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1. Introduction. The problem of measure in groups is the problem of de-

fining a left-invariant measure, with specified properties, in a given group.

It is a special case of the general problem of defining a measure in a set with

a given congruence relation (l). In a topological group it is natural to require

that the measure be defined at least for all Borel sets, and therefore to con-

sider Borel measures. By a Borel measure we understand a countably addi-

tive non-negative set function defined for all (and only for) Borel sets. It may

assume the value + oo but is required to be finite and positive for at least one

set. In addition, we require always that points have measure zero. A Borel

measure mina group G is left-invariant if m(xA) =m(A) for every Borel set

A C.G and every element #£G. The present paper is devoted to a study of

the existence and possible properties of such measures.

In locally compact separable groups the problem of measure, with the

added requirement that the measure be locally finite, was solved by Haar [7],

as is well known. Moreover, Haar's measure is unique in the sense that (ex-

cept for a constant factor) it is the only locally finite left-invariant Borel

measure in such a group (see von Neumann [17]). However, a great variety

of measures which are not locally finite always exist, as we shall see.

The present paper contains a solution of the problem of measure in com-

plete separable metric groups. (By a metric group we mean a topological

group with a metrizable topology. It is complete if it is a complete space with

respect to some metric.) It will be shown that there exists a left-invariant

Borel measure in any such group, unless the group is countable, but that a

locally finite measure is possible only if the group is locally compact. This

makes it possible to state Haar's theorem in the following generalized form.

In a complete separable metric group there exists a locally finite left-invariant

Borel measure if and only if the group is locally compact and dense in itself.

The problem of measure in complete metric groups is solved here by a

construction which differs considerably from Haar's and makes no use of his

result, though it utilizes only fairly standard techniques. Other constructions,

based partly on Haar's theorem, are discussed, but it is shown by examples

that these methods are not universally applicable. Weil's theory  [24, Ap-
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pendix I] of measure in groups is considered in some detail, with a view to

evaluating its significance for the problem of measure under consideration.

It is believed that this investigation throws considerable light on the limita-

tions of Weil's theory by exhibiting the possibility of measures that fail to

satisfy his postulates, and by showing that in some cases it is impossible for

a Borel measure to satisfy them.

Finally, a number of examples are considered in the light of the general

theory. In particular, it is shown that in the additive group of real numbers

one can introduce a large variety of different topologies, with invariant meas-

ures that range from the most regular to the most pathological.

2. The impossibility of a locally finite measure. The generalized form of

Haar's theorem stated above is an immediate consequence of the following

theorem, the proof of which is due to S. Ulam(2).

Theorem 1. Let G be any complete separable metric group which is not locally

compact, and let m be any left-invariant Borel measure in G. Then every neigh-

borhood contains non-denumerably many disjoint mutually congruent sets of

equal finite positive measure.

Two sets A and B are said to be congruent if there exists an element xÇzG

such that B=xA.

We first establish a lemma which belongs to the general theory of measure

in complete separable spaces and has nothing specifically to do with groups.

Lemma 1. Let m be any Borel measure in a complete separable metric space.

The measure of any Borel set B with finite positive measure is equal to the least

upper bound of the measures of compact subsets of B.

This result can be proved on the basis of a theorem of Kuratowski [14,

p. 231], which asserts that any Borel subset B of a complete separable space

can be represented as a one-to-one continuous image of another complete

separable space E by a mapping/ whose inverse is Borel measurable. Such a

mapping / defines a finite Borel measure ß in E, namely the measure

uA = m(JA). But if /* is any finite BoreJ measure in a complete separable space

E, then for each positive number « there exists(3) a compact set CCZE such

that ¿uC=/*£ — e. Hence m(fC) ^mB — e, and since fC is a compact subset of B

the lemma is proved.

Now, to prove Theorem 1, consider the given topological group G with

left-invariant measure m, and let U be an arbitrary neighborhood. By hy-

pothesis, there exists a Borel set B with finite positive measure. Since the

space is separable, a countable number of sets of the form «//suffice to cover

(2) The author wishes to thank Professor Ulam for permission to use this result, and also

for numerous helpful suggestions and remarks.

(3) See [19, p. 561, footnote 3]. The paper there referred to was never published, but the

proof is entirely contained in this footnote.
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G~ Consequently at least one of these sets, say a U, intersects B in a set of 
positive measure. Therefore a-IBn U is a Borel subset of U with finite posi-
tive measure. By Lemma 1, this contains a compact set C with O<mC<oo. 

Consider the subgroup GI generated by the set C. Observe first that the 
group product CIC! and the set CI-I of inverses of elements of CI are both 
compact if the sets C) and C2 are compact. Starting with the set C, form the 
sets CI=CVC-I and C"+I=C"C,,, n~1. All these sets are compact, and their 
union U"C" consists of all finite products of elements of Cor C- I and is there-
fore equal to GI • Now, in a non locally compact group any compact set is no-
where dense. Consequently GI is of first category in G, and likewise each of its 
left-cosets. Let V be a neighborhood of unity so small that vce U. The left-
cosets of GI corresponding to elements of V cover V. Since V is of second cate-
gory, and the left-cosets of GI are mutually disjoint, V must contain non-
denumerably many elements belonging to distinct left-cosets of GI • Each of 
these cosets contains a set congruent to C and contained in U. Hence U con-
tains non-denumerably many disjoint sets of the form xC, which proves 
Theorem 1. 

By a refinement of the foregoing reasoning we can prove the following 
stronger theorem. 

THEOREM 2. Under the same assumptions as Theorem 1, any neighborhood 
contains a compact set which is the union of non-denumerably many disjoint 
mutually congruent compact sets of equal finite positive measure. 

To prove this, let U, C, and V be defined as in the proof of Theorem 1. 
Then CC-I is a compact and nowhere dense set. It is therefore possible to 
find a sequence {an} of elements of V such tliat a,,-+e and a"EECC-I. Consider 
the countable set of all products of the form 

(2.1) '1 '2 '. al az ... an (ii, ... , in = 0, 1; n = 1, 2, ... ) 

and let r denote the closure of this set. If the sequence {an} tends to e suffi-
ciently rapidly, we shall show that the set r is homeomorphic to the Cantor 
set, that it is contained in V, and that r- I rncc- I contains only the element 
e. This last property implies at once that if x and yare distinct elements of r, 
then the sets xC and yC are disjoint. Consequently rc is a compact subset of 
U that fulfills the requirements of Theorem 2. 

In order that the set r shall have the desired properties, it is sufficient 
to start with any sequence {an} such that a,,-+e and a .. EE CC-I, and take 
'for {an} the subsequence defined inductively as follows. Let al be the first 
element of the sequence {an} such that the sphere about e with radius 
2p(e, aI) is contained in V. If aI, ai, ... , an have already been defined, let 
An denote the finite set consisting of the elements of the form (2.1) for fixed n, 
let d" denote the minimum distance between distinct points of An, and let 
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4ô„ denote the smallest of the three positive numbers p(an, CC~L), p(an~1, CC~X),

and d„. Then define an+i as the first element of the sequence {än} such that

each of the distances p(a, aan+i), p(a, aP+i_1a), p(a, an+i~1aan+i) is less than

c5„ for every a(E-<4„-1.4n. Such an element exists, since any element sufficiently

near e fulfills these conditions. To verify that the set T determined by the

sequence \an] has the required properties, note first that since eÇ:Arr1An

we have p(e, an+i)<5„, dn+i^p(e, an+i), and therefore 5„+i<¿5„/4. It is easy

to see that the sequence of elements xn of the form (2.1) corresponding to any

sequence {i„} (in = 0, 1) converges to an element x in T, since p(xn, xn+p)

<ô„+ô„+i+ • • ■ + 5„+p_i<(4/3)5„. Moreover, if {i„} and {j„} are distinct

sequences, and k is the first index for which ik^jk, the corresponding points x

and y in T are separated by a distance at least equal to (4/3) ¿5*, as the follow-

ing calculation shows: 4:ôk^dk^p(xk, yk)ép(xk, x)+p(x, y)+p(y, yk)

^(4/3)8k+p'(x, y) +(4/3)5*. It follows that the elements of T are in one-

to-one correspondence with the totality of sequences {in}, and an elementary

argument then shows that the function f(x) =E"2*"n/3" effects a homeomor-

phism between T and the Cantor ternary set. To show that TQV, it suffices

to note that the distance from e to any point of An is less than p(e, ai) + Si

+ • • • +5„_i<(4/3)p(e, ai). Finally, any element zET-T is the limit of

a sequence {b„}, ônE<4»-1-<4n, and if zj^e we have bk = ak±1 for some index k.

Hence p(/3*,z) g 5*+5*+1+ • - ■ ̂  (4/3)5*g (l/3)p(bk, CC'1), and so z&CC-1.
Therefore T~1TC\CC~1 = e. This completes the proof of Theorem 2.

It may be noted that Theorem 1 does not necessarily hold for (improper)

Borel measures that assume only the values 0 and +°°, even when the word

"finite" is omitted from the conclusion. We may introduce such a measure by

defining m A equal to 0 or +<» according as the Borel set A is of first or second

category. This measure is countably additive, left-invariant, and zero for

points. But since any Borel set has the property of Baire, any Borel set of

second category contains a sphere minus a set of first category (see, for ex-

ample, Kuratowski [14, §11]). It follows that in a separable space any family

of disjoint Borel sets of second category is denumerable, and so Theorem 1

fails to hold for this measure.

3. The problem of measure. Let G be a complete metric group which is

dense in itself. We may consider the following problems:

Problem 1. To define in G a left-invariant Borel measure which is zero for

points.

Problem 2. To define in G a left-invariant Borel measure which is not only

zero for points but also satisfies one or more of the following conditions:

(3.1) Some neighborhood has finite measure. (Such a measure is called

locally finite.)

(3.2) The measure of any measurable set is equal to the lower bound of

the measures of open sets that contain it.

(3.3) Every compact set has finite measure.
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(3.4) Any measurable set can be covered by a sequence of compact sets.

(3.5) Any measurable set can be represented as the union of countably

many sets of finite measure.

If G is a locally compact separable metric group, it is well known that

Haar's measure has all five of the properties enumerated in Problem 2. How-

ever, Theorems 1 and 2 show that if G is separable but not locally compact

then no Borel measure can satisfy any of these conditions; in other words,

Problem 2 is soluble only if the group is locally compact.

In case G is locally compact but not separable, it is customary to consider

Haar's measure as defined only for Borel sets which can be covered by counta-

bly many compact sets or, equivalently, which satisfy condition (3.5). In

such a group Haar's measure is therefore not strictly a Borel measure. How-

ever, it can always be extended to a Borel measure, most simply by defining

the measure of any Borel set as the least upper bound of the measures of its

Haar measurable subsets. But other extensions are also possible (see §7) and

so it is desirable to limit the domain of Haar's measure in the above manner

in order to preserve the theorem of uniqueness. On the other hand, from any

measure m one can derive a measure with the property (3.5) simply by con-

tracting its domain to those sets which satisfy this condition. (It is easy to

verify that the family of sets with property (3.5) is a Borel field, that is, that

it contains the difference of any two and the union and intersection of any

sequence of its members.) Since we shall have frequent occasion to refer to

this remark, it is convenient to introduce the following definitions, which are

suggested by the usual <r-terminology.

Definition 1. A measure m (in any space) is called a-finite if each set in

its domain can be represented as the union of countably many sets of finite meas-

ure.

Definition 2. ¿Ae measure derived from a measure m by limiting its domain

to the least Borel field that includes all sets of finite measure is called the a-finite

contraction of m.

Thus Theorems 1 and 2 and Lemma 1 imply that the domain of the

«r-finite contraction of any left-invariant Borel measure in a complete separa-

ble non locally compact group includes no open sets (except the void set)

and includes some but not all compact sets.

In §9 we shall consider another kind of condition that might be added to

Problem 1, and shall find that it too renders the problem insoluble in general.

It therefore appears that for general complete metric groups (separable or

not) Problem 1 demands about as much as is possible for a Borel measure, and

it is therefore of interest to show that this problem can be solved.

4. Construction of an invariant measure. We proceed to give a general

solution of Problem 1. Other constructions, applicable to special classes of

groups, will be considered in §8.
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Theorem 3. In any complete metric group which is dense in itself there exists

a left-invariant Borel measure.

We shall prove this theorem first in the separable case. The generalization

to non-separable groups will be made in §7.

The first step in the construction consists in the introduction of a left-

invariant metric in G. Kakutani [12] has shown that any topological group

that satisfies the first countability axiom is metrizable, and that the metric

can be taken to be left-invariant, that is, such that p(zx, zy) =p(x, y) for all

x, y, and z in the group. Consequently, any metric group can be remetrized

with a topologically equivalent left-invariant metric. We suppose this done,

and for brevity denote the distance between x and y in the new metric simply

by (x, y). It is necessary to allow for the possibility that G may be incomplete

with respect to the new metric (cf. §6), but this introduces no serious compli-

cation.

We first describe a very general type of measure construction (cf. Haus-

dorff [l0]) and then make the necessary specializations. Let Ui, U2, • ■ • be

a sequence of non-void open sets in G whose diameters tend to zero. Let

Wi, w2, ■ • • be a sequence of finite positive numbers tending to zero. Let It

denote the family of sets in G congruent to one of the sets Un. Consider any

set A CG, and any covering of A by a finite or infinite sequence of sets of the

family U, say j4CU,&,t7n,. Form the sum X)»w»< and let LT(A) denote the

lower bound of these sums for all covering sequences of sets U with diameters

less than r. (Such coverings always exist, indeed A can be covered by a se-

quence of sets congruent to Un, for any fixed «, since the space is separable.)

It is evident that as r decreases, L,(A) will not decrease. Hence the limit

m*A =]imr_o Lr(A) exists or is equal to +o°.

From this definition it is an easy matter to verify that the following condi-

tions are satisfied:

(4.1) 0^m*A^+ co.

(4.2) m*A^m*BiiACB.
(4.3) m*\JnAn^'%2nm*An for any sequence An.

(4.4) m*(A\JB) =m*A +m*B if A and B are separated by a positive dis-

tance.

(4.5) m*(xA) =m*A for arbitrary xÇ_G and A CG.

(4.6) m*A =0 if A contains only one point.

(4.7) m*A =inf m*B for all Gj sets B which contain A.

(Condition (4.7) follows from the fact that any set is contained in a G»

set having the same outer measure, since only open coverings are employed.)

It follows that m*A is a regular outer measure in the sense of Carathéodory

[4, p. 238] (provided it is finite and positive for at least one set, see below)

and therefore defines a left-invariant measure in G. In view of (4.7), this meas-

ure is the complete extension of a Borel measure m. We shall say that the
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Borel measure reí is the measure generated by the measuring system { ¿7„, w„}.

We come now to the crucial point in the construction. We need to show

that it is always possible to find a measuring system { Un, wn} which generates

a measure m such that 0 <mA < +oo for at least one set. It is clear that not

every measuring system will do this. For example, in the additive group of

real numbers, if Un is an interval of length 1/re, and we take wn = n~2, every

set will have measure zero. To secure a non-trivial measure it is therefore nec-

essary to choose the measuring system with some care.

To this end, we shall construct in G a family of sets C(re; t'i, • • • , in)

(ii, • • • , in = 0, 1; « = 1, 2, • • • ) with the following properties. The sets

C(n;ii, • • • , in) with primary index re will be said to be of rank re.

(i)  C(re; t'i, • • ■ , i„) is compact.

(ii)  C(n;ii, • ■ ■ ,in) = C(n+l;iu ■ ■ ■ , in, 0)VJC(re + l; iu ■ ■ ■ ,in, 1).

(iii) The 2n sets of rank re are mutually congruent.

(iv) The diameter dn of the sets of rank re tends to zero as re—»oo.

(v) Any two sets of rank re are separated by a distance greater than dn.

Define C= C(l ; 0)UC(1 ; 1). Then C= \Ah.. .i„C(n;ih ■ • • , in) for each re.

It may be remarked that the family of sets C(re; it, ■ ■ ■ , in) evidently

represent C as a dyadic discontinuum (see Hausdorff [ll, p. 134]), and there-

fore C is homeomorphic to the Cantor set.

To construct such a family of sets, note first that since G is dense in itself

we can choose a sequence of points x„ tending to the unity element e, such that

(4.8) 0 < (e, xn+i) g (e, x„)/9 (re = 1, 2, • • • ).

Define <*<,.. .in=Xi*x2i* ■ ■ • xn{« (iu • • • , ¿„ = 0, 1). Let ¿(re; iu • • • , in) de-

note the set of all points a,-,.. .,-„+„, p è0, whose first re indices are equal to

ii, it, • • • , i„, and define C(re; *i, • • • , «'„) as the closure of the countable set

A(n;ii, • • ■ ,in). Evidently we have A (re; iu • • • ,in)=A(n+l;i1, • • • ,in,0)

L¿4(re+1; ii, • • • , in, 1) and A(n; ih ■ ■ • , i„) =a,-,.. .,-„ A(n; 0, • • • , 0).

Properties (ii) and (iii) follow at once by taking closures. Furthermore,

the diameter dn of the sets C(re; iu • • • , *'„) of rank re is given by

d»=diam A (re; 0, • • • , 0). We proceed to obtain an estimate of d„.

Note that the left-invariance of the metric implies that for arbitrary ele-

ments y, yi, and y2 in G we have (e, yiy2) Ú (e, yi)+(yi, yiy2) = (e, yi) + (e, y2).

Also (e, y) = (y~1, e) = (e, y~l). so that (e, y*)^(e, y) if k = 0, ±1. A simple

induction then shows that

(e, yiy2  • • ■ y»") â (e, yi) + (e, y2) + • • • + (e, y„)

for arbitrary yi, y2, - • • , y„ in G and exponents ki, • • ■ , kn equal to 0 or ±1.

Now consider any two points of A(n; 0, • • • , 0). These may be written

xn+iil • • • avi-j,'* and xn+iil • • • xn+Pip, where the exponents ik and jk are

either 0 or 1. The distance between these points can be estimated as follows.
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/   'i *p Ji h   \ /        -*j> —h    h ip   \
{xn+i ■ • • xn+p, xn+i ■ ■ ■ xn+p) = (e, xn+p ■ ■ ■ zn+1a;„+i • ■ • xn+p)

^ 2[(e, xn+i) + (e, xn+2) + • ■ • + (e, xn+p)]

2 2 2
g — (e, x») + ~(e,xn)+ ■ ■ ■ + — (e, xn)

9 92 9"

< (e, z„)/4.

This being true for any two points of -4(«; 0, • • • , 0) it follows that

dn^(e, x„)/4. On the other hand, e and xn+i are both contained in

A(n; 0, • • • , 0), and so (e, xn+i)^dn. Consequently dn+i^(e, tf„+i)/4gd„/4,

and so dn+i^d„/A, « = 1, 2, • • • . It follows, in particular, that (iv) is satisfied.

Next consider any two distinct sets A («; ii, • • • , in) and A (n ;ji, ■ • • ,jn)

and any two representative points of these sets. These may be written

a,-,.. .,-j, and a,j.. .,-„, where p^n. Suppose their indices differ first in the &th

place. Then k^n and we may assume ik = 0 and jk = l. Let u =xk+iik +l • • -x^

and v =xkXk+iik+1 • ■ • xp'>>. Then (ah.. .ip, aj%.. .jp) = (u, v) and

(e, xk) g (e, u) + (u, v) + (v, xk)

= (e, xk+i ■ ■ ■ xp ) + (u, v) + (e, xk+i • ■ ■ xp)

^ (u, v) + 2 [(e, xk+i) + (e, xk+2) + ■ ■ ■ + (e, xP) ]

á(M,,) + 2(c,^[l+l + ...+¿]

g (m, v) + (e, xk)/4.

Therefore (u, v) s^3(e, xk)/4^3(e, «n)/4^3d„. Consequently any two sets

C(«; ii, • • • , in) of rank « are separated by a distance at least equal to 3d„,

and condition (v) is satisfied.

Finally, C(«; ii, •••,♦*) is totally bounded, since it is the union of a

finite number (2 p-") of sets C(p;ii, • • • , ip) having arbitrarily small diameter

dp. Any totally bounded closed subset of a complete space is compact, and

therefore (i) is satisfied, provided G is complete with respect to the metric

(x, y). If this is not the case, G can be embedded isometrically in a complete

space G and the same reasoning then shows that the closure of C(n; ii, • ■ •, in)

in G is compact. Consequently, the sets C(«; ii, • • • , in) will be compact if

they are all closed in G. To ensure this, the sequence {#„}, on which the con-

struction rests, must be subjected to a further condition. Introduce a topo-

logically equivalent metric p(x, y) with respect to which G is complete, and

let the sequence xi, x2, • • •  be so chosen that it satisfies not only condition

(4.8) but also the condition

(4.9) p(ail...iK,ail...inxn+i) ^ 2~" (iu • • • , in = 0, 1).
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Both conditions are satisfied by any sequence that converges to e sufficiently

rapidly. Condition (4.9) implies that for any sequence of subscripts *i, i2, ■ ■ ■

the sequence a,-,.. .,„ (re = 1, 2, • • • ) is a Cauchy sequence with respect to the

metric p, and therefore converges to an element of G. But any point of ac-

cumulation of C in ü is the limit of such a sequence. Hence C is closed in G,

and likewise the sets C(«; ii, • ■ • , »'„). Thus in all cases we have constructed

in G a family of sets having properties (i) to (v).

Now consider any family of sets C(re; ii, • • ■ , in) satisfying conditions (i)

to (v). We proceed to define a measure such that mC= 1. From condition (v)

it follows that there exist positive numbers e„, e,—»0, such that any two sets

C(n; ii, • • • , in) of rank « are separated by a distance at least equal to

¿„+2e„. (In the family constructed above it suffices to take «„ equal to d„.)

Consider the measuring system with £/„ equal to the e„-neighborhood of

C(re; 0, • • • , 0), and Wn = 2~n. Then diam U„^dn+2en, hence diam Un—>0,

and any set congruent to Un can overlap at most one set C(re ;iu ■ ■ ■ , in) of

rank re.

To show that mC = 1, consider any r > 0 and choose re such that diam Un <r.

From (iii) it follows that C can be covered by 2" sets congruent to Un. Hence

¿r(C) ^2nw„ = l. To establish the opposite inequality, consider any covering

of C by sets of the form &,- t/ni. Since C is compact, only finite coverings need be

considered. Suppose CCbiUn^Jb2Un^J • • ■ ̂ JbhUnk- Let p be the largest of

the indices Wi, »»,•••,»* and let o< be the number of sets C(p; ¿i, • • • , iP)

of rank p overlapped by &,■£/„,.. Since the sets biUn¡ cover C we must have

çi+<22+ • • • +<2*è2p. On the other hand, each set ¿><i/„,can overlap at most

one set of rank re,-, and therefore at most 2p~ni sets of rank p. Hence 2J>_n* ̂ Oj.

Therefore wni = 2-n< = 2p-ni/2p ^qi/2p, and soXXiw»,t2;2-»££_iS<el. which

shows that Lr(C) ^1. Thus ¿r(C) = 1 for every positive r. Therefore twC = l

and we have established the existence of a left-invariant Borel measure in G.

This completes the proof of Theorem 3 in the separable case.

The structure of this measure within the unit set C is easy to recognize.

To each point #£C corresponds uniquely a sequence of indices **, i2, ■ • •

such that x = f]nC(n; iu • • • , in). If we regard this sequence {in} as an ele-

ment of the infinite product group C* of the group of order two with itself,

with the usual topology [20, p. 51 ], it is not hard to see that this correspond-

ence is a homeomorphism between C and C*, and that the measure m in C

corresponds to the normalized Haar measure in C*. Hence the measure m

in G may be regarded as an extension of the measure in C defined by this

correspondence and the Haar measure in C*.

The foregoing construction evidently contains a large degree of arbi-

trariness. In fact, it associates an invariant measure with any sequence {xn}

that satisfies conditions (4.8) and (4.9). If a sequence satisfies these condi-

tions, any subsequence will also satisfy them. In particular, the subsequence

\x2n} (» = 1, 2, • • • ) defines a unit set GCC such that ?wCi = 0, where m is
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the measure associated with the sequence {x„}. Repeated application of this

result gives rise to a sequence of measures mi, mi, ■ ■ ■ , where mk is the meas-

ure associated with the subsequence {xkw}, k(n) =«• 2*. These measures are

all distinct and form an increasing sequence, miA ^m%A g • • ■ for every

Borel set A. It therefore appears that infinitely many invariant measures al-

ways exist, and there is certainly no uniqueness theorem for the problem of

measure we have considered.

In case the group is locally compact, the construction may in some cases

generate Haar's measure (see §5). In the additive group of real numbers, how-

ever, this is certainly not the case, since conditions (i) to (v) are easily seen

to imply that C has Lebesgue measure zero. But in any case subsequences

give rise to measures which are not locally finite, and the existence of such

measures in any complete separable group is thus established.

5. An example. The preceding construction is illuminated by the following

example, which also serves to illustrate some of the peculiarities that a meas-

ure may exhibit. Let G be the complete infinite product group of the additive

group of integers with itself or, equivalently, the additive group of integral-

valued functions of a positive integer «. The elements of G are sequences

x = (£i, ?»,•••) of integers £,-. If y = (171, 172, • • • ) is any other element of G,

define the distance p(x, y) as 10~n, where « is the least index such that £„ y^w».

It is easy to verify (see §10) that G is a complete separable group with respect

to this metric, and that the metric is invariant. Not only is G not locally com-

pact, but no non-denumerable subgroup is locally compact.

Let xn be the sequence {£».}, with £„,- = 0 for i^n and £„„ = 1. The se-

quence of elements xt, x2, • • • satisfies condition (4.8) and it is easy to follow

through the construction, with the result that C is the set of all elements x

with £i = 0 or 1, and Un is the set of elements x with £i = £2= • • • =£n_i = 0,

that is, the closed subgroup generated by xn, xn+i, • • • . The resulting measure

m within C corresponds to the Haar measure in the group C*, as already

noted. (Indeed we may identify C* with the set C, using the same metric

but taking addition modulo 2 in each coordinate. The measure in C* gen-

erated by the sequence #1, xit - - ■ is then equal to the normalized Haar

measure in C*. Consequently this is one group in which it is possible for the

construction of §4 to generate Haar's measure.)

Now consider the set BQG consisting of all x with £i = 0 or ±1, that is,

in additive notation, the set C—C. Using the invariance, and the fact that

mC=\, one may show that mB = + 00 , and verify the following assertions:

(5.1) If x$B then (x + C)nC is void.
(5.2) If xGB and ¿j„^0 for only k indices «, then m[(x + C)r\C]=2-k.

(5.3) If xE-B and £„^0 for infinitely many indices n then m\fx+C)r\C]
= 0.

From these it follows at once that :

(5.4) m[(x+C)í\C]^í/2 forx^e.
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This implies that the function f(x)= m [(x-\-C)r\C] is discontinuous at# = e.

In fact it is discontinuous with respect to every possible topology in G except

the discrete topology. But the function f(x) would have to be continuous if reí

were a Haar measure [24, p. 41 ]. Consequently no topology in G has m for

its corresponding Haar measure. We shall return to this remark later.

6. On the notion of completeness. A few remarks concerning the notion

of completeness in groups may be in order. We have used the term "complete

group" to mean a metrizable group that is complete with respect to some met-

ric. Let us call this notion topological completeness. Van Dantzig [6] defines

a group to be complete (komplett) if it has the property:

If *„a:m_l—»e then there exists an x such that xn—*x. An equivalent^) state-

ment of this condition is the following:

If #„-1a:m—->e then there exists an x such that xn—>x. This is the same as

requiring metric completeness with respect to some (and therefore every)

left- (or right-) invariant metric.

For abelian groups the two kinds of completeness are equivalent (see be-

low), but in general the condition of van Dantzig is stronger, as the following

example shows. Let G be the group of automorphisms (self-homeomorphisms)

of the closed unit interval. This group is complete with respect to the metric

Pi(T, S)=max\Tx — Sx\-r-max\T~1x — S-1x\, but not with respect to the

(right-invariant) metric(6) p2(T, S) =max| Tx — Sx\. Nevertheless these two

metrics are topologically equivalent, since in both cases Tn—*T means uniform

convergence [22, p. 104]. Hence this group is topologically complete but not

complete in the sense of van Dantzig. Moreover, it cannot be embedded in a

complete (komplett) group. Indeed it can be asserted quite generally that

for groups that can be completed in the sense of van Dantzig the two kinds

of completeness are equivalent. For suppose G is topologically complete and

that it can be embedded as a dense subset of a "komplett" group G. Then

G is a dense Gj subgroup of G and therefore coincides(6) with G. Van Dantzig

has given a necessary and sufficient condition that a group can be embedded

in a "komplett" group, and this condition is satisfied by any abelian group.

Moreover, any locally compact group is complete in both senses. Therefore

(*) Note however that the conditions eä-1—>e and xn-xxm—»e are not equivalent. See the

example in footnote S.

(6) For example, the sequence of automorphisms Tn, where Tn is the piecewise linear trans-

formation that carries 0, 1/2, 1 into 0, (2n —l)/2n, 1 respectively, is a Cauchy sequence in the

second metric but not in the first. It also has the property that 2"n7"m_1—>I but Tu~lTm does not

converge to /, where / denotes the identity transformation. The latter property can also be ex-

pressed by saying that Tn is a Cauchy sequence in the right uniform structure of G, but that

Tn is not. This same example thus serves to answer a question raised by Bourbaki. See N.

Bourbaki, Topologie générale, chap. 3, Actualités Scientifiques et Industrielles, no. 916, Paris,

1942, p. 28.
(9) Cf. Banach [3, p. 21, Theorem d]. See also the author's paper [18, p. 445] where it is

shown that if R is any dense Gt subset of a complete group, then R? = G.
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for such groups there is no distinction between the two kinds of completeness.

It therefore appears that after remetrization with a left-invariant metric

a complete group may be incomplete with respect to the new metric, as re-

marked at the beginning of the proof of Theorem 3, and we see that whenever

this complication arises it is unavoidable.

7. Extension of an invariant measure from a subset. We have observed

that the measure constructed in §4 can be regarded as an extension of a

familiar measure within the unit set C, namely the measure corresponding to

Haar's measure in the group C*. Within the set C the measure is invariant

in the sense that congruent subsets of C have equal measure. In this section

we shall consider the general problem of extending an invariant measure from

a subset, with a view to obtaining new methods of solving Problem 1. It

should be noted that in the following theorem the group is not assumed to be

complete or separable.

Theorem 4(7). Let H be a Borel subset of a metric group G, and let m be a

Borel measure in H with the property that m(xA) =mA for every Borel set A C.H

andxÇzG such that xA (Z.H. There exist two left-invariant Borel measures X and v

in G, both of which are extensions of m, such that if pis any other such extension

of m then \A ¿pA ^ vA for every Borel set A CG.

We shall call X and v respectively the minimal and maximal extensions of

m from H.

We first define the maximal measure v. If A is any subset of G that can

be covered by a sequence of sets congruent to 77, define v*A =inf y^«*//<,

where the lower bound is taken for all sequences of Borel sets i/,C7/ such

that AQUiXiHi for some sequence of elements Xi(=.G. For all other subsets

of G, define v*A=+t>. This function v* is a left-invariant Carathéodory

outer measure in G. The left-invariance of ***, and properties (4.1), (4.2),

and (4.3) may be verified at once. To verify (4.4) it is sufficient to show that

if p(A, B)>0 then v*A+v*B^v*(A\JB). Let Gi and G2 be disjoint open sets

such that ^4CGi and BCZd. We may assume that v*(A{UB)<+&, and so

there exist Borel sets HiQH and elements XiÇiG (i = l, 2, • • • ) such that

AKJBCViXiHi and J£,mHi<v*(AVJB) + e. Since ¿ClWäcrW^T.) and
BCUiXiOcT'GifWi) it follows that

v*A + v*B g X¡ [m(xTGi r\ Hi) + m(x~1Gi Pi //<)]

= Z m[xt(Gi \J G2) r\Hi]^Y, mHi < v*(A VJ B) + e,

which proves the desired inequality. Hence v* defines a left-invariant Borel

measure v in G, unless it assumes only the values 0 and + ».

To show that v is an extension of m, and therefore that v is finite and posi-

tive for at least one set, consider any Borel set A C/7, and suppose that

(7) Cf. Kolmogoroff [13], where an analogous theorem is proved.
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^4CUx¡7/¿,where/¿i,¿/2, • • • are Borel subsets of H.ThenACZxJx^x^HÍ^Hi),

and since the sets x^Xi^HC^Hi) and a;¿_1/7rW,- (* = 1, 2, • • • ) are

Borel subsets of H, it follows from the invariance property of m that

mA^mXi(xi-1Hr\Hi)=y£ím(xi-1Hr\Hi)^mHi. Hence mA^vA. The

opposite inequality is trivial. The maximal property of v follows from the

fact that if p is any left-invariant Borel extension of m to G, and if A CU:«¿7¿¡,

then pA ̂ 52p(xíHí) =^jmHi.
The minimal measure X is defined as follows. For any Borel set A CG,

define X.4 =sup^w/7,-, the upper bound being taken for all sequences of Borel

sets HiCH such that for some sequence of elementsa:,£G (¿ = 1, 2, • • • ) the

sets XiHi are disjoint and contained in A. It is evident that this is a non-

negative set function and that it is left-invariant. To prove that it is count-

ablyadditive,consideranysequenceofdisjointBorelsets^4yCG(j = l,2, • • • )

and let A = \JAj. It follows immediately from the definition that X.4 ̂ ^¡KAj.

To establish the opposite inequality, suppose that Hi, H2, • • ■ are Borel

subsets of H, that XíHíC\xjH¡ is void if i 9aj, and that Ux¿¿¿» C-4. Define

Hij = Hir\Xi~1Aj (i, j=i, 2, • • • ). The sets //<,- are evidently Borel subsets

of H, for each j the sets ¡e,-¿¿¡y (* = 1, 2, • • • ) are disjoint subsets of -4,-, and

for each i the sets //¿,- (j = 1, 2, • • • ) are disjoint sets whose union is Hi. From

the definition of X and the additivity of m it follows that yi<?»i¿¿,-^X<4j and

^¡mHij = mHi. Hence 22<w/¿¿ =y,<y,,?re¿¿H =y^,yi,wt¿¿¿, ^^¡KA ¡, and there-

fore X.4 ̂ %2j\Aj.
If A is a Borel subset of ¿7, the inequality X.4 ^mA is trivial, and the op-

posite inequality follows immediately from the invariance of m within H.

Hence X is a left-invariant Borel extension of m to G. The minimal property

of X follows from the fact that if p is any such extension of m, then for any

sequence of disjoint Borel subsets of A of the form XíHí, ¿/,C¿¿, we have

pA ^y^MJXiHj) =y>.7w/7,-. This completes the proof of Theorem 4.

If m has the property that m.4=sup mB for Borel sets BQA with

mB < + oo, it is clear that X will also have this property.

The maximal and minimal measures are not in general equal, nor do they

■even have the same «r-finite contraction. For example, in the additive group

of complex numbers, let H be the subgroup of real numbers with ordinary

linear measure m, and let P denote the set of pure imaginary numbers. It is

easy to verify that XP = 0 and yP=+oo. Consequently the extension of a

measure from a subgroup is not in general unique, though it is unique within

each left-coset. It follows that a Borel measure is not in general determined

uniquely by specifying a set of unit measure, in contrast to the situation in

the case of Haar's measure in separable groups. As another example, consider

the group of §5. The measure m there defined is neither the maximal nor the

minimal extension of a measure equal to m within the set C. To see this, con-

sider any countable dense set A in G. By (4.7) there exists a dense G¡ set

404 with mAi = 0. But from the definition of v it is clear (in this instance)
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that every set of second category will have infinite measure. Hence vAi = +«>.

On the other hand, let Ai be the set of all x in G whose coordinates £,- are all

equal to 0 or 2. Any set congruent to C contains at most one point of Ait

and soX42 = 0. But it is easy to verify that mAi = l.

As a first application of Theorem 4 consider any locally compact metriza-

ble group G with Haar measure m, and take for 77 an open neighborhood of

unity with compact closure. It is easy to show that the maximal and minimal

extensions of m from 77 are equal for all sets in the domain of m, indeed this

follows from the uniqueness theorem. Moreover, m is equal to the cx-finite

contraction of X (but not in general of v). If the group is non-separable, the

maximal and minimal extensions are certainly not equal for all Borel sets.

Indeed, since the subgroup Gi generated by 77 is an open subgroup of G with

non-denumerably many cosets (because Gi is separable), it follows that any

set A containing one and only one element of each left-coset of Gi is closed

and that \A =0 and vA = +<». This justifies the remark made in §3 concern-

ing the necessity of limiting the domain of Haar's measure. In a non-separable

locally compact group it is not true that any two locally finite left-invariant

Borel measures differ by a constant factor.

As a second application of Theorem 4 we can complete the proof of Theo-

rem 3, which was proved in §4 only for separable groups. In a non-separable

group one need only select a countable set that has at least one point of ac-

cumulation and take the closure of the subgroup generated by this set. The

construction of §4 applies to this subgroup, which is separable and complete,

and then Theorem 4 can be used to extend the measure to G.

8. Special methods for defining invariant measures. In this section we

shall consider some special methods for solving Problem 1. These methods,

based on Haar's theorem, are somewhat more obvious than the construction

used in §4, but they are not as general.

Theorem 5. If a metric group G contains a locally compact subgroup 77,

dense in itself, then there exists a left-invariant Borel measure in G which is an

extension of Haar's measure in H.

To prove this, one need only take Haar's measure in H, or a Borel ex-

tension of it to 77 in case H is not separable, and then extend it toG. Theorem

4 applies since a locally compact subgroup is necessarily closed in G. In fact,

the hypothesis can be weakened. It is sufficient to assume that 77 is isomor-

phic to a locally compact group 77*, dense in itself, by a correspondence that

makes Borel subsets of 7/ correspond to Borel sets in //*. Then Haar's meas-

ure in H* defines a Borel measure in 77 which can be extended to G.

It should be noted that in one respect Theorem 5 is more general than

Theorem 3, since it does not require.that G be complete. But a complete group

does not necessarily contain a locally compact subgroup which is dense in

itself, as is shown by the example considered in §5. Consequently the method
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of proof used here does not suffice to prove Theorem 3 in full generality.

In case 77 is a normal subgroup of G, still another method is available for

introducing an invariant measure in G. Let { Un\ be a complete system of

neighborhoods of e in G, and let Vn= UnC\H. The sets V„ satisfy the require-

ments for a system of neighborhoods of unity in a group. (According to Weil

[24, p. 9], the following four properties characterize a system of neighbor-

hoods Fin a group:

GT I. The intersection of the sets V is e.

GT II. For each V and V there exists a set V"C Vf~) V.

GT III. For each V there exists a set V such that V'^V'CV.

GT IV. For each xÇlG and each V there exists a set V such that

V'CxVx-1.

It is easy to verify that the sets Vn satisfy these conditions.) Let G de-

note the group G with the topology defined by the system of neighborhoods

{ Vn]. Within H, or any coset of //, the two topologies coincide, but in G the

subgroup 77and its cosets are open as well as closed. Consequently G is locally

compact, and any Borel set in G is also a Borel set in G. On the other hand,

any Borel set in C that can be covered by countably many compact sets in S

is a Borel set in G. Therefore the Haar measure in G defines a measure in G

whose minimal Borel extension is a Haar-Borel measure in the sense of the

following definition.

Definition 3. A left-invariant Borel measure m in a group G is called a

Haar-Borel measure if its a-finite contraction is equal to the Haar measure in G

corresponding to some locally compact topology in this group.

We have proved the following theorem.

Theorem 6. If a metric group G contains a locally compact normal subgroup

H, dense in itself, then there exists a Haar-Borel measure in G which is an ex-

tension of Haar's measure in 77.

As a matter of fact, the method just used to prove Theorem 6 can be sub-

sumed under that used in proving Theorem 5, for it is easy to see that it

leads to the same measure as would be obtained by taking the minimal ex-

tension of the Haar measure in 77. However, the minimal extension of a Haar

measure from a subgroup which is not normal is not necessarily a Haar-Borel

measure (see §12, examples (b) and (c)), and so the conclusion of Theorem 6

is essentially stronger than that of Theorem 5.

In the proof of Theorem 6 the hypothesis that 77 be normal was needed

only to verify that the sets Vn satisfy condition GT IV. For this purpose the

following weaker hypothesis is sufficient (and also necessary). To each x in

G corresponds a neighborhood U of unity such that UCsHCxHx-1. Hence this

condition on H can be substituted for normality in the hypothesis of Theorem

6. No change is required in the proof except to replace "coset" by "left-coset."
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The special properties that distinguish Haar-Borel measures can be better

understood after we have considered a somewhat more general class of meas-

ures studied by Weil, which we shall discuss in the next section.

9. Concerning Weil's converse of Haar's theorem. A. Weil [24, Ap-

pendix I] has proved the following converse of Haar's theorem. Given a

group G without a topology but with a left-invariant measure that satisfies

certain conditions, one can use the measure to define a topology in G such

that G can then be embedded as a dense subgroup of a locally compact

group G. Moreover, the given measure in G corresponds to Haar's measure

in G in the sense that any continuous function which vanishes outside a com-

pact set in G has the same integral when integrated over G by means of the

given measure as when integrated over G by means of the Haar measure.

At first sight, this result appears to suggest that the problem of defining

a left-invariant measure in any group is equivalent to the problem of defining

a suitable topology in the group, and that every invariant measure is essen-

tially a Haar measure. But we have seen (§5) that there exist invariant meas-

ures with properties quite unlike those of a Haar measure. To resolve this

apparent contradiction we must examine more closely the assumptions un-

derlying Weil's theory.

In the first place, Weil assumes that the given measure m is «r-finite. Let

the Borel field on which it is defined be denoted by X. Let GX.G denote the

direct product of G with itself, and let X2 be the least Borel field of subsets

of GxG that includes all product sets of the form AXB, where A GÏ and

BÇ.X. Weil's further assumptions are as follows:

(M) The Borel field £2 is invariant under the transformation (x, y)

—*(y~lx, y) of GXG into itself.

(M') For each s(E.G, Sy¿e(*), there exists a set .4GÎ with finite positive

measure, such that m(A(~\sA) <mA.

Of these assumptions, condition (M) is much the more important, and also

the more difficult to understand. One might be tempted to think that any

Borel measure would satisfy it; indeed if X were the family of all Borel sets

in G, X2 would be the family of Borel sets in GXG, and this family is invariant

under the transformation in question. But since a Borel measure is not in

general a-finite, we must take for X a proper subfamily of Borel sets, and

when this is done the invariance of X2 ceases to be evident. It turns out, in

fact, that «r-finite contraction of a Borel measure may or may not satisfy (M).

The second assumption (M') is relatively unrestrictive. It is satisfied by

any Borel measure in a separable metric group, since any neighborhood con-

tains a set with positive finite measure.

For convenience we introduce the following definitions.

Definition 4. A left-invariant a-finite measure in a group G is called a

Weil measure if it satisfies conditions (M) and (M').

(8) This condition is omitted from Weil's statement [24, p. 143 ], but is obviously intended.
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Definition 5. A left-invariant Borel measure in a topological group G is

called a Weil-Borel measure if its a-finite contraction is a Weil measure.

Weil [24, §11] has shown that any Haar measure is a Weil measure. Con-

sequently, any Haar-Borel measure is a Weil-Borel measure.

The principal results of Weil's theory can now be stated more fully as

follows. Given a group G with a Weil measure m defined on a Borel field %

of subsets of G, let Xo denote the class of sets with finite positive measure.

Then the sets A A'1, AElo, fulfill the requirements (GT I to GT IV of §8)

for a system of neighborhoods of unity in a topological group, and thus define

a topology in G. Moreover, in this topology there exists a "totally bounded"

neighborhood of unity, that is, a neighborhood U which can be covered by a

finite number of sets congruent to V, where V is an arbitrary neighborhood

of unity. If G is not already complete with respect to this topology, it can be

completed to form a locally compact group G containing G as a dense sub-

group. The given measure in G then corresponds to a Haar measure in G in

the manner previously described. Instead of defining the topology by means

of the sets AA~X, it is shown that one may use an equivalent system of neigh-

borhoods consisting of all sets W(A, e), -4E£o, «>0, where W(A, e) is the

set of all sGG such that m(AT\sA)^mA - (e2/2).

Returning now to the group considered in §5, and the measure there de-

fined, property (5.4) shows that if e<l the set W(C, e) contains only the

element 0. Hence the "topology" defined by these neighborhoods can only

be the discrete topology. The corresponding Haar measure is not zero for

points and therefore not equivalent to the given measure. This is not in ac-

cordance with Weil's conclusions, and so the Borel measure defined in §5 can-

not be a Weil-Borel measure. It follows that the cr-finite contraction of this

measure must fail to satisfy condition (M), although it seems to be difficult to

show this directly. Moreover, we shall show in §10 that this group is one of a

class of groups in which no Weil-Borel measure can exist. Consequently, the

problem of defining an invariant Borel measure whose cr-finite contraction

fulfills Weil's postulates is not in general soluble in groups which are not

locally compact. This refinement of Problem 1, unlike those considered in

Problem 2, is however soluble in some such groups, as is shown by Theorem 6.

10. A class of groups which admit no Weil-Borel measure. Let Ti, F2, • • •

be a sequence of groups each containing only countably many elements.

Let G be the set of all sequences x= {£¡} with ¿.ETj (* = 1, 2, • • • ). If

*={£,} and y= {rn} are any two elements of G, define xy= {£,7?.}. Then G

is a group with respect to this operation. Introduce a metric in G by defining

p(x, y) = 10_n if xj¿y and » is the first index for which Çn^-Jn, and define

p(x, x) =0. With this metric G becomes a metric group. A sequence {xk} of

elements Xk= {£*<} of G is a Cauchy sequence if and only if for each i the

sequence of ith components £n, &•, %u, • • •   is constant from some term on.
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It is clear, then, that G is complete with respect to this metric. It may be

noted also that the metric is both left- and right-invariant. Furthermore,

the subset 5 consisting of all x in G with only a finite number of components

different from unity is a countable dense set in G. Hence G is a complete sepa-

rable metric group. Furthermore, G is zero-dimensional, since the spheres de-

fined by p(e, x) ^10_n are both closed and open. G is compact if and only if

all the groups Ti are finite. G is locally compact if and only if all but a finite

number of the groups T,- are finite. If infinitely many of the groups r< are

infinite, then G is nowhere locally compact, and in this case G can be shown(')

to be homêomorphic to the set of irrational numbers. We shall call G the com-

plete direct product of the sequence of groups T„.

Theorem 7. ¿ei G be the complete direct product of a sequence of countably

infinite groups Tn (re = l, 2, • • • ) none of which contains an element of finite

order. Then no Weil-Borel measure can exist in G.

To prove this, suppose that m is a Borel measure in G whose «r-finite con-

traction is a Weil measure. Let Xo denote the class of sets A with 0 < re/4 < oo.

Then, according to Weil, the sets .4.4-1, AÇzXo, may be taken as neighbor-

hoods of unity in a new topology, and in this topology there exists a neighbor-

hood U of unity which is such that it can be covered by a finite number of

sets congruent to V, where V is an arbitrary neighborhood of unity in the

new topology. We shall obtain a contradiction by showing that this property

cannot hold.

Since m is a Borel measure in a complete separable space, Lemma 1 shows

that an equivalent system of neighborhoods is provided by the sets CC-1,

where C runs over all compact sets in Xo- (Throughout the present proof the

term "compact" refers always to the original topology in G.) Hence we may

assume that the neighborhood [/is of the form U= CC-1. Let F be a neighbor-

hood of unity in the new topology such that V*dU. We may assume that

F=CiG_1, where G is compact and in Xo, whence it follows that V is com-

pact.

Let G„ denote the subgroup of G consisting of all elements whose first

re —1 components are equal to unity. (The sets G„ constitute a complete sys-

tem of closed open neighborhoods of unity in the original topology in G.)

Consider the sets Vn=VV-ir\Gn (« = 1, 2, • • • ). Evidently VnDVn+i, and

n»F„ consists of unity alone. Furthermore, each of the sets F„ is infinite; for

if x is any point of accumulation of the compact set V, then e is a point of

accumulation of Vxr1, and therefore Vx~ir\Gn is an infinite set contained in

Vn. It follows that Vn+i is a proper subset of F„ for infinitely many indices re,

say for «i<«2<re3< • • • . Thus, for each k, Vnt contains elements whose

(*) According to a theorem of Alexandroff and Urysohn [l, p. 95 ], any metric space which

is complete, separable, zero-dimensional, and nowhere locally compact is homêomorphic to the

set of irrational numbers.
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»*th component is different from unity. Let Bk be the subset of Tnk consisting

of all values assumed by the w*.th components of elements of Vnk. (Bk is the

"projection" of Vnt on T„k.) Since Vnk is compact, Bk is finite. Let a be an

element of Bk different from unity, and consider its successive squares

a, a2, a4, a8, • • • . These elements are all distinct, since by hypothesis r„t

contains no element of finite order, and so only a finite number of them be-

long to Bk. Let ß denote the first element of the sequence whose successor

does not belong to Bk, and let xk be an element of V„t whose «*th component

is equal to ß. Then xk has the property that no element of V„t has its «*.th

component equal to that of yk, where y k denotes the square of the element xk.

Now consider the sets An = ynV (» = 1, 2, - • • ). These sets are disjoint,

for suppose xÇ^AkC^A,-, with k <j. Then x =ykVi = y,i'2, where i>iE Fand v2E V.

Hence yi_1y* = !'2*'i~1EFF_1; and since the first nk — 1 components of Xk and

Xj are equal to unity, we have also yj~xykE.G„k, and therefore y;_1ytEFni.

But since the «*th component of x¡ is equal to unity, the »*th component of

yf^yte is equal to that of yk- This contradiction shows that the sets A i, A2, • • •

are disjoint. But these sets are all congruent to V and are contained in V3.

Consequently, U contains infinitely many disjoint sets each congruent to V.

It follows that U cannot be covered by a finite number of sets congruent to V.

(To prove this last assertion, suppose UCbiWJbiVU • • • \JbnV, and

consider the sequence yi, y2, y3, • • • . These elements are all contained in U,

since eE V; and so at least two of them, say yk and y,-, are contained in the

same set biV. Thus we have yk = biVi and y, = &i*>2, whence bi=ykVi~1 = y,Jo2~1.

Since V= F_1 it follows that biC.Ak(~^A¡, contrary to the disjointness of these

sets.)

In Theorem 7, the assumption that the groups Tn do not contain elements

of finite order cannot be greatly relaxed. Indeed, if each group Tn (or, at least,

infinitely many of them) contains a finite normal subgroup K„ of order at

least 2, then G contains a compact normal subgroup isomorphic to the com-

plete direct product KiXKiX ■ • • , and under these circumstances Theo-

rem 6 shows that G does admit a Weil-Borel measure. Consequently we can

state the following theorem.

Theorem 8. // G is the complete direct product of a countable abelian group

T with itself infinitely many times, then in order that G should admit no Weil-

Borel measure it is necessary and sufficient that T contain no element of finite

order.

It follows that in the group considered in §5 no Weil-Borel measure can

exist.

11. Various topologies in the group of real numbers. The additive group

of real numbers, regarded as an abstract group R, is known to be uniquely

characterized as an abelian group with the following three properties:

(11.1) R contains no element of finite order. (R is torsion free.)



234 J. C. OXTOBY [September

(11.2) The equation nx=a is soluble for arbitrary a£7? and positive in-

teger re. (R is divisible.)

(11.3) 7? has the power of the continuum.

(The first two properties imply that division by a positive integer is uni-

versally possible and unique, therefore that the group admits the additive

group of rationals as operators (cf. [8]). By the axiom of choice, there exists

a Hamel basis [9] and the group is uniquely determined by the cardinal num-

ber of this set. The third condition ensures that any Hamel basis has the

power of the continuum.)

Now, let T be the additive group of rational numbers, and let G be the

complete direct product of T with itself infinitely many times. It is easy to

verify that G has the three properties stated above, and Theorem 8 shows

that G admits no Weil-Borel measure. Hence it is possible to topologize the

additive group of real numbers so that it becomes a complete separable non locally

compact metric group with the property that it admits no Weil-Borel measure.

On the other hand, the additive group H of vectors in Hubert space like-

wise has properties (11.1) to (11.3). Any finite-dimensional linear manifold

is a locally compact normal subgroup of H, and so determines a Haar-Borel

measure in H, by Theorem 6. In a similar way, the additive group of vectors

in any finite-dimensional euclidean space En is algebraically isomorphic to the

group of real numbers. Each of these topologies defines a corresponding Haar

measure in 7?, namely, the re-dimensional Lebesgue measure. Moreover, as

Halmos [8] has remarked, the character group of the discrete additive group

of rational numbers is an example of a compact group isomorphic to 7?. Like-

wise the direct product of this group with itself a finite or countably infinite

number of times has the same property. As a matter of fact, from Pontrjagin's

theory [21] of character groups it is not hard to show that all possible com-

pact separable topologies in the additive group of real numbers are included

in the sequence just described. For if G is a compact separable group alge-

braically isomorphic to 7?, its character group Y is discrete, countable, torsion

free, and divisible. Hence the number a of elements in a Hamel basis in V

is either finite or countably infinite. Accordingly, V is isomorphic to the direct

product of the rational group with itself a times. From the duality theorem

for character groups it follows that G is isomorphic to the character group of

T. Moreover, the decomposition of T into a direct product of rational groups

corresponds to a decomposition of G into a direct product of groups each iso-

morphic to the character group of the discrete rational group [21, Appendix

I], and the dimensionality of G is equal to a. Thus 7? can be given one and

only one compact separable topology of dimension a, where a is any positive

(10) This conclusion follows even more directly from another theorem of Pontrjagin [21,

p. 387], according to which the character group of a discrete countable group r is zero-dimen-

sional if and only if all the elements of r are of finite order.
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integer or oo. But it cannot be given a compact zero-dimensional topology(10),

that is, it cannot be given the topology of the Cantor set. (Any infinite topo-

logical group which is compact, separable, and zero-dimensional is homêo-

morphic to the Cantor set. For since it is homogeneous, it must be dense in

itself; and the Cantor set is characterized, up to homeomorphism, by the

properties of being compact, separable, zero-dimensional, and dense in itself.)

Thus we see that various topologies in the group of real numbers illustrate

most of the conceivable possibilities. It can be given infinitely many distinct

compact topologies, each with corresponding finite Haar measure; it can be

given infinitely many distinct locally compact topologies, with corresponding

infinite (but a-finite) Haar measures; or it can be given a complete separable

non locally compact topology that admits many distinct Haar-Borel meas-

ures, and also one that does not admit even a Weil-Borel measure. It is clear

that no uniqueness theorem for Weil's measure in abstract groups is to be

expected (u).

This example illustrates strikingly that the non-existence of a Weil-Borel

measure in a given topological group in no way implies the non-existence of a

Weil measure in the corresponding abstract group. The problem of determin-

ing what groups admit a Weil or Haar measure is not solved by the present

investigation. In view of Weil's results, this problem is closely related to the

problem of determining what groups admit a" locally compact or locally

totally bounded topology. What our investigation does show is that Problem 1

cannot be solved in general in this way.

12. Other examples, (a) Euclidean n-space En regarded as an additive

vector group. One may take the ordinary ¿-dimensional measure in a linear

subspace Eh (i^k<n) and extend it by "Theorem 6 (or, equivalently, by

taking its minimal extension X) to obtain examples of Haar-Borel measures

in E„. The measures so defined will not be invariant under rotations of E»,

but certain other Borel extensions will be. For example, the ¿-dimensional

measures defined by Hausdorff [10, p. 163] and Carathéodory [5] are invari-

ant under any rotation or translation of En. However, unlike those considered

above, these extensions of the measure in Ek are not Weil-Borel measures.

Indeed, no extension of the measure in Ek can be invariant under rotation

and also be a Weil measure. To see this, notice that Ek can be rotated into a

linear manifold E¡¡ which intersects Ek in a manifold of lower dimension,

and observe that Weil neighborhoods determined by subsets of Ek and Ek

intersect in sets of measure zero, contrary to the neighborhood axiom GT II.

Similar considerations apply to Hubert space, where, for example, Cara-

(u) Weil proves a theorem [24, p. 148] to the effect that on the intersection of their respec-

tive domains of definition, two Weil measures in a group can differ at most by a constant factor,

provided this intersection contains at least one set that has finite positive measure in both

measures. This kind of conditional "uniqueness theorem" is of course not excluded by the above

considerations.



236 J. C. OXTOBY [September

théodory's linear measure is a (non-Weil-) Borel measure invariant under any

unitary transformation.

(b) The group of all self-homeomorphisms of the solid sphere. This is a

complete separable group with respect to the uniform convergence topology

(cf. §6). The subgroup of rotations about the center, or about a diameter,

are compact. The minimal or maximal extensions of the Haar measures in

these subgroups furnish examples of Borel measures in this group. None of

these is a Weil-Borel measure, because each of these subgroups has a con-

jugate subgroup that intersects it only in the identity element, and considera-

tion of Weil's neighborhoods shows that if a subgroup contains a neighbor-

hood of the identity then any conjugate subgroup must also.

(c) The group SK of all permutations of the sequence of positive integers

(see Schreier and TJlam [23]). If /(«) and g(n) are any two distinct permuta-

tions, define p(f, g) = 1/«, where « is the least integer for which/(«) 9^g(n) or

f~l(n)^g~l(n). This metric makes the group complete and separable, indeed

homeomorphic to the set of irrational numbers. The closed subgroup gen-

erated by the permutations (1, 2), (3, 4), (5, 6), • • • is a compact group iso-

morphic to the complete direct product of groups of order two, and there-

fore has a finite Haar measure which can be extended by Theorem 5. Again,

let «¿,,- (i = \, 2, • • • ; j=0, +1, ±2, • • • ) be an arrangement of the set of

positive integers as a doubly infinite array, and let fi denote the cyclic per-

mutation of the sequence • • • , «i,_i, «t,o, ««,i, • • • defined by/,-(«,-,,) =«,-,,-+i.

LetT/be the closed subgroup generated by the permutations/,- (¿=T, 2, • • • ).

It is not hard to see that 77 is topologically isomorphic to the group considered

in §5, and so the measure there defined determines a corresponding measure

in H, which can then be extended by Theorem 4. Neither of the above meas-

ures is a Weil-Borel measure. From our results, it is not clear whether or not

a Weil-Borel measure can exist in S„, but it can be shown that Theorem 6

fails to define one. For it is known [23] that no non-denumerable proper sub-

group of S«, is normal, consequently no subgroup can fulfill the hypotheses of

Theorem 6.

Bibliography

1. P. Alexandroff and P. Urysohn, ÜbernulldimensionalePunktmengen, Math. Ann. vol.98

(1927) pp. 89-106.
2. S. Banach, On Haar's measure, in S. Saks, Theory of the integral, Warsaw and Lwow,

1937, pp. 314-319.
3. -, Theorie des opérations linéaires, Warsaw, 1932.

4. C. Carathéodory, Vorlesungen über reellen Funktionen, Leipzig and Berlin, 1918.

5.-, Über das lineare Mass von Punktmengen—eine Verallgemeinerung des Längen-

begriffs, Nachr. Ges. Wiss. Göttingen, 1914, pp. 404-426.
6. D. van Dantzig, Zur topologischen Algebra I, Math. Ann. vol. 107 (1933) pp. 587-626.

7. A. Haar, Der Massbegriff in der Theorie der kontinuierlichen Gruppen, Ann. of Math.

(2) vol. 34 (1933) pp. 147-169.
8. P. R. Halmos, Comment on the real line, Bull. Amer. Math. Soc. vol. SO (1944) pp. 877-

878.



1946] INVARIANT MEASURES IN GROUPS 237

9. G. Hamel, Eine Basis aller Zahlen und die unstetigen Lösungen der Funktionalgleichung:

f(x+y) =f(x)+fty), Math. Ann. vol. 60 (190S) pp. 459-162.
10. F. Hausdorff, Dimension und äusseres Mass, Math. Ann. vol. 79 (1919) pp. 157-179.

11. -, Mengenlehre, 3rd ed., Berlin, 1935.

12. S. Kakutani, Über die Metrisation der topologischen Gruppen, Proc. Imp. Acad. Tokyo

vol. 12 (1936) pp. 82-84.
13. A. Kolmogoroff, Beiträge zur Masstheorie, Math. Ann. vol. 107 (1933) pp. 351-366.

14. C. Kuratowski, Topologie,  vol. 1, Warsaw and Lwow, 1933.

15. L. H. Loomis, Abstract congruence and the uniqueness of Haar measure, Ann. of Math.

(2) vol. 46 (1945) pp. 348-355.
16. D. Maharam, On measure in abstract sets, Trans. Amer. Math. Soc. vol. 51 (1942)

pp. 413-133.
17. J. von Neumann, The uniqueness of Haar's measure, Rec. Math. (Mat. Sbornik) N.S.

vol. 1 (1936) pp. 721-734.
18. J. C. Oxtoby, Note on transitive transformations Proc. Nat. Acad. Sei. U.S.A. vol. 23

(1937) pp. 443-446.
19. J. C. Oxtoby and S. M. Ulam, On the existence of a measure invariant under a transforma-

tion, Ann. of Math. (2) vol. 40 (1939) pp. 560-566.
20. L. Pontrjagin, Topological groups, Princeton, 1939.

21. -, The theory of topological commutative groups, Ann. of Math. (2) vol. 35 (1934)

pp. 361-388.
22. J. Schreier and S. Ulam, Über topologische Abbildungen der euklidischen Sphären, Fund.

Math. vol. 23 (1934) pp. 102-118.
23. -, Über die Permutationsgruppe der natürlichen Zahlenfolge, Studia Mathematica

vol. 4 (1933) pp. 134-141.
24. A. Weil, L'intégration dans les groupes topologiques et ses applications, Actualités Sci-

entifiques et Industrielles, no. 869, Paris, 1940.

Bryn Mawr College,

Bryn Mawr, Pa.


	MR0018188.pdf



