UNIQUENESS THEORY FOR HERMITE SERIES
BY

WALTER RUDIN

I. Introduction
1.1. Hermite series.
Hermite functions

(1.1.1)

We consider

the system

{(¡>n(x)} of normalized

««(*) = e-*2/2#n(*)/2»'2(K01/V/<

(* - 0, 1, 2, • • • ),

where Hn(x) is the Hermite polynomial of degree m [8, p. 101 ](')• The Hermite
functions satisfy the orthogonality relations

(1.1.2)

and the differential equations
(1.1.3)

(m ?¿ n),

f <¡>n(x)4>m{x)dx
= |
[8, p. 102]

4>n'{x) - (z2 + \)4>n{x) = -

For any real number

(m = n),

(2n + 2)<t>n(x)

p, we say that/E/Zp

(n = 0, 1, 2, • • ■ ).

if the function

/EL

on every

finite interval, and if

| x"f(x) I e-Ji^dx < + «,.
If/G-ffp for every p7>Q, we say that/Ei/-

HfGH, and if

(1.1.5)

8, = f f{x)4,n{x)dx

(» - 0, 1, 2, • • ■),

•J —00

we say that

the series

230° 0„0„(íc) is the Hermite

series of f(x),

and write

oo

(1.1.6)

/(*) ~ E «-*»(*)■
n=0

1.2. The present paper is concerned with the problem of finding sufficient
conditions under which a given series of Hermite functions is a Hermite series
in the above sense. The results, which are summarized
in III, also apply
(with some evident minor changes) to series of Hermite polynomials.
In IV we give examples which show that, in a certain sense, our results
are the best possible.
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II. Notations,

[May

definitions

2.1. We put

(2.1.1)

«(*) - f e-^du,

ß(x) = e^i2a(x).

J -»00

Then the equation
(2.1.2)

y'(at) - (*2 + l)y(*) = 0,

which arises by equating the left member of (1.1.3) to zero, has ß(x) and
ß( —x) as linearly independent
solutions. It should be noted here that a( —x)
=J"e~u2du, and that a(x)-\-a( —x) =a(+
<») =7r1/2.

2.2. Generalized
a neighborhood

Hermite

of the point

operators.
x. Given

Consider a function
h>0,

there

F(t), defined in

exists a unique

function

y{t) =y(t; F, h) which is a solution of (2.1.2) and is such that

(2.2.1)

y(x + h) = F(x + h),

y{x - h) = F(x - h).

We put

(2.2.2)

AhF(x) = y(x;F, h) -F(x),

and define

(2.2.3)

AF(x) = lim2AhF(x)/h2,
Ä-»0

provided
the limit exists. A*F(x) and A*F(x) are defined likewise, with
lim sup and lim inf in place of lim.
From the representation
y(t\ F, h)=c${t)-\-c${—t)
we obtain the ex-

plicit formula
,

(2.2.4)

e~hxI(x - h, x)F(x + h) + ekxI(x, x + h)F(x - h)

AhF(x) = e~h /2 ■

I(x-

h, x+ h)

- F{x),
where I(a, b)=a{b)—a(a).

If F is bounded in a neighborhood of x, (2.2.4)

can be written

2

AhFiX) = (/7(* + h)+ F(x ~ h) ~ 2FW)/2
- h2(x'-+ 1)(F(*+

*) +F(x-

Ä))/4 + 0(£3)

(Ä-*0),

from which it follows that AF(x) = F"(x) — (x2 + l)F(x) if F"(x) exists. Hence
we call A a generalized Hermite operator. In particular, we note that (1.1.3)
can be written

(2.2.6)

Hn{x) = - (2» + 2)<K(*)

(» = 0, 1, 2, • • • )•
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2.3. The inverse operator. We put

(irWßixM-f)
k(x,t) = <

(2.3.1)

(x < t),

2ß(-xMt)

(fá*).

Then k(x, t) is the Green's function of (2.1.2) [3, p. 324]. We define
0/(x) =
0/(«)
= -- f

(2.3.2)

/(/)*(*, t)dt,

JJ —a,
—oc

provided /£ff0.
The operator £2 is the inverse of A (this statement
will be
made more precise in 5.4 and in Theorem 1).
2.4. Poisson sums. Suppose the series Zc° an<j>n(x)rn converges, for O^r
<1, to /(x, r). Then the functions /*(x)=lim
supr^i f(x, r) and /*(x)
= lim infr^i/(x, r) are called the upper and lower Poisson sums respectively of

the series XcT a„<f>„(x).
III. Main results
Theorem

1. Let p ^ 0 be given. Suppose

(a) FÇzHv and F is continuous;
(b) A*F(x) > — <x>and A*F(x) < + » except possibly on countable sets E\
and E2;

(c) lim sup/,,0 AhF(x)/h^0 on Ei, and lim infA^0AhF(x)/h^0 on E2;
(d) there exists a function y&Hp such that y{x) ¿¡A*F(x) for all x.
Then AF(x) exists almost everywhere, AF^HP,
Theorem

2. Suppose /EH.

and F(x) = i2AF(x) for all x.

Then /(x)~Eo

ar<4>n{x)if and only if fl/(x)

~-£o"«»*»(*)/(2»+2).
Theorem

3. Suppose

(i) — 2Zo° ßn0„(x)/(2w

+ 2)~.F(x),

where F is continuous

and satisfies

and (c) ;
(ii) there exists a function

yÇzH such that y{x) SA*F(x)

for all x.

Then
00

AF(x) ~ E an<t>n(x).
0

Theorem

4. Suppose

(i) -Zo"

a»0»(*)/(2ra+ 2)~.F(x);

(ii) ai some fixed point x0, F(xo) is finite, and
00

v

lim £
r->l

an<t>„(x)rn/(2n + 2) = F(x0);

n=0

(iii) //"(x) ¿s bounded above (or below) in a neighborhood of x0.

TÄewA*F(xo) ^/*(xo) andU(x0) ¿A*F(x0).

(b)
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[May

5. Suppose

(A) — ¿2o a„<f>n(x)/(2n + 2)~F(x),
where Fis continuous;
(B) /*(*)>—
» a»á /*(*) < + °° except possibly on countable sets E\ and
E2;

(C) F satisfies (c) ;
(D) there exists a function y(EH such that y(x) ^/* (x) for all x.
Then the series >," an<t>n(x)is Poisson summable almost everywhere, and is the
Hermite series of its Poisson sum.
Theorem

6. Suppose an = o(nlli).
-

If there exists a function

» < y(x) jg /,(*)

=g /*(*)

< +

yÇzH such that

»

for all x, then the conclusion of Theorem 5 holds.
Theorem

7. // lim,,^

an^>n(x) =0 for x on a set E of positive measure, then

a„ = o(nlli).

Theorem

8. If the series 2Zô° an<f>n(x)converges, for all x, to a finite function

f(x), such that f (EH, then
00

/(*) ~ 2Z an<t>n{x).
0

Theorem 1, for which an analogue may be found in [6], is of fundamental importance
in our treatment
of the problem. Theorem 3 is the most
general uniqueness theorem obtained in this paper. Since F is assumed to be
continuous,
it should be noted that the conditions A*F> — », A*F< + »
can also be written D* F> — », D%F< + », where D2 is the generalized
second derivative
[12, p. 270] (by (2.2.5)). In its main features, the proof of
Theorem 3 follows the method developed by Riemann for trigonometric
series.
Theorem 4 furnishes an analogue to Rajchman's
inequalities
[12, p. 298],
and is the basis for Theorems 5 and 6. Theorem 6 is implicitly contained in a
result obtained by Zygmund by equiconvergence
methods [13, p. 440]. We
include it here since it can be deduced from Theorem 5, and because it leads
to Theorem 8, which has not apparently
been stated in the literature.
Uniqueness theorems of a different kind have been obtained by Domínguez
[4]. For results obtained by equiconvergence
methods we also refer to [ll].

IV. Examples

4.1. The identity [9]
(4.1.1)

£
n_o

<¡>n{x)4>n{t)r-= (,(1

- r2))-"2

exp ( —\

)
2

1 -

r2 /

(0•■
¡6 r < 1)
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shows that the series
00

(4.1.2)

Z*-(0)*»(«),
n=0

whose coefficients

are 0(w~1/4) (see (9.1.1)), is Poisson summable

all X5¿0. Applying the operator

to zero for

ß to the right member of (4.1.1), with t = 0,

and letting r—»1, we obtain
CO

(4.1.3)

- £ 4>n(0)<K(*)/O+2)-*(*,

0)

n=0

(compare

(7.3.1)).

Putting

(4.1.4)

F(x) = —k(x, 0), and using (2.2.5), we see that

lim W(0)/h
»-.o

and A*iXO) = + =o. Hence

the condition

1
= — > 0,
2

lim inf^o

AhF(x)/h^0

omitted in Theorems 1, 3, 5.
4.2. If we multiply (4.1.1) by ex /2, put t = 0, differentiate
x, and use the identity

HÚ (x) =2nHn-i{x)

cannot

be

with respect to

[8, p. 102], we obtain

00

£

(4.2.1)

(2« + 2)1/V„+1(0)<£n(x>»

"=°
= - 2ir-1/V(l

This shows that

/

1 ■+-r2

- r2)-3'2x exp I-)
\

x2\

(0 á r < 1).

1 — r1 2 /

the series

(4.2.2)

¿

(2« + 2)1/V„+1(0)<í.n(x),

n=0

whose coefficients are 0(«1/4), is Poisson summable to zero for all x. Hence
the order o(wl/4) in Theorem 6 is the best possible. Applying fi to (4.2.1),
and letting r—*1, we obtain
/-ir-I/2/3(x)

(4.2.3)

- ¿

(2» + 2)->'2<f>n+1(0)<K(*)
= <0

n=°
Thus the continuity

(x < 0),

(x = 0),

L-^-ßi-x)

condition

imposed on F in Theorems

(x>0).
3 and 5 is violated

in this example.

V. The operator
Let/E-río-

Then

ß

Of (see 2.3) has the following

5.1. Qf is continuous.

properties:
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5.2. düf(x)/dx exists for all x.

5.3. A„fi/(x)- -J£lf(ß)AhKx, t)dt.
5.4. For almost all x, AQf(«) •»/(*).

5.5. Let p^O be given.If fEHp, then QfEHp. If fë0 and QfEHp, ¿Äe«
5.6. ///

¿î upper semi-continuous

at x, then A*ß/(x) ^/(x).

5.7. Proofs of 5.1-5.6. We begin with the asymptotic

Joo

formula

1

t»e-°t2dt = — x^e-^il

where p and c are fixed, c>0.

+ 0(x~2))

»),

To prove (5.7.1), we note that

lim 2cx1~î'e"

I
'/.'

t"e-etdt=l.

The bound for the error term then follows from the recursion

/'• t"e-ct'dt = —1 x"-^-«2
x

{*-*■¥

H-I *-

<-■(

formula

1 /■"tp~2e-c'2dt.

¿C

V x

Taking c=l, p —0 in (5.7.1), we obtain asymptotic
formulas for /?( —x)
as x—>+», and for ß(x) as x—>— ». Substitution
of these formulas into

(2.3.2) shows that fi/(x) is finite for all x.
Let x be fixed, and suppose z>x. Then, by (2.3.1) and (2.3.2),
irll¿-

Üf(z)-Üf(x)

ß(s)-ß(-x)

=-

■fXf(t)ß(t)dt

z —x

(5.7.2)

J _oo

1

-I
Z

c" f{t){k{z,t) - k(x, t))dt
X «/ x

0« - ß(x)
z — X

Denoting

¡:

f(t)ß(-t)dt.

the three terms on the right of (5.7.2) by A, B, C, it is easily seen

that

limA - ß'(- x) f f(t)ß(l)dl,
Z-»X

lim
imC

J _oo

= - ß'(x) I f{t)ß{-t)dt.

z—*x

Since k(z, t)—k(x, t)=0{z —x), we have lim,,* B = 0. We thus obtain the
value of the right-hand
derivative of ß/(x). Taking z<x, the same value is
obtained for the left-hand derivative. This proves 5.2, and also 5.1.
Considering k(x, t) as a function of x alone, with t fixed, k(x, t) satisfies
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>h. 5.3 follows.

Next, let E be the set of points x at which

— f f(t)ß(t)dt= f(x)ß(x) and — f f(t)ß(-t)dt = -f(x)ß(-x).

dxJ-^a

dxJx

The complement
form

of E is of measure

zero. For x on E, we write (2.3.2) in the

^üf{x) = -ß(-x) rf(t)ß(t)dt - ß(X)r f(t)ß(-t)dt,
J _oo

and verify by direct differentiation

J z

that

— fi/(x) - (x2 + l)i2/(x) = f(x)

(x E E).

dx2

5.4 follows.
Before proceeding

to the proof of 5.5, let us put

(5.7.3)

k(x,t)e-'ii2\t Ht.

gp(x) = f
J —00

We wish to prove that,
(5.7.4)

Suppose
+/o+/".

for fixed p^O,

gp(x) = (2p + 2)-1e-*2i2\x\p(l+0(x-1))

(*->±«).

x>0, and split the integral in (5.7.3) into three parts:
Denoting these three integrals by A, B, C respectively,

(5.7.1), we obtain
a(t)\t\Ht

= Oix-ie-**'2),

~Q0

/00

a{-t)fdt

1 e*2'2 I/* °° e-^tv-Ht
< —

= 0(x"-2<r*2/2).

The major contribution

is due to

-B= ir-V2ß(-x) f a(t)tHt
= i-ll2ß(-x)(p

+ l)-1(a(x)x^'+l

= TT-^^Í-X)^

+ 1)-1(X1'2X"+1 + 0(1))

= (2p + 2)-1x»<r*2'2(l

+ Oix-1)).

-

f

/P+ie-'^n

/"«,=/"„
and using
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This proves (5.7.4) for x>0. A similar proof applies if x<0.
Now suppose fÇ.Hp. By Fubini's Theorem on the change
of integration,
we obtain, using (5.7.4),
/00

| x*Qf(x) | e-*2>2dxg J

y» 00

of the order

| x \>>e-*2i2dx
I | f(t) | k(x, t)dt
/*

°°

/(<) «p(0*< + »■

-/:

Thus Çlf(£HP. This proves the first part of 5.5.
By 5.1, g„(x) is continuous.

Hence there exists a constant
| x|pe-x2'2

c such that

< cgp{x)

for all x. Thus, if f^O and ß/GÄ,,
| x|ï>ir*2/2/(x)a!x g c I
-00

f(x)gp(x)dx

** — M

/SO

rt

f(x)dx I
-OO

= c f

•/

00

A(x, i)e-,2'2| t\"dt

—00

e-'1i2\füf{t)\ dt < + ».

This proves the second part of 5.5.

Next, we note that 5.3 and 5.4 imply
2

(5.7.5)

n x+h

lim— I

Ahk(x, t)dt = - 1,

Ä->0 A2 J x-h

and that

(5.7.6)

Ahk(x, t) < 0

for |x —/| <A. Suppose/

is upper

There exists S>0 such that/(/)<?«
/i

x+h

semi-continuous

at x. Choose

m>f(x).

for |x —1\ <5. By (5.7.6),
i% x+h

f(t)Ahk(x, t)dt < - m I

x—k

Ahk(x,

J x—h

which implies, by (5.7.5), that A*ß/(x) ¿m. 5.6 follows.
VI. A-convex functions
6.1. Definition.
The function F(x), defined in
vex in (a, b) if the equations y{c) —F{c), y(d) =
F(x)^y(x)
for c<x<d,
where y(x) is a solution of
Generalized convex functions of this type have

(a, b), is said to be A-conF(d) (a<c<d<b)
imply
(2.1.2).
been studied by Becken-
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bach and Bing [l], [2]. In particular,
if F is A-convex in (a, b), then F is
continuous in (a, b), and F(a + ), F(b —) exist (as finite numbers or as + =o
or

-co).

6.2. Lemma. // F is upper semi-continuous in (a, b), and if A*F(x)}zO
except possibly on a countable set E, on which lim sup*,_0 AhF(x)/h ä; 0, then F is
A-convex in (a, b).
Proof.

If F is not A-convex,

there exists a solution

y(x) of (2.1.2) such

that
y(xi)=F{xi),

y(x2) = F(x3),

for some X\, x2, x3 (a<Xi<x3<X2<o).

y(x3) < F(xs)

Let us define

F(t) - F(x)

(6.2.1)

ß(F; x) = lim sup—¡-¡—•

/—x

We choose e=^0 such that,

putting

s(*i) à F(xi),

I t — XI

z(x) = y(x)+eß(x),

z(x2)^F(x2),

we have

z(xs) <F(x3),

and
(6.2.2)

p(z; x) ?£ p(F; x)

(x on E).

(6.2.2) can be satisfied by proper choice of e, since E is at most countable.
Put co(x) = F(x) —z(x). Then w attains a maximum of c>0 at a point x0
(xi<x0<x2).
If XoG-E> we have AÄw(x0)^Ahc, by (2.2.4). Hence
A*F(xo) = A*(«(xo) + z(x„)) = A*tú(xo) ^ A*c = - c(a;2 + 1) < 0,

which is a contradiction.

If x0E-E, we have
lim sup Aku(xo)/h

^ 0.

Hence lim Aho>{x<¡)
/ h}î0 as & tends to zero through a properly chosen
quence {hn}. For this sequence, (2.2.5) holds, and we conclude that
fco(xo + h) — ío(xo)

lim sup <-1->
h^o

Since w attains

\

a maximum

which contradicts

h

üj(Xo — h) — cü(xo))

h

at x0, the last inequality

)

se-

^ 0.

implies that/¿(«;

x0) =0,

(6.2.2).

6.3. Corollary.
If F is continuous, and A*F(x) ^0;2A*F(x)
then F satisfies (2.1.2) in (a, b).

in (a, b),

6.4. Lemma. If F is A-convex in (— «, ») a«<¿ ¿f FE-Ho, ¿Ae» F(x)^0
/or aW x.
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Proof. If there is a point x0 such that F(x0) >0, then, by continuity,
there
exist Xi<xo<x2 such that F(x) >0 for Xi<x<x2. Choose C\, c2 such that
ciß(xi)

+ Ctß(-Xi)

= F(*j)f

c$(xi)

+ c2ß(-x2)

= F(x2).

Then Ci>0 or c2>0 (or both), and F(x) ^Ciß(x)+c2ß(

—x) for x<Xi and for

x>x2.

F(¡.H0.

Since /3(x)~7r1/2ex /2 as x—>+ », it follows that

6.5. Lemma. Leí p¡tO be given. If F(E.HP and F is A-convex in (— », »),
then A*FEHp and A*F^HP.
Proof. Put/(x) =A*F(x). Then/(x)
5:0. There exists a sequence {un{x)}
of non-negative
upper semi-continuous
functions associated with /(x) in the
sense of the Vitali-Carathéodory
theorem, and such that un(x) =0 for | x| >n

[7, p. 75]. Put
Wn(x) = F(x) - Qun(x)

(n = 1, 2, 3, • • • ).

Then IF„ is continuous, by 5.1, and, by 5.6,
A*Wn(x) è A*F(x) - A*Qun(x) 2: /(x)

Hence H7« is A-convex in ( — »,

- un{x) 2: 0.

» ). Since u„ is bounded

and vanishes

outside

a finite interval, un^Hp. By 5.5, it follows that WnÇzHp, which, by 6.4, implies that Wn(x) ^0. Hence
F(x) ^ üun(x) ^ 0
Since

un—>/ p.p.

monotonically

(w = 1, 2, 3, • • • ).

as re—>», we may

pass

to the limit,

and

obtain
F(x) ^ 0/(x) g 0,

which shows that ß/G-ff„. Since f^0, 5.5 shows that f£:Hp. Noting that
0^A*F(x) iSA*F(x) for all x, the lemma follows.
VII. Proofs

of Theorems

We shall use the following variation

1, 2, 3

of the Vitali-Carathéodory

theorem :

7.1. Lemma. If fÇ^Hp and if f is defined for all x, then there exists a sequence
\un{x)}, w = l, 2, 3, • • -, such that
(a) un(x) is upper semi-continuous and less than + » for all x;
(b) Ui{x) Su2{x) ^ ■ ■ ■ ^/(x) for all x;
(c)

lim„,oo

m„(x) =/(x)

p.p. ;

(d) MnG-ffp.
To see this, put
,,

je'1'2

h(x) = < .

.

.

I x We-*i2

(|x|<l),

(| x| è 1).
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Let \u*(x)} be a sequence of upper semi-continuous
functions associated,
the sense of the Vitali-Carathéodory
theorem, with the function/(x)A(x)
(—00, oo). Then u*Ç.L on (— oo, ») for every n. The functions
*

m„(x) = u„(x)/h(x)

in
in

(n = 1, 2, 3, • • • )

have the desired properties.
7.2. Now, suppose F{x) satisfies the hypotheses of Theorem 1. Let u(x)
be one of the functions associated with y(x) in the sense of 7.1. Put W(x)
= F(x) — Qu(x). Then W{x) is continuous,
and, by 5.6,

A*W(x) ^ A*F(x) - A*üu(x) ^ A*F(x) - u{x) ^ 0
on the complement

of Ei. By 5.2, we have

lim sup AhW(x)/h è 0

(x on Et).

Ä-»0

Hence IF satisfies all conditions

of 6.2 and is thus A-convex.

5.5 shows that

WElHp- By 5.4 and 6.5, the obvious inequalities
A*W(x) + A*Om(x) ^ A*F(x) g A*F(x) g A*IF(x) + A*Qw(x)

show that A*F£HP and A*FEHP.
Let/(x)

be a measurable

function,

defined for all x, such that

A*F(x) ^ f(x) g A*F(x).
Then/E-ffp-

Let {w„(x)} be a sequence

associated

with/(x)

7.1. Put W„(x) = F(x) — Uun(x). Proceeding
as above,
place of W and u, we see that Wn is A-convex. Hence,

in the sense of

with Wn and un in
for every x, n, and h

(h>0), AhF(x)^AhQun(x). That is, by 5.3,
/i

Since «»—*f p.p. monotonically,

x-t-ft

un(t)Ahk(x,

t)dt.

we may pass to the limit (taking

into ac-

count (5.7.6)), and obtain
AkF(x) ^ AhQf(x).
Approximating/
in a similar fashion by a monotonically
decreasing sequence
of lower semi-continuous
functions, we obtain the last formula with the inequality reversed. Hence

AhF{x) = A„fi/(x)
for all x and all h>0.

By 6.3, F(x) —ß/(x) =y(x),

where y is a solution

of

(2.1.2). Since FÇzHp and QfÇzHp, it follows that yÇzHp, and therefore y = 0
(no other solution of (2.1.2) E#P). Thus F(x) = ß/(x). By 5.4, AF(x) =/(x) p.p.
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This completes the proof of Theorem 1.
7.3. To prove Theorem 2, we note that

(7.3.1)

[May

(2.2.6) and Theorem

1 imply

«*„(*) = - *„(*)/(2« + 2).

Further,

4>n(x)Q,f(x)dx
= /00

I

-00

<t>n(x)dxJ f(t)k(x, t)dt

00
J y»—00

«J^00—oo

/(/)<// I
/OS -OO

<¿>„(x)¿(x,
i)dx

V y»—00
00

f{i)Q4>n(t)dt.
■/:

By (7.3.1.) and (1.1.5), this proves Theorem 2. The change in the order of
integration
is justified by (5.7.4), since <j>„(x)= 0(xMe~*2/2).
7.4. To prove Theorem 3, we apply Theorem 1 with p = 1, 2, 3, • • -, and

see that F(x) = ßAF(x) and that AFG¿7. Thus
fiAF(x)-¿

a„0n(x)/(2« + 2).
n=0

The theorem

follows from Theorem

VIII.
8.1. Suppose/Giî,

2.

Proofs

of Theorems

and/(x)~^ö°

4, 5.

an<j>n{x).Theseries
00

(8.1.1)

ZM>„(x)r»

(Oár<l)

n=0

is formally

(8.1.2)

equal to the function

/(*, r) = f f(t)P(x, t, r)dt

(0 á r < 1),

«/—oo

where P(x, /, r), the Poisson kernel for Hermite series, is equal to the right
member of (4.1.1) [4, p. 4]. At every point x on the Lebesgue set of/ we have

(8.1.3)

lira f(x, r) = f(x),

although the radius of convergence of (8.1.1) may be less than 1 [5, p. 423]
(Hille deals with developments
in Hermite polynomials, therefore the kernel

used in [5] differs slightly from (4.1.1)). For fixed x, the function (8.1.2) is
analytic in a certain ellipse in the complex r-plane which contains the segment — l<r<l
[5, p. 423]. Hence (8.1.2) can be differentiated
under the
integral sign, and we obtain the partial differential equation
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(8.1.4)

d
A/(x, r) + 2 — (rf(x, r)) = 0
dr
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(0 è r < 1).

8.2. Suppose now that the hypotheses
of Theorem 4 are satisfied. If
A* F(xo) = — °o, the first part of the conclusion is trivial. Suppose A* F(xo) > — °o.
If F is bounded above near Xo, then F must also be bounded below, for otherwise A*F(xo)= — =0. Hence it suffices to consider the case in which F is

bounded below.
Next, A*F(x0) ^/*(xo) will be proved if we can show that the inequality
A*F(x0) >m implies /*(x0) ^m for every finite m. By changing a0 and Oi, if
necessary, we see that we can assume without loss of generality that

(8.2.1)

F(xo) = 0,

(8.2.2)

A*F(xo) > 0.

We have to prove that

(8.2.2) implies

(8.2.3)

/*(xo) è 0.

For O^r <1, put
(8.2.4)

F(xt>, r) = - £

an<¡>n(x0)r"/(2n + 2) = I

n=0

F(t)P(x0, t, r)dt,

J —oo

then
(8.2.5)

f(xo, r) - ¿

a„0B(xo)r» = AF(x0, r),

n=0

by (8.1.4). By hypothesis, the series in (8.2.4) converges
the same is true for the series in (8.2.5).

for O^r <1, and so

Suppose (8.2.3) is false. By (8.1.4),/*(x0) <0 implies, by (8.2.5),
(8.2.6)

d
lim inf — (rF(x0, r)) > 0.
r-»i

dr

By (8.2.1) and the mean value

(8.2.7)

theorem,

(8.2.6)

F(xo, r)

lim supr-»l

implies

< 0.

1 — r

Next, (8.2.2) implies that there exists h0>0 such that

(8.2.8)
Since F(x) is bounded

AkFixo) > 0
below near x0, there is a positive

that F(x) > —k in a neighborhood

(8.2.9)

(0 < h < ho).

of x0. Put

G{x) =min(F(x),

2k).

number

k such

400

WALTER RUDIN

[May

Then it is easily seen that AAG(x0) >0 for small enough

h. (2.2.5) can be ap-

plied to G, and gives

(8.2.10)

G(x„ + h) + G(x„ - h) > 0

(0 < h < S).

We now have, by (8.2.4),
lim infr->l

F(xo, r)
1 —r

(8.2.11)

,

= lim infr->l

= lim infr->i

If

I

1 — r J _„

1

rs

I

1 — r J_j

1

F(x0 + w)P(xo, Xo+ u, r)du

i,(x0 + w)P(xo, Xo+ «, 0^M

f{

5: lim inf-■
I G(x0 + w)P(xo, Xo + u, r)du,
r->i 1 — r J_j
since the integrals /it,

/" tend to zero as r—*l. Since
/

F(x,

x + u,r)

1 - r

1 - r

1 + r2 u2\

i + r

1 - r2 2/

= (7r(l — r2))-1'2 exp I-x2-xu-],

\

1+ r

and

exp Í -

XowJ= 1 + g(r, u),

where
| g(r, «) | < (1 — r) | xo« |

(fo < r < 1, | « [ < 5),

it follows from (8.2.10) and (8.2.11) that
lim inf F(xo, »0/(1 — r)
rs

/

1 + r2 «2\

S: Km inf ci(l - r)-3'2 I G(x0 + «)(1 + g(r, u)) exp(-■—)du
r-»i
J -j
\
1 — r2 2 /
rs

(

1 + r2 u2\

2: lim inf Ci(l — r) zl2 I G(xo + w)g(r, «) exp (-■—
) du
r—i
J-5
\
1 — r2 21
/s

/

1 -f r2 u2\

\

1 — r2 2 /

| «| expf---)¿m
-s

= 0.

(Here C\ and c2 denote positive constants.)
We have thus arrived at a contradiction to (8.2.7), which proves that A*F(x0) g/*(x0). The second part of
the conclusion follows by a change of sign.
8.3. Suppose the hypotheses of Theorem 5 are satisfied. Since/*(x),/*(x)
exist, the series / JT a„</>„(x)rn converges for 0iSr<l
(see 2.4). The same is
true of the series ^(T an$«(x)r"/(2« + 2). Since F is continuous,
conditions
(ii), (iii) of Theorem 4 holds everywhere. Thus Theorem 5 is an immediate
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consequence

of Theorems

3 and 4.

IX. Proofs

of Theorems

6, 7, 8

9.1. Asymptotic formulas. For our purpose, the approximation
(9.1.1)

<¡>n(x)= «r1'4{cos((2n

where c is a constant,

(9.1.2)

+ l)1'**-

will be sufficient.

in every finite interval.

nx/2)

[8, p. 194]

+rn(x)},

In this formula,

rn(x) = 0(n-1'2),

uniformly

401

<(*)

= 0(1)

(»-►*)

We shall use the following consequences

of

(9.1.1) and (9.1.2):
<t>n(x+ t)dt = 0(«-3'4).
-h

(9.1.4)

<t>„(*+ t)-

4>n(x) = Oí./«1'4).

The last formula implies

(9.1.5)

(*»<*+ Í) - <t>n(x))dt
= 0(AV«).
J -h

Formulas (9.1.3) and (9.1.5) hold equally well with flh replaced by /J or by

A-

An analogue,

for trigonometric

series, of the next lemma may be found

in [12, pp. 272-273].
9.2. Lemma. Suppose the series 7."
where to F(x), and bn = o(n~3li). Then

b„cj)n(x) is Poisson

summable every-

(i) putting L(x) =flF(t)dt, we have
CO

p

L(x) = I>„
0

X

I 4>n{t)dt,
J 0

the convergence of the integrated series being uniform in every finite interval;
(n)

2^0° bn<j>n(x)converges to Fix) if and only if

(L(x+

h) - L(x - h))/2h^F(x)

(iii) (L(x+h)+L(x-h)-2L(x))/h->0for
(iv) if F(x-f)

as

A->0;

all x, as h->0;

exists, then ^Zq 0„<£„(x) converges to F(x + ); the same is true

for F(x —);
(v) if F(x+) and F(x-)

exist, then F(x+) = F(x-).

Proof. By the Riesz-Fischer

theorem,

F(x)~23^

o„0„(x). The sequence

\bn) satisfies Zygmund's condition Ayj [13, pp. 434-435]. Hence ^0° bn(f>n(x)
is equiconvergent

with a trigonometric

wise [13, p. 437]. This proves

(i). Next,

series, and may be integrated
put SN=

^2o bn<¡>n{x).Then,

termkeeping
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IMay

x fixed,
(£(* + h) - X(x - h))/2h - Sjvr

= — Z bn I (*,(* + /) - <t>nix))dt
+— 2
2« „=o

«/_*

2« n=^+l

6» I *»(*+ <)<*<•
•'—*

Denote the two terms on the right by P and Q, and let Ar= [A-2]. By (9.1.5),
(

JI

P = — £

N

o(«-3'4)0(A2re1'4)

= h^oin-1'2)

2h n=0

= oihN1'2)

= oil).

n=0

By (9.1.3),
1

00

Ö= — 2

1

00

o(»-3,4)0(w-3'4) = — X

2 h „-JV+1

o(w_3/2) = oih-i-N-1'2) = oil).

h n=N+l

This proves (ii). To prove (iii), we again let N=[h~2].

Then

Z(x + A)+ L(x - A)- 2L(x)= X) in \ I $»(*+ t)dt - J tf>„(x
- t)dt>.
n=0

WO

In the last sum, write X!o"= Ho + JIn+i^A+B.
(9.1.3) to B, in the same manner

B=oih).

«Z 0

/

Applying (9.1.5) to A and

as to P and Q above,

we obtain

A =o(A),

This proves (iii).

Next, if F(x + ) exists, then Z)+L(x) =/(x + ). By (iii), we then have
D-Lix) =D+Lix). Hence L'(x) =/(x + ), and (iv), (v) follow from (ii).
9.3. Suppose now that the hypotheses of Theorem 6 are satisfied. Since
/*(x) and/*(x) are finite, the function
00

(9.3.1)

/(*, r) = £

an<t>nix)r»

(0 û r < 1)

n=0

is bounded

in r for each x. Thus the series
00

(9.3.2)

- E «.*»(*)/(2»+ 2)
n=0

is Poisson summable at all points x to a function F(x). Moreover, every
perfect set P of points x contains a portion IÍ —J-P, where / is a segment,
such that/(x,
r) is uniformly bounded for x on II [12, p. 299]. Hence (9.3.2)
is uniformly Poisson summable on II. It follows that F(x) is continuous on a
dense open set.
By the Riesz-Fischer theorem, (9.3.2) is a Hermite series. By Theorem 5,
it is therefore sufficient to show that F(x) is continuous for all x.
Let m(x) be a function which is associated with yix) in the sense of 7.1,
such that «G-ffo- Put PF(x) = F(x) — ßw(x). Then, if F is bounded above in a

neighborhood of x, Theorem 4, and 5.6, imply
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A*W(x) ^ A*F(x) - A*fi«(x).è

/*(*) - u(x) à /*(x) - y(x) ^ 0.

By 6.2, W(x) is thus A-convex in every segment in which W(x) is upper semicontinuous.
Let E be the set of points x at which F(x) is discontinuous.
Suppose E
contains an isolated point Xo. Then W(x) is A-convex to the right and to the
left of Xo, IF(x0 + ) and W(x0 —) exist, hence F(x0 + ) and F(x0 —) exist; applying 9.2, with bn = an/(2n + 2), we see that F(x0 + ) = F(x„-), and that (9.3.2)
converges to the common value. Thus Xo is a point of continuity of F, and E
contains no isolated point.
Thus, if E is not vacuous, its closure E is perfect. Let El = J ■E, where /
is a segment, be a portion of E on which F is continuous. Let (a, b) be a segment contiguous to II. Since W is A-convex in (a, b), W(a + ) and W(b —)

exist. Hence F(a + ) and F(o-) exist. By 9.2, F(a + ) = F(a), F(b-) = F(b).
Hence W(a + ) = W(a), W(b-) = W{b). It follows that, if x0 is any point of
II, then IF is upper semi-continuous
at Xo. Thus IF is upper semi-continuous
in J, which implies that W is A-convex, and therefore continuous, in /.
Thus E is vacuous, and Theorem 6 follows. (The above proof is very similar to that of the analogous theorem for trigonometric
series in [12, p. 301 ].)
9.4. Theorem 7 is a consequence of (9.1.1) and the Riemann-Lebesgue
theorem [10, p. 403]. Theorem 8 follows immediately from Theorems 6 and 7.
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