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Introduction. The results of this paper are extensions of corresponding

results for simple Fourier series, given by one of the authors (cf. [5 ])(1). The

main problem was to study the relationship between the mean modulus of a

function/(x) and series of the type^| cn\ ß,ß>0, where the c„ are the Fourier

coefficients of f(x). We obtain here analoguous results, employing spherical

means of a function of several variables. These means were first used by

Bochner [l ] in the study of summation of multiple Fourier series.

A particular result is: if a«,.. .„, are the Fourier coefficients of f(xi, • • • ,x,),

and / satisfies a Lipschitz condition of degree a, then 23la»i- • -»«I ß<co for

/3>2/c/(«+2a), while the series may be divergent ior ß = 2k/(k+2o). For some

previous results concerning the absolute convergence of double Fourier series

cf. [3].
1. Notations. We denote by capital letters vectors in the «-dimensional

space, so that X = (xu xt, • ■ ■ , x,), N=(nu «2, • • • , nK) ; | iV| = £i«2)I/2 is the

norm of N; NX =^J[nrx, is the scalar product of N and X. The Xi, • • • , XM

are real variables, the »i, • • • , «« are integers. f(xit • • - , xK) =f(X) is a real-

valued integrable function of period 2ir in each variable. The formal Fourier

series of f(X) is

_00   00

(1.1) /(AO ~ Z • • • IX. • • • ,«,e«™+ ■ ■ •+»«*«> = Z cNe°™,

where

(1.2) c„ = -i_r...    C'f(X)e-^dX.
(2jr)' J _, J -,

Jv(x) is the Bessel function of order /i^O:

(z/2)"+2'/,(*) = E (- i)'
v\T(p +v+l)

we put

2T(m + l)/„(*)       "       ,.      **r(M+i)
«/.(*) =-= 2-, (- i)'

x» _o 4*v\T(ii + v + 1)
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ABSOLUTE CONVERGENCE OF MULTIPLE FOURIER SERIES 37

CO

AniX) =   £  cN exp (iNX),    so that   f(X) ~Y,A«(X).
|.V|2-n n-0

We shall denote by co(t) a positive function of /, decreasing to zero as / J, 0

2. Lemmas. We give here some auxiliary theorems.

Lemma 1. If Rt(n) is the number of lattice points in the sphere "Y^x^^n,

then

(2.1) E,(«) = 0(m"/2) ■ On''2, as n-> <*.

Actually the sharper estimate is known [cf. 2, p. 825]:

RJn) =-1- 0m'<«-1>/2<«+1>.
T(l + k/2) t

Lemma 2. For p^.0, x real or complex,

2rQi+l) f

r(M+i/2)r(i/2)J0

2Tiß + l)        r*'2
aÁx) — ~—   . ,^„,A ,^  I       cos (* cos f) sm2" tdt

*  «/0

(2.2)
T(p + 1)       r '

=- I    eix cos * sin2" tdt.

r(M+l/2)r(l/2)Jo

The proof follows on using the cosine series or exponential series and in-

tegrating termwise [6, pp. 47-48].

Corollary. For real x

, , 2T(p+l)       r*12
(2.3) a¿x)   á-S——■- sin2" tdt = a„(0) = 1.

'   MWI - r0i+l/2)r(l/2)Jo

For ju = 0, (2.3) reduces to | Jo(x) | á 1, an inequality given by Hansen [6,

p. 31].

Lemma 3. For any u>0 and a corresponding constant b(u)>0, b(u) <l

— aß(x) <2 for x>u; moreover

x2
1 — aJx) >- for 0 < x < v,

^2(M + 1)

and

1 - «„(*) < (x/2)2- for x > ,0.
H + 1

Proof. From (2.2) and (2.3), putting 2r(ju+l)/r(/i+l/2)r(l/2)=7(»,
we have

Xx/2
{1 - cos (x cos t)} sin2" tdt > 0        for x > 0.

j
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38 S. MINAKSHISUNDARAM AND OTTO SZÂSZ [January

It is known that J»(x)—»0 as x—>oo, hence a„(x) —>0; thus for some b(u) >0

1 — a,,(x) > b(u) for x > u.

Furthermore from (2.4) and (2.3)

1 — a„(x) < 2y(m)  I       sin2" tdt = 2, for x > 0.
Jo

Finally, for 0 <:*; <x,
/      2x2
( >  -cos2 /

/ X \\ TT2
1 — cos (x cos /) = 2 sin2 ( — cos / ] <

\2 /)       x2
f < -cos2 /,
\        2

hence

2y(m)       fT/2 27(M)       C   1 1       )
1 - «„(*) > -^- s2 cos2 / sin2" tdt = —^- x2 {-\

ir2        Jo t2        \y(p.)      y(p+ l)j

c2

x2(M + 1)

and

y(p)x2   C T/! s2

1 - «„(*) <- I      cos2 / sin2" tdt =-;
2     Jo 4(M+1)

this proves the lemma.

Lemma 4. Let h be real, r>0, 5>0, then the following statements are equiva-

lent :

00

(2.5) £ »'•''-1co(5rc-'-) < oo,
n-l

oo

(2.5') £2x'M5-2-^) < oo,

/,v'"(t>(2.6) I     th-1o,( — )dt < ¿o.

Proof. We have for rh è 1

2x-i

2CX-»r»w(5.2-Xr)   <   £    ^-lco(a-V-')   <   2X'Ao(ô ■ 2-<X-»r),

„_2X_1

hence

2-r*^ 2Xr\o(5 • 2-Xr) < X) n^-^o-n-r) < 2r''X) 2Xrtco(ô-2-Xr),

X-l n-l 0
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1947]        ABSOLUTE CONVERGENCE OF MULTIPLE FOURIER SERIES 39

with similar inequalities for rh<l; hence (2.5) and (2.5') are equivalent. We

also have for rh ^ 1

/» n+l /• n

xTkr-1u(dx-r)dx < Mr*-1w(5»-r) <   I       xrh-i<a(hx-r)dx,

J n J n-1

hence

/,  tO OO -   00*,*-1co(8*~r)<** < 2 »r*_1w(3»_r) <   I     JCrA-1co(5arr)^*,

i i »^ o

with similar inequalities for rh> 1 ; the substitution xr= bt yields the equiva-

lence of (2.5) and (2.6). This proves the lemma.

In view of (2.6), r and ¿5 are not necessarily the same in the different state-

ments.

Corollary. The following statements are equivalent :

£ n^i'^-^ôn-11') < «J

and

£2XA/2co(6-2-x/2) < oo.

This follows on putting r = l//c in (2.5), and r = l/2 in (2.5').

Lemma 5. If av^0, and r>0, then the two statements are equivalent:

CO

(2.7) X) a, | 1 - aW) \r = Oco(í) as t -* 0,
i

and

n °°

(2.8) »-'X) vTa, + Z) a, = Ow(5w-1'2) as n-* oo,
1 n+l

Ô ôeiwg a» arbitrary positive number.

Assume first that (2.8) holds; given r>0 choose

n = [52t-2] ^ 52r2 <«+ 1;

then from Lemma 3

n+l ¿2r n+l

2 Or I 1 - ofcO1'1) k <-Y) p'o, = Ot2rn'a(Ô(n + l)"1'2) = Oco(i),
i 4r(M + l)r    i

and
00 00

2>, | 1 - «»(tv1'2) |' < 2 2 a, = Oco(5(w + l)-1'2) = Oco(i).
n+2 n+2

Conversely, if (2.7) holds, choose for a given n and 5>0
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then

hence
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/ = min (tt»-1'2, 8n~112),

[January

¿a,|l-a„(fc1/2)|'>
t2'

ít2'(m + l)p   i
2>*

n"r¿ vra, = Ou(t) = Oco^»-1/*).

i

Furthermore, using again Lemma 3, we have

00 00

E«,|i-«,(^1/2)|r>*E^ (b a constant),

hence
n+l n+1

2 <h = Om(0 = Outfn-1'2).
n+l

2 co(52-x»-1/2) = Ocurre-1/2),
x-i

This proves the lemma. It follows that if (2.8) holds for some 5>0, it holds

for any 5>0.

Lemma 6. Assume that for some ô>0

(2.9)

and let r>0, a,^0; then the following statements are equivalent:

(2.10) tir* £ Vat + S a, = Oatfn-1'2),
1 n+l

n

»-'£ "ra' = Oaiôn'1'2),

as »—» oo,

M—> oo,

(2.11)

(2.12) £a,|l-ca/,,i/2)|' = 0co(/), /->0.

The equivalence of (2.10) and (2.11) follows from Lemma (2.5) in [5];

the equivalence of (2.11) and (2.12) follows from Lemma 5. This proves

Lemma 6.

Lemma 7. Young-Hausdorff inequality. If 1 <p^2, and

/(X) ~ 2>* exp (iWX),

then

(2.13)

and

{z2\cv¡p'}Up' = MP(f)=-Mpf,
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MU* zi^r,
where l/p + l/p' = 1, and

M'Pf=-^—fT\f(X)\PdX
(2ir)' J_T

(cf. [4]).
Denote hyf(X; t) the spherical mean of f(X) over the surface of the sphere

of radius rand center íc; then [l, p. 177]

f(X; t) = (2tt)-'/2 l/0 ff(x! + %, ■■■ ,xK + tijdat

(2.14) ^ E cNaß(t | N | ) exp (iNX)
CO

- E a^tn^A^x), ß = f> -2)/2;
n-0

cr denotes the unit sphere £2+ • • • + £2 = 1, dcr^ its (k — l)-dimensional vol-

ume element. Thus, putting/(X; /) —f(X) =p(X; t), we have

p(X; t) - E «»{«*(* I N\ ) - 1} exp (iNX)
CO

~E M«1'2) - l}An(x).
n-0

Lemma 8. J/ Mrp(X; t)=Ou(t) as ¿—>0, then for any 5>0

Cat = Ow I -j-r- J as I TV | —* oo.

It follows from (1.1), (1.2) and (2.14) that

c*{a„(i| # I ) - 1} = (27r)_'r(;)J   *(*! 0 exp( - ¿iVZ)dX,

hence

| Cn 111 - «„(/1 iV | ) | á Af tf(X; t) = Ou(J).

Lemma 8 now follows from Lemma 3, on putting t\ N\ =5.

Lemma 9. Let Pn(z) =Eoc-z"> l^P^°°;if

MPPn(z) g 1 for \z\ á 1,

ííe«
M„En'(z) g n

(cf. [5, p. 385]).
iVoíe. For p = oo, jlf pP(z) = max | E(z) | for | z | g 1.
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42 S. MINAKSHISUNDARAM AND OTTO SZÂSZ [January

We shall frequently use Holder's and Minkowski's well known inequalities

for multiple series and integrals (cf. Hardy, Littlewood, and Pólya, Inequali-

ties, Cambridge, 1934).

3. A theorem on absolute convergence. We now present our main cri-

terion for absolute convergence.

Theorem 1. If, with the notations of §2, 1 ̂ p^2,f(X)GLP,

(3.1) M<t>(X; t) = Ou(t) ast-+0,

and

00

(3.2) X n-"»V(i»-1/'0 < » for some ß > 0,
i

then

(3.3) ZM"<«>.

By (3.1) and Lemma 7 for Kp£2, XMP'I 1 -a„(t\N\)\p'= Ow'(t), or

00

(3.4) E P»' I 1 - a,«»1'2)!" = Oa'(t),
i

where p„ = Pn(p) is defined by

P»   =   ¿Z    I Cjv|      = Z) I ̂ m • • -nJ («i +••■+», = »).
IJVl'-n

By Lemma 5, (3.4) is equivalent to

»     2./ "   P'   + Z, P»   = 0w   (5w     )-
1 n+l

hence

(3.5) £ pf ' = Oc/pn-1").
n+l

By the Holder inequality for q > 1, l/q+1/q' = 1,

n nS|JV|'S2n

let first ß<p'; choose

? p'
ßq = p',    hence    ç' =

q - 1      p'-ß

Now, from (3.5) and (2.1)
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2n    a

J^P,= 0^(Sn-1i2)(R.(2n))1-ßi'' = 0«í1-<"*'>'/V(5n-1/2).
n

Putting » = 2\ A = 0, 1, • • • , and summing over X yields

OO 00

Y,Pl = OY, 2x"<1-<"*'>/V»(S2-x/!!);
1 x-=o

the right side is convergent by the corollary to Lemma 4 (with h = k(1 —ß/p'))

and by (3.2). Hence (3.3) holds.

Next if ß = p'>l, then (3.3) follows from (2.13), if we assume only, in-

stead of (3.1), that f(X)(E.Lp; a fortiori

E I O* \" < °° for ß è p'.

Finally let p = 1 ; (3.2) becomes

(3.6) E<A«»_1/') < oo.

Denote by rK(n) the number of lattice points on the circle Eix* = w; thus

EW")=*<(«)•
From Lemma 8, for any 5 > 0

E   I cn |" = 0 E <o"(3 | N h1) = Or.M^ôn-1'2) ;
lATl'-n

furthermore from (3.6) and Lemma 4 (with h = n)

00

E n'^-Wtfn-1'2) < oo.
i

Now, using (2.1), we have

E r^XO-1'*) = ¿ E,Mco0f>-i/2) -  E E.MoAc^ + i)-1/2)
110

n-l

^ E^MS«-1'2) + E^«{^(S"-1/2) - «"(«(* + I)-1'2)}

i

n-l

= On'lW^n-1'2) + 0^2 v'lt^bv-1'2) - co»(S(v + l)'1'2)}
i

n

= O Y {v"2 - (v - l^jù/O-1'2)
i

= 0(1), as m —» ».

This completes the proof of Theorem 1.
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Actually we can prove for ß=p' that

X) Pn  log n < 00 .

4. Converse theorems. We give here two theorems to be employed in

subsequent sections.

Theorem 2. Let l^p^2; assume that

00

(4.1) X) W(52-X»-1/2) = Ow^m-1'2), as n -» oo,
x-i

and that

EP   P P   P/      —1/2
v p, = On co (on      ), a5 « —» oo ;

i

/Aera

MP'4>(X; t) = Ow(t), ast-+0.

Note. If p = l, p''— oo, then ilfp- means the effective upper bound of

\<p(X; t)\ in the region of X.
Proof. By Lemma 6, (4.2) is equivalent to

i
that is,

£|c*Hl-a„(<| tf|)|> -0»*(l).

Now from (2.14) and Lemma 7 (which holds also for p = l)

MP'<f>(X; t) = Ou(t) as / -» 0;

this proves the theorem.

Note that (4.2) means:

¿2   I tf I" I c" \P = Ora'co^Sn-1'2).
\lf\'én

Theorem 3. Assume that u(t) i 0 as t i 0, and that

22 co2(2~x«ra-1'2) = Oco2(Sra-1'2)
x-i

as ra —» co.

TAera a necessary and sufficient condition that

(4.3) iW2c6(X; /) = 0w(/) as /-* 0,

¿5 /Aa/
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n      22 2   2        _1/2

(4.4) E " P» = On co (5m     ) as n —» oo.
i

First if (4.4) holds then (4.3) follows by Theorem 2 (for p =2). Conversely

if (4.3) holds, then from (2.14) and Lemma 7

T\cN\2\l-cc,(t\N\)\2 = Occ2(t),

which by Lemma 6 is equivalent to (4.4).

5. Counter examples. For ß = 1, Theorem 1 becomes:

Theorem 1'. If MPp(t) = Ou(t) as /-+0, and

(5.1) E n-1">'w(8n-1") < oo, 1 á /> á 2,

¿Äe»

E I CN I < °° •

To show that this result is the best possible we shall prove :

Theorem 4. Letu(t),in addition to having the property u(t) I 0 as t i 0, be

such that

(5.2) f  co(rx)¿< = Ouu^1) as m-+ oo,

while

(5.3) E »_1/p'w(S»-1/') = oo, wÄere 1 g í á 2.

Then there exists a function f(X)(E.Lp, such that

(5.4) M^X; t) = Ow(t),

while

E I CN |  =   » .

By Lemma 4 and its corollary (with h = K¡p) (5.1) is equivalent to

00

E 2"x'»'w(c¡2-x) < oo,
x-i

while (5.3) is equivalent to

(5.3') E 2'x/"w(S2-x) = oo.

We define ÉB = w(2-n5), Xn = 2"+1+«-2,

(5.5) g.(,) = i-CM/p') ( X>) . « = 0, 1, 2, • • • ;
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SO that

An+i - Xn = 2-+1 + 1.

Construct the power series

°° «

G(Z) = Z(e» ~ «n+i)(zi • • • z.Y»Jlgn(z,);
n—0 F-l

then G(Z) has the formal power series

oo oo

G(Z) = 2 • • • Z Tm • • -n^i1 • • • z/.   •

It is clear from the construction that YjyàO; putting Z = 1 we find

Z 7* > Z («» - e„+1)2-'»(1+1/"''(2''+1 - l)2' > Z (e. - e«+i)2"n/p
n=0 0

m

>   Z («»  -  €n,+l)2'"/!'(l   -   2-'/").
1

For a given integer Z choose m so large that d>2em+i, then

1 '
Z^iv > — (1 - 2-*/p)Zen2,n/p-> °° as/ -»co,

2 i

by (5.3'). Hence

Z TJV =  °° •

We next show that for z, = eiXy, v = l, 2, ■ • • , k, G(Z) becomes the Fourier

power series of a function F(X) (E.LP. Write

K

(5.6) un(Z) = (e„ - in+i)(zi • - • z,)x»n gn(z,),
r~l

theniorz, = eiXr

J /     n r      i" \«/p1/p,)(J*    ¡Í>"N*)

(5-7) «/        s._ i,x„,/rrisin(2" + 1)i/2l2pJVp
= 0(e„ — e„+i)2 -<n(l+l/p a- T I sin (2" + l)*/2 12p    V

0 X I

= 0(en - €n+1)2-«"<i+i/P'>2»C2*-i>«/p = 0(e„ - e„+i);

hence, by Minkowski's inequality,

00

MPG g J} MpMn = 0(1).
n-0
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We shall finally prove (5.4) ; we have

00

F(X; t) - F(X) =  E {«»(*; t) - «.(*)}.
r-0

hence Mpp^JlrZ0MP{ur(X; t)-ur(X)} =E?-o+En"+i = Si+S2,say. Now.by
Minkowski's inequality and (2.14),

Mpu,(X; t) = rZ-V'-V"// J " \j u,(xi + tiu •••,*.+ %i)do-( px)

^ rQ^-'-V''2 J (j   | «,(*, + «i, •••,*. + <?,) |»áx)   "dVt

= 2-lr(-V''2jMp(«,)ácr{;

hence, if we use (5.7), Si = 0e„. Furthermore

if, {«,(*; ¿) - u,(X)) ^ 2-1t(-\t-'I2 f Mp{u,(X; t) - ur(X)}da(;

from the mean value theorem

*       du,
u,(X; t) - u,(X) = *E 5x-(X; M),     where 0 < 0 < 1;

x=i     3#x

hence from Minkowski's inequality

Mp{u,(X; t) - u,(X)} á <E I fc I Afp-(*! «0
x-i 3*x

á (2ir)-"2í ( Mp — (X)dat.
J,        dx\

We now employ Lemma 9; thus from (5.5) and (5.6)

Mp{u,(X; t) - u,(X)} = tO(e, - e,+i)(2'+1 + X,) = t02'(e, - e,+i).

It follows that

n n

5i = <OE 2'(«, - *H-i) = OíE (2^1 - 2')«,
0 0

n r»2n

= OtJ2 (2'+1 - 2")co(52-") = Ot I    «¡(Sxr^dx
o J 0

= Oi2nw(ô2-"),
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by (5.2). We now choose ra so that for a given positive /< 5

2"-1 < of1 g 2", n ^ 1;

then

Si = Ou(t),    and   S2 = 0co(/),

and the proof of Theorem 4 is complete.

A simpler example, but of a special type, is

00 «

G(Z)  =  Z (€" —  «n+l) Z Zyngn(z,).
n—0 r—1

6. The case p = 2 and arbitrary j3>0. For the case p = 2, Theorem 1 be-

comes :

Theorem 1". If Mi<p(t) = Ou(t), and for some ß>0

23 ra-»/V^ra-1'") < oo ,

then

ZM"< °°.
We now prove:

Theorem 5. Let co(f), in addition to having the property w(/) | 0 as 1j 0,

be such that

(6.1) f   xu^x-^dx = OraVt«-1) a5 m-^oo,

while for a given positive ß<2

(6.2) Z »-"'V^ra-1'") = oo .

TÄera /Âere eíw'5/5 a function f(X) £-£-2, 5mc& /Äa/

(6.3) Mi<b(X;t) =Ow(t), t-*0,

but
2J1 Civ |" = ».

We employ again the polynomial (5.5), where now p' = 2, and the poly-

nomial (5.6), replacing the factor e„ — e„+i by

, 0       ß   .1/0
(«n — «n+l) =  «„,

say.

As before en = w(ô2-"). On writing

00

(6.4) G(Z) = 23 «n(Z) = Z Ytfz"1 • • • *"*,
n-0
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we have again Jn^O. Now

Zß    _     v^     8   -3n/3«/2 /  ^    A
yN >  ¿-I «n2 I   Lv   1

■^     ß   n«(l-S/2) 1 ^>      ß ß nt(l-ß/i)■r-v     P   n«U—P/zj » ■r-«   , P P     .    n

- iß + i)«„?„a"2       =(^Ti7Ç(en-en+l)2

>(2'<1H,/í>-l)t(4-¿+1)2("-1,aH,/i>'.

i

Hence for ef >2e£,+1

Zß   ^     1    .„«(1-/3/2) J,   3   «(n-l) (1-/9/2)
7JV  >  — (2 -   1)  2^ «n2

2 i

By the corollary to Lemma 4, (6.2) is equivalent to

r/.    .. A „(H5/2)X«   «,.,-X. V-v „(1-S/2)X«   a
(6.5) E2 co (02    ) = oo,     or     E2 ex = °o,

X-l X

hence Et& = ^ •
Next, in the same manner as in §5, one can prove that

(6.6) Mliun)=0al;

it is easily seen that [5, formula (6.14) ]

/^    *\ 2 S S        2/8 2 2
(6.7) a» = («„ — €„+i)      = 0(«„ — e„+i),

hence

172(G) = E A^K) = 0 E (*n - e"+i) = 0(1).
n—0 n

Finally, to prove (6.3), write

00 „00

m\p = E A¿ {«»(*; t) - u,(X)} = E + E = 7i + T2,
0 0 n+l

say. From (6.6) and (6.7), Ti = 0&, while, if we employ Lemma 9 (as in §5)

m 2« V-<     2»     2 2„ ^-v      2»,  2 2     v
7/i = /OE 2   a, = Í0 E 2   (e„ - fH-i)

o o

= to± ¿(2* - 22-2) = t*0 ± (2' - 2-1)2'e:
i i

2   r2"  2   _, rs_l2n   2 -i

= (0 xw (Ôx   )dx = tO I        yu(y   )dy.
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Employing (6.1), we now get

Ti = /2022"co2(52—).

Given a positive /, choose ra so that

2" < h/t g 2»+1;

then

Ti = /20r2co2(/) = Oco2(/),    and    T2 - Oco2(/),

hence

Mi4>(t) = Ou(t) as / -> 0.

This proves Theorem 5.

Remark. The conditions (5.2) and (6.1) are equivalent (cf. [5, Remark

6.1]).
7. A continuous function as counter example. In [5, §6] we have employed

polynomials

2(<7-l)

(7.1) g(z) =   23  a'  z , ?a prime sa 1 (mod 4),
i—o

with the following properties

I f « | ¿ 1 for | z | á 1,

| atQ) | = ?"3/2(,. + 1), v - 0, 1, • • • , q - 2.

On putting g(zi) • • • g(z„) =23^2îl ' ' ' 2Ü"> it follows that

Z I fcr I' > (Z I ̂  |V > q-*"V +2ß+-..+(q- if)'
(7.2) 1 -30K/2, .v'W+D

> —— Î (? -   1)
K +  1

Let Kgi<ç22< • • • be a sequence of primes congruent to 1 (mod 4),

and such that for all large ra

(7.3) 2»-1 <qn< 2»;

denote by gn(z) the polynomial (7.1) with q = qn, and let

(7.4) Xi = 0,   X„+1 = 2(qi + ■ ■ ■ + qn) - ra, ra è 1;

e„, an, and w„ are defined as in §6. We assume that co(/) satisfies the conditions

of Theorem 5 and, in case 1 <ß<2, the additional conditions

(7.5) I    x-^x-^dx =   f   T-la(r)dT < oo,
J i Jo
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(7.6) I    x~1u(x-1)dx=  j    T-^tfdr = Ooi(t) as/->0.

Now, as shown in [5, §6],

n /» 2"

(7.7) E2'a, <2        «(jc-1)^*,
i J i

and

(7.8) E<*»<
n+l

e„+i for 0 < ß g 1,

2 I    «-'«(ÄT-^aa; for 1 < ß < 2.
J on

We define as before

CO

(7.9) G(Z) = E «»(2) = E TJf«? • • • z«"-
i

By (7.1)

(7.10) | un(Z) \$an for | zx | ^ 1, • ■ • , | z« | g 1,

hence the simple series in (7.9) converges uniformly and defines a continuous

function in |zi| gl, • • • , |z,| ¡£1. Putting z„ = exp (¿a;»), j»=1, • • • , k, (7.9)

becomes the Fourier power series of a continuous function F(xi, ■ • • , xi).

Furthermore, using (7.2) and (7.3), we have

•c^ I |8 ^ 1 *—v     8   -3«S/2 .x'^+D
2-1 y* I > —TT ¿^a»?»    (?» ~ i)

K + 1    n

> o ¿^ (e„ — en+i)2 , 0 a constant,
n

and the divergence of this series follows from (6.2) as in §6.

We shall finally show that the modulus of continuity of F(X) is majorized

by u(t). We define the modulus of continuity of F(X) by

max   max | F(X + H) - F(X) \ = f(<),
Ifflá«    (X)

where |e| = (h\+ • • • +h2.)1'2, and each x, varies in ( — it, it). Now, in view

of (7.9),

CO

| F(X + H) - F(X) | á E I u¿e«***-*>, • • • , ««««■<■*«>) - M,(e"s • • • ) |
i
n °°

= E + E = Vi + Vi,
1 n+l
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say. From (7.10) and (7.8)

F2<223«r <
»+i

í2é„ for0<jSál,

2 j    x-^x-^dx for 1 < ß < 2;
Ju-

in view of (7.6) we have in either case

Vi = Oco(52-").

To estimate Vi, we employ as in §5 the mean value theorem, and Lemma 9

for p = oo. We then get

^<(Z|A,|)(Z«A,+i)

and, using (7.7) and (5.2) (which is equivalent to (6.1)),

Fi = 0| ff|2-w(82—).

For \H\ ^t choose ra so that 2"-1</-1á2n, then

Fi = 0u(t)   and   F2 = 0u(t)

hence

t(t) = 0co(/).

We have thus proved the theorem :

Theorem 6. If the assumptions of Theorem 5 are satisfied and if 0 <ß£ 1,

then there exists a continuous function F(X) with modulus of continuity

f (/) < u(t), while 231 cn\ ß = °° • The same result holds for 1 </3 < 2 under the ad-
ditional assumptions (7.5) and (7.6).

As an example choose co(/)=/a, 0<a<l; it is seen easily that now (6.1),

(7.5), and (7.6) hold. Theorem 1" yields the convergence of 231 c^| ß whenever

Mt<p = 0ta, and if ß>2K/(ic+2a). For /3 = 2k/(k+2o;), however, there exists a

continuous function whose modulus of continuity is less than /", while

EM*-«-
Closing remark. In a similar manner the convergence of the series

23| N\ "\cn\ ß can be discussed. The mode of procedure applies as well to

Fourier integrals. We may also consider instead of the spherical mean (2.14)

the more general average

/P(X;/)=7/o(l--)    f(X;r)r-H,

Finally, if we denote the linear operator which transforms/(X) into/(Ar; f)

-f(X) hyAf(X; /), iteration yields
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Amf(X; t) ~ E *"(«"(< | iV | ) - l)"1 exp (iNX), m - 1, 2, 3, • • • ,

and in Theorem 1 the assumption Mpp(X; t) =M¡AJ(X; t)=Ow(t) can be re-

placed by MpAmf(X; t)=Ow(t).
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