ON THE BOUNDEDNESS OF SOLUTIONS OF
NONLINEAR DIFFERENTIAL AND
DIFFERENCE EQUATIONS

BY
RICHARD BELLMAN

1. Introduction. In this paper we wish to investigate the nature and
existence of bounded solutions of systems of differential equations of the
form

N
(1.1) dz;/dt = Z a;i(0)z; + fi(zy, 22y « - -, 2N, d21/d8, d22/dt, - - -, dan/dt, 1),

=1

i=1..-,N.

The variables 2z, 2, - - -, 2y are real, and ¢ ranges over the interval
(0, ). The f; will be subject to various conditions, but all will share the
common property that

N
(1.2) | fisy, 32 -+ s 2wy Wy e, - - v, wa, B) | = o(z|zk| + | wi| ),

k=1
as ) a1 | 2] +|wi| >0, for fixed ¢.

Systems of the form (1.1) are of considerable interest in dynamics, and
play an important role in many branches of applied mathematics. Usually the
right-hand side does not involve any derivatives. In dynamics, where ¢ repre-
sents the time, a natural problem is the determination of the behavior of the
solutions for large values of the time, and this is the central problem con-
sidered in the paper. The behavior of the solution turns out to depend
critically upon the initial values, and thus the question becomes one of
stability in the sense of Liapounoff.

A solution, s, is said to be stable in the sense of Liapounoff if every solu-
tion, s/, whose initial values are “close” to those of s remains “close” to s for
all subsequent values of ¢£. The word “close” is defined by a suitable metric.

If the two solutions are given by z;, 2/,7=1,2, - - -, N, the distance between
them will be taken to be Z{V_I Iz,«—z;’ | . In our case, since (0,0, - - -, 0, 8)
=0, 2;=0, 2=1, 2, - - -, N, is a solution of (1.1). Letting a;=2;(0) be the

initial values of any other solution of (1.1), we shall show that provided that
¥, |as| is sufficiently small this solution remains small for all ¢>0.
This investigation, for the case where the f; are power series in the 2z
beginning with second degree terms, and the a;; are constants, was initiated
by Poincaré, and pursued extensively by Liapounoff. Subsequent tesearches
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are due to Bohl, Cotton, and Perron [10, 11](?), where references are given.
Perron [10] obtained the following precise result:

THEOREM 1 (PERRON). Consider the following system of differential equa-
tions

N
1.3) dzi/dt = Za;;zi+ fi(21, 22, * -+, 3N, £), i=12---,N,
=1
where
(1.4) (1) All the characteristic roots of the constant matrix A = (ais) have nega-
tive real parts,

N N
() | fiy 2 y2m 0| =0l 2| Zkl) as 2| z| =0, wuniformly int.
k=1 kmal

Under these conditions, any solution of (1.3) whose initial values are suffi-
ciently close to the zero solution is uniformly bounded for all t, and tends to the
zero solution as t approaches infinity.

Perron's result is very elegant and satisfying as to the qualitative be-
havior of the solutions, but does not furnish quantitative information. The
method of proof used by Perron does not require that one actually exhibit
any particular solution, or discuss its behavior for large ¢£. While the standard
existence theorems ensure the existence of solutions of (1.3) under reasonable
conditions on the f;, the form of the solution obtained in the course of the
proofs seems clearly unsuited to the determination of its asymptotic behavior,
even though we are forearmed, by means of Theorem 1, with the knowledge
that it must tend to the zero soluticn as {—+ .

In this paper we intend to generalize Theorem 1 to cover equations of the
form of (1.1), and to state corresponding results for the case where all the
characteristic roots of the matrix A =(a:;) merely have nonpositive real
parts. Also, we shall discuss the situation where 4 is a variable matrix.
Perron [11] also considered this problem and obtained results under condi-
tions upon 4 different from ours. Here the results are necessarily more frag-
mentary.

Several methods will be used, two depending upon explicit representation
of the solution as the limit of a sequence, and thus available for numerical
calculation, and one merely guaranteeing the existence of solutions of the
desired type. Both methods involving sequences require the existence of the
partial derivatives of f; with respect to zi, 2, - - -, 2w, d2i/dt, d22/dt, - - -,
dzy/dt, and then conditions'on these derivatives. However, for the equation
in (1.3) one method dispenses with these restrictions.

In a written communication to the author, Levinson has stated that the

(® Numbers in brackets refer to the references cited at the end of the paper.
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result corresponding to Theorem 1 will hold for the equation of (1.1) also. But
again his method of proof is similar to Perron’s in that it does not furnish
any hold on the quantitative behavior of the function for large ¢. The ad-
vantage of the methods used in this paper lies in this ability to represent the
solution in a form exhibiting its behavior.

In the second part of the paper, we consider difference equations of the
type

N
st + 1) = 2 a:i(®)z;(0)
j=1

(1.5
+ fi(z@), - - -, 2n(®), 20+ 1), - -+, an(t + 1), 9),

i=1,2,...,N;t=0,1'....

Ta Li [14] and Perron himself [12] applied the methods of Perron to obtain
results for difference equations of the above class similar to Theorem 1. In
treating (1.5), our method developed for differential equations seems much
simpler than that of Ta Li's, and again has the advantage of illustrating the
behavior of the solution in direct fashion. In addition to the analogue of
Theorem 1, we derive some new results.

In the first part of the paper we introduce the principal method of the
paper, the conversion of the differential equation into a suitable integral equa-
tion. This method originated with Liouville and has furnished a very powerful
means of obtaining the asymptotic behavior of the eigenfunctions and eigen-
values of differential equations. This method was used by the author [1],
Levinson [7], and Weyl [15], to discuss the stability of linear differential
systems. The integral equations used to prove existence theorems of the
ordinary type are much weaker instruments of research when it comes to
determining asymptotic behavior.

We shall now sketch the method. Let y denote a column vector whose

components are 1, ¥, * -+, yn. Then the equation of the first approximation
N

(1.6) dyi/dt = 3 aiyi i=1,2.---,N,
i=1

can be written more simply as

a.7 dy/dt = Ay
where A4 is the coefficient matrix (a;;(¢)). Similarly, (1.1) can be written
(1.8) dz/dt = Az + f(z, dz/dt, ¢)

where z and f(z, dz/dt, t) are respectively column vectors with the com-
ponents z; and f;. Now let ¥ be the NXN matrix satisfying the equation

1.9 dY/dt = AY, Y(0) =1.
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Every column of Y satisfies (1.6). It is now easy to show that the solution of
(1.8) satisfying the boundary conditions z(¢,) =y(¢o), y(¢) satisfying (1.7),is a
solution of the integral equation

¢
(1. 10) Z(t) = y(t) + Y(t)Y"‘(tl)f(z, dZ/dtl, tl)dtl.
to
The method of successive approximations is now used to show that a
solution of (1.10) exists and possesses the desired properties, under various
hypotheses on 4 and f(z, dz/dt, t). The sequence defined by recurrence

20 = Y,

1.11 ¢
( ) Zpt1 = Yy +f Y(t) Y—l(tl)f(zm dzn/dtlr tl)dtly n g 0!
to

is shown to converge uniformly. In this way, the classical results of Poincaré-
Liapounoff concerning nonlinear systems are obtained together with more
recent results of Hukuwara concerning linear systems.

Equation (1.10) furnishes a link between the solutions of (1.6) and (1.8)
which suffices in the majority of cases to exhibit. the connection between the
behaviors at infinity of the solutions of the two equations.

The method of successive approximations is not powerful enough in some
cases. To treat these cases, two other methods are available. When dz/dt
does not occur on the right-hand side of (1.1) an extension of the Birkhoff-
Kellogg fixed-point theorem, due to Hukuwara [6], can be used. Regarding
(1.8) as an equation of the form z=T(2), it is easy to verify that T(z) satisfies
the conditions of the theorem. While the method fails to exhibit the solution,
and generally yields no information as to uniqueness (except for one case
where it can be combined with the standard existence theorem to yield
uniqueness), it seems worthwhile to include it, since it furnishes an interesting
proof of existence and boundedness simultaneously. The second method will
be discussed later.

In the second part of the paper the difference equations

(1.12) Az =20t + 1) —2(t) = 42() + f(z(»), z¢ + 1), ), ¢=0,1,---,
are discussed by means of the recurrence relation
t—1
(1.13) 2(t) = y() + 2 YOV 1(k + Df(a(k), 2(k + 1), k)
k=t
connecting the solutions of
(1.14) Ay = Ay

and those of (1.12). Y is a matrix analogous to that defined for differential
equations.
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The theory is considerably simpler for difference equations when z(¢+1)
does not appear on the right-hand side. Since z(¢+1) is given in terms of z(k),
to<k=<t—1, induction can be effectively used. If z(t41) does appear, we use
the method of successive approximations again.

Applying the results obtained for difference equations, we shall sketch the
second method applicable to differential equations, a method which requires
no stronger restrictions than those imposed by the fixed-point methods, and
yet furnishes a constructive proof of the existence, and may be used for
calculations. Approximate (1.1) (considering only z and ¢ appearing on the
right-hand side) by the difference equation

(1.15) z(t + B) — 2(8) = hAz(t) + kf(3, 0).
The theorems obtained for difference equations show that for & small the
solutions of (1.15) are bounded for all ¢, ¢=0, k, 2k, - - - . Functions defined

for all ¢ can be obtained by defining their values to be linear in between these
points. It is easy to show that these functions are equicontinuous, and if we
consider any finite interval, Arzela’s selection theorem can be used. It is true
that this method only proves the existence of a convergent sequence, which
is a subsequence of a larger sequence, but practically, convergence could
always be recognized numerically.

The methods described above have proved applicable to a large class of
nonlinear partial differential equations, of which the following is one type

1.16 0% 3 Om Ou 7

( . ) axz + ayz + 622 ot - (1‘7 x ¥ 2, t)r
under various types of boundary conditions restricting the space variables,
X, ¥, 2, to a finite region, and ¢ to the semi-infinite interval (0, «).

We hope to discuss these results in a subsequent paper.

The author wishes to take this opportunity to express his appreciation to
Professor Lefschetz who first introduced him to the researches of Poincaré
and Liapounoff, and whose continued interest in the topic of the paper, and

many conversations with the author, have proved a source of great stimula-
tion.

PArT I. DIFFERENTIAL EQUATIONS
2. Preliminary lemmas. Consider the differential equations

N
@.1) dz;/dt = E a;i(t)z; +f€(zl, <o, 2y, dzy/fdt, - - -, dan/db, 0),
. =1

i=1,2’...’N’

N
(2.2) dy:/dt = 3 a:i(®)y;, i=1,2---,N.

=1
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Comparing the two systems, two viewpoints are possible. One may regard
(2.2) as the original equation, and (2.1) as a perturbed equation, or one may
reverse roles, and regard (2.2) as an approximate equation, and (2.1) as the
original, Mathematically, there is no distinction, as almost always the proper-
ties of the simpler equation will be investigated first.

The latter point of view originated with Poincaré in a series of papers on
curves satisfying differential equations. The former point of view, for the
case where the f; are linear forms in the z;, is also intimately connected with
pioneer work of Poincaré, and has a long history behind it. This will not be
discussed here. We mention Perron [10], Hukuwara [6], and Cesari [3], for
results and references.

Notation. Statements and proofs are simplified considerably if vector-
matrix notation is used in dealing with systems of differential equations.

Capital letters, 4, B, - - -, X, ¥, will denote matrices; small letters with-
out subscript will denote column vectors. Positive constants whose exact
values are not necessary for the proof will be denoted by ¢, ¢, and so on.
The components of y will be denoted by i, and the elements of 4 by a;;
The norm of a vector and a matrix are defined as follows:

N N
(2.3) ol = 202l N4l = X aal.
k=1 $, =1
It is easily verified that
2.9 Iy +all <l + M=l ll4 + Bl = [l4ll + 15,
ll4sl = ll4ll |5l ll4B]| = |l4]| ||l

A vector function, y(#), or a matrix function, Y (), is said to be bounded if
its norm is bounded as {— . Similarly it is said to tend to zero as ¢ if its
norm tends to zero. The terms continuous, equi-continuous, and so forth
can be defined in terms of the norm, and the definitions are as for ordinary
functions of one variable.

The system (2.1) can now be written

(2.5) dz/dt = Az + f(z, dz/dt, §),

where z is the column vector whose components are 2, 4 is the matrix (ay;),
and f(z, dz/dt, t) represents the column vector whose components are the f;.

Usually the elements of A will be constants. If not, they will be assumed
to be well-behaved functions, continuous over any finite interval. Weaker
conditions could be imposed, but as we are principally interested in the
behavior of the solutions at infinity, there seems to be no point in discussing
finite singularities.

When A4 is constant, the behavior of the solutions of

(2.6) dy/dt = Ay
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at infinity is completely determined by the nature of the characteristic roots
of A. The principal subject of the first part of the paper will be the influence
of 4, f(z, dz/dt, t), and the initial conditions upon the behavior at infinity of
the solutions of (2.5).

The vector equation, (2.6), has N linearly independent solutions,
Yy 9@ ... 4 These N linearly independent solutions can be chosen
so that the N XN matrix, ¥, whose columns are the ¥, satisfies the initial
condition, ¥(0) =1I. It is clear then that Y satisfies

2.7 dY/dt = AY, Y(0) = I.

Any other nonsingular solution of (2.7) is of the form YC, where C is a
nonsingular constant matrix.

The following uniqueness result will be required occasionally. We state it
as:

LeEMMA 1. If each component of Az+f(2, t) is continuous, and satisfies a
Lipschitz condition for the z: lying in a finite domain, D, of the (z, t) space,
and if (2o, to) s in D, and 2.(2), 2:(t) are two solutions of (2.5) in an interval
about to such that z0=21(to) =22(to), then 2:(t) =2s(t).

A fundamental characteristic of this paper is the conversion of the dif-
ferential equation into an integral equation. This device, introduced by Liou-
ville, brought into prominence this important type of integral equation. The
procedure for converting the differential equation into the required form is
discussed in the following lemma.

LeEMMA 2. The solution of
2.8) dz/dt = Az + w(?), 2(ko) = y(to),
where y(t) is a solution of dy/dt=Ay, is

2.9 z=y+ ‘Y(t)Y“(h)w(h)dt:.

If A is a constant matrix, this reduces to

t
(2.10) s=9-+ Y(t — t)w(t)dt.
to
In the applications that will be made of this lemma, w will contain the
unknown function, z, and thus (2.9) will be an integral equation.
Proof. Although the result is well known, the proof will be given for the
sake of completeness. It is obtained by the method of variation of parameters.
Let z=Ywu. Then

(2.11) Yu+Yu =AYu+ w
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or

t
(2.12) w =Y ly, u=9+ Y-1wdty,

where v is the first column of the identical matrix, I. Thus

t
(2. 13) z2=19 + Y(t)Y"(tl)'w(tl)dtl.
to
If A is constant, Y(¢—#) = Y(¢) Y-1(¢,). For when 4 is constant, Y(¢—t)
is a solution of (2.7) equal to I at ¢=t, and simultaneously Y (¢) Y-1(4;) is a
solution of (2.7) satisfying the same boundary condition. Hence both coincide,
column by column.
3. The characteristic roots of 4 all have negative real parts. The main
result of this section is contained in the following theorem.

THEOREM 2. Consider the differential equation
3.1 dz/dt = (A + B)z + Bidz/dt + f(z, dz/dt, t),

where
(3.2) (1) The characteristic roots of A have all negative real parts,

(2) B” <a, ||B;|| =a, a1 depending upon A,
3) ||9f(z, w, t) /szl =0(1) as I z] +] 'wl —0, uniformly in t,
4) ||9f(z, w, t)/awk| =0(1) as Iz | + ]w l——)O, uniformly in i.

Under these conditions, there exists an N-dimensional manifold of solutions
of (3.1) which approaches 0 as t— .

If the right-hand side of (3.1) does not contain dz/dt, every solution of (3.1)
whose initial values are close enough to the zero solution is uniformly bounded
for all t=0, and approaches 0 as t— o,

Proof. Let y be the solution of
3.3) dy/dt = Ay,  y(0) = o,

where the order of magnitude of ” yoH will be prescribed below. We shall choose
2 to have the initial value y,. We first show that ||y(#)|| <esf|%d], £=2.20,
where ¢; is a constant depending only upon A. The solution of (3.3) can be
expressed as y = Y(#)yo. Thus ||3]| || Y| ||ye|| Scal|yd, since in consequence
of (3.2) (1), || ¥(9)|| is bounded.

Using Lemma 2, we now convert (3.1) into the integral equation

dz(t;)

o dt

z=y+ f ‘Y(t — H)B(t)z(t)dt + fo ‘Y(t — 4)Bi(t)
(3.4) °‘ (
+ f Y(t — 8)f(s, da/dts, 1),
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A solution of this integral equation will be a solution of (3.1) with the
initial value 2(0) =¥(0) =y,. If we show that a bounded solution of (3.4) ex-
ists, under the assumptions of (3.2) and with ”z(O)” small enough, we shall
have demonstrated the existence of the required N-dimensional manifold,
since we can choose y= Y o axy® where the y® are N linearly independent
solutions of dy/dt=Ay, and Zﬁr_lla ,,I is sufficiently small. The N constants
ar, k=1, 2, - - -, N, generate the manifold of solutions.

We now use the method of successive approximations to obtain a solution
of (3.4). Define a sequence of vector functions as follows:

% =),

¢ ¢ d
Znp1 =y + j; Y(t — t1) B(t:)zadts +f Y(t — #)Ba(t)
°

iy
a

3.5)
¢
+ f Y(t — t)f(zn, dz,/dty, t,)dt,, n=0.
0

The conditions imposed upon 4 show that not only does ” Y”—)O ast— o,
but also fy° || ¥(#)||du < . This becomes clear when we realize that each
element of Y is a sum of terms of the form e*(P(¢) cos ut-+Q(¢) sin ut) where
P(#) and Q(?) are polynomials of degree at most N—1, and A, u correspond to
the characteristic root A+4u, with A <0.

The first step in the proof will be to show that the 2, and dz,/d¢ are uni-
formly bounded, provided that ||2(0)|| is sufficiently small. Set c4=c4||y||. We
have [|zd| =||3|| S cdllyoll =c4, and [|dzo/a]| =|| Azo]| <||A]| [l2d]] <|4lles Let us
now assume that ||zi|| £2c4, £=0, 1, - - -, #, and show that this also holds
for n+41; similarly we assume that ”dz;,/dt” §3”A”c4, k=0,1, .-, n, and
show that this holds for n+1. We have

lomel] < 151l + f., 17¢ — o]l | BE)| [lsa]dts
(3.6) + fo ¥ = &)|| || BuCts)]| || dza/dts]| dts

¢
+ f W2 = )| |f(any dzadts, 1)]]ds
0
In consequence of conditions (3) and (4) of (3.2), we have

o 2 Yoo

Zn

dt
where ¢ is a constant that can be made as small as desired by starting with
“z,.” +|]dz,./dt“ sufficiently small. Thus, from (3.6), there results

3.7

) < (264 + 3| 4]|co)cs
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]
||ata] = o+ fo ¥ — o)l || Bl 2codn

+ f 17 = ] || Bateol 2e0dt

3.8) +f ‘“Y(t — )| 24 + 3||4|co)cedts

So+ '20.[261 fo n”Y(u)”du] + 2ei(1 + 34| j; °||Y(u)||du

= 2¢4

provided that ¢, and cg are sufficiently small. To obtain the bound for dz,/dt,
we cbserve that the recurrence relation (3.5) is equivalent to the recurrence
relation

3.9) d2n41/dt = Agn1 + Bz + Bidza/dt + f(2a, d2,/dt, 8).
Thus

l|dznsr/ad]| < || llznsall + ||BI| llzall + [|Bal] l| 2/l
+ ”f (3, d2a/dt, t)”
< 2||4]|es + 26160 + e1(3]|4]|cd) + 2ca + 3)|4||ce)es
= 3)|4f|c..

We can fix the sizes of || B|| and || By||, and thus of ¢i, and we can choose the
magnitude of the initial value, ” yol , S0 as to make ¢, the right order of magni-
tude. Thus we have shown that the bounds are uniform in # and 2.

The next step is the standard one, namely to prove the convergence
of D w0 (2a41—2a). We shall consider the majorizing series D mmo (||2n41—24|
+||dz11/dt —dsa/dt]]). We have

(3.10)

¢
lovss =l = | [ [ v6- 086> — 50
[}
(3. 11) +f ‘ Y(f - tl)Bl(h)(z,, - z,._.1)dt1
[}
+ f ‘ Y(‘ - tl) (f(zm dzn/dtlv tl)

— f(2n—1, dznr/dty, tl))a’tl] ”

Thus
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¢
s = 2l 5 [ 1w = 0l 16 1 = i

(3.12) + f Ny — )| | Ba)| ||2a = 2a-1]|dt2

dzn—l

dt at

o [ 1= 0l (lan = il + )an

From conditions (3), (4) of (3.2) it is seen that c; can be made assmall
as desired by choosing the bounds on 2, and dz./d¢ small enough. These
bounds in turn depend upon 2(0) =4(0), and thus are at our disposal. We also
have

dony1/dt — dza/dt = A(3n41 — 2a) + f(2a, d2a/dt, ©)
(3. 13) - f (zn—ly dzu-l/ dt' t),

whence

5.16) N0owtds = it 5 4] llnss = s
. -+ cs (”2.. - %—1“ + IIdz,./ dt — dz,'_l/dgu).

From (3.11) we obtain

[onss = 5af] S max [z — 2] [2c1 [Ivelan + [ IIY(u)”du]
05135 [ 0

(3.15) .
+ max ||dz,./dt — dza/dl| [c7 f ||Y(u)||du].
[

0st,s
Using this estimate and (3.13) we obtain
dony1  d3g

dt dt

(3.1 = [Cs+ (261 + c)|4]| fo ”IIY(u)Ildu] Jnax llzn = 20|

+[cg+¢:1||A|| f |7 ()|du | max

Jdose st

dzy dz».: “
dt
Adding (3.16) and (3.15), we have the desired result

]

dz,. dz,...l
< — 5 -
S o o?f:::[”z" g + ” =

dzn+1 dz,,
dt

max [llzm -zl + H

0st,S¢

(3.17)

]
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where ¢y will be less than 1, if ¢, ¢7, and cg are small enough. Thus the major-
izing series D o [Hz,.+1—zn” +||dz,,+1/dt—dz,./dt“] converges, since its terms
will be majorized by the terms of the geometric series ”yo” D mocy, and the
series D mo(2ns1—2.) converges uniformly to z—y, where z will be a solution
of the differential equation (3.1).

To show that [|z]| -0 as t—w, we show that ||z]| ciee™, where —)\; is
negative, and greater than the maximum of the real parts of the character-
istic roots of 4, and ¢ is a constant depending only upon A;. This is proved
by induction for each z,, it being clearly true for z,, and the proof is similar
to the above.

If, as in the below-mentioned case, dz/dt is lacking on the right-hand side
of the equation (3.1), a solution obtained by the method of successive ap-
proximations is the solution of the differential equation, and thus the con-
clusion is, as in Perron’s more inclusive theorem, that every solution whose
initial values are close enough to the zero solution remains uniformly bounded
and approaches 0 as t— .

As cited in the introduction, Levinson, in a letter to the author, has
shown how to derive the boundedness of any solution of (3.1) from the
integral equation (3.4), using only the condition that f(z, w, £) =o(”z” +”w”)
as |z]] +[ ]| —o0.

The result for B=B;=0, and all the components of f(z, dg/dt, t) power
series in the 2, only, beginning with second degree terms with constant coeffi-
cients, is due to Poincaré [18] for N =2, and to Liapounoff for general N21.
It is easy to see that all the conditions of (3.2) are satisfied under these
conditions.

As the following example shows, even in the simplest cases, a bounded-
ness condition on the initial values is necessary for the truth of the theorem.
Consider the equation

(3.18) dy/dt = — y+ 5%,  (0) =2,

letting y for the moment be an ordinary function of one variable, ¢. The solu-
tion of (3.18) is given by y=2/(2—e*), which approaches « as t—log 2.

We now wish to consider a generalization, considered previously for their
types of equations by Liapounoff and Perron. We assume that k, k<N, of
the characteristic roots have negative real parts. We can then state:

THEOREM 3. Consider the differential equation (3.1) with conditions (2),
(3), (4) of (3.2) satisfied, and let k, k< N, of the characteristic roots of A have
negative real parts. Then there exists a k-dimensional manifold of solutions of
(3.1) which approach 0 as t— .

Proof. As in the previous proof we begin with the recurrence relation (3.5).
However, since only % of the characteristic roots have negative real parts, it
will be necessary to modify this slightly to eliminate those solutions of
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dy/dt=Ay which do not approach 0 as #— . The first step is to decompose
Y into the sum of two other matrices. To this end we consider the form of
any element, y;;, of Y. y;;is thesum of terms of the form (P () cos ut+Q(t)
-sin u t)where \,u correspond to the characteristic root A+4u,and P(¢), Q(¢) are
polynomials of degree at most N—1. Let the sum of those terms where A <0
be denoted by u;;, and the sum of those terms rémaining where A 20 be de-
noted by v;;. Let Yi=(%4:;), Yo=(v;;). Then ¥'=Y14Y,. Since there can be
no cancellation between terms with A <0 and terms with A =0, we must have

(3.19) dY1/dt = AY,, dY./dt = AY,.

Now choose k linearly independent solutions, w®@, w®, . .. w® of
dy/dt=Ay, whose norms approach zero as t—o. If y= Y *_,a,2®, [|y|| can be
made as small as desired by taking Y t.; |a.| sufficiently small. The k-di-
mensional manifold will be generated by the k constants a,. Let max ¢z0 ” y” =3,
where the order of magnitude will be specified below.

We now modify the recurrence relation of (3.5) as follows:

t 0
Zn41 = Y +f Y(t - tl)B(tl)antl -_ f Yz(t -_ tl)B(tl)z,.dtl
0 [}

dzy o dzg
dt, — f Yo(t — ) By(t) — dt
dtl 1 0 2( 1) l( 1) dtl 1

+f¢Yt t)( 45 t)dt
\ (-;f zm—d—t:’l 1

wa(t t)( 95 t)dt
. 2 1f 20y dtl,-l 1.

Since Ya(t—t)f(2(t), dz/dt, ) is a solution of dy/dt=Ay for any #,
Jo Y(t—t)f (2, dz/dt, t1)dt is also a solution, and therefore if the sequence 3,
converges, it converges to a solution of (3.1).

Using the relation ¥ = Y;+ Y, the recurrence relation becomes

+ f ' Y(t — £)Bi(t)
(3.20) °

Zo=y1

t ©
g1 =y + f Vit — ) B(t)zadts — f Ya(t — 41) B(t:)zadts
0

t

dza
dat
dty

¢ dz, ©
+j; Y1t — 1) Bi(th) o —f Ya(t — 1) Bi(ty)

¢ dz,
+f Yl(t-— tl)f(z,., - tl) dtl
0 dt

d dz,
.—f Yg(t bt tﬂf(z,., - tl) dtl, n g 0.
t dty

(3.21)
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The first step, again, is to show that the sequences z., d2./dt are uni-
formly bounded. Instead of a constant bound, we obtain an exponential
bound involving ¢, which serves to prove the statement concerning the ap-
proach to the zero solution as {— . Let —\ be the least negative of the
negative real parts of the characteristic roots of A. Choose, A1, A2 so that
A>N >N >0. Choose ¢y, cs50 that ||y]| Scee™t, 120, || V| Scse™st, 12 0. Let p
be the maximum of the real parts of all the characteristic roots of 4, and
choose p1>p = 0. Choose ¢s to satisfy || V|| <ceet, t20.

We now assume that ||z:| S2ce™v, dz;,/dt” 5364IIA||9""“ for k=0, 1,

, . The inequality is certainly true when %2 =0, and we now show that it
holds for n+41 as well. We have

lawesll < 51+ f 1726 = sl B
+ J 71t =l 1B s

+f|

dtl

dtl

(e0)

©
e—ki(‘—‘))—)tlfldt’ + chc‘ccf e#;(‘—!l)—xlhdtl
¢

+f ”I’x(‘ - )|
+ f‘ |72t — 22)]]

(3.22)

‘ dty

=< ce™t + 2016465f

¢ L -]
+ 3eicucy|| 4| f eMU—t-Mngy 4 3cic4cql| 4| f em(t—t)—Mugy
0 ¢
'
+ 61(204 + 304”A”)6507f e Ml—t)-\ags,
0

+ (24 + 3cd|4||)cecs f emt—t—Mugy
¢

< 2cie™t

provided that ¢; and ¢y are small enough. Also, since
(3.23) 0%n41/dt = Azpy1 + Bz, + Bidz,/dt + f(za, dza/dt, t)
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o 50)

we have

dz,

dt

< 2||A[ce™t + 2cicie™t + Bcrcd|A]| e
+ 126 + 3| djc)et

= 3)|Aljce

again if ¢, ¢7 are small enough.

Thus we have obtained uniform bounds for 2, and dz./dt. The next step
is to show the convergence of the series D mmo(2s41—2.), and as there is no
novelty to this we omit it.

The condition that [|f(z, w, £)]| =o(|2|| +||w|]), uniformly in t, is far too
restrictive. Actually, it suffices that f(z, w, t) be majorized by g(ze*t, we®, ¢),
where ||g(z, w, )]l =o(||zl| +||=|]) as ||| +]|||—0, where \ is less than the
minimum of the absolute values of the real parts of the characteristic roots
of A, assuming, of course, that all the real parts are negative. If this condi-
tion is satisfied, a change of variable, ze**=2’, will bring the problem into the
form treated in Theorem 2.

4. The characteristic roots of 4 all have nonpositive real parts. Allowing
the characteristic roots of 4 to have zero real parts makes it necessary to
impose more stringent restrictions upon B, B,, and f(z, dz/dt, ¢). It is no
longer true that ” Y” is integrable over (0, «). To compensate for this, we
shall consider only matrices B and B, which have norms integrable over
(0, »), and functions f(z, dz/dt, t) which are also majorized by functions
integrable over this range. These conditions are rather harsh, but it is easy
to construct examples which show that they cannot be bettered in general.
We refer to Cesari [3] and Wintner [16], for discussion and examples of
this topic. Liapounoff [8] considered the case where two characteristic roots
are pure complex and, by a change of variable, reduces it to the case of one
zero root of the characteristic equation. This method is due to Poincaré. We
shall not discuss these special cases, important as they are, but shall attempt
to derive general criteria.

One consequence of these heavier restrictions is that the stability proper-
ties of the solutions vary with the initial value, #,. Let us call a neighborhood
of the origin in the (1, ¥z, * - -, ¥,)-plane the set of all points (y1, ¥z, - - -, ¥n)
which satisfy an inequality Z{"_llykl <c. For the case where all the char-
acteristic roots had negative real parts there was a certain neighborhood of
the origin in the z-plane with the property that if at any time, %o, the solu-
tion was inside this neighborhood, it approached the zero solution, or origin,
as {— . This certain neighborhood was independent of #,. We shall see that
in the present case the situation is quite different. Let us call a neighborhood
of the origin a stability neighborhood, designated by S(f), if any solution

dz...,. 1
dt

y < [14]l [|zall + 1Bl 124]] + 1|24

*|

(3.24)
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which lies inside it for ¢{=¢, remains inside some fixed neighborhood, inde-
pendent of £, for £=1£,. Let the ¢ of the inequality Zi’_llyk(to)l =<c be the
“radius” of this neighborhood, and call it R(t).

The previous case led to the fact that R(¢) = c1, where ¢; was independent
of 2. In this section we shall show that under certain conditions of the type
discussed  above imposed upon B, B, and f(z, dz/dt, t), R(te)—  as ty— .
We shall further show that the manifold of bounded solutions can be split
into two sub-manifolds; one manifold consisting of those solutions which tend
to zero as t—- «, and one manifold consisting of solutions which tend to
almost-periodic functions of ¢ as #—+ «. The result to be proved is:

THEOREM 4. Consider the differential equation of (3.1) where:

(4.1) (1) A is a constant matrix, and all solutions of dy/dt= Ay are bounded.

@) [falerw, Dl +lfuz w, Dl Sh(Bg(e), for ||2]| +[wl] <c, 1<k < N.

(3) [or(Ddt< o, g(c)—0, as c—0.

@ [3\Blldtger, [3||Billdt Scu, where ¢ will depend upon A and f(z, w, ¢).

Under these conditions there exists an N-dimensional manifold of bounded
solutions of (3.1).

If the right-hand side does not contain dz/dt, every solution, z, of (3.1) for
which l [z(O)” is small enough is uniformly bounded for all t=0. If A has k roots,
k= N, whose real parts are negative, there is a k-dimensional manifold of solu-
tions which approaches 0 as t—«, and an (N—k)-dimensional manifold of
solutions which approach almost-periodic functions as t— - «.

It is only necessary that condition (2) of (4.1) be satisfied for small c.
Proof. We begin with the proof of the stability property. The same re-
currence relation that appeared in the proof of Theorem 2 is used here. Let us
consider the initial value of ¢ to be ¢, instead of 0. We have to prove the uni-
form convergence of the sequence of vector functions given by
20 =Y,
t ¢ dz”
Zny1 =y + f Y (¢t — 1) B(t)2adt1 + Y (¢ — t)Bi(h) "7 dah
to 1

to

(4.2)

¢
+ Y(t - t;)f(z,., dz,./dtl, tl)dtl, n=0.

to

The proof now proceeds as before with the integrability of || B(?)||, || B2,
and E(¢) replacing the integrability of ” Y(t)”. Here the only property re-
quired of ” Y(t)|| is that it be bounded for all £=0. This is a consequence of
(4.1) (1) which implies that all the characteristic roots of 4 have nonpositive
real parts, and that multiple characteristic roots which have zero real parts
can only occur in such a way as to leave || ¥(¢)|| still uniformly bounded for
t=0. An equivalent way of stating this is to say that those elementary
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divisors corresponding to characteristic roots having zero real parts are sim-
ple.

Since [¢||B(®)||d2, [o||B1(®)||d2, and J3k(t)dt all converge, we have each of
the functions [77||B(®)||d¢, [i||B1(®)||d¢, [ih(£)dt—0 as h—> . From the way
these quantities enter into the proof, it is seen that we may allow “z(to)” to
be larger and larger for increasing ¢y, depending upon the rate of decrease of
the three integrals. The sequence of (4.2) will converge to a bounded solution
as before. We see then that the stability neighborhood becomes larger as ¢
becomes larger, and approaches « as tp— .

The case where f(z, dz/dt, t) =0, and B:1(t) =0 was first treated by Huku-
wara [6]. Shorter proofs were subsequently given by Cesari [3], Weyl [15],
and the author [1]. These methods are different from that used in this paper.
Since the equation is linear now, it is clear that there should be no restric-
tion upon the size of ||z(o)]| or upon the magnitude of [||B(#)||dt. We can al-
ways choose a ¢, sufficiertly large to make the integral L:IIB(t)lIdt as small as
desired, and once having obtained N linearly independent solutions, we can
use the fact that the solutions of an Nth order linear system constitute an
N-dimensional linear manifold to prove that all solutions are bounded as
t—4 .

To prove the statement concerning sub-manifolds of solutions, we divide
a particular set of N linearly independent solutions of dy/dt=Ay into two sub-
sets, one set consisting of %2 linearly independert solutions whose norms
approach 0 as t—+ «, and the other residual set consisting of solutions whose
norms are merely bounded as t—+ «. These bounded solutions correspond to
characteristic roots with zero real parts. A consequence of condition (1) of
(4.1) is that no secular terms can occur, that is, no terms of the form ¢* sin ut.
Thus the bounded terms are, as sums of periodic terms, -almost periodic
terms, and one can use the terminology almost periodic vector to describe a
vector all of whose components are almost periodic functions.

The k-dimensional manifold of solutions whose norms approach 0 as
t—+ » is formed as in Theorem 3, except that there now need be no de-
composition of Y.

To form the (N —k)-dimensional manifold we consider solutions of the
integral equation

N ¢ ¢ dz
Z = E b,w,. + f Y(t - tl)B(tl)zdtl + Y(t - tl)Bl(tl) -_ dt;
rmktl t to ah

4.3) ‘
'+' Y(t o t1)f(z, dZ/dtl, tl)dtl

to

where the w, constitute the subset of N—% linearly independent bounded
solutions whose norms do not approach zero as {— . We assume that this
subset consists of solutions all of whose components are almost-periodic
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functions. It would make no difference if some elements of the k-dimensional
manifold were mixed in, since they will vanish for ¢t= . Thus we assume
that they are not there to begin with.

This equation can be solved by the method of successive approximations,
as usual, provided that Zf’.,,,,db,l is sufficiently small, and we obtain the
desired manifold. Since the b, are small, it is easy to see that this manifold
can not reduce to the single element zero.

Any bounded solution of (4.3) approaches the vector function

N ] ¢ d
2= b, + | Y- t)BGsdn + | ¥ — 8)But) — any
4.4) k1 ™ t dh
4. .
+ Y*(t - tl)j(z, JZ/dt, tl)dh

to
where Y* denotes the matrix formed from Y by replacing all terms cor-
responding to characteristic roots with negative real parts by zero. This
function is almost periodic.

For the linear case, f(z, dz/dt, t) =0, B1(t) =0, this result is due to Wintner
[17], Levinson [7].

5. The case of variable 4. If A4 is a variable matrix, the identity
Y(¢) Y-\(4;) = Y(t—1) is not valid, and there is no longer an easy way to take
account of the term Y—!(f) appearing in Lemma 2. If one considers this
matrix directly, one obtains a matrix whose elements are cofactors of ele-
ments of Y(¢), divided by the scalar det ¥, the determinant of Y. This de-
terminant corresponds to the Wronskian of the nth order linear differential
equation, and an analogous result, of which the corresponding result for the
Wronskian is but a special case, can be derived, namely

s
(5.1) det Y = exp (f trace Adt) .
0

Unless more is known about the form of the solution, as in the case where
A is constant, we shall be forced to use the crude estimate that each ele-
ment in Y-1(¢) is bounded by a bound depending upon the bound on the
elements of Y(f), multiplied by a bound for exp (— f§ trace 4dt). The most
important case is where trace 4 =0, in which case det ¥ =1.

More precisely, if exp (—f§ trace Adt) is to be bounded, [§ trace Adt
must be bounded away from — «, and the condition '

t
(5.2 inf f trace Adt > — »
)

is a natural one. This condition was used in the linear case by Wintner[16],
while the condition trace A =0 was used by the author [1]. The more gen-
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eral condition (5.2) was also mentioned.

Other conditions have been given by Perron [11].

If we use condition (5.2), Theorems 2 and 4 can be easily generalized.

6. Application of the Birkhoff-Kellogg fixed-point theorem. The applica-
tion of fixed-point theorems of function space to the proof of the existence of
solutions of differential, integral, and other types of functional equations
dates from the classical paper of Birkhoff-Kellogg [2]. The scope of the
method was considerably enlarged by Schauder in a series of papers, of which
we mention only the last [13].

Although the fixed-point method has the advantage of furnishing exist-
ence proofs with a minimum of conditions in most cases, it compensates for
this advantage in not furnishing any algorithm for obtaining the solution, and
in yielding no information concerning uniqueness of the solution.

We think it worthwhile, however, to state some results obtained by this
method, as illustration of how some of the previous conditions can be weak-
ened. We shall consider only equations of the form

6.1) dz/dt = Az + f(3, 0).

The first case we shall consider is that where f(z, f) possesses partial de-
rivatives with respect to the z which are bounded in any finite f-interval, but
do not satisfy either condition (2) of (4.1), or condition (3) of (3.2). The
existence of these bounded partial derivatives is sufficient to ensure unique-
ness, and we shall combine this uniqueness with the pure existence proof ob-
tained by means of the fixed-point theorem to show that under conditions
similar to those discussed in the previous sections, all solutions of (6.1) will
be bounded.

The second case treated is where f(z, t) satisfies the condition “ f(z, t)"
=o(|l2|]), or o(|2]|B(®)), h(t) integrable over (0, =), as ||2]|—0. Here we shall
use a method which seems due to Hukuwara [6] to extend the fixed-point
theorem from the finite interval to the infinite interval.

When (6.1) is converted into an integral equation by means of Lemma 2,
we obtain the equation

[]
6.2) 5=+ fo Yt — 1), w)dh = T(),

where we use T'(2) to represent a functional transformation. The existence
of a solution of (6.2) is equivalent to the existence of a fixed-point of the
transformation T'(z), that is, a function satisfying the equation z=T'(z). Un-
der certain conditions, which we shall discuss below, we can assert the exist-
ence of such a fixed-point. This is the substance of the following theorem due
to Birkhoff-Kellogg, which we state as a lemma.

LEMMA 3. Let R denote the totality of real vector functions, f(t), definec
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over a finite, closed interval (to, ), which have the property that ” f(t) — f(tz)"
= c1e whenever It;—tzl =<e¢, and which are uniformly bounded by c.. Let S(f)
denote a one-valued continuous transformation which carries each point of R into
a point of R.

Then there exists a point, f(t), of R which is invariant under the transforma-
tion, that is, S(f) =f.

In order to apply this lemma, it is necessary to state sets of conditions
under which T'(z) will satisfy the conditions of the lemma. There is no
difficulty verifying that, provided ||y|| is sufficiently small, and either set of
the following conditions is satisfied, T'(z) is a transformation of the desired
type.

(6.3) (1) [l Y(t)]|dt< oo.

(2) |IfGz, 1)l =o(|2]) as ||zl| >0, uniformly in ¢.
(3) f(z, t) is a continuous function of z.

(6.4) (1) | Y] scs, t20.

@) [l£@z, 0l =o(l=]|n(®)), as ||zl —o.

(3) [oh(Hdt< .

(4) f(z, t) is a continuous function of z.

Applying Lemma 3, we shall obtain the following two results, which are
improvements of Theorems 2 and 4 respectively.

THEOREM 5. Consider the differential equation of (6.1), where:

(6.5) (1) All the characteristic roots of A have negative real parts.

(2) Conditions (2), (3) of (6.3) are satisfied.

(3) The partial derivatives f.,(z, t) exist, and are uniformly bounded in any
finite t-interval.

Under these conditions, the norm of every solution, z, for which the norm of
the initial value, ||2(0)|, is sufficiently small, approaches 0 as t—0.

THEOREM 6. Consider the differential equation of (6.1) where:

(6.6) (1) A is a constant matrix and all solutions of dy/dt= Ay are bounded.

(2) Conditions (2), (3), (4) of (6.4) are satisfied.

(3) The partial derivatives f. (2, t) exist, and are uniformly bounded in any
finite t-interval.

Under these conditions, the norm of every solution, z, for which the norm of
the initial value, ||2(0)||, is sufficiently small is uniformly bounded for all t.

Proof of Theorems 5 and 6. Converting the differential equation of (6.1)
into the integral equation of (6.2) we apply Lemma 3 for the finite intervals
0, t,), (0, t:). For each finite interval there exists a solution. The bound on
each solution is the same, since it can be taken to be 2 max ||y||, £= 0. Further-
more, each solution is equal to y(0) at ¢=0. Thus, using the uniqueness
theorem, Lemma 2, the two solutions must be identical over the common
interval of definition. Thus the solution is uniformly bounded over any
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t-interval. The method of proving that ||z]|—0 in Theorem 5 will be illus-
trated in the proof of Theorem 7 below.

It is easy to construct examples of functions, f(z, ¢), satisfying the condi-
tions of Theorems 5 and 6, but not those of Theorems 2 and 4. Relative to
Theorem 5, we might take the function which has a component such as
2? sin ze*, and for Theorem 6, we can use the function 22 sin z,¢/(¢£241).

To treat the case where the partial derivatives do not exist, we require the
following lemma.

LeEMMA 4. Let T(f) be a continuous transformation which converts functions
which are bounded and continuous over the infinite interval (0, =) into functions
which are bounded over the infinite interval, with the same bound, provided that
this bound is $mall enough, and equi-continuous over any finite sub-interval.
Then the equation T(f) =f has a solution.

Proof. Consider a sequence of increasing intervals, (0, #), n=1, 2, - - - .
Take the class of functions which are continuous and uniformly bounded
over this interval, where the bound is small enough so that the bound of the
transform is the same. Applying Lemma 3, we see that there is a function
defined over the interval (0, #) which satisfies the equation T'(f) =f. Let this
function be f.(f), and define it for t=# by f.(t) =f.(n). The new function is
then continuous for all ¢, and uniformly bounded. Consider the sequence of
functions, fi(2), f2(t), - - -, fa(t), - - - . The sequence has a uniform bound for
all its terms and, by hypothesis, is equi-continuous over any finite interval.
Using the Arzela selection theorem, we can choose a subsequence which con-
verges uniformly over the interval (0, 1). Considering the interval (0, 2) we
can choose a subsequence cf this subsequence which converges uniformly
over this interval. Continuing in this way, and then using the familiar diag-
onal process, we obtain a sequence which converges everywhere, and uni-
formly in every finite t-interval. Call this sequence (f¥(#)), and the limit func-
tion f*(¢). We now wish to show that f*(¢) is the desired solution. For any
finite ¢, we have, for n large enough, T(fi(f)) =fx(¢). Now if we let n— oo,
T(fA)—T(f*), since T(f) is a continuous transformation, and the sequence
(f¥(£)) converges uniformly in any finite interval. Thus T(f*) =f*.

The transformation, T'(z), of (6.2), satisfies the conditions of Lemma 4,
and thus we can improve Theorems 2 and 4 still further, and can now state
the following theorem.

THEOREM 7. Consider the differential equation of (6.1), where:

(6.7) (1) All the characteristic roots of A have negative real parts.

(2) |If(z, 8| =o(|2l]) as ||2l|—0, uniformly in t.

(3) f(z, t) is a continuous function of z.

Under these conditions, there exists an N-dimensional manifold of solutions
whose norms approach 0 as t— oo,
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THEOREM 8. Consider the differential equation of (6.1), where:

(6.8) (1) A isa constant matrix, and all solutions of dy/dt= Ay are bounded.

(2) (|7 ol =o(ll2lla(®)), as |=l| 0.

(3) Joh(t)dt< .

(4) f(z, t) is a continuous function of z.

Under these conditions there exists an N-dimensional manifold of bounded
solutions.

Proof. To obtain Theorem 7 in its full form, with the statement concern-
ing the norm approaching 0, we have to make a slight change of variable. Let
g=we™, where A\>0, and less than the minimum of the absolute values of
the real parts of the characteristic roots. The equation of (6.2) becomes

(6.9) w = ye 4 e“f ‘ Yt — t)f(we™", 4)dt, = T(w).
0

T(w) enjoys the same properties as did T'(z), and a bounded solution of
T(w) =w leads to a solution of (6.2) satisfying the ¢ondition ”z” Zce. To
obtain Theorem 8, Lemma 4 is applied directly to T'(2).

We use this method to extend Theorem 3. The transformation in this
case is given by (cf. (3.21))

6.10) S(z) = y + f Vit — )f(e, )it — f "Vt — )/ t)dh.

¢

Performing the substitution z=we*¢, where A>0 and less than the mini-
mum of the real parts of the characteristic roots with negative real parts, we
obtain a transformation satisfying the conditions of Lemma 4, and thus we
have the following extension of Theorem 3.

THEOREM 9. Copnsider the differential equation of (6.1) where:

(6.11) (1) E of the characteristic roots of A have negative real parts.

@) |IfGz, 9| =o(l2ll) as ||2]|—0, uniformly in t.

(3) f(z, t) is a continuous function of t.

Under these conditions there exists a k-dimensional manifold of solutions
whose norms approach 0 as t— .

Similar results can be obtained for the case of A4 a variable matrix, under
the conditions upon trace A4 specified previously, but the results do not seem
comprehensive enough to warrant quoting.

PArT II. DIFFERENCE EQUATIONS

7. Introductory remarks. The problem generally considered in the modern
theory of difference equations is the investigation of analytic solutions of
equations of the form
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x;(t + 1) = F(xl(t)' x’(‘)’ Tty xN(t)v ‘)»

(7.1) .
t1=12...,N; — oo << o,

On this subject there exists a very extensive literature, as may be séen by
reference to Ngrlund’s treatise [9]. In practice, one has often to deal with a
type of difference equation, or recurrence relation, as it is frequently called, of
the type

x{(t + 1) = F(xl(t)' xz(‘), ] xN(t + l)v t)v

7.2
( ) i=1’2’...,N;t=0’1’....

Here the question is usually to find an explicit expression for %;(¢) in terms
of the initial values, %,(0), and ¢ If the system is complicated, and in par-
ticular, if it is nonlinear, it may be very difficult, or even impossible, to find
an explicit expression.

There still remains the very interesting possibility of discussing the
asymptotic behavior of the solution for increasing ¢, or at least of obtaining
upper bounds for the functions w;(f). As we shall see, one finds here a quite
complete parallel to the corresponding problem for differential equations dis-
cussed in the first part.

Ta Li [14] obtained, for difference equations of the form (7.2), analogues
of the results of Perron [11]. In the linear case, Ford [4, 5], applying a method
of Dini’s developed for use in differential equations, obtained results analo-
gous to Theorem 4.

We intend, in this section, to generalize and extend the results of Ta Li
and Perron, and incidentally to furnish simpler proofs of some of their results.
Then, as an application of these results, we shall sketch an-alternate proof of
Theorems 5, 6, 7, 8, 9.

8. Preliminaries. Consider the difference equations

8.1) Az; =2t + 1) — 2:(8) = i a:i(Oz; + fi(z1, 22, - -, M, D),

i=t

N
(8°2) Azi'zza‘i(t)yiv i=12,---,N;t=1,2,---,
j=1

where, as customary, we are interested in the behavior of the solutions for
large values of ¢, and the relations between the solutions of the two.equations.
The results will be similar to those obtained for differential equations, and the
proofs even simpler.

We shall confine our attention to systems and the notation shall be as for
differential equations. Equations (8.1) and (8.2) can be written

(8.3) Az = Az + f(z, D),
(8.4) Ay = Ay.
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Usually the elements of 4 will be independent of ¢. In that case, as before,
we say that 4 is a constant matrix. If the elements depend upon ¢, it will be
supposed that they are defined for every ¢ in the range (0, »).

It is important to note that we can derive similar results if we consider ¢
to be a continuous variable over the range (0, «). A general solution of (8.3)
can be defined, with periodic functions, of period 1, replacing the constants
appearing in differential equations. To obtain the behavior of the solution
for any particular large value of ¢, one has to reduce ¢ modulo 1, until one
finds the point in the interval (0, 1) which could have been used as a zero-
point to obtain ¢. If one has a solution of (8.4) with certain uniform proper-
ties one can deduce corresponding properties of the solution of (8.3). It seems
simpler to state the results for the recurrence relations treated here. It is
worth noting that they could be transliterated in terms of ordinary differ-
ence equations.

The uniqueness theorem is now completely on the surface, but we men-
tion it here for future reference:

LEMMA 5. If y(t) and 2(t) are two solutions of
(8.5) z(t+ 1) = F(z(), 9

which are equal at t=t,, they are equal for all larger values of ¢, provided that
F(z, t) is a one-valued function of z and &.

Nothing is said about the relationship between y and z for smaller values
of ¢. In general, nothing can be said, for although (8.5) yields z(¢+1) in terms
of 2(t), the reverse is not necessarily true, if we ask for one-valued functions.
Fortunately, small values of ¢ are of no interest to us.

If A is a constant matrix, the solution of Ay=Ay is determined by the
characteristic roots of 4 +I. Instead of the trial solution ce*t used in differen-
tial equations, one uses here c\‘. Eliminating the components of ¢, one obtains
the characteristic equation |A+I ¢! —)\)I =0.

Thus the solutions of Ay =Ay will consist of the real and imaginary parts
of P(n)(N+1p)t, the polynomials P(n) appearing if the characteristic matrix
has multiple elementary divisors. As in the case of differential equations, the
behavior at infinity is determined by the nature of the roots of the char-
acteristic equation. There are crucial regions, inside the unit circle, and out-
side the unit circle, with the circumference of the circle furnishing a third
type of solution. Roots lying inside the circle furnish manifolds of solutions
which approach 0 as t— «, roots outside the circle furnish manifolds of solu-
tions which approach « as {—  ; roots on the circumference furnish mani-
folds of oscillating solutions.

The vector equation, (8.4), has N linearly independent solutions,
yo, y@ ... y@® These N linearly independent solutions can be chosen
so that the N X N matrix whose columns are the y® satisfies the initial condi-
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tion Y (0) =1I. It is clear that Y satisfies the matrix equation AY=A4Y.

The basic method of this section is the analogue of the basic method of the
first part of the paper, namely conversion of the difference equation into a
sum equation. This sum equation is the analogue of the integral equation used
in the first part. The procedure is discussed in the following lemma.

LEMMA 6(2). The solution of
(8.6) Az = Az +w,  3(k) = y(t),

where y is a solution of (8.4), is

t—1

8.7 2(8) = y(&) + 2 Y@O)Y-1(t: + 1) w(2y).

ti=ty
If A is a constant matrix, this reduces to
t—1
(8.8) 3(t) = y(&) + X Y(t — & — Dw(t).
t1=tq

Proof. The proof is again by means of variation of parameters. Let
2=Yu. Then

Az =Y+ Du+ 1) — Y(O)u(t)
(8.9 =T@e+1) —Y@))u@) + Y+ 1)(u(+ 1) — u(@)
= (AY(®)u(t) + Y (¢ + DAx().

Thus

(8.10) »(AY(t))u(t) + V(@ 4+ 1)Au(t) = AY@)u(t) + w(@),
) Au(l) = Y1t + 1D w(?),

and finally

(8.11) u=19+ “2, Yt + 1Dw(t),

L=ty

where v is the first column of I, the identity matrix. Thus

(8.12) z=y+ § Y@ Y-'(t + Dw(t).

ty=to

The notation requires a note of explanation. The vacuous sum » 2h

will be taken to be zero. The sum Z{f_,o will be understood to represent the
summand at ¢=¢,. Expressions of this type will be used only where ¢=¢,.

(?) Lemma 6 is valid if we add the condition that 4 +1I is nonsingular for ¢=0, 1, 2, - - -,
and hence Y is also nonsingular for t=0, 1, 2, - - - . If 4 is a constant matrix, this means that 4
has no zero characteristic roots.
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If 4 is a constant, Y(t)Y-1(1) and Y(¢—1) both represent solutions of
AY =AY which have the same initial value at =1, and therefore must be
equal for 2 1. In this way, by induction, one can prove the general inequality
Y@)Y'(t)=Y(t—1).

9. The matrix A4 is constant. In this section we present the result cor-
responding to Theorems 1 and 4. We treat the simple case first, where z(¢+1)
does not occur on the right-hand side, and we shall indicate how also to handle
this equation.

THEOREM 10. Consider the difference equation
9.1) Az = (4 + B)z + f(z, 9,

where either of the following sets of conditions is satisfied:

(9.2) (1) The characteristic roots of A+1I all lie inside the unit circle.

2 ||Bll e, & depending upon A and f(3, t).

3) ||f(z, t)” =o(”'z”), as ”z||—>0, uniformly in t.

(9.3) (1) A4 is a constant matrix, and all solutions of Ay=Ay are bounded
as t— .

(2) ZZ.OHB(t)“écl, ¢1 depending upon A and f(z, t).

@) [, Ol =ar®)||2])), and Z2ek(®) < , as ||]|—0.

If conditions (9.2) are satisfied, every solution, z, of (9.1) for which the norm
of 2(0) is sufficiently small approaches 0 as t— .

If conditions (9.3) are satisfied, every solution, z, of (9.1) for which the norm
of 2(0) is sufficiently small is uniformly bounded as t— .

Proof. Using Lemma 6, convert (9.1) into the sum-equation

t—1 t—1

(9.4) z=y+ 2 V(@ —t— DBE)t) + 2 Yt — tr — 1)f(z, 1)

=0 =0

where v is the solution of (8.4) with the same initial value as 2, and Y is the
matrix solution of AY =AY with the initial value ¥(0)=1. Using the same
reasoning as applied in Theorems 2 and 4, it is easy to show by induction that
one has uniform bounds on the solutions. The proof of the statement concern-
ing the norms tending to zero is proved by means of a suitable substitution,
asin Theorem 7. I is easy to see that we can obtain the analogue of Theorem
3 using the same decomposition as employed there.

10. A is a variable matrix. The same difficulties that arose in the case of
differential equations can be partially overcome here also by an appropriate
restriction upon the trace of 4. Again the case trace 4 =0 is the most im-
portant.

It is easy to verify that the determinant of ¥, det YV, satisfies the difference
equation

(10.1) AW = (trace A)W, w(©) =1,
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and thus

t—1
(10.2) det ¥ = JT (1 + trace 4(2)), t=10%).
t1=0
Thus, results similar to those for differential equations may be stated.
11. The case where z(¢+1) appears on the right-hand side. Considering
the more general equation of the form

(11.1) st + 1) — 2() = 4z(9) + f((®), 3¢t + 1), 9),

we may still use Lemma 6 to convert it into the form of (9.4). Here, however,
the right side will contain 2(¢), and to obtain a solution we may seek recourse
to the method of successive approximations, putting appropriate conditions
on the partial derivatives of the f(z(¢), z(¢+41), £) to ensure convergence, or we
may use an algebraic form of the fixed-point theorem. The equation does not
seem of enough interest to warrant detailed discussion, and thus we shall be
content with these few remarks.

12. Application to differential equations. To apply some of the above re-
sults to differential equations, we consider the differential equation

(12.1) dz/dt = Az + f(z, t), t=0,
as the limiting case of difference equations of the form

(12.2) 2(t 4 k) = (I + AR)z(t) + kf(3, ), t=0,h2h---;B>0,
or

(12.3) 2(t + k) — 2(8) = hAz(t) + Rf(s, 8), t=0,h 2k ---.

We discuss first the case where all the characteristic roots of 4 have nega-
tive real parts. The equation of first approximation of (12.2) is

(12'4) y(t + h) = (I + hA)y(‘)» t= Ov hv 2h, ttt e

The trial solution y(f) =cat yields the characteristic equation

o)

Comparing this with the characteristic equation [A —\I l =0, we see that
to each A there corresponds one or more a given by

ot —1
=
Expressing N in the form \;+4u;, where \; <0, we see that

(12.5)

(12.6)

A, ab =1+ kA

(®) These equations are incorrect. The author was misled by the corresponding results for
differential equations.
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12.7) |a| = [+ )+ Bl = [1 + 20 + K05 + 6D ]

As £—0, lim Ial =¢M, Thus for & less than a given positive number, all
the a will be less than 1 in absolute value. Furthermore, let re?=1-A\,
r>0, —7 <0<+, and choose aa=r/hei®/4 It follows then that lim a=e*.

The solution of (12.2) for which z(0) =y(0) can be written

t—h

(12.8) 2(t) = y(t) + B Y(t — t. — b)f(z 1), t=0,h2h---.
t1=0

Choosing k small enough, we see that, under the condition the character-
istic roots of 4 all have negative real parts, the matrix ¥(£), which is the solu-
tion of Y(t+h)=(I+hA)Y (), is uniformly bounded in ¢ and k.

Choose 7y, the initial value, to be independent of k. Then y(¢), the solu-
tion of (12.4), satisfying y(0) =7y,, is given by y=Y(£)y, and thus lly(t)”
=Y ||yl =cil|yol| <eca for all ¢, and 0<h<h. For k=0, it is clear that
the solutions of (12.4) go over into the solutions of dy/dt=Ay.

We have Y(nh) = Y(k)". Thus, since || Y(h)|| Scud}, 0<cs<1, we have

(12.9) B ||V (nh)|| < cahY o' = cah/(1 — c5) < cuf(log 1/ca) = cs,
n=0 n=0
for small .
We now wish to show that the z(¢) are uniformly bounded in ¢ and 4 if we
impose the following familiar condition upon f(z, t),

(12.10) /G2, DI = cdl2] as ||z/| = 0 uniformly in ¢,

where ¢ is a suitable small constant which will be chosen later.

We note that all previous results could have been expressed using a condi-
tion of this sort, instead of considering separately a Bz term, and a term
satisfying the condition o(”z”) as ”z”—-»O, uniformly in . We preferred to use
this type of condition since it seemed to exhibit the role of the nonlinearity
very clearly.

Let us assume that [|[z(kh)|| <2c, for =0, 1, 2, - - -, #, and let us show
that this implies the same for z((n+1)%). We have, using (12.8),

ol + DBl Sl + 5 517 = & = B 16 ]

nh
(12.11) = o+ 2coceh 2 ||Y(E — 1o — B)||

t1=0

<+ 2ach ) ||Y(#h)|| S 2 + 2¢6508 S 2,

ne=0

provided that ¢ is small enough.
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Thus, for each positive &, sufficiently small, we obtain a function, zx(¢),
defined for t=0, &, 2k, - - -, satisfying (12.3), uniformly bounded in ¢ and &.
We can define these functions for all ¢ by requiring that they be linear in the
intervals (kk, (k+1)k), k=0, 1, 2, - - - . Thus defined they will be continuous
for all £=0. Let us now choose a particular sequence of k values, k, k/2,
h/4, -+ ,h/2" - . - . We now wish to prove that the corresponding sequence
of functions, solutions of (12.3) for these different &’s, is equicontinuous as
well.

Using the difference equation (12.3) we see that

lla¢t + &) — =)l = llal} ||sl] + Al 1 2]
< K| 4]|2c2) + k(2cs)ce < crh.

This combined with the linearity in the intervals (kk, (k+1)k) yields the
required equicontinuity.

We now choose any finite interval, (0, ¢s), and apply the Arzelaselection
theorem to the sequence of uniformly bounded equicontinuous functions.
This yields a uniformly convergent sequence. Double the interval and repeat
the process with the new sequence. Continuing in this manner and using the
diagonal process, we obtain a sequence, which we designate by z, 23, - - -,
24, - + -, which converges for all £ and uniformly in any finite interval.

Instead of attempting to prove uniform differentiability properties of this
sequence, and thus show that the limit function satisfies the differential equa-
tion of (12.1), we use the relationship of (12.8) to show that the limit function,
2(#), satisfies the integral equation

(12.12)

(12.13) 2() = y(9) +L‘Y(t — 4)f(z, t))dt.

The proof of this is akin to the proof of the existence of the Riemann
integral, and with the weapon of uniform convergence for any finite interval
the proof presents no difficulties. We thus omit it. From (12.13) it follows that
2(t) is differentiable and satisfies (12.1).

We have thus outlined another proof of Theorem 7, using much less
sophisticated methods than the fixed-point theorem for function spaces.
Similarly, we can prove Theorem 9. Theorem 8 presents a slight difficulty,
since zero real parts may occur. Returning to equation (12.7), we have in that
case
(12.14) la| = [t + 2'm]"" < e,

Thus &* will be uniformly bounded in an interval of length cs/h. As h—0,
the interval increases, and we can always use the subsequence method to ob-
tain a sequence converging uniformly in any finite interval, and with uniform
bound over the infinite interval for the limit function.
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