DIMENSION AND MEASURE

BY
HERBERT FEDERER

1. Introduction. The relations between topological dimension and Haus-
dorffi measure were discovered by Szpilrajn. (See [SZ], [HW, Chapter
VII](*).) An earlier paper by Pontrjagin and Schnirelman contains related
results, though the connection is not explicit. (See [PS].)

According to Szpilrajn, the dimension of a separable metric space X does
not exceed m, dim X <m, if and only if X has a homeomorph YCEzn1
such that the (m+1)-dimensional Hausdorff measure of Y equals zero,

"’,,',':,fl( Y) =0. In the present paper it is shown that the foregoing statement
remains true if the Hausdorff measure 3Cqy, is replaced by the integral geo-
metric Favard measure ?’2",,.+1, or, in fact, by any measure which lies between
the Favard measure and the Hausdorff measure, in a sense which is made
precise in §11. Hence practically all the definitions of k-dimensional measure
over n-space, which may be found in the literature, are equally suitable from
the point of view ‘of topological dimension theory.

These results yield new information about the structure of sets of finite
Hausdorff measure, which is so intimately tied up, with integral geometric
measure (see [F5,9.7]). Suppose 3¢5(4) <  and B is the set of all those points
of A at which 4 is not (3%, k) restricted, which means that 4 fails to have a
k-dimensional approximate tangent plane in a suitable sense. Then Szpilrajn’s
theorem implies that dim B <dim 4 <%. However, since 5(B) =0, the results
of this paper imply that dim B <k—1. This inequality is the best possible.

A formula is proved, which expresses the k-dimensional Favard measure
of a subset of n-space, in terms of the m-dimensional Favard measures of its
intersections with (n —k-+m)-dimensional planes, as an integral over the set
of all these planes.

To save space, we refer the reader for most of the definitions to [F5].
However, the greater part of this paper may be read without much familiarity
with [F5].

2. Definitions. In addition to some of the terms and notations described
in [F5, §2], we shall have use for the following:

p(S) is the number (possibily ) of elements of .S.

If 2 <n are positive integers, then Pt is the function on E, to E; such that

p:(x) = (21, %3, + -+, xx) for x E E,,

Presented to the Society, August 20, 1946; received by the editors January 13, 1947,
(%) Expressions in brackets refer to the bibliography at the end of the paper.

536



DIMENSION AND MEASURE 537
and 7! is the function on E; to E, such that

k
m») =Ly, ¥,0---,0)EE, for y€ Es
If s and ¢ are positive integers, x EE,, yEE;, then
(xoy) = (xlr Cr Ly Xy Yyttt yt) EE..H.

The inverse of the function f will be denoted by inv f.

For the notions of topological dimension theory we refer the reader to
[HW].

3. The group of distance preserving transformations of n-space. Let
M, be the set of all distance preserving transformations of E,. Thus fE M,
if and only if f is such a function on E, to E, that |f(x) —f()| = lx—yl
whenever x€E, and y&EE,. We metrize M, by the function p, which is de-
fined by the formula

o(f 8) = 10) = ¢@ | + sup | /(=) = fO) — &(=) +£@) |,
where fEM,, gEM,, and §=(0, - - -, 0) is the origin of E,.
Next let
Ga = M, N E [f(6) = 0]
: !
be the set of all orthogonal transformations of E,, and associate with each
point x & E,, the translation
(=+)E M,
by means of the relation
(x)») =x+y for yE E,

We recall that the sets M, and G, are groups with respect to the operation,
:, of superposition, and that each element f of M, has a unique decomposition

f=[(=+):R] with x€ E., REG..
If g is another element of M, with the decomposition
g= [y +):S] with y€EE,SEG.,
then
o(f, ) = |2 — 3|+ o(R,S),
and
(:9) = {[(= + RO)) +]:(R:$)}.

Hence the map of the cartesian product space (E,XG,) onto M,, which
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associates [(x+):R] with (%, R), is a homeomorphism, though not a homo-
morphism of the direct product of the groups E, and G, into the group M,.

4. The space of s-dimensional flat subspaces of n-space. Let A} be the
set of all s-dimensional flat subspaces of E,. Let

z,'.=E,.n§[x,-=0fori=1,2,~--,n—s]

and let 7, be the function with domain M, and range A} such that
m.(f) = f*(2,) for fE M,

The maximal sets of constancy of the function m; are the left cosets of the
closed subgroup of M, whose elements are those members f of M, for which
f*(Zy) =23 In view of the usual method of assigning a topology to homo-
geneous spaces, it is natural to give the set A} a topology by imposing the
condition that

Tn 1S an 0pen continuous mapping.

We next define the function N}, on the cartesian product (G, X En—,) to
A} by the formula

M(R, w) = ma{R: [nn (w) +]}

for REG,, wEE,_,.
Clearly M\, is continuous.
From the relation

(x+)*Z) = [ :pn )(%) +]1%2Zs) for xEE,
we infer that the range of \} is A,
Now let § be the function on A} such that d(u) equals the distance of the
set u from the origin@=(0, - - +, 0) of E,. Clearly (&:}) is continuous. There-
fore & is continuous. From this and the relation

3[R, w)] = | w| for REG., wE E,_,,

we infer that:

A set X CAL is compact if and only if the set [inv No]*(X) is bounded and
closed.

We now associate with each (suitably restricted) function F on Aj the
number ¥,(F) by the formula

i) = [ [ DR w)igwdsr

and use the relation
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{S:(x +)}* (R, w)] = M{(S:R), [pn :inv R](2) + w},

for SEG,, xEE,, REG,, wEE,_,, to verify that ¥§ is invariant under the
transformations of A, by the elements of M,. Furthermore I\I';(F)l <o
whenever F is continuous and vanishes outside some compact subset of Ay,
and ¥)(F) >0 whenever F is continuous, nonnegative, and does not vanish
everywhere.

It is well known (see [W, p. 45]) that these properties determine ¥}, up
to a constant factor, on the class of all continuous functions on A} which
vanish outside some compact set, and even on the class of all those functions
on A% under which each closed set has an analytic counterimage. (See [SS1,
pp. 47-50].)

5. The integralgeometric measure. If 4 is an analytic subsét of E,, and
k is a positive integer less than #, then the integralgeometric k-dimensional
Favard measure of 4 is given by the formula

k -1 n—k
Fo4) = Bln, B fe,. fhp[Amn (R, )]d.Lryd$,R.

To show that this formula is a consequence of the definition given in
[F5, 2.18], we apply the two relations

yicd) = 8o B [ [ WlowiR), 4, y)lrdoR,

Gpv E;

N[(pr:inv R), 4, y] = p[A N A “(R, y)] for REGy, y € Ex.

The first of these formulae was proved in [F5, 5.11], while the second is
verified by the computation:

MR 9) = {R: () +1}4@) k
= R*{E.NE [pa(x) = y]} = E. N E [{pn:inv R} (3) = »].

This proves our assertion.
We further recall that

?: = ¢Cm

and now define ¥4 by the formula

Fa(4) = p(4) for A C Ea.

6. Another formula for the invariant integral. Suppose m <k < are posi-
tive integers.
Let

—k+4m*
B = 77: (En—k+m)o
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Since (n—k+m)+(n—m)—n=n—k, each flat space uSAY™ satisfies
exactly one of the three conditions:

(1) (BMNw)=0,

(2) (BNw)EAT™,

(3) the linear dimension of (BMNyu) exceeds (n—k).

Let ¢ be the function on A3}~™ such that

c(u) =0 if (1) or (2) holds,
c(w) =1 if (3) holds.
STATEMENT 1. ¥i™™(c) =0.

Proof. Let f be the function on G, such that f(Q) is the determinant of the
matrix whose columns are

Il. e, I"*Hm' Qn—k+m+l' e, Qﬂ,

whenever QEG,. Here I is the unit matrix in G,. Let
S=G.NE[fQ) = o].
In order to show that
¢n(S) =0,

we note that f is an analytic function on the analytic Lie group G,, that S
contains neither component of G,, and appeal to the following general
proposition:

If the set of seros of an analytic funciion on an analytic Lie group inter-

sects a component of the group in a set of positive Haar measure, then it contains

that component.
This follows from the fact that all the coefficients of the power series van-

ish at every point of density of the set of zeros.
Next we see that

¢, 2] =1 implies Q €S,
because (3), with u=N\3""(Q, 2), implies that the points
Il’ e, In—k+m, Qm+l, v, Qﬂ

fail to span E,.
Consequently

0= | ) ) D@ 940
= f . f Emc [)\:~M(Q, z)]d.C,,.zd¢,.Q =0.

This completes the proof of Statement 1.
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Next we associate with each function % on A}~},,, the function # on A3™
by the formulae

n—k+4-m!

t 3
aw) = ulp " BAW] i BAWENT,
. n—k
) = 0 i (BNw) @A
STATEMENT 2. If u is such a numerically valied function on Ay_yim that
each closed set has an analytic counterimage under u, then
Bn — k+ m, m)¥. (@) = B(n, M) iim().

Proof. Let Q(u) =¥, ™(#) for each function % of the type just described.
If fEM._tem, then gEM,, where

n—k+m n—k+4m

gx) = [1n  :fipn

and we have

n—k+m n—k+m

1®) + 2= [1n  :pa () for x € E,,

(i) = (fipm ), g*(B) = B,
[Gosf)ion ™ ] = e ™™ )1g%],

(BN u)-=BNgHy) for uEAL,

n—Fk+m¥* n—k+4m¥*

lw:r*1{n " BNW} =afpn " [BNgW]} for nEAT,
W = (8:¢%,  w:f*) = u).

Thus Q is invariant under the transformations of Aj—f,.,, by the elements

of M,._H.m. .
In order to show that | @(x)| <  whenever % is continuous and vanishes

outside a compact set, and that @(x) >0 if « is continuous, nonnegative, and
n—

does not vanish everywhere in Aj=}, ., it will suffice, by virtue of the uniform
structure of Aj—} ., to exhibit a function % with the following properties:"
0<Qu) < x,
# is nonnegative,

E [u(¢) = 1] has interior points,
&

E [4(£) > 0] has a compact closure.
To do this, let
A=E.0E[|m|<tfori=12---,m]

o) = plm (A)Nu]  for pEAT",
m n—k
w(®) = plnmism (A)NE] for £E A tim.
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Then u(§)21 for all £ sufficiently near Z3 %, and %(£) =0 whenever
the distance of the subset £ of E,_s4m from the origin of E,_iim exceeds m!/2,
Furthermore

n—k+m¥*

4(5) = plrmiim () N po (B O )]
= pln (4) N BN ] = o(u)

whenever (1) or (2) holds. Hence

#(u) = v(u) whenever c(u) =0,

and we use Statement 1 to infer that

) = ¥ (@) = X2 "@) = B, m)Fn [ (4)]
= B(n, M2 = B(n, m)Frerim[mcsin (4)]
= [B(n, m)/B(n — & + m, m) [ W2 km(w).
Thus % has the required properties, @ is a multiple of ¥a_},,., and the
factor equals [8(n, m)/B(n—k+m, m)].

This completes the proof of Statement 2.
7. The invariance of the Favard measure under an injection.

LEMMA. If m <k<n are positive integers, and X is an analytic subset of
Ea—k+m: then

n—k+m¥*

Faltn (0] = Farem(X).
Proof. Let # be the function on A}—},, such that

w) =p(XN§ for §e Aiim,
and let v be the function on A3~™ such that

n—k-+m*

o) = p[1a X)Np] for pEAL .

We associate # with # as in §6, and define the function ¢ as in §6. Then we
check that

#(n) = v(u) whenever c¢(u) =0,

and use Statements 1 and 2 of §6 to infer that

n—k+m*

Bn, m)Fn [nn  (X)] = ¥ "(v) = ;1&‘"”(«2)
= B(n, M)¥n_trn(%)/B(n — k + m, m)
= B(n, M) Fn-rsn( X).
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The proof is complete.
8. A new formula for the Favard measure.

THEOREM. If n, k, m are positive integers, m <k <n, and A is an analytic
subset of E,, then

ﬁ(" -k + m, m)
B(n, k)
Proof. Let g be the element of G, such that

n—k+m

¢ f 7 : [A N )\n (R» W) ]d-Cb—mwd¢nR-
GaV Ep_pm

Fuld) =

g(x) = (x”—k+Mlv fr g Xy X1yttt xn—k+m) fOI' X e E,"
let

n—k+m,

= (g M ),
and associate with each SEGn_i4m the function SEG, by the formula

4

S(x) = {p:-"'(x) o [S:p:—k ":inv g](x)} for =z E E,.

The remainder of the proof is divided into three parts.
Part 1. If REG,, SEG—iim, WEEi—m, 3EE,, then

(@) +]1:5}* nin(S, )],

k—m

A [(R:S), (woz)] = {R:[na
‘Proof. It is easily verified that
(8:5) = (5:9),
[t:(2 )] = {[¥(®) +]:¢} for % € Enim
@™ =10 " for Q€ Gaiim
{mn () + [£:1mrsm] @)} = ma(wo 2),

§ *(Z::Lm) = Z:—k

Using these relations we infer that

{R: [nn () + 1262 [1im(@) + 1} *@0iim)

= {R:[nn "(w) +]:3:8: [rnrem(@) +1}* @0 ki)

= {R:5: [(inv Sime ") (w0) +]: [ mmrsm)@) +1}4E2 )
= [R:5:{[n "(0) + Cmmrem)@] +} FETH

= {(R:3): [nm(wo ) +1}*@

= 0 [(R:D), (wo3)].

This proves Part 1.
Part 2. If REG,, wEE;_p, then
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n—k+m

B — k4 mmFafdNrT (R, w)]
= fG fx p{4 NN T(R:3), (w0 2)]} AL m2dPn—r4mS.
n—dim -

Proof. Let f= { R: [#£~™(w)+]: ¢}, note that f is a univalent function with
domain E,_sm and range Ns**™(R, w), and define

n—k+m

X = {inv f}*[4 NNTTT(R, w)].
Since
k—m n—k+m
f={R:[m "(w) +]:gim T},
we may use the invariance of ¥5 under the transformations of M,, together
with Lemma 7, to infer that

n—k4m#

FANANTR, w)] = FTPO] = Folw ™ (X)] = Forim(X).
From Part 1 we see that
PIX NATLnS, 9] = £ [X N NalS, 9]

=p{ANN[(R:3), (wo2)]}
whenever SEGn_tim, 2EEn. It follows that

B(n — &+ m, 1) Fn-rim(X)

=fa

This proves Part 2.
Part 3.

f, p{A NN R:D), (00 2)]}dCatddn simS.

n—k4m

B(n, B)Fa(A) = Bn — k + m, m)
[ J TR )i s k.

' Epem

Proof. Using 5 and Part 2, we compute
8 07 = [ [ pla N TR, Naluvisnk
@Y £,
- [ [ [ etanx1@:), wo)}al, cudlusds Rit ss
Grerim v Gy By Ep

= f f Bn — k+mm¥n[ANNTUR, w) 18.Ca-mwdgaR.
GV Ek-m
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The proof is complete.
9. Dimension and Favard measure.

THEOREM. If s and n are integers, n>0, 0<s=<n, and F(4)=0, then
dim 4 <s-—1.

Proof. We fix n and use induction in s.

Let S be the set of all integers s for which there is a set 4 with J3(4) =0
and dim 4 =s.

Assume that S50, and let % be the least integer in S. The proof that this
assumption leads to a contradiction is divided into three parts.

Part 1. >0.

Proof. Otherwise 2=0 and there is a set 4 for which

dmAd 20, Fo(A) =o0.

Then p(4)=0,4=0,dim4=-1.

This contradiction proves Part 1.

Part 2. k=n. :

Proof. Otherwise Part 1 implies 0 <% <n, and, since every set is contained
in an analytic set of equal Favard measure, there is an analytic set 4 for
which

dmAd =k Fu(d) = 0.
The theorem of §8 implies that

f @ f E Fo [A NNT(R, w)|dLawdg,R = 0.

Letting U be the set of all REG, for which
[ 7 ® o)t = o
Ey

we infer that

én(Ga — U) = 0.
Next choose such members !Q, 2Q, - - -, "Q of G, that
(‘Q)‘=I‘ for 1=1,2,---,m
Here I is the unit matrix of G,.
Since
$u{Ga — E[(RIQ) € U]} =0 for i=1,2---,m,

we conclude that
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R:Q)EeU for 1=1,2,--+,n

for ¢, almost all REG,.
It is easily seen that

M (V. w) = E.NE 2oV = u]

whenever VEG,, wEE,.
We now pick REG, such that

R:QEeU for 1=1,2,--+,n
and use the relation (R:%Q)!= R’ to infer that

Fo {ANE[sR =w]} =0

for .(:1 almost all w in E;, if 4 is an integer between 1 and #.
Therefore the (n—1)-planes of the type

E.NE [z R = w],

which intersect 4 in a set of (k—1)-dimensional Favard measure zero, con-
tain all the faces of arbitrarily small cubical neighborhoods of each point of
E,. Hence the boundary of each of these cubical neighborhoods intersects 4
in a set of (¢ —1)-dimensional Favard measure zero, whose topological dimen-
sion does not exceed (k—2), because % is the least integer in S.

It follows that

dimd = k- 1.

This completes the proof of Part 2.
Part 3. k¥#n.
Proof. Otherwise there is a set 4 for which

dim 4 = n, La(4) = 0.

Hence A4 both contains, and does not contain, a nonvacuous open subset.

This completes the proof.

REMARK. An alternate proof of Part 3 runs somewhat like the proof of
Part 2. Fubini’s theorem may be used to construct an appropriate grating of
(n—1)-planes.

10. Application to sets of finite Hausdorff measure. Suppose k£ <n are
positive integers, 4 is an 3¢t measurable subset of E,, and 3C5(4) < ». Then

A =A1UA2,

where 4, is the set of all points of 4 at which 4 is (3¢;, k) restricted, and
A:=A4A—A,.
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As in [F5, 9.7] we infer that F%(4.) =3ck(4,), F5(42) =0.
Therefore F¥5*(4,) =0, and Theorem 9 assures us that

dim 4, S &, dimd, =k — 1.

These inequalities are the best possible, for each pair (&, n).

11. The general relation between dimension and measure. Suppose ¥
is any double sequence of measures with the following properties:

(i) If k and n are integers, n>0, 0=k <n, then Y} is a measure over E,.

(ii) If 3¢5(A) =0, then Yn(A4)=0.

(iii) If Y&(A4) =0, then Fr(4)=0.

Here 3¢3(4) =¥3(4) =p(4) for ACE,.

Then we may use one half of Szpilrajn’s theorem, namely [HW, Theorem
VII 4], together with the theorem of §9 of this paper, to conclude:

If X is a separable metric space, then

dmX =m
if ana only if X has a homeomorph Y such that

Y C Enta, :ﬁZf.'L(Y) = 0.

The conditions imposed on Y are satisfied by most definitions of measure
which can be found in the literature. In particular, we may take ¥} to be any
one of the seven measures S%, 3¢, %, &, I't, G*, 7% discussed in [FS, 2.18].

This shows that all these measures are equally suitable from the point
of view of dimension theory.
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