
NONLINEAR DIFFERENCE EQUATIONS
ANALYTIC IN A PARAMETER

BY

C. F. STEPHENS

1. Introduction^). It is probably correct to say that the modern develop-

ment of the difference calculus began with a memoir by Poincaré published

in 1885. Important progress has been made during recent years in the theory

of linear equations and there is now a fairly complete theory of linear differ-

ence equations. Up to the present time but little progress has been made in

the development of a systematic theory of nonlinear difference equations from

the point of view of general function theory. However, some progress is being

made along these lines.

The main purpose of the present paper is an investigation of the solutions

of nonlinear difference equations analytic in a parameter. We are interested

in those solutions which are again analytic in this parameter and in the differ-

ent forms that these solutions may take. In §§2 and 6 the problems considered

in the first two chapters are formulated. The principal results are given in the

form of theorems. The method employed is similar to that for differential

equations analytic in a parameter. In Chapter III we make certain applica-

tions of the results obtained in Chapter II to systems of equations without a

parameter. Finally, in Chapter IV we make further investigations of differ-

ence equations containing a parameter by applying the results of Chapter

III.

Chapter I. Difference equations having no linear terms

IN DEPENDENT VARIABLES AND PARAMETER

2. Formulation of problem. Consider the system of difference equations

having the form

. . y<(* + 1) = fiiyiix), • • • , y„(x); P(x); x),

/,(0, • • . , 0; 0; *) m 0 (i = 1, • ■ • , n),

where P(x) represents a parameter that is independent of y^(x) ii = 1, • • • , n)

and is periodic of period 1 with respect to x.

It is assumed that the/j have the following properties.

Property I. The/j are continuous in x and bounded for all values of the

y,(x), P(x) and x for which
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G: | y¿(x)| g n;        | P(x) | ^ p;        | x| â P.

Property II. The/j are analytic functions of the yj(x) and P(x), but not

necessarily analytic functions of x, for all values of yiix), P(x) and x in the

domain G, and can be developed into convergent power series starting with

terms of the second degree in y^x) and P(x). We make the further assump-

tion that the /j contain terms in P(x) alone. In other words,

fi = H X) aL---."Sx)Pa\x)yTix) ■ ■ ■ yl'ix),
m—2

a¡¡, on, • ■ • , an 3: 0; a0 + «i + • • ■ + ocn = m,

where the members on the right converge in the domain G and o^o, • • • ,o(x) f^ 0.

The assumption that a2¡\ ... i0(x) ^0 is made for simplicity. We need only

assume that the fi contain terms in P(x) alone.

3. Formal construction of the solutions of equations (1). We seek a solu-

tion having the form

(2) *(«) = ¿ cTix)P\x) ii = 1, • • • , n),

where er = l, 2, •• -, s is is a finite whole number). Thus,

(2a) yVix) = Pa\x) \ ¿ cT ix) P^ix^.

Substituting (2a) in the right members of equations (1) we have

yj(x+ 1) = Ípmix)ZC---,«MÍl\tcii\x)Pi-\x)Y
«1=2 v=l l_  j=<r —I

= *,(2) ix)P\x) + -A.i3)(x)P(x) + • • •

(a0, • • • , an 2: 0; a0 + • • • + an = w),

where ^"'(x) are the notations for the coefficients of P"(x).

On substituting the y¿(x+l) as given by (2) in the left members of equa-

tions (3) and on comparing the coefficients of like powers of P(x) in the left

and right members of (3), we obtain the following theorem.

Theorem 1. If the terms in the right members of equations (1) that are of

lowest degree in P(x) alone are of degree œ (a positive whole number), then the

system of equations (1) has no solution of the form given by (2) when a¿¿(¿.

Under our present assumptions co = 2 in (1). By direct calculation of the

tZ'i(x) by a method due to Trjitzinsky(2), we have the following theorem.

(2) W. J. Trjitzinsky, Non-linear difference equations, Compositio Math. vol. 5 (1937-

1938) pp. 1-60.
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Theorem 2. The system of equations (1) has a unique formal solution of the

form

(2b) yj(x) = ¿ Cf\x)p\x) Ü = 1, • • • , n),
4=2

where C4(i)(x) are determined as follows:

(4) C?\x) = ¿k\x - 1) (* = 2, 3, • • • )

and

(5)

^)(x) = r¿z"C---.a,.wl
L m=2 J

[z"iîz'c!!'1+1>(x).--c(:<"+l)(x)],

wÄere also

(6) £'    = E C/i. 72, ■••,/., Ü 0; /, + j2 + • • ■ + jav = 0,),

(7) E"   = S (|8i, fc"'J«^0;ft + fe+--+ft=l-«),

(8) 2"' " X («o, «i, • • • , an ^ 0; o:0 + ai + • • ■ + an = m),

(9) £" U Z'c!"+1)(x) • • • C(>+1)(x) = 1 («t-«,-a, - 0).
V-1

4. Proof of convergence of the formal solution (2b). We first state a

lemma which will enable us to construct a system of difference equations that

dominates system (1). Then a particular solution of the system of dominat-

ing difference equations is found by solving a system of analytic implicit

functions. Finally it is shown that the particular solution of the system of

dominating difference equations dominates the solution series (2b) for suffi-

ciently small absolute values of P(x).

Lemma. If the power series

(10) /j = ¿ £'<?.•••.«.(* - l)P"\x)yTix) • • • %nix) (Í- 1, - •• ,»)
tn=2

converge absolutely and uniformly for all values of y,-(x), P(x) and x for which

&:       I y¿(x) I ̂  r<;    | P(*) | é /»;    [ *| 2: Jf - A + 1      (i ■ 1, • • • , »),

¿Äe« ¿Aere exí'sí o/Äer power series

di) fc = E E^it-,«.^*)*1^) • • • %\x)
m=2
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which converge absolutely and uniformly for all values of the yj(x) and P(x) for

which

G2: | ?«<*) | ¿ ti < u; |P(x)|^p'<p; \x\^R';

and the coefficients of which are real and positive and satisfy the inequalities

(12) Aao,ai, •■•,<*„  =   I  ßoro.ai, • • -,a„\X 1) | •

Proof. The proof of the lemma follows from a simple application of the

Cauchy integral formula(3).

Consider the system of dominating difference equations

H* + 1) = fi(yÁx), • • • , *,(*); P(x)),

/j(0, • • • , 0; 0) = 0 (f - 1, - • • , •),

where the/j are given by the preceding lemma. Let a formal solution of (1')

be written in the form

(2'b) yj(x) = CjV(x) + C? V(x) + • • • ii = 1, • • • , n),

where the C,(l> are periodic functions of period 1 that are to be so determined

that equations (2'b) shall be a solution of the system of equations (1').

Since it follows from (2'b) that yj(x + l) =yj(x), we can write (1') in the

form

, , . y.-(x) = /¿(yi(x), • • ■ , y„(x); P(x)),

/j(0, • • • , 0; 0) = 0 (Í - 1, • - • , »).

It will be shown that the system of equations (l'b) can be solved by the

method for solving analytic implicit functions.

If one assumes the convergence of the right members of equations (2'b)

for sufficiently restricted values of P(x), on substituting these series into

equations (l'b), rearranging the right members as power series in P(x), and

equating the coefficients of corresponding powers of P(x) in the left and right

members, it is found that the conditions that must be satisfied by the C4(è) are

(5')

-pw    _(*)    r * (j,

L m=2 J

{E''ñE'c:íi+l,e+i)---c^+i)],

where the summations are to be taken in the same manner as (6), (7), (8)

and (9). The C** {k = 2, 3, • • • ; i=\, 2, • ■ ■ , n) are uniquely determined

by (5'). Hence the formal power series solution (2'b) of equations (l'b)

exists and is unique.

(3) F. R. Moulton, Differential equations, 1930, Appendix B.
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Consider the system of analytic implicit functions which dominates the

system (l'b)

_ P(x) M
Yi = M —-

(l-P(x)/p")[l-(Fi+--. + F„)/r]

_/        Fi+--- + F„      Pix)\
d"b) -m(i +-+ -AÍ),

Fj(0, • • • , 0; 0) = 0 ii = 1, ■ • • , n),

where p"<p', r<r'  and M represents an upper bound to the functions

|/i(yi(x), • • • , yn(x) ; P(x)) | in the domain G2.

It can be shown(4) that the Fj (= F) converge absolutely and uniformly

for all values of P(x) for which the inequality

n/f

(13) [ P(x) | <
1 + iin/r)M[\ + in/r)M]

is satisfied. Thus, it follows that the equations in (2'b) converge absolutely

and uniformly when the inequality (13) is satisfied, and the solution-functions

are analytic functions of P(x) under the same condition. This result follows

from the form of equations (2'b) and their absolute and uniform convergence.

Since the /j contain terms in P(x) alone, we do not obtain a solution which

reduces identically to zero.

With this we can prove the convergence of the formal power-series solu-

tion (2b). It follows from our lemma, (5) and (5') that we must have

Cj     = t,    S: hA<   (x - 1)    =    C<   (x) |
(14)

ik = 2, 3, ■ ■ ■ ; i = 1, ■ ■ ■ , n),

for

cf = [ ±z'"A(:L,:.^][T."ñ E'ci,i+1) • • ■ e-+l)]

* T¿zwi •£.••.*<*—»11
L m=1 J

{ E" ft E' I clh+1\x - i) | • • • | d3"'+1)(x - i) | ]

fc|*í%%I-|c¿%)|.
Since the right members of our solution-functions (2'b) are absolutely and

uniformly convergent for sufficiently small values of | P(x) |, it follows that

(*) Ibid. chap. VI.
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the right members of our formal solution-functions (2b) are absolutely and

uniformly convergent in a certain domain of the independent variable x when

the inequality (13) is satisfied. Therefore, we have proved the following

theorem.

Theorem 3. The system of nonlinear difference equations (1), possessing

Properties I and II, has a unique solution of the form (2b) where the functions

C^ix) are determined by equations (4) and (5).

5. Solution-series as a function of x and P(x). One can easily find periodic

functions of period 1 which satisfy the inequality (13). Therefore, it follows

from the form and convergence of equations (2b) that the solution-functions

are analytic in the parameter P(x) for all values of P(x) and x for which

equations (2b) converge.

Let C be a circle with center at the origin and radius R'. Draw tangents

I and I' to the circle C at the points where the circle cuts the axis of imagi-

naries. Denote by D all points not interior to the domain bounded by that part

of circle C which lies to the left of the axis of imaginaries and the parts of

tangents / and I' which do not lie to the left of this axis. Thus, the domain D

contains no part of the positive axis of reals. It follows from Property I,

equations (4) and (5), that the functions C¡"\x) of equations (2b) are con-

tinuous in D. We shall now assume that P(x) is continuous in D.

Let us write (2b) in the form

oo

y.'(x) = E Si" (x) ii = 1, ■ • • , n),
»=2

where giW(x) = C1w(x)P"(x). Since the gjW(x) are continuous functions of x

and the right members of equations (2b) are absolutely and uniformly con-

vergent in the domain D when the inequality (13) is satisfied, it follows that

the yj(x) are continuous functions of x. We can now state the following

theorem.

Theorem 4. If x is in the domain D and P(x) satisfies the inequality (13),

the solution-functions (2b) are continuous functions of x and analytic functions

ofPix).

Chapter 2. Difference equations having a parameter as

a factor of their right members

6. Formulation of problem. Let us now consider the system of nonlinear

difference equations having the form

y.'(x + 1) = P(x)/<(yi(x), • • • , y nix); P(x) ; x),

/¿(0, • • • , 0; 0; x) = *<(*) ̂  0 (i = 1, ■ • • , «),
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where P(x) has the same meaning as before. The functions a,(x) are taken to

be independent of P(x). It is assumed that the/j are analytic functions of the

yj(x) and P(x), and continuous functions of x in the domain G. In other words,

the system of equations (15) can be written in the form

yiix + 1) = <ii(x)P(x) + E E »«'..■ • ■ ,a„(x)P"°(x)yi"1l(x) • • • yTix),
(«)

m=- 2

«o ^ 1 ; on, ■ ■ • , oc„ ^ 0 ; a0 + • • • + an = m,

where the right members converge and are bounded in the domain G.

Let us seek all solutions of equations (15) having the form

(16) yiix) = E cTix)P\x) ii = 1, • • • , n),

where cr = 0, 1, • • ■ , s is being a finite positive whole number).

7. Formal construction of the solution. The proof of the existence of a

unique solution of equations (15) is by the same general method as that em-

ployed in Chap. I. There exists a formal solution of equations (15) in the

power-series form

(17) yiix) = E c[i)ix)P\x) ii=l,---,n),
j-i

where the C¡j\x) are functions of x which are to be determined.

On substituting equations (17) into equations (15), rearranging the terms

according to powers of P(x), it is found that the C¡(x) must satisfy

C,(1)(x + 1) = /(O, • • • , 0; 0; x) = flj(x),

(18) Cj   (x + 1) = ¿_, -Cj   (x) -|--i
,=i dy¡ dP

Cj   (x + 1) = ^j   id   (x), • • • , C,-      (x); x)

ik = 2,3, ■ ■ ■ ; j = 1, • • • , n),

where the t^*' are polynomials in the C/!,(x), • • • , C/t_1'(x), but not in x,

whose coefficients are linear functions of the coefficients of the expansions of

the functions/j as power series in the yiix) and P(x), and the coefficients

have positive numerical multipliers. The y^x) and P(x) are replaced by zero

in all partial derivatives. The Cj(i,(x) are uniquely determined by equations

(18).
8. Proof of convergence of formal solution (17). Let us consider the

system of difference equations having the form
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yiix + 1) = AiPix) + ZZ4,-,^"Wíi'(») • • • ?""(*)

(15')

(»)

tn=2

= P(x)/j(5)2(x), •• • , %ix); Pix)),

/j(0, • • • , 0; 0) = Ai ii = 1, • • • , »>,

«o s£ 1; «i, • • • , <xn ^ 0; «o +   • • • + an = m.

where .4 j =ï | a¿(x — 1) | ; a«JQl ...,„„ è | a®ai_... «n(x — 1) |. The right members

of equations (15') converge for all values of the y^x) and P(x) in the domain

G2.

The existence of the system of equations (15') in the domain G2 is estab-

lished by a discussion similar to that in proving the lemma of §4.

A formal solution of (15') may be written in the form

(17') Hx) = E dV(x) (* = 1, • - • , n),
k=l

where the C*' are constants. It is found that the C*5 must satisfy the equa-

tions

Cj     = Ai,

(is') cf) = E-^c:i, + -^,
,=i dy¡ dP

Cj     = Vi   {L¡   , • ■ ■ ,L¡      ) ik = I, 3, ■ • • ),

where the ffl have the same general properties as the ypf\

Since it follows from (17') that yj(x + l) =yiix), we can write (15') in the

form

(15'a) yj(x) = P(x)/j(5¡i(x), • ■ • , j>„(x); Pix)) ii = 1, • • • , n).

The system of equations (15'a) will be solved by the method for solving

analytic implicit functions.

Consider the system of analytic implicit functions

Pix)M
(19) Fj =-       (* = 1, •••,»).

(1 - P(x)/p")[l - (Fi + ■ • • + Yn)/r"]

If r" <r[, p" <p' and 3?è |/i(yi(x), • • • , yn(x); P(x))| for all values of the

yi(x) and P(x) in the domain G2, the expansions of the right members of

equations (19) would dominate the expansions of the right members of equa-

tions (15'a). The constants r", p" and M will be so chosen that such is the

case.

It follows from equations (19) that Fi= • • • = Fn= Fand that F satisfies
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the equation
Pix)M

(19a) F =-—-
(1 - P(x)/p")(l - nY/r")

The solution of this equation for F, vanishing with P(x) =0, is

n /        4n_        Pix)       V'2
(20) 2 — F = 1 - ( 1-M-—-)    .

r" \        r"      1 - P(x)/p'7

It is found that the expansions of the right members of (19) as power series

in P(x) converge absolutely and uniformly for all values of Pix) such that

(21) | Pix) | <
1 + 4nMp"/r"

since the singular point of the expansion of the right member of equation (20)

as a power series in P(x) is defined by the equation

/        P(x)\
= inMPix).

It follows that the right members of the formal solution (17') of equations

(15') converge absolutely and uniformly under the condition that the in-

equality (21) is satisfied.

We can now prove the convergence of the formal solution (17). On making

use of the fact that the expansions of the functions/j(yi(x), • • • , yn(x) ; P(x))

dominate the expansions of the functions /jfyi(x), • • • , yn(x) ; P(x); x), and

on comparing the first set of equations (18) with the first set of equations

(18'), it is found that C,(1)=.4jè |a.(x-l)| = | C,(1)(x)| (¿=1, •••,«). Then

it follows from the second set of equations (18) and (18') that

Cj    è I Cj   (x) | ;

and it follows sequentially from these results and the properties of the J/f1

and the \p?> that

Cj    è | Cj   (x) | ii = 1, • • • , n; k = 1, 2, ■ • • ).

Therefore the power series (17') dominate the power series (17). Since the

power series (17') converge absolutely and uniformly when the inequality (21)

is satisfied, the solution-series (17) also converge absolutely and uniformly

under the same condition when x is in the domain D and therefore form an

actual solution of equations (15).

The solution-series (17) are analytic functions of P(x) and continuous

functions of x. It can be shown by direct substitution that the system of

equations (15) has no other solution of the form (16). Therefore, we can now

state the following theorem.
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Theorem 5. The system of nonlinear difference equations (15) has a unique

solution having the form

oo

yiix) = E d   (x)P (x) (* = 1, • • • , n),
k—l

where the C\; (x) are given by equations (18), and the solution-functions are

analytic functions of Pix) whenever the inequality (21) is satisfied and continu-

ous functions of x in the domain D (§4) of the independent variable x.

Chapter III. Applications to systems of equations

without a parameter

9. A special theorem. We shall now make use of the results obtained in

the last chapter. Let us consider the system of nonlinear difference equations

yi(x + 1) = fiiyiix), • • • , y„(x); x),
(22)

/i(0, • • • , 0; x) = atix) pá 0 (i = 1, • • • , »),

where the functions/j are analytic functions of the yj(x), but not necessarily

analytic functions of x, and can be developed into convergent power series

starting with terms independent of y^x). We shall also assume that the/<

satisfy the following condition.

Condition A. We can determine positive constants R and r such that

I fiiyiix), • ■ ■ , yn(x); x) | < r/4n

for |yi(x)| iSr; |x| ^P. We say therefore that R and r satisfy Condition A.

We shall prove the following theorem.

Theorem 6. If x is in the domain D, where R' = R +1, and if R and r satisfy

Condition A, then the system of equations (22) has a solution whose solution-

functions are continuous in x.

Proof. Take for consideration the system of equations

(22') y,-(x + 1) = P/j(yi(x), • • • , y„(x); x) (i = 1, • • • , n),

where P is a positive constant which later shall be put equal to 1. Equations

(15) include equations (22') as a special case. From Theorem 5 it follows that

the system of equations (22') has a unique continuous solution having the

form

(23) yiix) = E C?\x)Pk ii = 1, • • • , n),
¡t=i

where the C4(i)(x) must satisfy the equations
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Cj    (x + 1)  = /j(0, ■ • ■  , 0; x)  = ffj(x),

(24) Cr(x+l) = ¿-^Cí(1)(x),
i-i dyj

Ci   (x + 1) = tpi   iCj  ix), ■ ■ ■ , Cj      ix); x)

ik = 2, 3, ■ ■ ■ ; i, j = 1, • • • , n);

here the i/^ are polynomials in the ^'(x), • • • , C*_1,(x), but not in x,

whose coefficients are linear functions of the coefficients of the expansions of

the functions /• as power series in the yiix), and have positive numerical

multipliers. The y<(x) are replaced by zero in all partial derivatives.

Equations (23) converge absolutely and uniformly for all values of P such

that (21) is satisfied when x is in the domain D. Since the functions/j do not

depend upon P, the constants p in G, p' in G2, and p" in (19) are infinite. The

limit of the inequality (21) for p" = « is

(25) P < r"/4nM.

In the problem under consideration P= 1, and the inequality (25) gives

(26) M < r"/4n

as a sufficient condition for the absolute and uniform convergence of

(26a) yiix) = E c»   (*) (j = 1, • • • , «).
¡t=i

From Condition A we obtain |/i(yi(x), • • • , y„(x); x)| ^M<r/in. Since

r" differs from r by a constant as small as one wishes, the inequality (26) is

satisfied. This completes the proof of Theorem 6.

10. Applications. Let us first consider the system of equations

(27) x*yj(x + 1) = giiyiix), ■ ■■ , y„(x); x) (j = 1, • • • , n),

where the functions gi are analytic functions of the yiix), but not necessarily

analytic functions of x, and can be developed into power series starting with

terms independent of the y,(x) and these power series are convergent in the

domain

G3: | y(x)| ^ n; \ x\ £ JE.

The number k is any positive constant.

It is obvious that equations (27) can be put in the form of equations (22)

and that Condition A is satisfied. Therefore, it follows from Theorem 6 that

the system of equations (27) has a solution which is continuous in x in the

domain D. Also, these solution-functions approach zero as x approaches in-

finity in this domain.
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For example, the simple nonhomogeneous linear difference equation

xy(x + 1) = b + ayix),

where a and b are positive constants, is a special case of equations (27). This

equation has the particular continuous solution

b ab ak~1b
yix) =-1-h ■ • • H-h • • • ,

x - 1       ix - 1)0 - 2) ix- 1) ■ ■ ■ ix- k)

which is valid for x in a domain defined by Condition A and has poles at

points congruent on the right to the point x = 0.

Now consider the system of equations

(28) yi(x + 1) = hiiyiix), • • • , y„(x); x) ii = 1, • • • , n),

where

n

hi = x~%j(x) + x_1E&«(*)yy(*) + liiyiix), ■ ■ ■ , yn(x); x).

The functions li can be developed into convergent power series in the yj(x),

but not necessarily in x, starting with terms of the second degree in these

variables and vanishing with them. These developments are valid in the

domain G3. The functions 5jy(x) and <Zj(x) are any continuous functions of x

which are bounded in G3 such that the above developments are valid, pro-

vided the flj(x) are not identically equal to zero.

The transformation

(29) yj(x) = x-lZj(x) ii= I,- ■ ■ ,n)

will transform equations (28) into a system of the form (22) such that Condi-

tion A is satisfied. Therefore, it follows from Theorem 6 and (29) that the

system of equations (28) has a continuous solution in a certain domain of the

independent variable x.

Finally, consider the system of equations

(30) yiix + 1) = qiiyiix), • • • , y„(x); x) (j = 1, • • • , n),

where

n

q{ — xkaiix) = x-1 E bnix)ysix)

(30a) ^=1

+ 2-, 2-, x ö„1,...,an(x)yi (x) • • • y„ (x),
m=2

k è 0; ai, • • • , a„ ïî 0; ai + • • • + a„ = m.
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The functions a,(x), &j,(x), and aai,..., a„(x) are any functions of x which are

continuous and bounded in G3 such that the right members of (30a) converge.

The transformation

(31) yj(x) = xi+12j(x) ii = 1, • • • , n)

will transform equations (30) into a system of the form (27). Thus it follows

that there exists a continuous solution of equations (30).

Chapter IV. Further developments concerning difference

equations with a parameter

11. Nonlinear equations. In Chapters I and II we assumed that the func-

tions fi, as defined by equations (1) and (15), were analytic in the parameter

P(x) and contained no linear terms in the dependent variables alone. How-

ever, we required the functions /j to be continuous and bounded in x in a

certain domain, but not necessarily analytic in x. In view of the developments

in Chapter III we can find solutions of difference equations with more general

assumptions concerning the/,- as functions of the parameter P(x), provided

we make more restrictive assumptions concerning the /j as functions of x.

For simplicity we shall write p for Pix), where P(x) is considered to be a

periodic function of x of period 1. Take for consideration the system of

equations

(27') xkyiix + 1) = fiiyiix), ■ ■ ■ , ynix);p; x),

where the/j are analytic in the y¡(x), continuous in p and x, and can be de-

veloped into convergent power series in the yiix) in the domain G. We take

k to be a positive number. In other words, we may write

fi = oj(x, P) + J2H a«i,v.-.«.(«i P)y"\x) • ■ • y""(x),

•ai, • • • , a„ ^ 0; ai + • • ■ + an = m,

where the right members converge in G and ßj(x, p)f^0.

It follows from a discussion similar to that given for equations (27) that

the system of equations (27') has a solution which is continuous in x and p.

Likewise, from discussions similar to those given for equations (28) and

(30) it follows that each of the following systems of equations has a solution

which is continuous in x and p:

n

yiix + 1) = x_2flj(x, p) + x_1E bnix, p)yjix)

(280x * oo

+ J2J1 aai,...,anix, p)yï\x) ■ ■ ■ y"\x);
m=2
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n

yiix + 1) — xkaiix, p) = x~xE bijix, p)y¡ix)

(30,) »      í=U+i,
+ E E * ™       «<*,•• •,<*»(*■ p)y"\x) • • ■ y7ix),

m=2

k à 0; ai, • • • , an ï; 0; ai + • • • + an = m;

where the right members of (28') and (30') converge in G and where the

functions <z<(x, p), bnix, p) and aa,,...,an(x, p) are continuous and bounded in

x and p, but not necessarily analytic in the independent variable x and

parameter p.

12. Linear equations. Consider the system of linear difference equations

n

(32)      yiix + 1) = xkaiix, p) + x-'E hiix, p)y¡ix) ii = 1, • • • , n),

where the öj(x, p) and the bnix, p) are any functions of x and £ which are

continuous and bounded in x and p in the domain

d: |#| á P\        | *| fc JC.

If & is a negative number, the system of equations (32) becomes a special

case of system (27'). If k is zero or a positive number, the system of equations

(32) becomes a special case of system (30'). In each of these cases we know

that the system of equations (32) has a solution which is continuous in x and

P-
Finally, consider the system of equations

71

(33) y<(x + 1) = <*<(*, p) + E *<*(*. P)yi(x) ii = 1, • • • , »),

where the functions öj(x, £) and bnix, p) are analytic in the parameter p and

continuous in x in the domain d, and can be developed into convergent

power series in p, but not necessarily in x. We shall also assume that aj(x, 0)

and bijix, 0) are identically equal to zero.

It can easily be shown that the system of equations Í33) is a special case

of system (15). Therefore, it follows from Theorem 5 that the system of

equations (33) has a unique solution which is continuous in x and analytic

in p.
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