx), T"(x2)] < £    if xx, x2 G P, p(xx, x2) < 8.

Since 5 is independent of Xi, x2, n, the equicontinuity of the sequence T" is

established.
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1.7. Let us now consider a pair of continuous mappings Ti(cPi)=cP*,

T2(CP2)=CP*, where <Pi, P2 are Peano spaces, and 7\~F2(F). By definition

(see the introduction), for every e>0 we have then a topological mapping

Ht(cPi)=cP2 such that p[Ti(xi), T2Hf(xi)] <e for every point xiGPi- There

follows the existence of a sequence of topological mappings Hn(<Pi) = P2 such

that on setting
X„ = max p[ri(zi), T2H„(xi)], xi £ Pi,

we have X„—>0. In other words, the sequence T2Hn converges uniformly to TV

As a consequence, the sequence T2Hn is equicontinuous on Pi (see 1.1). Now

let

(1) Ti = LiMi,       Mi(<Pi) = a»x,       LiWi) = P*,

(2) T2 = L2M2,       M2(<P2) = 9>c2,       ¿2(9W2) = P*

be arbitrarily chosen monotone-light factorizations for Ti, T2 respectively.

Then T2Hn = L2M2Hn=L2Tn, where Tn = M2H„. Since the sequence T2H„

= L2Tn is equicontinuous and L2 is light, it follows by 1.6 that the sequence

Tn = M2Hn is also equicontinuous on Pi. By 1.1 the sequence M2Hn contains

therefore a uniformly convergent subsequence M2Hkn,ki<k2< • ■ -<k„< ■ ■ ■.

Replacing the original sequence Hn by the subsequence Hkn we see that we

can assume without loss of generality that the initially chosen sequence Hn

is such that the sequence M2Hn is uniformly convergent on Pi. Since clearly

each M2Hn is a continuous monotone mapping from Pi onto 9JÎ2, the limit

mapping, to be denoted by Mi, is also a continuous monotone mapping from

Pi onto 3J?2 (see 1.2). Now since L2 is uniformly continuous on 50i2 and M2Hn

converges uniformly to Mi on "Pi, it follows that T2Hn = L2M2Hn converges

uniformly to L2Mi on Pi. But T2Hn converges uniformly to Ti as we noted

above. Thus Ti=L2Mi. In other words, we have for Ti the monotone-light

factorization

(3) Tx = L2Mlt       MiCPi) = W2,       L2W2) = P*.

Comparison of the factorizations (1) and (3) yields, by 1.4, 1.5, the existence

of a topological mapping Ä(3J?i) = 50?2 such that

(4) Zi = L2h,       Mi = hMu

In particular, it follows that the middle-spaces SfJîi, SDÎ2 are homeomorphic.

Now let Zi denote any continuous mapping from STJÎi into 9fti, that is,

Zi(9D?i)CS0?i. We assert that

(5) LiZiM-, ~ L2hZ!h-lM2(F).

Indeed, let us put for brevity

(6) X2 = L2hZihr\        7\* = LiZiM u        T2* = L2hZih-lM2.
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We have then, in view of (4), (5),

(7) Tt = LxZxMx = L2hZxhrlhMx = X2Mx,

(8) T2*Hn = L2hZxh~lM2Hn = X2M2Hn.

Now X2 is uniformly continuous on 9J?2 and M2Hn converges to Mx uniformly

on Pi. Hence (7) and (8) yield the result that T*Hn converges to 7V uni-

formly on 'Px- Hence, for given €>0, there exists a positive integer n(e) such

that

p[Tx*(Xx), T2*HnW(xx)] <e

for every point XiGPi- Since H„^) is a topological mapping from Pi onto <P2

and € was arbitrary, it follows that T*~T2*(F), and thus (5) is proved. The

results obtained will be summarized in the next section.

1.8. Theorem. Let Tx(<Px) = <P*, r2(<P2) = P*, where Pi, P2 are Peano spaces,

be continuous mappings such that Tx~T2(F). Let

Tx = LxMx,       Mi(Pi) = Wlx,       Li(äfli) = P*,

T2 = L2M2,       M2(<P2) = 3K2,       L2(m2) = P*

be arbitrarily chosen monotone-light factorizations for Tx, T2 respectively. Then

the middle-spaces 90?i, (3ïl2 are homeomorphic, and there exists a topological

mapping hdßlx) =9Î?2 with the following properties.

(i) Lx(äx)=L2h(äx) for every point âiG5TJÎi-

(ii) If Zx is any continuous mapping from SDÎi into Wx (that is, Zi(3J?i) CUDÎi),

then LxZxMx~L2hZxhrlM2(F).

Indeed, the topological mapping hCSJtx) = Tl2 of 1.7 possesses the proper-

ties (i) and (ii) in view of 1.7 (4), 1.7 (5). Let us note that the existence of a

topological mapping hCHJlx) = Wl2 with the property (i) has been already estab-

lished by Youngs (see [7, pp. 771-775]). In fact, Youngs proved a great deal

more than (i), but it seems that the property (ii) has not been considered

previously. Roughly speaking, our theorem states the fact that the F-equiva-

lence of Tlt T2 is inherited by all the partial mappings of Tx, T2, if these partial

mappings are paired off in the manner indicated in the statement of property

(ii). Note that on choosing Zx as the identity transformation on SDÎi, (ii) yields

Ti~T2(F). Thus the existence of a topological mapping A(2Tîi) = 5ETÎ2 with the

property (ii) is a necessary and (trivially) sufficient condition for the relation

Tx~T2(F). On the other hand, let us note explicitly that property (i) does

not imply property (ii) as simple examples show. Let us also observe that our

proof of the theorem stated in this section has many features in common

with that of Youngs, loc. cit.; the main difference lies perhaps in the fact that

we have reduced, in a sense, the study of two monotone-light factorizations

of two F-equivalent mappings Tx, T2 to the study of two monotone-light fac-
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torizations of the same mapping T\. Furthermore, it would seem that our

reliance on general theorems concerning equicontinuous sequences eliminates

a substantial amount of e, Ô type argument.

1.9. Let F(P) = P*, where P is a Peano space, be a continuous mapping.

We define the cyclic decomposition of T as follows. Let

T = LM,       M(<P) = 3D?,       L(W) = P*

be a monotone-light factorization of T. Assume first that the middle space 3D?

is not a dendrite, and let Tl, • • • , Tn, • • ■ be the sequence of the proper

cyclic elements of SDc. Let us recall that a Peano space has at most a countably

infinite number of proper cyclic elements (see Whyburn [6, p. 71, Theorem

4.2]). Of course, the sequence T" may be finite, but it.has at least one element

since 50? is not a dendrite. Now for each Tn there exists a unique monotone

retraction pn(W) = Tn (see Whyburn [6, p. 143, Theorem 5.1]). The cyclic

decomposition A(T) of T is defined then by the formula

A(T) = [LplM, ■■■ , Lp"M, ■■•],

where the square brackets enclosing the sequence LplM, ■ ■ • , Lp"M, • ■ ■

are used in the sense explained in the introduction. The mappings LpnM will

be termed the cyclic partial mappings of T.

The preceding definition presupposes that $0? is not a dendrite. If SO? is a

dendrite, then we define A(T) as an empty collection of mappings, in symbols

A(D=0.
In defining A(F), we used a definite factorization of T. We proceed to show

that A(T) is independent of the choice of this factorization.

1.10. Let us consider two monotone-light factorizations

(1) T = LiMi,       M,(P) = W.1,       Li(m.i) = P*,

(2) T = L2M2,       M2(P) = Wl2,       L2(m2) - P*

of T. Then there exists a topological mapping h(Wi) =50î2 such that Li = L2h,

M2 = hMi (see 1.4, 1.5). If SOîi is a dendrite, then SD?2 is also a dendrite (since

SOîi, 90?2 are homeomorphic), and hence in this case there exist no cyclic partial

mappings of T. Let us next assume that Wi is not a dendrite, and let

r|, • • • , r", • • • be the proper cyclic elements of Wi- In view of the homeo-

morphism h(Wli) = yJÏ2, it follows that the sets r;? = Mri), n = \, 2, • • • ,

coincide with the proper cyclic elements of SDÎ2. H p?C3Jli) = T" is the unique

monotone retraction from SDci onto T", i = 1, 2, then clearly hp"h~l is a mono-

tone retraction from 9Ji2 onto T?. Since there exists just one such monotone

retraction, it follows that p^ = hp[h~l. Hence L2p^M2 — L2hpn1h~1M2=Lip'iMi.

In other words, the sequences of cyclic partial mappings

LipiMi, • • • , LipiMi, ■ • • , L2p2M2, • ■ • , L2p2M2, ■ ■ •
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agree term for term. Thus the factorizations (1), (2) yield the same cyclic de-

composition for T. Hence A(7 ) depends solely upon T, and is independent of

the choice of the monotone-light factorization for T.

1.11. Given two continuous mappings Fi(Pi)=P*, r2'(P2)=P*, where

Pi, P2 are Peano spaces, we shall say that their cyclic decompositions A(T{),

A(T2) are F-equivalent if one of the following,two conditions holds.

(i) A(Ti) and A(F2) both reduce to zero.

(ii) O^A(Tx) = [T¡, • - . , r?, « • • ], 0_^A(r2) = [Tl ■ ■ ■ , 7?, • • • ], and
there exists a rearrangement T\, ■ • • , T2, • • • of the sequence T\, • • • ,

T2, ■ • ■ such that Fl"'~T2B(F) for every n. This requirement implies that the

collections A(Tx),A(T2) are both finite or both infinite (see the introduction).

We shall write A(Ti)~A(Tt)(F) to state the fact that A(Tx), A(T2) are

F-equivalent in the sense of the, preceding definition. Using this terminology,

we proceed to establish the following result.

Theorem. If Tx~T2(F), then A(Tx)~A(T2)(F).

Proof. Let us choose monotone-light factorizations

Tx = LxMx,       MxCPi) = SKi,       ii(ÜRi) = «*,

P2 = L2M2,       M2(P2) = SDÎ2,       L,(ÜRi) = P*.

By 1.8 the middle-spaces SDii, ffl2 are homeomorphic. Hence, if SDii is a den-

drite, then SW2 is also a dendrite, and the theorem is obviously true in this

case. So let us assume that 95?i is not a dendrite. Let T], • • ■ , TJ, • • • be the

sequence of proper cyclic elements of SDii, and let hCSRx) = Tl2 be a topological

mapping with the properties (i), (ii) described in 1.8. On setting Y2=h(T"),

we obtain the sequence of the proper cyclic elements of 3R2. Let pïCHJli) = T",

i=\, 2, be the unique monotone retraction from SKi onto T". By definition

(cf. 1.9, 1.10)

A(Pi) = [LxPxMx, • ■ • , LxpxMx, • • • ],

A(T2) = [L2p2M2, • • • , L2p2M2, • • ■ ].

Now clearly hp^hr1 is a monotone retraction from 9J?2 onto T2. Since there

exists just one such monotone retraction, it follows that ju2 = Aju"A-1. By 1.8

(ii), there follows the relation

LxpxMx ~ L2p2M2(F), n = 1, 2, • • • ,

and the theorem is proved.

This argument shows that every homeomorphism /î(SfJîi) = 2XÎ2 with the

property 1.8 (ii) induces simultaneous arrangements of the elements of A(Ti),

A(T2) such that corresponding terms are F-equivalent. Simple examples show

that no such statement holds in general for homeomorphisms A(5fJ2i) = W2 pos-

sessing only property 1.8 (i), even though Tx~T2(F).
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2. Monotone mappings of 2-spheres and 2-cells

2.1. Let Af(P)= 50? be a continuous monotone mapping, where P is a

2-sphere. Suppose that 50? is cyclic (that is, 50? has no cut points). Then 50? is

a 2-sphere (see Whyburn [6, p. 170, Theorem 2.1]).

2.2. Let M(CP) = 50? be a continuous monotone mapping, where P is a

2-sphere. Then every proper cyclic element C of 50? is a 2-sphere. Indeed,

there exists a (unique) monotone retraction m(50?) = C (cf. 1.2). Then pM is a

monotone mapping from P onto C. Since C is cyclic, it follows by 2.1 that C

is a 2-sphere.

2.3. Let ilf(P)=50? be a continuous monotone mapping, where P is a

2-cell, and 50? is cyclic. Then 50? is either a 2-cell or a 2-sphere. If 50? is a 2-cell,

then the boundary curve of P is mapped onto the boundary curve of 50?. If 50?

is a 2-sphere, then the boundary curve of P is mapped onto a single point of

50? (see Whyburn [6, p. 173, Theorem 2.41 ]).

2.4. Let ilf(P) = 50? be a continuous monotone mapping, where P is a

2-cell. Then every proper cyclic element of 50? is either a 2-cell or a 2-sphere.

This follows from 2.3 by the argument used to derive 2.2 from 2.1.

2.5. Let Af(P) = 50? be a continuous monotone mapping, where P is a

2-cell. Let K denote the upper semi-continuous collection of maximal model

continua determined by M on P (cf. 1.3). Then 50? is cyclic if and only if

for every continuum 7EX the set P—7 is connected. Indeed, if 7G-K, then

M(y) is a single point x of 50?, and P — 7 = M_I(50? — x). Since M is monotone,

M_1(50? — x) is connected if and only if 50? — x is connected, and the assertion

follows.

Suppose now that P—7 is connected for every y(E.K. By the preceding

remark, 50? is then cyclic, and hence 50? is a 2-sphere or a 2-cell by 2.3. If 50?

is a 2-sphere, then, by 2.3, the boundary curve C of P is mapped onto a single

point yo£50?, and hence C is a subset of a continuum 7oGF¡T, namely, of the

continuum y0 = M~1(yo). Conversely, if C is a subset of some continuum

7oGFC, then clearly M(C) is a single point of 50?, and hence, in view of 2.3,

50? cannot be a 2-cell. Thus 50? is a 2-sphere, by 2.3.

Summing up, if <P—7 is connected for every 7GFC, then 50? is either a

2-cell or a 2-sphere. 50? is a 2-cell if and only if the boundary curve C of P

is not a subset of any continuum 7G-K- 50? is a 2-sphere if and only if C is a

subset of some continuum 70G-K.

2.6. Let M(<P) = 50? be a continuous monotone mapping, where P and 50?

are both 2-cells. By 2.3 the boundary curve C of <P is then mapped onto the

boundary curve C of 50?. We assert that the mapping M(C) = C is monotone.

Indeed, this mapping is non-alternating as a special case of Whyburn [6,

p. 173, Theorem 2.52]), and hence it is monotone as a special case of Whyburn

[6, p. 165, Theorem 1.2].

2.7. The following trivial remark is useful. Let T(CP) = CP* be a continuous
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mapping from a Peano space P onto a Peano space P*, and let F be a con-

tinuum in P. Then T is monotone on F if and only if the set FT~l(p*) is

connected (possibly empty) for every choice of the point £*GP*. Indeed, if

T(F) = F*, and if we denote, for clarity, by TF the mapping T thought of as

operating from F only, then clearly Tf1(p*) = FT~1(p*) for every point

p*çzcp*i ancj the assertion follows.

2.8. Let M(S) = S be a continuous monotone mapping from a 2-sphere 5

onto a 2-sphere S, and let A be a 2-cell on S. According to Youngs (see [7,

p. 759]), we have then the following theorem.

Modification Theorem of Youngs. Under the conditions just stated, there

exists a continuous monotone mapping Mx(S) = S with the following properties.

(i) Mx(x) = M(x) for xG M~l(A°), where A" is the interior of the 2-cell A.

(ii) Mi maps the set M~1(A°) topologically onto A".

Let us note the following immediate implications of (i) and (ii).

(iii) If x is a point in A°, then Mrl(x) is a single point in M~1(A°).

(iv) If x$l°, then Mr\x) = M~1(x).
(v) If Fis any set in 5, then (S-A«)Mi(F) = (S-A°)M(F).

(vi) If Mi(x)^M(x), then P[Mx(x), M(x)]^d(A± (cf. (i), (ii)).

(vii) d[MrKx)]^d[M-l(x)] for every point xES_(d. (iii), (iv)).

(viii)   If G is a continuum such that GdS — M~1(A") and M is monotone

on G, then Mx is also monotone on G (cf. (iv) and 2.7).

2.9. In applying the modification theorem of 2.8, it will be convenient to

use the following special assumptions and notations. We shall assume that

S coincides with the unit sphere x2-\-y2-\-zî = l in Euclidean xyz space and S

coincides with the unit sphere ä2+y2+22 = l in Euclidean xyz space. E will

denote the equator of S, that is, the great circle z=0. The points (0, 0, 1),

(0, 0, —1) will be termed the north pole v and the south pole a of ¿"respec-

tively. S„, S°c will denote the closed and open southern hemispheres on S,

that is, the subsets of 5 characterized by the inequalities z^O, z<0. The

closed and open northern hemispheres S„ S? are defined similarly. Finally,

3„ • • • , S?, E will have analogous meanings relative to the sphere S.

Let A be a 2-cell on S, and let A° denote the interior of A. The 2-cell A

will be termed admissible if either ^4°£ = 0, or if AaE^Q and the boundary

of A intersects the equator E in exactly two points. A finite system of 2-cells

Äx, • • ■ , Ân on S will be termed admissible if (1) Z?Z° = 0 for i^j, and (2)

each Ai,i = \, ■ ■ • , n, is admissible.

2.10. Using the terminology of 2.9, we have the following lemma.

Let 77>0 be given. Then there exist three admissible systems A\, • • • , Aa\

Bx, ■ ■ • , Bb; Cx, • • ■ , Cc of 2-cells on S, such that (1) each one of the 2-cells

involved has a diameter less than 77, and (2) S = Ai-\- ■ ■ ■ +C".

The construction of these systems is entirely analogous to that used by
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Youngs (see [7, pp. 760-761]); the additional condition of admissibility, not

needed by Youngs, obviously implies no difficulty in applying his construc-

tion.

2.11. Let AI(S)=S be a continuous monotone mapping from the unit

sphere Sonto the unit sphere S, such that M(E) = Ë and M is monotone on E

(see 2.9). Let A be an admissible 2-cell on S (see 2.9). Then there exists a

continuous monotone mapping M(S) —S with the following properties.

(1) M(E) = Ë, and M is monotone on E.

(2) d[M-l(x)} ^d[M-l(x)} for every point xÇS.

(3) If xÇ.A~°, then M~l(x) is a single point in Af_1(Z°).

(4) Hx^M-1(Ä0),thenM_(x) = M(x).

(5) IfxGM-'U0), then M(x)EÄ~°.
Proof. Let Mi(S)=S be a continuous monotone mapping, obtained by

the modification theorem of Youngs; then Mi possesses the properties (i)-

(viii) listed in 2.8. Noting that A is admissible, we distinguish between the

following two cases.

Case I. A°E — 0. Then the mapping M = Mi obviously satisfies our require-

ments.

Case II. A°E?¿0. Then the boundary curve of A intersects E in exactly

two points, since A is admissible. Let p, q be these points of intersection, and

let 5, ß be the two sub-arcs of E with end points p, q, where äC.Ä~. Let us

denote by B the 2-cell S — A". Then we have the relations

5 C Ä~, ß C B, äB = ßl = p + q.

We proceed to verify the following facts.

(a) Mi is monotone on E.

(b) Mi(E) = Ei is a simple closed curve.

(c) Ei = /3-f-5i, where 5i is a simple arc with end points p, q, and

aiB = p + q. In other words, 5i is contained in A" except for its end points p, q.

Proof of (a). Let x be any point in S. If xÇ,A°, then Mrl(x)'is a single

point by 2.8 (iii), and hence EMïl(x) is either a single point or empty. If

x&2°, then EMrl(x)=EM~l(x) by 2.8 (iv). Hence EMi~l(x) is connected,

since EM~l(x) is connected as a consequence of the assumption that M is

monotone on E. Thus EMrl(x) is connected (possibly empty) for every point

xÇzS, and hence Mi is monotone on E (see 2.7).

Proof of (b). Note first that Mi(E)B = M(E)B = ËB =ß (cf. 2.8 (v)). Thus
ßdMi(E), and hence Mi(E) does not reduce to a single point. Since Mi is

monotone on E and £ is a simple closed curve, it follows that Mi(E) = £i is

also a (nondegenerate) simple closed curve (see Whyburn [6, p. 165, Theorem

1.1]).
Proof of (c). We already proved that £i is a simple closed curve that con-

tains the simple arc ß. Hence Ei = ß-\-äi, where 5i is a simple arc with end

points p, q, and äiß = p-\-q. There remains to show that âiB =p + q. Now we
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noted, in proving (b), that ExB = Mx(E)B — ß. Since äiCFi, it follows that

äxB — äxExB = äiß =p-\-q.

Now that (a), (b), (c) are verified, let us consider the 2-cell A. The points

p, q lie,on the boundary curve of A, and are joined by two simple arcs ä, äi

that are contained in A0 except for their common end points p~, q. There

follows the existence of a topological mapping h(A) =A that maps äi onto a

and reduces to the identity on the boundary curve of A (cf. Newman [8,

pp. 165-169]). Then the mapping H(S) = S defined by

_ x for x G A",
#(*) = - -

h(x) for iGi°

is a topological mapping from 5 onto itself. Let us define now a mapping

M(S) = S as follows:
M(x) = HMi(x), ï£5.

In view of (a), (b), (c), the mapping M obviously satisfies all of our require-

ments.

2.12. Let M(S)—S be a continuous monotone mapping from the unit

sphere 5 onto the unit sphere S, such that M(E) = E and M is monotone on E.

Let Ax, ■ • • , An be an admissible system of 2-cells on 5 (cf. 2.9). Then there

exists a continuous monotone mapping M* (S) = S with the following proper-

ties.

(1) Af*(£) = E, and M* is monotone on E.

(2) d[M*-l(x)] £d[M~l(*)] for every point xES.

(3) If xÇ.1\ + ■ ■ ■ +Z£, the^MrK*) is a single point.
(4) p[M(x), M*(x)] ^ max [d (A 0, • • • , d(An)] for every point x G -S.

Proof. Apply the result of 2.11 to M, using the 2-cell ^4i, obtaining a

mapping M\. Apply the same process to Mi, using the 2-cell A2, obtaining a

mapping M2, and so on. There results a sequence of mappings M i, M 2, • ■ •, M„.

We assert that the mapping M* =Mn satisfies our requirements. Indeed, (1),

(2), (3) are immediate consequences of 2.11 (1), 2.11 (2), 2.11 (3). As regards

(4), observe that the sets M~1(Al), • ■ • , M~l(A^) are disjoint, and hence a

point xGS lies in at most one of these sets. If x does not lie in the sum of these

sets, then M*(x) = M(x) in view of 2.11 (4). If ^GAf^HZ?) for a certain i,

then clearly Af*(¡e) = Mf(x), and hence in view of 2.11 (5), M*(x) and M(x)

both lie in A°. Thus (4) follows.

2.13. Approximation Theorem. Let M(S) = S be a continuous monotone

mapping from the unit sphere S onto the unit sphere S, such that M(E) = E and

M is monotone on E (cf. 2.9). Let e>0 be given. Then there exists a topological

mapping H(S) = S, such that H(E) = E, and p[M(x), H(x)] <e for every point

xES.

Proof.   Let  Ti = e/3.   Choose   three   admissible   systems   Ax, • ■ • ,   Aa;
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Bu • ■ ■ , Bb; Ci, • • • , Ce oí 2-cells_on S according to 2.10. Apply the re-

sult of 2.12-to M and the system Ai, • • • , Aa, obtaining a mapping M*i.

Apply the same process to Af*i and B\, • • • , Bb, obtaining a mapping M*2.

Apply the same process to Af*2 and Ci, ■ ■ • , Cc, obtaining a mapping M*3.

We assert that H =M*3 satisfies our requirements. In view of 2.12 (1), 2.12

(4), clearly H(E) = E and p[M(x), #(*)]< 3tj = e for every x G S^ There

remains to show that H is bi-unique. Now let x be any point of S. Since

A°i+ ■ ■ • +Cc = S, it follows by 2.12 (3) that one at least of the sets

MZi(x), M*¿(x), M*3(x) reduces to a single point. Since d[M^¡¿(x)]

údiMñ^xfl^diM;^*)] (cf. 2.12 (2)), it follows that H-^x)^M^(x) re-
duces to a single point for every x(E.S. Since H(S) = S is continuous and bi-

unique and S, S are compact spaces, it follows that H is topological.

2.14. For comparison and reference, we quote two important approxima-

tion theorems due to Youngs ([7, p. 760, Theorem 11.1, and p. 761, Theorem

11.3]).

Approximation Theorem (Youngs). Let M(S) = S be a continuous mono-

tone mapping from a 2-sphere S onto a 2-sphere S. Let e>0 be given. Then there

exists a topological mapping H(S) = S, such that p[M(x), H(x)]<e for every

point xÇzS.

Approximation Theorem (Youngs). Let M(S) = S be a continuous mono-

tone mapping from a 2-sphere S onto a 2-sphere S. Let pi, • • ■ , pn be a finite

system of points on S. Let e>0be given. Then there exists a continuous monotone

mapping M*(S)=S with the following properties: (i) M*(x) = M(x) for

xEM-^pi-ï- ■ ■ -_+pn). (ii) M* maps the set S - M~l(p!+ ■ ■ ■ +pn) topologi-

cally upon the set S—(pi+ • • • +pn). (iii) p\M(x), M*(x)] <efor every *GS.

Our proof of the theorem of 2.13 is entirely analogous to the proof of

Youngs for the approximation theorems just quoted, except for the complica-

tions implied by our additional conditions regarding the equators E, E. Con-

versely, the reader will have little difficulty in reconstructing the proofs of

Youngs on the basis of the argument used to establish the theorem of 2.13.

The approximation theorems of 2.13 and 2.14 deal with mappings from

2-spheres. We proceed to derive from these results analogous approximation

theorems for mappings from 2-cells.

2.15. Approximation Theorem. Let M(P) = 50? be a continuous monotone

mapping, where P is a 2-cell and 50? is a 2-sphere; as noted in 2.3; the boundary

curve of P is then mapped onto a single point y o of 50?. Let e>0 be given. Then

there exists a continuous monotone mapping M^1?) = 50? with the following prop-

erties: (i) M* maps the boundary curve of P onto the single point >'o- (ü) M* maps

the set cP — M~1(yo) topologically onto the set 50? —J'o- (iii) p[M*(x), M(x)]<t

for every point xG

Proof. Without loss of generality, we can assume that P coincides with
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the southern hemisphere S, on the unit sphere S, while 3JÎ coincides with the

unit sphere S (cf. 2.9). Let us extend the definition of the mapping M(S,) = S

by setting M(x) — yo for xÇ.S°. Then the extended mapping M(S)=S is

clearly continuous and monotone, and M~l(x) is unchanged if * ^yo, while

M~l(yo) is augmented by S°. The second approximation theorem of 2.14, ap-

plied with n = l, p~x = yo yields a mapping M* which clearly satisfies our re-

quirements.

2.16. We shall need the following extension theorem (cf. 2.18). Using the

notations of 2.9, let M(S,) = S„ be a continuous monotone mapping. Then

there exists a continuous monotone mapping M*(S) = S, such that M*(x)

= M(x) for xÇ.S„.
Proof. By 2.6, M(E) = E and M is monotone on E. Hence, as a special

case of Whyburn [6, p. 180, Theorem 4.5], there exists a continuous mono-

tone mapping My(S,) = S„ such that Mr(x) = M(x) for ïÇ£. Let us define a

mapping A/*(S) = S as follows:

., / %       (M,(x)   if   xESv,
M*(x) = <

\M(x)    if    x G S,.

Clearly, Af* is single-valued and continuous. There remains to show that M*

is monotone. Now if x is any point of S, then clearly

{M (x) if * G S,,

M~\x) if x G Si,

M~\x) + M7\x)    if    i€l

Since M is monotone on Sc and Af» is monotone on S„ the sets M~l(x),

M7x(x) are connected (possibly empty), and hence M*~l(x) is connected if

x GF- If *G£, then the relations M(E) = E, M,(x) = M(x) for x££ imply

that the sets Af_1(*). Afr'i*) have a non-empty intersection, and hence their

sum M*"1^) is connected. Thus M* is monotone.

2.17. Approximation Theorem (cf. 2.18). Let M(<P) = <P* be a continuous

monotone mapping, where P and P* are both 2-cells. Let t>0be given. Then there

exists a topological mapping H(P) =P*, such that p[M(x), H(x)] <e for every

point xCzP.

Proof. Using the terminology of 2.9, we can assume without loss of gen-

erality that P, P* coincide with the hemispheres S„, Sr on the unit spheres

S, S respectively. Obviously, we can also assume that 0<e<l. By 2.16 we

have then a continuous monotone mapping M*(S) — S such that M*(x) = M(x)

for x(E:Sc. By 2.6, Af(£) = E and M is monotone on E. Since M* = M on E, it

follows that M*(E) = E and M* is monotone on E. By 2.13, applied to Af*,

there follows the existence of a topological mapping H(S) = S, such that
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H(E) = E and p[M*(x), H(x)]<e for every point x£;S. In particular, since

Af* = M on Se, it follows that p[M(x), H(x)] <e for every point xGS„. There

remains to show that H(S,) — S„. Now since H(S) = S is topological and

H(E) = E, we have either H(S.)j=Sa or H(S.) = S,. Suppose that H(S,)=S,.

Let P denote the north pole of S. Then H~l(v) =xv is a point in S„, and hence

M(:c) is a point in S„. Hence we should have the inequalities

X/2   g  p[üf(*r), #(*,)]   < < <  1.

Thus the assumption H(S,) = S» leads to a contradiction, and hence H(S„) = 3„.

2.18. Let us add some remarks concerning previous literature. The ex-

tension theorem of 2.16 has already been stated by Morrey [3], in an obvi-

ously equivalent form. In fact, Morrey attempted to prove a more general

extension theorem (see [3, p. 37, Lemma 2]), which unfortunately seems to

be false. Let D denote the unit circular disc u2+v2 g 1 in a Euclidean uv plane.

Let P be the perimeter of D, and let Di, Dr be the subsets of D characterized

by the inequalities m^O, w^O respectively. Finally, let Pi, P, be the subsets

of P characterized by the inequalities u¿Q, u^O. Consider now, in a Euclid-

ean ûv plane, the point set D defined as the sum of the two circular discs

25i£_(M + l)2-r-ü2ál, Dr:(ü-í)2 + v2^í, and let Ph Pr denote the perimeters

of Di, Dr respectively. Clearly, we have then a continuous monotone mapping

M(D¿) = Di which is topological except for the fact that the vertical diameter

of D is mapped onto the single point (0, 0). Furthermore, we can require

that while the point (u, v) describes Pi in the counterclockwise sense, its

image (û, v) describes P¡ in the counterclockwise sense. Similarly, we have

a continuous monotone mapping Mr(Dr) = DT with analogous properties with

respect to D„ with this difference: we require now that while (u, v) describes

P, in the counterclockwise sense, its image describes P, in the clockwise sense.

Let us now define the mapping M(D) = D as follows: Af =Mj on D¡, and

M m MT on Dr. Clearly, M is single-valued, continuous, and monotone on D,

and seems to satisfy all the requirements of the theorem of Morrey referred

to above. Suppose now that we have, as asserted by Morrey, an extension

of M to the whole (finite) uv plane such that the extended transformation Mis

topological for ui-\-v2>l. If C is asimple closed curve in the uv plane, then

let i(u, v, C) denote the topological index of the point (ü, v) with respect to

the image of C under M, where C is oriented in the counterclockwise sense.

Then clearly ¿(1, 0, P)= — 1, ♦( — 1, 0, P) = +1. Now let us choose Cas a circle

with center (0, 0) and a radius slightly exceeding unity. Then we have, on

account of the continuity of M, i(\, 0, C)=i(l, 0, P) = -l, »( —1, 0, C)

= i(—1,0, P) = +1. On the other hand, since M is topological for u2+v2> 1,

M(C) is a simple closed curve that contains the points (1, 0) and ( — 1, 0) of

the üv plane in its interior, and hence we must have *(1, 0, C)=i(— 1, 0, C).

This contradiction shows that there exists no extension of M with the as-

serted properties.
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The preceding counter-example is quite similar to and has been suggested

by a counter-example devised by Youngs for an analogous purpose (cf.

Youngs [7, pp. 765-766]).
As regards the approximation theorem of 2.17, this theorem also occurs

in Morrey's paper [3]. In fact, the argument used by Morrey is brief and ele-

mentary, while our proof, even though reasonably compact, uses advanced

tools (for example, the topological characterization of the 2-sphere). However,

the writer agrees with the opinion expressed by Youngs that the theorem is

perhaps deeper than the elementary comments of Morrey might lead one to

believe (cf. Youngs [7, p. 761]).

If M(<P) = P* is a monotone continuous mapping and P, i3* are closed

linear intervals, then it is quite obvious that M is the uniform limit of homeo-

morphisms. The approximation theorems of 2.13, 2.14, 2.17 are plausible gen-

eralizations of this trivial fact.

3.   F-EQUIVALENT MAPPINGS OF 2-CELLS

3.1. We shall study presently a pair of continuous mappings Fi(Pi) =P*,

T2C?2) « P*, where "Pi and P2 are both 2-cells.

3.2. Given 7\, T2 as in 3.1, let us suppose that T,i~7"2(F). We assert that

T\, T2 admit of simultaneous factorizations of the form

(1) r, = LMx,       Mi(Pi) = 3R,       LCm) = P*,

(2) T2 = LM2,       M2(P2) = W,       L(Wl) = P*.

In other words, we can arrange for factorizations for T\, T2 with the same

middle-space 'SSI and the same light factor L.

Proof. Let us start with any monotone-light factorizations

Ti = IiFi,        ¥i(Pi) = 5Wi,       Zi(2»0 = ¥*,

T2 = L2M2,       F2(P2) = 3fl2,       Z,(SDW = P*

for 7"i, T2. By 1.8 there exists then a topological mapping ä(9D?i) = 9D?2 such

that Li(xi) = L2h(xî) for every point ¿ciGSDÎi. Let us put Mi = hMi. Then Mi

is a monotone mapping from Pi onto 9D?2, and we have

Ti = ZA = L2hMi = Z2Mi,       JWi(Pi) = m2,      L2(m2) = <P*.

Hence, if we put L=Z2, W = M2, Mx = hMu M2 = M2, then the formulas (1),

(2) hold.
3.3. Suppose conversely that T\, T2, given as in 3.1, admit of simultaneous

factorizations of the form

(1) Tx = LMx,        Afi(<Pi) = W,        L(W) = P*,

(2) T2 = LM2,       M2(<P2) = 2B,       L(SR) = P*.

For brevity, we shall then say that Tx, T2 satisfy the hypothesis (K). Morrey
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[3] attempted to prove the theorem that the hypothesis (K) implies the rela-

tion Ti~T2(F). Youngs discovered the regrettable fact that this theorem is

false (see Youngs [7]). There arises thus the fundamental question: under

what additional assumptions will the relation Ti~T2(F) follow? As men-

tioned in the introduction, a detailed study of this question is contained in

an important paper of Youngs for the case when the initial spaces Pi, P2 are

2-spheres. Youngs also studied the case when P^ P2 are 2-cells, but his re-

searches were interrupted by an assignment to war work in England. In view

of the important role played by the relation Ti~T2(F) in certain applica-

tions, the failure of the theorem of Morrey creates a regrettable but not alto-

gether hopeless situation. Indeed, a study of the applications reveals the fact

that certain very special cases of that theorem would be adequate to meet

present needs. We proceed to discuss these special cases.

3.4. In view of the applications, the validity of the following special state-

ments is a matter of considerable interest.

Statement (a). If T\, T2 satisfy the hypothesis (K), and if the middle-

space 50? is a simple arc (cf. 3.3), then Fi~F2(F).

Statement (b). If 7\, T2 satisfy the hypothesis (K), and if the middle-

space 50? is a 2-cell (cf. 3.3), then Ti~Tt(F).

Statement (c). If T\, T2 satisfy the hypothesis (K), and if the middle-

space 50? is a 2-sphere (cf. 3.3), then Fj~F2(F).

Of course, if the general theorem asserted by Morrey were true, then these

statements were also true. We shall now see that (a) and (c) are false. This

negative result will then be supplemented by a discussion of two positive re-

sults. We shall verify that (b) is true, and that (c) can be turned into a valid

statement by the addition of a further condition.

3.5. Let u, v be Cartesian coordinates in a uv plane, let a, ß be Cartesian

coordinates in an aß plane, and finally let £, 77, f be Cartesian coordinates in

a £??£■ space. Let us choose Pi, P2, P*, Fi, 7\ as follows:

Pi: u2 + v2 ^ 1.       P2:    Oáaál, Ogß £ 1.

P*: 0 ti { á i, r, - 0, f - 0.

2*i: i = (u2 + v2)1'2, 7, = 0, r - 0, (u, v) G Pi.

TV { = a, r, = 0,  f = 0,  (a, ß) G P2.

Obviously, Ti, T2 are both monotone. Thus on setting Mi = Ti, M2 = T2,

50? = P* and choosing L as the identity, it is clear that 7\, T2 satisfy the as-

sumptions of statement (a) in 3.4. On the other hand, the relation 7\~F2(F)

fails to hold. Indeed, let H be any topological mapping from Pi onto P2.

Then II maps the perimeter of Pi onto the perimeter of P2. Hence we have

a point (uo, vo) on the perimeter of Pi which is carried by H into the point

(0, 0) on the perimeter of P2. Then clearly p[Fi(wo, v0), T2H(u0, î;0)] = 1. In

other words, max p[Ti(u, v), T2H(u, v)] = l, (u, tOGPi, Ior every choice of
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the topological mapping ii(Pi) = P2. Thus the relation Ti~T2(F) does not

hold. Next let us choose Pi, P2, P*, Tx, T2 as follows.

^OÍKál.Oáiál.   Pi: 0 ä a £ 1, 0 ¿ 0 £ 1.   P*: £2 + rj2 + f2 = 1.

We choose then T\ as a monotone mapping from Pi onto P* that carries the

perimeter of Pi into the single point (0, 0, 1) of P*, and we choose F2 as a

monotone mapping from P2 onto P* that carries the perimeter of P2 into the

single point (0, 0, -1) of P*. Thus on setting Afi = Tu M2 = T2,W = P*, and

choosing L as the identity, it is clear that T\, T2 satisfy the assumptions of

statement (c) of 3.4. On the other hand, the relation Tx~T2(F) fails to

hold. Indeed, let H be any topological mapping from Pi onto P2, and let

(wo, vo) be any point on the perimeter of Pi. Then H(u0, v0) is a point on

the perimeter of P2, and hence Ti(u0, v0) = (0, 0, 1), TiH&o, v<¡) = (0, 0, — 1),

p[Fi(«oi Vo), T2H(uo, Vo)] =2. Since H was any topological mapping from Pi

onto P2, it is now clear that the relation Tx~T2(F) does not hold.

3.6. We proceed to verify statement (b) in 3.4. Given T\, T2 as in 3.3,

the middle-space 9J2 occurring in the factorizations 3.3(1), 2.3(2) is by as-

sumption a 2-cell. Since L is continuous on 9JÏ, for given e>0 we have an

r/>0 such that

(1) p[L(x'), L(x")] < e/2 for *', x" G 2R, p(x', x") < r¡.

By 2.17 we have topological mappings iíi(Pi) = 5DÍ, i72(P2)=2)î such that

(2) p[Hx(xi),Mx(xi)] <v    for    Xl G Pi,

(3) p[H2(x2),M2(x2)]<v    for    x2(=<P2.

Consider the topological mapping i/(Pi) = P2 defined by

(4) H(xx) = H21Hx(xx), xi G P..

We have then p [Tx(xx), T2H(xi)] =p[LMx(xx), LM2H(Xl)] ^p [LMx(Xi), LHx(xi) ]

+p[LHi(xi), LM2H(xi)]. Hence, by (1), (2)

(5) p[Fi(zi), T2H(xx)] < e/2 + p[LHx(xi), LM2H(Xl)], Xi G Pi.

Let us put H(xx)=x2. Then H2(x2)=H2H(xi)=Hx(xi) by (4), and hence, by

(3),
p[Hi(xi), M2H(xi)] = p[H2(x2), M2(x2)] < v.

By (1) it follows that

(6) p[LHi(xi), LM2H(xx)] < e/2, *i G Pi.

(5), (6) yield p[Ti(xi), T2H(xx)] <t for iCiGPi- Since « was arbitrary, the rela-

tion Fi~'F2(F) is established.

3.7. As regards statement (c) in 3.4, let us first note that if the middle-

space 5D? occurring in the factorizations 3.3 (1), 3.3 (2) is a 2-sphere, then by
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2.3 the set M\(<Pi — P?) reduces to a single point yl of 50?, and similarly the

set M2(CP2 — CP°) reduces to a single point y2 of 50?. If y1 9a y2, then the reason-

ing employed at the end of 3.5 shows that the relation Ti~T2(F) does not

generally hold.

Lemma. Suppose that Ti, T2, given as in 3.1, admit of simultaneous factoriza-

tions of the form

Ti = LMi,       Afi(Pi) = 50?,       £(50?) = P*,

T2 = LM2,       M2(<P2) = 50?,       ¿(50?) = P*,

where the middle-space 50? is a 2-sphere. Then the sets Afi(Pi-PÎ), Afü^-P?)

reduce to single points yl, y2 of 50?, and the relation Fi~F2(F) holds if yl-=y2.

Proof. Let us assume that y1 = y2 = do- Take now any e>0. Since L is con-

tinuous on 50?, we have then an 77 >0 such that

(1) p[L(y'), L(y")] < *   if    y', y" G 50?, P(y', y") < v

By 2.15 we have then a monotone mapping Äfi(Pi)=50? with the following

properties: (i) Ä7i(Pi- P?) = d0. (ii) p[Mi(xi), Mi(xi)] <y/3 for xiGPi-

(iii) Mi maps Pi — Mr1(äo) topologically upon 50? —¿o- Similarly, we have a

monotone mapping Af2(P2) = 50? that has the same properties with respect

to Mi. Now let C be a simple closed curve on 50? that does not pass through a0.

Then C determines two 2-cells A, B on 50?, where the notation is so chosen

that âaÇiA. Clearly, we can choose C so as to have d(A) <r¡/3. Let us put

(2) M~i~l(B) = Bu        M\~\~B) = B2.

Then Bi is a 2-cell contained in P?, and B2 is a 2-cell contained in Pj. Let us

now consider the mapping 7i(xi) = M2lMi(x\), X1E.B1. Then H is a topologi-

cal mapping from Bi onto B2, and hence H can be extended to a topological

mapping from Pi onto P2 (cf. Newman [8, pp. 165-169]). The extended map-

ping H possesses then the following properties.

(3) F(Pi) = P2,        H(BX) = B2,        /i(Px - Bi) = P2 - B2,

(4) H(xi) = M^M^Xi)    for    .ti G Bu

We assert that

(5) p[Ti(xi), T2H(xi)} < e    for    *, G Pi.

Case (1). XiG-Bi- Let us put H(xi) =x2. Then x2E.B2 and x2 = M2~1Mi(xi)

by (3), (4). Since Mi, M2 are bi-unique in Bi, B2 respectively, it follows that

M2(x2) = Mi(xi), and hence, by the choice of M2,

p[Fi(x,), M2II(xi)] = p[Â72(x2), M2(x2)] < n/3.
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It follows that

p[Mx(xXj, M2H(xx)] =g p[Mx(xx), Mi(xi)]

+ p[Mx(xx), MtH(xi)] < r,/3 + v/3.

In view of (1) we obtain finally

p[Tx(xx), T2H(xx)] = p[LMx(xx),LM2H(xx)] < e.

Case (2). xi<£fi-Bi. Then x2=H(xl)Ç.f2-B2 by (3), and hence Mx(xx)

GZ0, M2H(xi)GA°by (2). Consequently p[Mife), M2H(xx)] <d(A) <r¡/3. It
follows that

P[Mx(xi), M2H(xx)] á p[Mx(xx), Mx(xx)] + p[Fi(*i), F2#(*i)]

+ p[M2H(xi), M2H(xi)] < v/3 + v/3 + v/3.

Hence, by (1), P[Ti(xi), T2H(Xl)] = p[LMx(xx), LM2H(xi)]<e.

Thus (5) is established. Since e was arbitrary, the relation 7\~F2(F) is

proved.

3.8. Let TCP) = P* be a continuous mapping, where <P is a 2-cell, and let

T = LM,       M(<P) = 9ft,       Z(9ft) = P*

be a monotone-light factorization of T. In view of the results in 3.6, 3.7, the

case when 9ft is either a 2-cell or a 2-sphere is of particular importance. The

mapping T will be termed simple if 9ft is either a 2-cell or a 2-sphere (note

that by 1.5 this property is independent of the particular choice of the mono-

tone-light factorization). Let K be the collection of maximal model continua

determined by T in P, and let 7 be a generic notation for a continuum yÇzK.

The following special cases are of importance.

(a) Every yE_K reduces to a single point (in other words, T is light). By

2.5, it follows that the middle-space 9ft is a 2-cell, and hence T is simple.

(ß) The perimeter of P is a maximal model continuum, and every other

maximal model continuum reduces to a single point. By 2.5 it follows that

the middle space STJJ is a 2-sphere, and hence T is simple.

A mapping F(P) = P*, where <P is a 2-cell, will be termed a standard

mapping if either (a) or (ß) holds.

3.9. Lemma. Let Q denote the unit square Ogíi^l, Ogt'^l. If the mapping

7"(P) = P*, where P tí any 2-cell, is simple, then there exists a standard simple

mapping T(Q) = <P* such that T~T(F) (cf. 3.8).

Proof. Let T = LM, M(P) = 2)?, L(5Dî) = P* be a monotone-light factoriza-
tion of T. By assumption, 9ft is either a 2-cell or a 2-sphere.

Case (1). 90? is a 2-cell. Then there exists a topological mapping H(Q) = ^SJl.

Let us put Pi = P, Mx = M, Tx = T, <P2 = Q, M2 = H, T2 = LH. Then Tu T2
satisfy the assumptions of statement (b) in 3.4, and hence T2~Tx(F) by 3.6.



442 TIBOR RADÓ [November

Since F2 is clearly light, it follows that T=T2 satisfies our requirements.

Case (2). 50? is a 2-sphere. By 2.3 the mapping M carries the perimeter of

P into a single point y0 of 50?. Clearly, there exists a monotone mapping

M(Q) = 50? that carries the perimeter of Q into y0 and maps Q" topologically

upon 50? -y0. On setting ?! = ¥, Mi = M, Fi = F, P2 = Ç, M2 = M, T2 = LM,

the assumptions of the lemma in 3.7 are clearly satisfied, and hence F2~Fi(F).

On the other hand, (ß) in 3.8 clearly holds for T2. Thus T=T2 satisfies our

requirements.

3.10. Let T(eP) = eP*, where P is a 2-cell, be a continuous mapping. Sup-

pose that the cyclic decomposition A of F is nonvacuous, and let T1, • • • ,

V, • • • be the (finite or infinite) sequence of mappings comprised in A. Then

for each Tn there exists a standard simple mapping Tn from the unit square

Q:0Su^l, 0á»ál onto the set Tn(<P) such that Tn~T"(F) (cf. 1.9, 3.8).

Proof. Let T = LM, M(<P) =50?, L(50?) = P* be a monotone-light factoriza-

tion of T. By assumption, 50? is not a dendrite. Let F1, • • ■ ,Tn, ■ ■ • be the

(finite or infinite) sequence of the proper cyclic elements of 50?. For each n, let

p" be the (unique) monotone retraction from 50? onto T". Then the cyclic decom-

position of F consists of the transformations T1=Lp1M, ■ ■ ■ ,T" = LpnM, • • •

(see 1.9). Now since P is a 2-cell, rn is either a 2-cell or a 2-sphere (see 2.3).

On the other hand, since M and pn are both monotone, we have for T" the

monotone-light factorization Tn = LMn, where Mn = pnM, with the middle-

space 50?n = p."Af(P) =/in(50?) =T". Thus F" is simple, and the existence of T",

with the required properties, follows directly from 3.9.

3.11. Given T\, F2 as in 3.1, suppose that Fi~F2(F). By 3.2 we have then

simultaneous factorizations of the form 3.2 (1), 3.2 (2), with the same middle-

space 50? and the same light factor L. Let us assume that 50? is not a dendrite.

Let r\ • • • , Tn, • • • be the proper cyclic elements of 50?, and let m"(50?) =rn

be the (unique) monotone retraction from 50? onto Tn. Then we have (see 1.9)

for the cyclic decompositions Ai, A2 of Fi, T2 respectively the expressions

Ax = [Lp^Mi, ■ ■ ■ , Lp"Mu ■ ■ ■ ],       A2 = [LplM2, •■ ■ , Lp"M2, • • • ].

According to 1.11, the assumption Fi~F2(F) implies that Ai~A2(F), and un-

der the present circumstances there may be a temptation to expect that

Lp"Mi~Lp"Mi(F) for every n. Simple examples show that this is not neces-

sarily the case. As a matter of fact, the result in 1.11, applied to the present

situation, merely asserts that there exists a rearrangement LplM2, • ■ • ,

Lß"M2, • • ■ of the sequence Lp1M2, • • • , LpnM2, • • • , such that LpnMi

~LfinM2(F) for every n.

4. Additivity theorems

4.1. In the sequel, P will denote a fixed Peano space, P* a fixed metric

space (in the applications, P* coincides with Euclidean three-space). 'C will

denote the class of all continuous mappings from P into P* (that is, T^)
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= P>* CP*- Let us observe that P and P* are fixed spaces, while P* = F(P) de-

pends upon T. The image space P* = TCP) may reduce to a single point. This

will happen if and only if T is constant on P.

If Ti(<P) = Pi*, T2CP) = P2* are two mappings in 15, then we define

p[Pi, T2] = max p[Ti(x), T2(x)], x G P,

where the use of the maximum is justified since P is compact and 7\, F2 are

continuous. If T, FnG'C, » = 1, 2, • • • , and p[T, r„]—>0 for «—><», then we

shall write T„—>T.

If FG'C, and T = LM, Af(P)=9ft, L(9ft) = P* is a monotone-light fac-
torization of T, then the middle-space 9ft is determined by F up to a homeo-

morphism (see 1.5). Thus if 9ft turns out to be a simple arc, for example,

for one monotone-light factorization of T, then the same will be the case for

every monotone-light factorization of T. In view of this situation, we can

speak of the middle-space being a single point, or a dendrite, or a single

cyclic chain, and so forth, without specifying a definite monotone-light fac-

torization.

4.2. Let TÇi15. The cyclic decomposition A(T) of T (see 1.9) is independ-

ent of the choice of a monotone-light factorization for T. On the other hand,

we shall have to operate with conceptions that do depend upon the choice of

the factorization, and special care will be needed"in such cases. Let FG'S»

and let

(1) T = LM,       MCP) = 9ft,       L(9ft) = P*

be a definite monotone-light factorization of T. Let A be an .4-set of 9ft (note

that 9ft is a Peano space). To avoid trivial discussions, let us assume that 9ft

does not reduce to a single point, and let us agree that we consider only

A -sets that do not reduce to single points. Now there exists a unique mono-

tone retraction a(9ft) = A. In terms of a, we define the transformation LaM

which we shall denote by T | A. Since aM is a monotone mapping from P onto

A, we have for F| A the monotone-light factorization

(2) T | Z = L(aM),       aMCP) = Z.

Clearly, T\ A maps P onto a subset of CP* = T(CP), and hence F| AE.T5. Thus

we associate, in terms of a fixed factorization (1), with each Z-set A of 9ft a

mapping T\ A together with a definite monotone-light factorization (2) of

T\A. Let now Ai, A2 be two .4-sets in 9ft, such that A2CLAi. We have then the

formula

(3) (T\lx)\l2=T\ A2.

Indeed, letai(9ft) = ^4i, a2(9ft) =^42be the monotone retractions corresponding

to Ax, A2 respectively. By definition

(4) T | Zi = LaxM,        aiM(P) = Zi,
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(5) FI Ai = LotiM,       a2Af(P) - It.

Now Ai is a Peano subspace of 50?, and A2 is an .4-set relative to Ai also.

Thus the symbol (T\ Ai)\ A2 is meaningful, and in view of the factorization

(4) assigned to T\ A\, we have the formula

(6) (T\Äi)\Äi = LanaiM,

where ctu(Ai) = Ai is the unique monotone retraction from Ai onto A2. Then

0!i2ai and a2 are both monotone retractions from 50? onto A2, and since there

exists just one such monotone retraction, we must have cei2ai = a2. Thus (3)

follows from (5) and (6).

If 50? is not a dendrite, and if F1, • • ■ , Tn, ■ • ■ are the proper cyclic ele-

ments of 50?, then each T" is an A -set of 50?, and hence we can consider the

mapping T\ Tn. Comparison with 1.9 yields the formula

(7) A(F) = [Fir1, ••• ,F| r», ••■ ].

Let Ai, • • • , An, ■ • ■ be a (finite or countably infinite) sequence of A -sets

in 50?, such that 50? = Zi+ • • • +An+ ■ • ■ , and (Ji+ ••• • -M»)X.+i = <z»
= single point of 50?. Then each An is a Peano space, and the proper cyclic

elements of A„ coincide with those proper cyclic elements of 50? that are sub-

sets of An. Furthermore, each proper cyclic element of 50? is a subset of

exactly one An. Now let T be a proper cyclic element of 50? and let T (ZA„.

Then T contributes to A(F) the mapping T\ Y and to A(F| An) the mapping

(T\ .4„)|r = F|r (see (3)). Thus each T contributes the same mapping to

A(F) and to A(F|^4„), where An is the (unique) term of the sequence

Ai, • ■ ■ , A„, ■ ■ •   that contains T. There follows the formula

(8) A(F) = A(F | Ji) + -, • • + A(F 11„) + • • • .

If 50? is a dendrite, then the same formula holds, since then all the cyclic de-

compositions involved are vacuous.

Let us now consider an approximation to 50? in terms of a sequence of

cyclic chains. According to the cyclic chain approximation theorem, we can

choose in 50? a (finite or countably infinite) sequence of cyclic chains Ci, • • • ,

Cn, • • • , such that the following holds (see Whyburn [6, p. 73, Theorem

(a) (G-f- • • • -\-C„)C„+i is a single point for every n.

(b) Setting Hn = Ci + • • • +Cn, each Hn is an A -set. If the sequence

C„ is infinite, then the maximum diameter of the components of 50? — Hn con-

verges to zero for «—> <x>, and the diameter of C„ approaches zero.

(c) Setting H=Ci+ • • • +C„+ • • ■ , every point in 50?— H is an end

point of 50?.

It follows that every proper cyclic element is a subset of precisely one of

the cyclic chains Ci, • • • , C„, • • • . Thus the reasoning used to derive (8)



1945] CONTINUOUS MAPPINGS OF PEANO SPACES 445

applies (even though Ci+ • ■ • +C„+ • • •   may be different from 9ft), and

there follows the formula

(9) A(T) = A(T | Ci) + • • • + A(T \ Cn) + • • • .

We assumed in this section that 9ft does not reduce to a single point. If 9ft

does reduce to a single point, then our statements become vacuously true.

4.3. Let there be given a function F(T), defined for every FGT3, with the

following properties.

(i) For given FG'C, F(T) is a non-negative real number, possibly equal

to + «>.

(ii) F(T) is lower semi-continuous. That is, if T, T„Ç.15 and Tr—*T (cf.

4.1), then F(T) ¿lim inf F(Tn).

Let T(E;15, and let A(T) be the cyclic decomposition of T. We define a

quantity F[A(F)] as follows. If A(F)=0, then we put F[A(F)]=0. If

A(F) 9*0, then A(T) = [T\ • • • , F", • • • ], where each TnE15. If the series

F(FX)+ • • • -\-F(Tn)-r- ■ ■ • converges, then F[A(F)] is defined as the sum

of this series. If the series diverges, then we put F[A(F)] = + <x>. Note that

F[A(r)] is independent of the arrangement of the sequence T", since F is

non-negative.

4.4. We shall study conditions for the formula F(T) = F[A(T) ] to hold for

every FG'G- If this is the case, then F(T) will be termed cyclicly additive. The

additional conditions placed upon F(T), to enforce cyclic additivity, will be

chosen with certain applications in mind, and may seem unmotivated and

unnecessarily involved at first sight. Granting that simpler and equally use-

ful conditions may be discovered in the future, we shall first derive some

necessary conditions for cyclic additivity, and we shall study some of the

mutual implications between these conditions. In fact, this part of our dis-

cussion will prove useful in producing a compact proof for our main result. It

also serves as a motivation for the conditions used to secure cyclic additivity.

4.5. Assume that F(T), given as in 4.3, is cyclicly additive. If the middle-

space 9ft for a FG'G is a dendrite, then A(F)=0, and hence F(T) =F[A(F)]

= 0. Let is note the following special cases.

(iii) If the middle-space 9ft for a TÇz'B reduces to a single point, then

F(T) =0. Alternatively, if F is constant, then F(T) =0.

(iv) If the middle-space 9ft for a TÇ_^b is a simple arc, then F(T) — 0.

4.6. More involved implications of cyclic additivity may be stated in

terms of a monotone-light factorization T = LM, M(P) =9ft, L(9ft) = P*, where

FG'C. It is assumed that F(T), given as in 4.3, is cyclicly additive.

(v) Let Ao he an A -set in 9ft such that 9ft — Aot^O, and let Si, • • • ,

Sn, ■ • ■ be the (finite or countably infinite) sequence of the components of

9ft — A o- Then the closure c(S„) of S„ is an A -set and

F(T) =F(F|Zo) +F[T\e(S1)] + ••• +F[t\c(5,)] + ••• .



446 TIBOR RADÓ [November

(vi) Let Ai, A2 be (nondegenerate) A -sets in 50? such that Ai + A2 = '$fl,

and A iA2 is a single point. Then

F(T) =F(T\Ji)+F(T\J2).

(vii) Let A\, ■ ■ • , An, • • • be a (finite or countably infinite) sequence of

nondegenerate A -sets, such that Ai-{- • ■ • -\-An-\- ■ ■ ■ =50?, and for each n

the product (Ai+ ■ ■ ■ -\-A„)An+i reduces to a single point. Then

F(T) = F(T | A~i) + • • • + F(T \ Jn) + ■ ■ ■ .

(viii) Let do be a cut point of 50?, and let Si, • • • , S„, ■ • • be the (finite

or countably infinite) sequence of the components of 50? —áo- Then for each n,

the closure c(S„) of S„ is an A -set, and

F(T) =F[F|c(Si)] + •• • +F[T\c(Sn)] + • • • .

(ix) Let Ai, ■ • ■ , A„, • • • be a (finite or countably infinite) sequence of

nondegenerate A -sets such that for every n the product (A\-\- ■ ■ • -\-An)An+i

is either empty or else reduces to a single point. Then

F(T) > F(T\li) + • ■ ■ + F(T\Jn) + ■ ■ ■ .

(x) Let Ci, • • • , Cn, ■ ■ ■ be a sequence of cyclic chains in 50? that ap-

proximate to 50? in the sense of the cyclic chain approximation theorem (see

4.2). Then

F(T) = F(T | Ci) + • ■ • + F(T | Cn) + ■ ■ • .

Proof. Clearly, (v), (vi), (viii) are special cases of (vii). To prove (vii),

note that by 4.2 (8) we have A(F) =A(F| Ji)+ • • • +A(F| Jn)+ • • • .

Hence (see the introduction), F[A(F)] = F[A(F| ¿i)]+ ■ ■ ■ +F[A(F| J„)]

+ ■ • • , and (vii) follows in view of the cyclic additivity of F. In a similar

way, (x) follows from 4.2 (9). The proof of (ix) is equally immediate.

4.7. Given F(T) as in 4.3, we shall say that F possesses the property (vii),

say, if the preceding statement (vii) holds for every TCEl^, and the properties

(i), (ii), • • • , (x) are defined in the same way. A further relevant, and unfor-

tunately not simple, property will now be introduced. Let FG'Œ, and let y

be a continuum in P such that T is constant on y and P— y 5^0. Thus

T(y) =a0* is a single point of the space P* = T^), and y CF-1(#o*). It is not

assumed that 7 is a maximal model continuum. Let D be a component of

P—7. Let us define the mappings 7\, F2 as follows

(T(x)    in    D, (T(x)    in    P - D,

l.ao     in    P — D, {aB     in    D.

Clearly Fj, F2G'B. If F(T) = F(Ti) + F(T2) for every choice of F, 7, D with
the properties just stated, then we shall say that F is additive with respect to
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continua of constancy. In the way of motivation, let us state that this property

is available in the applications, and that it is a necessary condition for cyclic

additivity. This latter assertion will be verified presently.

4.8. Suppose that F, given as in 4.3, is cyclicly additive. Then F is addi-

tive with respect to continua of constancy.

Proof. Let T, y, D, a0*, Tx, T2 be given as in 4.7. Since 'P is a Peano space,

we have the inclusion

(i) tv(D).Cy,

where fr(F>) denotes the frontier of D.

Case (1). T is constant in D. Then F(x)=a0* for xÇlD in view of (1).

Hence 7i is constant and T2 = T. By 4.5 (iii) it follows that F(Fi) + F(F2)
= 0 + F(F) = F(F).

Case (2). T is constant in 'P — D. Then F(x)=ao* for xÇ.'P — D, since

7CP-F». Thus Fi = Fand F2 is constant. The formula F(T) =F(Fi) + F(F2)

follows as in case (1).

Case (3). T is not constant either in D or in <P-D. Let T = LM, M(<P) =9ft,

L(9ft)=P* be a monotone-light factorization of T. By assumption T(y)

= LM(y)=aÔ", and hence M(y) (ZL~i(a0*). Since M(y) is connected and

L-1(a0*) is totally disconnected, it follows that M(y) is a single point <z0 of 9ft,

such that L(do)=ao*. We proceed to verify the following auxiliary statements.

(a) Let C be a component of 9ft —a0. We assert that either Ai_1(C) (ID or

else M~l(C) (Z'P — D. Indeed, if this were not the case, then the continuum

M~l(C) would intersect both D and 'P — D, and hence M~l(C) would intersect

fr(F>). In view of (1) it would follow that yM~l(C) ?¿0, while 7Af_1(C)

CAf-1(âo)Af-1(C)CAf-1(âo)M-1(9ft-âo)=0.

(b) 9ft — do9^0. Indeed, T is not constant.

(c) 9ft — ¿o is disconnected. Indeed, if 9ft — äo is connected, then Af-1(9ft — do)

is either a subset of D or a subset of 'P—D, by (a). In the first case, it would

follow that F is constant on 'P — D, and in the second case it would follow that

T is constant on D, in contradiction with our present assumptions.

(d) Let Bx be the sum of those components of 9ft — a0 that intersect M(D),

and let B2 be the sum of those components of 9ft —äo that intersect MCP — D).

Then .Bi^O since T is not constant on D, B2j¿0 since F is not constant on

<P-D, BiB2 = 0 by (a), and clearly Si + S2 = 9ft-â0. Obviously M(D)

CBi + äo, MCP-DHlBi + âo.
Now let us put Ai = Bi-\-äo, A2= B2-\-ä0. Since B\, B2 are sums of compo-

nents of 9ft —äo, ̂ 4i and A2 are A -sets, and by (d)

(2) Zi + Z2 = 9ft,        ZiZ2 = äo.

Let us note that Ai, A2 are nondegenerate 4-sets. Indeed, Ai — ä0= Bit^O,

A2 — äo = B2y^0 by (d). Let us now consider the monotone retractions

ai(9ft) =Zi, a2(9ft) =Z2. Since M(D) CZb M(<P-D) CZ2 by (d), we have
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aiM(x) = M(x)    if    iGA aiM(x) = âo if    x E <P - D,

a2M(x) = âo if    x G A a2M(z) = M(*)    if    * G P - F>.

Comparison with 4.7, 4.2 yields Ti = T\Äu F2 = F| J2. Hence F(F) = F(Fi)
+ F(F2) by (2) and 4.6 (vi).

4.9. Suppose that F, given as in 4.3, possesses the property (v) (see 4.7,

4.6). Then Falso possesses the properties (vi) to (x).

Proof of property (viii) (see 4.6). Put Zo = Si+<z0. Then A~0 is an A -set,

and the components of 50? — A o are precisely S2, • • ■ , S„, • • • . Furthermore,

Ao = c(Si). Thus (viii) appears as a direct consequence of (v).

Proof of property (vi) (see 4.6). Let Si', • • • ,S„', • • • be the components

of 50? — Ai, and let dn' be the unique frontier point of S„'. Then 5„' G^i, and

since S„'C^2, we have also âr' G A 2. As AiA2 = d0, it follows that an =50 for

every n. Since A i is an .4-set, each S» is a component of 50? —â„' =50? —â0.

Thus A2 — d0 = S{ + • • • + S» + ■ ■ • is a sum of components of 50? —50, and

similarly Ai — do is a sum of components of 50? —ôo- Hence by (viii), applied to

the mappings F| Ai, T\ A2, T respectively, we obtain

F(T\12) =F[(T\22)\c(S'i)]+ ■•• +F[(F|J2)|c(S;)] + --- ,

F(F|Ji) =F[F|Zi)|C(Si')] + --- +F[(T\li)\c(S':)] + --. ,

F(T) = {F[T\ c(S¡)] + ■■■ +F[T\c(S'n)]+ ■•■}

+ {F[T\ c(SÏ)] + ■■■ +F[T\ c(S:')] + •••},

where Si', • ■ ■ , S„, ■ ■ • are the components of 50? — A2. In view of 4.2 (3)

the formula F(T) = F(F| Zi) +F(F| J,) follows.

Proof of property (vii) (see 4.6). Case (1). The given sequence of A -sets

is a finite sequence Ai, ■ ■ ■ , A„. For n = \, we have ^1 = 50?, T\ Ai = T\ 50? = T

and the formula F(T) = F(F| Ai) is obvious. Assume that property (vii) has

been shown to hold for finite sequences of .4-sets with not more than «—1

terms. Then for a sequence Ai, ■ ■ ■ , An with n terms we put Aí =Ai+ • • •

-\-An-i, Al = An. By property (vi), already established, we have then (cf. 4.2

(3))

F(T) =F(T\A~{) +F(T\2i) =F[F| 1{)\ Ji]+ • ••

+ f[(t\ Jo| J„_i]+ f(t I An) =F(F| Jl) + ••• +F(F| Jn).

Case (2). The sequence Ai, ■ ■ • , An, • • • is infinite. Put ^i+ • ■ ■ +-4»

= An, and let dñ denote the maximum diameter of the components of

50? — An • We have then the relations

(1) dn" -> 0,        d(l„) -> 0 for » -> ».

The simple proofs are analogous to those used in establishing the cyclic chain

approximation theorem, and are left to the reader (cf. Whyburn [6, pp. 73-
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74]). Now let a„' be the (unique) monotone retraction from 9ft onto the Z-set

A,[ . Clearly p[M(x), a„' M(x)]^dnl for every point xGP- Thus a„' M con-

verges uniformly to M, and hence T\ Añ =Laú M converges uniformly to

LM=T. By 4.3 (ii) there follows the inequality

(2) F(T) áliminfF(F|Zn'), »-»«>.

Now by case (1), applied to F(F| Z„' ), we have (cf. 4.2 (3))

(3) F(T\2:) =F(r|Zi) + ••• +F(r|Z„).

(2) and (3) yield the inequality

(4) F(T) £F(T\Zi)+ ••• +F(F|Z„) +

Now observe that by the (presupposed) property (v) we have F(T\Ao)

^F(T) for every A -set A o in 9ft, since F is non-negative. Hence in particular

(5) F(T\2¿)£F(T), n=\, 2, •••.

(3), (4), (5) yield F(T) = F(T\ Zi)+ • • • +F(F|Z„) +
Proof of property (ix) (see 4.6). Case (1). The given sequence of A -sets

is finite. Let then Ax, • ■ ■ , A„ be the sequence. If n = 1, then by the (presup-

posed) property (v) we have F(T\Ai)^F(T), since F is non-negative. Pro-

ceeding by induction, let us assume that (ix) is established for finite

sequences with not more than n — 1 terms. Given then a sequence Ax, • • • , A„,

suppose first that these sets are disjoint. Let Si, ■ ■ ■ , Sk, • • • be the com-

ponen ts of 9ft — An. Since each A i is connected and A ,■ C5fft — A „ for i = 1, • • -,

n— 1, it follows that A ¿ is a subset of one of the sets Si, ■ • • , Sk, • • • ■ Let us

put

2k = 2F(T\Ai),       AiCSk.

Of course, this summation may be vacuous for a given k, and then 2¡t = 0.

Now for each k the summation contains at most n—\ terms, and hence

2k^F[T\c(Sk)] (cf. 4.2 (3)). On the other hand, we have by property (v)

F(T) =F(T\ln) +F[T\c(Sx)] + ■■ ■ +F[r|c(S*)] + •• •

and the inequality F(F)^F(F| ^4i)+ • • • +F(F¡^4„) follows. Suppose, sec-

ondly, that the sets Ax, • ■ ■ , An are not disjoint, say AiA2 5^0. Then AiA2 is

a single point, and hence Ai-\-A2 is again an A -set. We have therefore the in-

equality

F(T)^F[T\(Ji +Z2)]+F(F|Z3) + ••• +F(F|Z„).

In view of property (vi), already established, the inequality F(T) ^ F(F| ^4i)

+ • • • +F(F|Z„) follows ^cf. 4.2 (3)).

Case (2). The sequence Ai, ■ ■ ■ , An, • ■ • is infinite. For each n we have

thenF(F)èF(F|Zi)+ • • • +F(F| Z„) by case (1), and for w->«> the desired

inequality follows.
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Proof of property (x). By property (ix), just established, we have the in-

equality

(6) F(T) ^ F(T\ Ci) + • • • +F(T\ Cn) + • • • .

To establish the complementary inequality, it is sufficient to consider the

case when the sequence Ci, • • • , C„, • • • is infinite, since in the finite case

the desired result follows directly from property (vii). Setting Hn = Ci+ • • •

+ C», let d„' denote the maximum diameter of the components of 9ft — Hn.

We have then aY—>0 (see 4.2). Since Hn is an ^4-set, we have a unique mono-

tone retraction p\(9ft) =Fz». Clearly p[M(x), ßnM(x)]^dJ for every point

xÇ:<P. Thus ßnM converges uniformly to M, and hence T\Hn=LßnM con-

verges uniformly to T = LM. Hence (see 4.3 (ii)),

(7) F(T) g lim inf F(T \ Hn), n -► ».

On the other hand, by 4.2 (3) and property (vii) (already established) we have

(8) F(T | Hn) = F(T | Ci) + • • • + F(T \ Cn).

(6), (7), (8) yield the desired formula for F(T).

4.10. Suppose that F, given as in 4.3, is additive with respect to continua

of constancy (see 4.7). Then F possesses the properties (v) to (x) (see 4.7,

4.6).

Proof. In view of 4.9 it is sufficient to verify property (v). Using the nota-

tions T, L, M, 9ft, Ao, Sx, • • ■ , S„, • ■ • in the sense of 4.6 (v), we make the

proof in the following steps.

Case (1). The set 9ft — A o has exactly one component Si. Then the frontier

of Si consists of a single point äoG^o, and Si is a component of 9ft —a0. Hence,

on setting y = M~1(d0), D = M~1(Sx), D is a component of <P—y. Let a be the

monotone retraction from 9ft onto A0, and let ß be the monotone retraction

from 9ft onto c(Si) =Si + ô0 (note that c(Si) is an A -set). We have then

aM(x) = d0 for    x G D, aM(x) = M(x) for x G P - D,

ßM(x) = M(x)    for    xED, ßM(x) = d0   for    x G <P - D.

Setting aa* = L(do), it follows that T(y) =LM(y)=L(d0) =a0*, and

(ao*   in   D, (T(x)    in   D,
LaM(x) = { LßM(x) = \

\T(x)    in    P - D, W    in    P - D.

Thus LßM=Tx, LaM=T2, where Fi, T2 are defined as in 4.7. Since F is

additive with respect to continua of constancy, we have therefore (cf. 4.2)

F(T) = F(Ti) + F(T2) = F(LaM) + F(LßM) = F(T \ Z„) + F(T \ Si).

Case (2). 9ft — A o has a finite number of components Si, ■ ■ • , S„. Since

the case n = 1 has been already taken care of, we can proceed by induction. So
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let us assume that (v) is already established for the case when the number of

components S does not exceed » — 1. On setting A ó = A0-\-S2+ ■ • • +S„,

50? — Aó has the single component Si, and hence by case (1)

(1) F(T)=F(T\2¿)+F[T\c(S1)].

On the other hand, the components of A ó —AB are S2, • • • , S„, and hence

property (v) is available for the mapping T\ A¿ and the A -set Ao- Therefore

(cf. 4.2 (3))

(2) F(T\1¿) = F(T\1o) + FIT] c(S2)] + ■ ■ ■ +F[F|C(Sn)].

(1) and (2) yield F(T) = F(T\20)+F[T\c(Si)]+ ■ ■ ■ + F[T\c(Sn)].
Case (3). The sequence of components Si, ■ ■ • , S„, • • •   of 50? — A o is

infinite. Then d(S„)—->0 and hence also

(3) d[e(Sn)]-+0 for w^ oo.

Let us put ^4„ = .4o+c(Si)+ • ■ ■ -\-c(Sn). Then An is an ^4-set. If an is the

monotone retraction from 50? onto An, then clearly a„M converges uniformly

to Mas a consequence of (3), and hence T\ An = LanMconverges uniformly to

T = LM. By 4.3 (ii) it follows that

(4) F(T) ^ lim inf F(T \ln), n -> eo.

On the other hand, by case (2) we have (cf. 4.2 (3))

(5) F(T\Än) =F(F|I„)+F[F|C(Si)] + ... +F[F|c(S„)].

(4) and (5) yield the inequality

(6) F(T) gF(F|I„)+F[F|C(Si)] + --- +F[F|C(Sn)] +

Let us put now An =ylo + S„+i-f-S„+2-f- • • • . Then A„ is again an .4-set.

If a„' denotes the monotone retraction from 50? onto A„ , then in view of (3)

clearly a„' converges uniformly to the monotone retraction a0(5D?)=^4o, and

hence T\ Añ =£«„' M converges uniformly to T\ Ao=La0M. By 4.3 (ii) it fol^

lows that

(7) F(F|Io) gliminfF(F|In'), »^oo.

On the other hand, since 50? — Al has a finite number of components (namely

Si, • • • , S„), we have by case (2)

(8) F(T) =F(F|In')+F[F|c(S1)] + --. + F[f| c(Sn)].

(7) and (8) yield the inequality

(9) F(T) }t F(T\J0) +F[T\ c(Si)] + ■■■ +F[T\c(Sn)] + •■■ .

(6) and (9) yield property (v) (see 4.6, 4.7).
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4.11. To proceed further, it seems necessary to restrict the space P. In

the principal applications at this time, P is either a 2-cell or a 2-sphere, but

it may be of interest to point out the relevant property that enables us to

deal with these special cases simultaneously.

If 9ft is a Peano space, and if every simple arc a C9ft is a monotone retract

of 9ft, then we shall say that 9ft possesses the property (tt). Clearly this prop-

erty is cyclicly extensible. If Í3 is a Peano space, and if for every continuous

monotone mapping Af(P) =9ft the image space 9ft possesses the property (ir),

then we shall say that P possesses the property (II). Choosing M as the iden-

tity, we see that the property (II) implies the property (ir). The following

remarks will be useful in the sequel.

(a) Suppose that P possesses the property (II). Let Af(P) = 9ft be a con-

tinuous monotone mapping, and let C be a proper cyclic element of 9ft. Then

C possesses the property (ir). Indeed, using the monotone retraction p(9ft) = C,

we see that pMCP) = C is a continuous monotone mapping from P onto C,

and the assertion follows.

(b) Suppose that P possesses the property (II), and let Af(P)=9ft be a

continuous monotone mapping. Let di, d2 be two distinct points of 9ft, and

suppose that the cyclic chain C(äi, ä2) does not reduce to a simple arc. Let

Ci, • • • , C„, • • ■ be the proper cyclic elements of 9ft that occur in C(äi, ä2),

and let y he a simple arc with end points âx, â2. Then y(ZC(äi, â2), and for each

n the product yC„ is a simple arc y„. Furthermore, the simple arcs

7i> • • • , 7n, ■ • ■ have no interior points in common. Now let k be any

positive integer. We assert the existence of a monotone retraction

Pk[C(di, ¿2)]=7 + Ci+ • • • +C*. To obtain pk, note that by (a) above the

simple arc yn is a monotone retract of C„. Let an(C„) =yn be a monotone re-

traction. Let p.* coincide with the identity on 7 + C1+ • • • +C& and with a„

on C„ for n>k. Then clearly pk has the desired properties. The continuity of

pk follows from the fact that d(Cn)—»0 for n—* °o. This same fact implies that

Pk converges uniformly to the identity for k—»°°.

(c) Obviously, the 2-sphere and the 2-cell possess the property (tt). It

follows that they also possess the property (II). Indeed, if P is either the

2-sphere or the 2-cell, and if M(P ) = 9ft is any continuous monotone mapping,

then every proper cyclic element C of 9ft is either a 2-cell or a 2-sphere. Thus

every proper cyclic element of 9ft possesses the property (tt), and since this

property is clearly cyclicly extensible, the assertion follows.

(d) Although implicitly contained in the preceding remarks, let us stress

the fact that if 9ft is a dendrite, then 9ft possesses the property (tt). Indeed,

if 7 is a simple arc in 9ft, then 7 coincides in this case with the cyclic chain that

joins its end points, and hence 7 is a monotone retract of 9ft.

4.12. Cyclic additivity theorem. Let T5 be the class of continuous mappings

from a fixed Peano space P into a fixed metric space P* (that is, TCP) CF* for

every FG13). Let F(T) be a real-valued function defined for TÇ^Td. Suppose

that the following conditions hold.
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(a) P possesses the property (II). In particular, P may be either a 2-cell

or a 2-sphere (see (4.11)(3).

(b) F(F)2:0 for TEl^J- For certain mappings TÇz'B, F(T) may be equal

to + ».

(c) F(T) is lower semi-continuous (see 4.3).

(d) If F is constant, then F(T) = 0.

(e) If the middle-space occurring in the monotone-light factorization of a

FG'S is a simple arc, then F(F)=0.

(f) F(T) is additive with respect to continua of constancy (see 4.7).

Then F(T) is cyclicly additive (see 4.4).

Proof. By 4.10 it follows that F(T) possesses all the properties (v) to (x)

(cf. 4.6, 4.7). Hence, as a special case of property (ix), we have the inequality

F[A(F)] ^F(T). Thus it is sufficient to prove the inequality

(1) F(T)£F[à(T)].

Let FG13, and let T = LM, Af(P)=9ft, Z,(9ft) = P* be a monotone-light fac-
torization of F.

Case (A). 9ft reduces to a single cyclic chain C(di, d2). Let then 7 be a sim-

ple arc, with end points äx, ä2, in 9ft.

Subcase (A.l). 9ft =7. Then A(F) = 0 and hence F[A(F)] =0. By condition

(e),F(F) = 0. Hence (1) holds.

Subcase (A.2). 9ft has a finite number of proper cyclic elements

Ci, • • • , Cn- In view of the structure of a cyclic chain, we have then a

finite system Ax, • • • , AN of .4-sets in 9ft, such that ^4i+ • • • -\-AN = Wi,

(A1+ • ■ ■ -\-Ak)Ak+x is a single point for k-1, • ■ ■ , N—Í, and each Ak is

either a simple arc or a proper cyclic element. By property (vii) we have then

F(T) = F(F| Ax)+ ■ ■ ■ +F(F| An). Now if Ak is a simple arc for a certain k

then F(F|i4*)=0 by condition (e), and hence (1) follows (in fact, directly

with the sign of equality).

Subcase (A.3). 9ft has infinitely many proper cyclic elements Ci, • • ■ ,

Cn, • • • ■ Using the notations of 4.11 (b), consider the monotone retraction

pjfe(9ft)=p*[C(ôi, â2)]=7 + Ci + • • ■ +C*. Since pk converges uniformly to

the identity on 9ft, clearly the mapping LpkM converges uniformly to LM= T.

Hence, by condition (c)

(2) F(T) g lim MF(LpkM), Ê-» ».

On the other hand, the middle-space in the monotone light factorization

LpkM = L(pkM) coincides with the set 7 + C1+ • • • +C&, and thus this mid-

dle-space is a cyclic chain with a finite number of proper cyclic elements.

Hence, by subcase (A.2) ,F(LpkM) Ú F[A(LpkM) ]. Now let ßt be the monotone

(3) According to a recent communication, G. T. Whyburn has proved that (II) is equiva-

lent to unicoherence for Peano spaces.
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retraction from 7 + C1+ • ■ ■ +C* onto Ü,-, ¿ = 1, • • • , k. Then

A(LpkM) = [LßipkM, ■■ ■ , LßkpkM].

Now ßipk is a monotone retraction from 50? onto d,i = \, • • • ,k. This mono-

tone retraction being unique, it follows that LßipkM—T\ d, ¿ = 1, • • • , k.

Hence A(LpkM)—\T\Ci, • • • , T\Ck], and consequently (cf. 4.3 and con-

dition (b))

(3) F[A(LpkM)] =F(T\Ci) + --- +F(T\ Ck) g F[A(F)].

(2) and (3) imply (1). Let us note that some caution had to be exercised since

7 + C1+ • • • -\-Ck is not an A -set relative to 50?.

Case (B). 50? does not reduce to a single cyclic chain. Let then Ci, • • • ,

Cn, • • • be a sequence of cyclic chains in 50? that approximate to 50? in the

sense of the cyclic chain approximation theorem (see 4.2). By 4.2 (9), we have

then

A(F) = A(F I CO + ■ ■ ■ + A(T I C„) + • • • ,

and hence (see the introduction)

(4) F[A(F)]=F[A(F|Ci)] + --- + F[A(F|C„)] + --- .

On the other hand, the middle-space corresponding to T\ C„ may be chosen

as C„ (cf. 4.2). Hence, by case (A),

(5) F[A(F|CB)]^F(F|Cn), n = 1, 2, • • • .

By property (x) (see 4.7, 4.10), we have F(F|Ci)+ • • • +F(F| C„)+ • • •

= F(T). Thus (4) and (5) imply (1), and the proof is complete.
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