THE COEFFICIENT PROBLEM IN THE THEORY OF
LINEAR PARTIAL DIFFERENTIAL EQUATIONS(Y)

BY
STEFAN BERGMAN

1. The basic idea of the application of integral operators to the Weier-
strass-Hadamard direction. In order to generate and investigate solutions of
differential equations, operators p (defined as the integral operators of the
first kind) have been introduced in [2; 6](%). p transforms analytic functions
of one and two variables into solutions of linear elliptic differential equations
of two and three variables, respectively. It has been shown in the above-
mentioned papers that p (as well as some other operators connected with p)
preserves many properties of the functions to which the operator is applied.
This situation permits us to use theorems in the theory of functions to obtain
theorems not merely on harmonic functions in two variables, but on solutions
of other linear differential equations as well(3).

In the present paper the above-mentioned method is used to prove con-
nections between the properties in the large of solutions ¢ of certain linear dif-
ferential equations, see (1.1) and (1.3), on one side and the structure of cer-
tain subsequences of the coefficients of the series development of Y at the
origin on the other.

Let us formulate these procedures in a somewhat more concrete manner,
at first for equations in two variables. Let ¥ be a (real) solution of the differ-
ential equation

1
(1 1) L(‘/’) =Y.+ F(Z, z*)'P = Z (‘I/xlzl + ‘/’zgzz) + F(xl, xz)l// = O,

2 = x; + 1%, 2*¥ = x; — 1%y,

where F(z, 2*) = F(x,, x2) is a (real) entire function(*).
In analogy to the case of harmonic functions we associate with ¥ an
analytic function g of one complex variable 2z by the relation

(1.2) ¥(z, 0) = (g(z) + £(0))/2.

Received by the editors August 17, 1951.

(1) Paper done under contract with the Office of Naval Research N5ori 76/16 NR 043-046.

(?) Numbers in brackets refer to the bibliography at the end of the paper.

(%) The operation Re [p( )] represents a generalization to the case of more general linear
differential equations of the operator Re[ ] (taking of real part). It permits us to generalize
methods in the theory of harmonic functions which are based on the use of the operator Re.
A subscript attached to an operator indicates dimension of the function produced.

(9 IL.e., real for real values of the arguments x,, %3, and entire when continued to complex
values of xi, x».
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(Thus g/2+const. coincides with ¢ in the so-called characteristic plane,
2*¥*=0.) g(2) is defined as the C-associate of ¥(z, 2*) with reference to the
origin. Re [p( )], where p=p; is the operator of the first kind mentioned
above, transforms g(z) back into the solution ¥(z, 2*).

The expression Re [p:(g)], representing the solution y in terms of its
C-associate, g, involves two integrations, see (2.7), (2.5). The first integration,
see (2.7), transforms g into a function of one complex variable. Due to this
fact various classical results on the relations between analytic functions (in
particular, algebraic functions) on one side, and their integrals on the other,
can be interpreted successfully as theorems on solutions y of (1.1). Using these
and other properties of p, the classical results in the theory of functions yield
among others the following types of theorems:

Let Ry be the Riemann surface of an algebraic function, and let 2A(Ro)
be the class of solutions of (1.1) such that the C-associates 2y(z, 0), ¢y EA(Ro),
are single-valued on Ry. Then every ¢y ENA(R,) can be represented in the form
of an integral, whose integrand is a product of two expressions. The first
factor depends only on F (i.e., only upon the equation), the second depends
only upon Ry (i.e., independent of F) and (for all ¢ EA(Re)) can be repre-
sented in a closed form involving algebro-logarithmic expressions, certain
6-functions, their derivatives, and finitely many transcendental functions(®).
Using the classical theorems (Weierstrass, Hadamard, Eisenstein, Pdlya,
Szegd, . .. ) it is possible to show that the subsequences {amo}, m=0,1, 2,

-+, of the developments Y = Y _m.n Gmnz"z*", Yy EA(R,) lie in a certain mani-
fold (which is independent of F) of the coefficient space (§§2, 3).

The study of differential equations in three variables represents a further
step in the development of this approach(®). In continuation of [6; 8], in
the present paper we consider differential equations

(0°9/0%y) + (8°%/0%2) + (8°9/dx5) + Fy = 0,
'¢' = ¢(X)) X = (xlv x2y x3)1

where F is an entire function of »2= )_3_, x%. These investigations consist of
two steps: the study (1) of the mappings of harmonic functions ¥(X), onto
algebras, (2) of the transition from the harmonic functions to the solutions of
(1.3) (with F0).

(2) proceeds in essentially the same manner as in the two-dimensional
case, and involves mainly technical difficulties. Thus problem (1) is the major
point in this study.

In §4 we discuss the mappings of harmonic functions onto functions of
two complex variables, g(Z, Z*). In analogy to the class A(Ro) we introduce

(1.3)

(%) This result is a direct application of the representation of integrals of algebraic func-
tions by 6-functions and integrals of the first kind.

(%) Another direction is the study of differential equations with singular coefficients [7; 9],
and quasi-linear equations.
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certain subclasses A(ay, - - -, @p; N), see p. 18, of multi-valued harmonic
functions. We show that ¢(X)EA(ay, - - -, ap; N) can be represented in
closed form by algebro-logarithmic expressions, §-functions, their derivatives,
and finitely many transcendental functions belonging to A(ai, - - -, ap; N).
In §§5 and 6 we show that subsequences of the coefficients of their series de-
velopment at the origin and at infinity belong to certain manifolds of the
coefficient space.

As in the two-dimensional case, these results can be extended to the case
of solutions of equation (1.3). See §7. In particular, we obtain a representation
of solutions ¢y &EA(ay, « + -, ap; N) of (1.3) in the form of double integrals of
products of two terms. The first term depends only upon F (i.e., the equation
(1.3)) and the second is independent of F and can be represented in a closed
form, in certain cases, by the inverse of the Weierstrass g-function. Its argu-
ment and parameters are conveniently chosen combinations of the variables.
Further we show that a subsequence of the coefficients of the series develop-
ment of Y(X)EA(ay, - - -, ap; N) lies in a certain manifold of the coefficient
space, which manifold is independent of F. Finally we mention the possi-
bilities of extending our methods to more general differential equations in
three variables (§8).

We see that due to the particular simple laws of mappings(’) by the
integral operators considered a large variety of results in the theory of
analytic functions may be used to obtain theorems on solutions of differential
equations (1.1) and (1.3). (The theorems 2.2, 7.1, 7.2, etc., are only examples
in this direction.) The main interest of our considerations consists of working
out a method which permits us to extend certain directions in the theory of
functions, namely those dealing with the coefficient problem and classifica-
tion of certain types of solutions, to the theory of equations (1.1) and (1.3).

The author wishes to thank Dr. Henry Pollak for his helpful advice and
aid in the preparation of the present paper, which in some instances led to
a simplification of the presentation.

2. The associate of a solution y of equation (1.1). Solutions whose asso-
ciates of the first kind are algebraic. Let H(xi, x2) =y(z, 2*) be a (real)
harmonic function of two variables; then it can be represented in the form(?)

(") The mappings P of one class of functions, say analytic functions f, onto another class,
say solutions ¢ of (1.3), are defined at first in the small. Since f and ¢ can be continued analyti-
cally, one can extend the definition of the mappings to the large. Since the Riemann surfaces
of the corresponding functions f and ¥ do not need to coincide, we must in the latter case indi-
cate the sheet on which the reference point has been chosen, as well as what branch of y is
obtained by P(f).

(8) We note that if x1 and x; are real, then z and z* are conjugate to each other; if x; and
%, are complex, 2 and z* become two independent variables.

A function y(z, £) which for real values of the arguments, xi1, ¥ (or z* =2 conjugate to 2),
is real, is said to be real. In the sequel ¢ will denote either real or complex solution of the dif-
ferential equation.
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(2.1) ¥z, 5% = [e() + 28N]/2, 3= m+ iz, 2* = w1 — iy,
so that
(2.2) g(z) = 2y(z, 0) + const., g(z*) = 2¢(0, z*) + const.

Therefore the analytic function g, whose real part is ¥, can be obtained by
continuing ¥ to complex values of the arguments and considering it in the
characteristic plane z* =0 (or 2=0). In the following, we shall refer to g as the
associate of the first kind of  with reference to the point(®) O=(0, 0).

The Weierstrass results on integrals of algebraic functions can be inter-
preted in a form stating that if in the characteristic plane a harmonic func-
tion is an integral of an algebraic function, then it can be represented in the
large by employing the Weierstrass formulas. Obviously various results of
this kind about analytic functions can be stated for harmonic functions.

Various operators have been introduced transforming analytic functions
of a complex variable into solutions of linear partial differential equations of
elliptic type

L) = 4zae + A + Byor + 4FY

(2.3) 1

1
=AII/+7(A+B)%+ (4 — Bjyy + 4Fy = 0.

24
In the present section, we shall show that if A =B =0 and F is an entire
function of z, z*, the above results in the theory of functions of a complex vari-
able can be used to derive similar results for solutions of (1.1)('?). Our con-
siderations are based on the following theorem derived in [2] concerning the
representation of solutions of the differential equation (1.1):

THEOREM 2.1. Let E satisfy the differential equation
(2.4) (1 —)E,» — (1/t) E,» + 23¢(E,.» + FE) = 0,

and certain additional conditions, then

1

1
05 v=mi=[ B t)f(72(1 - m)dt/(l — ey,

t=—1

where f is an arbitrary function regular at the origin of one complex variable, will
be a (complex) solution of (1.1).

(°) Unless stated to the contrary, we shall assume, in the following, that the associate of
the first kind is taken with reference to the origin, O. While in the case of harmonic functions in
two variables, the change of the reference point does not change the character of the associate,
the situation is different in the case of differential equations (2.3) and in three variables. One
of the purposes of our considerations is to study solutions whose associates with respect to a
conveniently chosen reference point become particularly simple.

(19) The assumption 4 =B =0 was made here only to avoid long formulas. The procedure
can be repeated with almost no changes if 4 and B do not vanish.
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In [2], it has been shown that for every equation (1.1) there exist various
functions E of the above kind, which are defined as generating functions for
an integral operator P,. In particular, there exists the function Ei(z, z*, )
having the property Ei(2, 0, t) = E1(0, 2*, ¢) =1, defined as the generating func-
tion of the first kind with the reference point O.

If E can be written in the form 1+ > ., t2"Q™(z, 2*), then the operator
(2.5) can be modified. We can, namely, write instead of (2.5),

2.6) ¥ = polg) = g(a) + 3 20z, 24 [B(m, 1 + 1)]ga)

n=1

where

(2.62 o= [ (5 -m)a - a-a,
(2.6b) o = [ " — O™ g(0)ds,

@.7) 1) = f g1 — #)d/.

In the case of integral operators of the first kind, Q™ (2, 0) =Q™(0, z*) =0,
n=1. In analogy to the situation in the case of harmonic functions, we obtain
for integral operators of the first kind, the same relations (2.2) between a (real)
solution ¥(z, 2*) of (1.1) and the corresponding associate g of the first kind.

REMARK 2.1. Studying complex solutions ¥(z, 2¥), z=x1+1x2, 2* =x1— %2,
of (1.1) it is useful to distinguish a special subclass, a, of solutions, namely
those which (when continued to complex values of the arguments) have the
property that in the characteristic plane 2=0 they become constant. In the
case of equation (1.1) solutions generated by the integral operator of the first
kind form the class a. In the special case F=0, a is the class of analytic func-
tions of a complex variable.

The aim of the present section is to characterize the class of real solutions
of (1.1) which have the property that in the characteristic plane z* =0, they
become algebraic functions. (In our terminology, we shall say that the asso-
ciate of the first kind of ¥ is an algebraic function. See also feotnote 9.) In
the case where F=0 (i.e., in the case of Laplace’s equation) the harmonic
function with an algebraic associate is an algebraic function of 2, ¥, which is
defined on a certain Riemann surface, say Ro. The theory of integral oper-
ators permits us to characterize the function ¥(z, z*) in the case where F is
an entire function of z, z*.

Formulas (2.5) and (2.6) yield a representation of these functions in the
large. Thus, the solution ¢ of this kind can be written either in the form (2.5)
where f is an integral of an algebraic function of one complex variable, or in
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the form of the series (2.6) where each g, is an integral of an algebraic func-
tion. In particular, if we consider the class of solutions whose associates are
algebraic functions defined on the given Riemann surface R, then the cor-
responding functions f and g, can be written in a closed form using certain
f-functions, their derivatives, and finitely many transcendental functions,
which depend only on Ro. We proceed now to a more detailed formulation.

According to the classical results, with every closed Riemann surface
Ro defined by the irreducible equation

(2.8) Az, y) = Ao(@)y" + A1(x)y" 7 + - - - + Aalz) = 0,

where 4,(z), are polynomials, we can associate certain @-functions, and
finitely many transcendental functions J(z, ). (See [19, pp. 516, 533]('1).)
DEeFINITION 2.1. Suppose a function N(z) can be represented as a finite

expression involving: (1) Theta functions 6(u,, - - -, #,), associated('?) with
Ro; (2) their derivatives with respect to the u,; (3) integrals of the first
kind J(2, ¥)e, =1, 2, - - -, p, defined on Ro; (4) finitely many algebro-

logarithmic expressions. Then N will be said to belong to the class ®(Ro):
NeBG(Ro).

Let Ri(2), a new surface depending on Ry with branch points depending
on a parameter 2z, be defined by

(2.9) A@t, m;3) = Ao(z(1 — 1)) + A1(z(1 — 3))n" 1 4 A.(2(1 — %)) = 0.

In general, Ri(2) has twice as many branch points as Re. The corresponding

f-functions, integrals of the first, second, and third kind [19, chaps. 12, 18,

20, 30], and their periods, will then be functions of the parameter z.
DEFINITION 2.2. Suppose a function N;(¢, 2) can be represented as a finite

expression involving: (1) Theta functions 6(uy, - - -, ug,]z) associated with
Ri(z); (2) their derivatives with respect to the u,; (3) integrals of the first
kind J(¢, n[z)a, a=1,2, - - -, 20, defined on R;(2); (4) finitely many algebro-

logarithmic expressions. Then N; will be said to belong to the class $(Ry):
NEHSRY.

DEFINITION 2.3. A solution ¥(z, 2*) of (1.1) of the class a which is regular
at the origin and becomes in the characteristic plane 2=0 an algebraic func-
tion, defined on the Riemann surface Ry, will be said to belong to the class

2[(‘1{0), '/'E?I(‘Ro) .

THEOREM 2.2. Let Y EA(Ro). Then the functions g,, n=1, 2, - -+ (in the
formula (2.6a)), belong to the class &(Ro), while f (see (2.7)) belongs to H(Ry).

REMARK 2.2. We note that f and the g, are independent of F (see (1.1)),

(1) Here we follow as much as possible the Weierstrass original notation. It requires the
use of comparatively involved formulas, but gives the possibility of seeing how the integrals
depend upon parameters.

(12) p is the genus of R.
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while E and the Q™ depend only on F, but not on the associate.

Proof. Our results follow directly from the fact that in the case of the
integral operator of the first kind, the relation (2.2) is valid, and that f
and g, can be represented in the form (2.7) and (2.6b), respectively.

According to Weierstrass, see [19, p. 264], to every Riemann surface R,
of algebraic functions defined by(%) A (z, ¥) =0 (see (2.8)), there exist finitely
many transcendental functions (integrals of the first kind) J(z, ¥)« so that
the integral of the function k(z) =R(z, ¥) (where R is a rational function in
z and y) can be represented in the form

(z,9)

h(()d{ = Z G”Q(Zw yv; 3, }’; 01 yO)
(0,%0) v=1 .

(2.10) , .
+ 2 [had (3 3)a — kol (2, 3)a] + 2 H,,
a=1 =1
where 7 is the number of simple poles of %, p is the genus, and the H, are alge-
braic functions (see [19, pp. 264, 382, and 373]). According to [19, pp. 383,

596],
Q(zn Yvy 3y Yy 0) yO) = Q(zOv Yo; %, Y, O, yO)

1
0(7117)—7,01—251,“')0(71/_12)1—'17)1,"')

(2.11) + log

0(7;)—72)1—wh".)o(;u,—wl—wly.")

+ 3 (o= B {IG 3)e — T o))

a=1
b (01— @ )
W) — W1 — Wiay * * *
J'(z, y)a — 1 1 1
0(w1 — W1 — Wiay * ** )
(2.12) b (s )
. — W1 — Wia, * * °
_ ! ! , [19, p. 598],
0(— W1 — Wiay * - * )
(@)
0 = 00/0%ay,  Wap = J(Gay ba)y [19, pp. 486, 197].
Here
TG, y)a =,  J(z, y1) = @, [19, p. 597],
1 2p—2
(2.13) By = 5 > T(pw q), [19, p. 593],
=1
0
J(0, yo)s = ws, [19, p. 486],

(1) Here y is an algebraic function of z defined by (2.8). (It should not be confused with
Im 2.)
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are constants, and
(2.14) wg = J(z, )s

integrals of the first kind.
We proceed now with the proper proof of Theorem 2.2. We note that if we
write [E2)g(¢)d¢ in the canonical form (2.10), i.e.,

(z,) r P r
f g(f)di' Z CVQ(Zn yv; 2, y; Oy yO) - Z (gtlx](zy y)a - ga ,(Z, y)a) + ZGW
( v=1

0,%¢) r=1 a=1

r r

/ ’
§a EGV.M 8o = ZGv,a — ¢(@
r=1 r=1

[19, p. 264], then

(z,9) A o
f g©)de = 2 aFy, \ integer = 1,
( y=1

0.y0)

(z,y) r
f (z — O)"®)dy = 2 (z — a,)"F,, n integer = 1,
(

0,%9) v=1

where

F, = [c,ﬂ(z,., Yui 2, ¥; 0, ¥o)

- ( i (G:.u —¢@)J(z, ¥)a — G)oJ (3, y)a) + G(z, y)v:l-

Here a, represent the poles of g(¢).

REMARK 2.3. Concerning the determination of the value 7: If g(¢) has a
branch point at infinity, {*g(¢) will also have a branch point of the same order
at infinity. If, however, g is regular at infinity, or has a pole there, then
*g(¢) may have, for one value of N, a simple pole at infinity. Thus it is neces-
sary, in order to make our formula valid for all A, to include among the
simple poles of g the point at infinity; and we shall have to introduce a func-
tion of the third kind with pole there. The corresponding coefficient ¢, can
then be nonzero for only one value of A.

The first part of Theorem 2.2 now follows immediately from (2.6b) and
Definition 2.1.

To prove the second part of Theorem 2.2, namely the representation of
f(2), we only need to recall formula (2.7). It is then obvious that fEH(R,).

In the next section, we shall describe in more detail the Riemann sur-
faces on which a solution ¥ with an algebraic associate is defined.

3. The Riemann surface of a solution y of (1.1) with an algebraic asso-
ciate. The representation (2.6), (2.6a), and (2.6b) allows us to describe the
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Riemann surface R on which ¢ is single-valued.

Suppose Ry is the Riemann surface defined by equation (2.9) whose genus
is p>0. As shown in [4, p. 318], every branch point Q of finite order of g is
transformed by the operator pa(g), see (2.6), into a branch point of the same
order, and at the same point Q, while every pole of g is transformed into a
singularity of p:(g) at the same point, but at which p.(g) has a branch point
of infinite order().

Let R= Z‘RE,”), v=1, 2, - - -, be the universal covering surface of R.
Further, let Py, P, - - -, P, be the poles of g on Ry, and let there correspond,
to the points Py, P,, - - -+, P,, on every copy ¢ the points Py, Py .

PY. Since at every point P is located a branch point of infinite order, we
must, at every point P, attach() infinitely many copies R, of R. R
= . ® —w Ry« is the Riemann surface on which Y =p.(g) is single-
valued.

REMARK 3.1. The above considerations allow the conclusion that there
exist, in general, Riemann surfaces on which no solutions of the differential
equation (1.1), with F50, can be single-valued. For instance, suppose § is
a closed Riemann surface of the function

y = [(z—a)(z—a)(z —as) - (z — azn) |12, n> 1.

Suppose, further, that ¢(z, 2), £ conjugate to 2, is a (real) solution of (1.1)
whose Riemann surface is(**) S. If we continue the values of the arguments
%1 and x; of Y(x1+1xs, x;—19x;) to complex values (i.e., assume that z and 2*
are not necessarily conjugate to each other), then by continuing to the com-
plex values of x; and x., we obtain the function ¥/(z, 2*) defined for ]zl < o,
Iz*[ < o. Y(z, z*) possesses, as the only singularities, branch planes z=a,
and z*=dg,, v=1,2, - - -, 2n.

In the characteristic plane z*=0 (or z=0), the function ¥(z, 0) is regular
everywhere except at the points in which they intersect the branch planes of
¥(z, 2*), i.e., in points ai, @z, * + -, @2.. It could happen, however, that the
value of the function ¥(z, 0) in two different sheets in the neighborhood of a
point a, coincide, so that we have no branch point at all. Thus, we have to
consider different possibilities. At first, let us suppose that ¥(z, 0) has branch
points of the first order at the points ai, as, - - -, @2.. Then, according to
our previous considerations, the corresponding function must be infinitely
many-valued, since » >1, and ¥(z, Z), 2 conjugate to 2, is not single-valued on
S.

If some point a, is a regular point of ¥(z, 0), instead of a branch point,

(14) Thus, the location and character of these singularities of ps(g) are independent of F.

(%) Cutting R, we have to connect P¢’ with « in such a way that the cuts have no inter-
sections with each other.

(1%) This means, in particular, that ¢(z, ) has as the only singularities branch points of
the second order at a, and g, v=1, 2, - - -, 2.
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then Y(z, 2) is regular at @, which again contradicts the fact that y(z, 2)
should have a branch point of first order at a,. Therefore (if the Q™ are not
identically equal to zero) we have a contradiction in both cases, which shows
that the surface § cannot be the Riemann surface of a solution ¥(z, 2).

The coefficients of g coincide with the subsequence {ano} of the develop-
ment Y(g, ) = D@ 272" of a real solution. Thus, using the classical results
on functions of one complex variable, we can describe properties of the coeffi-
cients ame of the function element D m_; @moz™ of g. In particular, if g is
an algebraic function, then the coefficients {a,,o} will satisfy the Eisenstein
conditions (see [10, p. 332]). In addition to that we can easily formulate
conditions that g be defined on a given Riemann surface, Ry, and therefore
¥ =p:(g) EA(Ro) and is defined on the corresponding R. It is of interest that
these conditions are independent of F. For the sake of simplicity we discuss
these conditions only when g is a two-valued algebraic function. In this case
g may be written in the form

0w _ & : e
3.1 g(Z)=W= ge,z’/<111(z—ai)) .
Let
(3.2) > s

n=0

be the series development of g. Then since all coefficients v, depend linearly

upon finitely manye,,»=0, 1, - - - , N, one can determine a set of numbers é,,
n=1, 2, - - -, depending only on the a;, such that in

— %Yo 50 0 0 cor e 0

—y1 8 &% O ---0
(3.3 e e e e e e e

—y~n On  On-1 ON_2-- - 0o ’

~Yn B'n 67;—1 671,—2 M an—N

every subdeterminant of order N+ 2 vanishes. Since (as it is possible to show)
none of these relations vanishes identically, we obtain infinitely many linear
relations for the v,.

If y =Re p2(g), and ¥ = Y @y 2™2*", then amo="m and therefore the same
equations hold for { a,,.o} . These conditions in order that y belong to the class
of multivalued solutions described in §2 are independent of F.

In §7 we shall show that results of this kind hold also for equations (1.3)
in three variables.

4. Harmonic functions with an algebraic C; associate of a certain form.
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In §§2 and 3 using the method of integral operators we studied properties of
solutions of differential equations in two variables.

In the following we shall show that at least for some classes of differential
equations in three variables, namely of the form (1.3), analogous results can
be obtained. As we stressed in the introduction, the major task arising in our
study of differential equations of the form (1.3) is the investigation of the
mappings indicated in §1 onto harmonic functions H(X) of three variables.
Compared with the situation in the two-dimensional case, this study is
much more involved for the following reasons:

(1) The associate functions which arise when we consider H(X) in the
characteristic space by substituting

(4.1) x1 = 2(ZZ¥)2, X2 = — (Z + Z%), 23 = (Z —2Z%

are functions of two complex variables, and this theory is not yet developed
as far as that of one variable.

(2) The simplest representation (now known) for an integral operator
transforming functions of two complex variables x(Z, Z*) =xi1(Z, Z*)
+(ZZ*)V2xo(Z, Z*)=H(2(ZZ*)V2, —i(Z+2Z*), (Z—2Z%*)) into correspond-
ing harmonic functions, regular at the origin,

_ _1 U Ox(TT w(1 = 1)) | d¢
(4.2) H(X) = Ca(x) = — [fT " dT]{,

Tl =1 =0 du

u= %1+ 27(ix2 + x3){ + 271w — w5)7Y,

involves two integrations. See [8, p. 468].

Here the xi, =1, 2, are functions which are regular at the origin.

(3) Singularities of harmonic functions of three variables when considered
in the real space may degenerate; for instance, the line singularities become,
in some exceptional cases, points.

These complications suggest that in addition to the mapping of the space
of harmonic functions onto the algebra of the functions in the characteristic
space, we investigate mappings onto other algebras. In particular, those
mappings where the transition from the associates to the harmonic functions
is achieved by one integration are of considerable interest, since in this case we
may exploit classical results on integrals of functions of one complex variable
belonging to certain classes.

Two such mappings have been extensively studied.

1. The mappings of the rational and algebraic Bs-associates f, into har-
monic functions

(.3 2 = Bu() = [ 0 95, X € V(X

[1; 8].
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2. The mappings of the ring of polynomials Q({) into harmonic functions

d
.0 B0 = [ e X € Vi),

see [5], where

(4.5) P(5, X) = 2 (xe — wa(§))? = p* + R¥(;) — 2R()pT,

k=1
(4.5a) T = cos 6 cos 0:(¢) =+ sin 6 sin 6:1(¢) cos (91(¢) — @),
(4.5b) o = a1+ x5+ s

UV3(X,) represents a sufficiently small neighborhood of the point X;. .C! is a
smooth, open curve in the {-plane with the end points {; and {; such that(!")

LN PG X) =0, X € V(X)) = 0.

In cases (1) and (2) we obtained harmonic functions possessing singu-
larities on algebraic curves. The results obtained for harmonic functions
H(X) were employed to obtain solutions of (1.3) possessing singularities on
algebraic curves. In (4.9) of [8] we introduced the operator ps(G) (transform-
ing the harmonic functions G into solutions of (1.3)) in the form

© T(n+ 1/2)
4.6 G)=G6X)+2), ———
(4.6) ps(G) = G(X) E T(/2T0)
This formula permits us to obtain in the three-dimensional case results
which are analogous to those which we discussed in §§2 and 3 for the two-
dimensional case. In particular, if G(X) is an algebraic function,

1
b(")(rz)f 1 — )" 16?G(02X)do.
o=0

1
f (1 — ¢®) 162G (e2X)d0, n=12,---,
=0

will be integrals of algebraic functions and therefore according to the classical
results can be represented by certain f-functions, their derivatives, and
finitely many transcendental functions. See for details p. 506 of [8]. In a
similar way the formula (4.6) permits us to exploit other results on integrals
of algebraic functions in the theory of differential equations in three variables.
In this connection it is of importance to characterize the Cs-associates of the
harmonic functions which have been introduced and investigated in cases
(1) and (2).

In case (1) it was possible to characterize the harmonic functions (4.3)
where (! is a closed curve. In this case, provided that f (i.e., the Bs-associates)
are algebraic, the Cj-associates are combinations of algebro-logarithmic

(17) In case (1), &1 and ¢§; usually coincide, so that .C‘ is a closed curve.



1952] THE COEFFICIENT PROBLEM 13

functions and so-called period functions. It was not possible in the general
case to characterize in a simple way the C;-associates corresponding to case
(2). As we shall show, however, in §5, there exists an interesting subclass
of these functions (which will be denoted by &) whose C;-associates are func-
tions of a certain form of one variable. This variable is a conveniently chosen
combination of the variables Z and Z*. Using these properties, as we shall
indicate in §§5 and 6, it is possible to characterize to a large extent the har-
monic functions of the subclass &.

m.
Fic. 1

Before proceeding to this more special consideration, it will be useful (1)
to make a table of the operators in the present paper, (2) to prove in Lemma
4.1 certain results concerning the analytic continuation of harmonic func-
tions given by (4.4) provided that Q(¢) is a polynomial.

P2 (2.6), transforms analytic functions g(z) into solutions of (1.1) of the
class a, see Remark 2.1, and is connected with

Py, (2.5), by relation (2.7).

C;, (4.2), transforms functions x(Z, Z*) of two complex variables Z, Z*
into (complex) harmonic functions of three variables.

B;, (4.3), transforms analytic functions of

u = (214 272(ixs + x3){ + 271(4x, — 23)¢Y) and ¢

into (complex) harmonic functions of X = (x1, x2, x3).

ps, (7.1), transforms complex harmonic functions of three variables into
complex solutions of (1.3), connected with

P;, - (7.1), by relation (7.1a).

LeEmMA 4.1. H(X) defined by (4.4) can be continued analytically to all finite
points except

4.7 8= [P, X) = 0, Py(s, X) = 0] and 8 = [P(s, X) = 0,k = 1, 2].

Proof. If P({, X,)#0 for all { €L}, then (4.4) represents a harmonic
function for X&E1V?(X,) where V*(X,) is a sufficiently small neighborhood of
Xo. Let X; be a point where P({®, X;)=0 for a value {VEL* and let
P (¢, X7)#0. In order to prove our lemma we have to show that H(X)
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can be continued analytically to the value X;. This will be proved by a suit-
able variation of the integration curve L' = [{1{V{:] to a new curve L*L.
To every point {o and the {-plane there corresponds a circle

3

3 2 3
P(ry) = [g (5 — 060)* = 3 wi(E0)) 2 (wx — 0at)welce) = o].

k=1 k=1

(4.8)
ur($o) = vr($o) + 1wi($o),

(which can degenerate to a point) where P({y, X) vanishes. To an arc

F1G. 2

L= [6:8@F.], see Fig. 1, there corresponds in the X-space a two-dimen-
sional manifold

(4.9) 5t = [ PUE), ¢ EL L0, L0 = (51, £2)

which has the property that if P(¢, X) =0 for { EL+L°, then X must belong
to 32. (Note that the set of points consisting of {; and {: is denoted by ({1, 2).)

The values of X for which P({, X) =0 lie on the circle P!({). Let P(¢™, X)
=JIz.. €™ —ex(X)). Suppose now that e,(X;) =¢@, then ex(X;) ¢ for

k=2,3, .- -, p, since P({®, X;)#0.

Let 13(X;) be a neighborhood of X; which is so small that

1. e(X), XEV(X), k=1, 2, - - -, p, is single-valued;

2. Iek(X)—el(X)l >A4>0,k=2,3,:--,p, where 4 is some fixed num-
ber;

3. U3(X,y) is divided by 3% into two (connected) parts V3(X:) and V3(X;).
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Then we have:

V' (X) = Vi(X) + Vi(X) + 5o, 3 =3 N V(X
Since e,(X), for X& V¥(X,), is single-valued, by the relation
(410) §' = 61(X),

a one-to-one mapping of points { into segments of lines
') = P N VA(Xy)

is defined. 3¢ divides T3(X,) into two parts. Since to the points { lying on Lt
correspond segments {1({) lying on 3, the values of { =e;(X), XEUVI(Xy), lie
on one side, say n?; for XEUj(X,) on the other side, 1}, of the segment .(!,
see Fig. 1.

Let L*! be a curve which connects {; and {3, and is obtained by replacing
a sufficiently small arc [{3{®¢,] of ! by a circular arc, [fsm{4], which lies
(except the end points) in ng.

Then for XEU}(X;) we obtain two representations

(4.11a) nx) - [ JROILCE AR

(4.11b) f JRLIECE IR

To the curve L*! there corresponds a segment of a new surface 3*2, which
lies in ‘U3(X;1) + 3% but does not contain X;. Hence there exists a sufficiently
small neighborhood, say T?(X,), which does not intersect 3*? and in which
consequently P, X), {&L*', does not vanish. Hence (4.11b) exists for
XE‘U3(X1) and represents the analytic continuation of H(X) to T(Xy).
8] and 8} are (one-dimensional) algebraic curves, and hence they cannot di-
vide the (three-dimensional) X-space into two parts.

This completes the proof of Lemma 4.1. There now arises the question of
how many independent harmonic functions H,(X) are represented by (4.4)
with fixed end points {1, {2

For every X not belonging to 8}, see (4.7), (P(t, X))V is a function of {
which is determined on a two-sheeted Riemann surface whose branch points
¢ =er(X) vary with X.

Let ' be a fixed curve on the (two-sheeted) Riemann surface of
(P(¢, X))V? with the end points {; and {..

If now we vary the point Xj, the right-hand side of (4.4) will yield the
same harmonic function until one of the branch points ex(X3), k=1,2, - - -, p,
intersects 1. As we indicated before, the relation

(4°12) ek(X)=§-) k=11 2v"'v?1
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for a fixed ¢ defines the circle P1({) in the X-space. The surface 32, see (4.9),
will (in general) divide the three-dimensional space into a number of cells,
say Co(LY), v=1, 2, - - - . The right-hand side of (4.4) will represent in each
of the cells 3(LY), v=1, 2, - - -, a harmonic function.

On the other hand, in different cells C3(L"), the right-hand side of (4.4)
will represent (in general) different harmonic functions, say Hy(X),
Hy(X), - - - . As indicated before, each function H,(X),v=1,2, - - -, can be
analytically continued outside the cell (2(L?), by conveniently varying the
curve('®) L.

According to Lemma 4.1 each H,(X) is defined by analytic continuation
in
(4.13) A — 8, 8 =8 +8,

where 4% = [x?+x3+x2< » |, and 8} and 8} were introduced in (4.7).

Let us consider the (three-dimensional) domain <4%—8!. Its one-dimen-
sional Betti number will in general be different from zero. We now make the
assumption that by a finite number of cuts, G%, m=1, 2, - -,n, G
= > »_. G2, we can make the space «3—8! simply-connected. If we move
along a closed curve, D!, starting from the point X,, which curve D! can be
reduced to a point in «43—8!, then obviously upon returning to the values
X, we shall have the same integration curve ! from which we started, and
therefore we shall get for H(X) the initial value H(X,).

If, however, our curve cannot be reduced to a point in the space 4% — §!
(in which case D! cuts the surface T?), then, in general, upon returning to
the starting point X,, we shall obtain a new curve, say (5, whose end points
are {1 and {, but which cannot be deformed continuously on the Riemann
surface R(Xo) to L}, R(X) being the Riemann surfaces over the {-plane with
branch points e;(X,), see (4.12). Therefore, the difference between the new
function, say H*(X,), and the function H(X,) from which we started is

3

2p

(4.14) 2 a,(X0)2u(Xo)

v=1

where ©,(X,) are so-called period functions and a,(X,) are integers. The
theory of period functions was developed in [1] where it was shown that our
functions are defined on R-manifolds with infinitely many sheets and a
method has been discussed, by which, using the theory of hyperelliptic
integrals of one complex variable, we get some information about these func-
tions. In particular, it has been shown that if we introduce certain #-functions
and their derivatives, the totality of the functions H(X) which one obtains
where Q ranges over the totality of polynomials has in a certain sense a finite
basis: using the above mentioned #-functions, their derivatives, and finitely

(18) The end points {1 and ¢ of ,C‘ naturally have to be fixed.
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many algebro-logarithmic expressions, the Q,(X) can be represented by
finitely many transcendental functions. The functions belonging to this basis
are certain period functions mentioned above.

Thus our method permits us to generate, by evaluating the right-hand
side of (4.4) and varying the neighborhood 1?*(X;), a number of multivalued
harmonic functions. They differ from each other by a combination (4.14) of
period functions.

As indicated before, the curves 8} and &, are the only possible singularity
lines(*®) of functions H,(X).

LEMMA 4.2. 8= D _2_, P(tw) consists of two circles, see (4.7), in the X-space.

LEMMA 4.3. Let 2p, be the degree in ¢ of P(¢, X). The curve 8} is (in general)
an algebraic curve of the degree not higher than

(4.15) 5p1— 3.

Proof. In (4.5) we expressed P({, X) in polar coordinates p, 8, and ¢.
In order to determine the discriminant of our equation P({, X) =0, we write
down the coefficients of {*, »=0,1, - - -, in

P!’) Py {Ph {P) Sty {2P1—2P§"7 (27’1_2})1 ;-2121—-1})"

(4.16)
PEP(f,X), P§EP§(§)X)

We obtain a determinant with 4p; —1 columns and rows. Every term which
lies in the 2nth row, and nth column, #, is of degree 2, forn=1,2, - - -, 2p;—1.
P, does not contain p2. Hence the factor p? does not appear on any other
place except in the above-mentioned terms, and in order to get the highest
degree in p we have to use the product of these terms. Furthermore, we must
take terms of degree one from the next p; columns. Let us now consider the
2p1th column. If we take a term of degree one from this column, then we have
taken nothing so far from the first row of the determinant and in all succeed-
ing columns the elements in the first row are 0. Hence, in order to get a non-
vanishing term, we must take in the 2p;th column the term in the first row
which is of degree 0. Hence, we lose 1 degree and the highest possible degree is

2:2p1 =)+ 1-(pr— 1)+ 0= 5p, — 3.

5. Harmonic functions of the class €.

DEerFINITION 5.1. The subclass of harmonic functions which can be repre-
sented in the form (4.4), (4.5), (4.5a) where 0,({) =6: and ¢:i({) =¢; are
constants will be denoted by &.

The harmonic functions H(X)ES&, X =(x;, x;, x3), are functions of two
variables p and T, see (4.5a).

If we substitute for x;, x2, x3 the values (4.1), the Cs-associate of HES

(19) They may degenerate in the real X-space.
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becomes
- e Q) ds
5.1) C; (H) = f
’ o [RE)(=25 + RE)
where
(5.2) S = 2(ZZ*)1? cos 6, — 1 sin 0.Z¢i% — 1 sin 0,Z%¢ %,

Here 0; and ¢, are constants so that (5.2) becomes a function of one variable,
S. Since the C;-associate of every function is uniquely determined, the class
& can be characterized by the fact that C;~1(&) consists of functions (5.1)
of one variable, S, of the form (5.2).

The corresponding harmonic functions become functions of two variables
p and T, of the form (4.4), see also (4.5). (Since 6, and ¢, are constants, T
can be considered as a new independent variable.)

In the following we shall: (I) describe the structure of the singularities of
the functions of the class &, and (II) show that the coefficients of their series
developments at infinity and at the origin lie in certain subspaces of the
coefficient space.

Let us assume that the coefficient of the highest power of ¢ in R({), see
(4.5), is 1. Then for HE S, see definition 5.1, let

(5.3) Mo=ﬁ«—w,
and let

N
(5.4) 06) = L e

be a polynomial in { of degree < N.
DeFINITION 5.2. The subclass & of functions (4.4), determined by R and
Q of the above form, for which the degree of Q(¢) is =N will be denoted by

2[((11, c 0ty Ay, N)-
LEMMA 5.1. The only possible singularity curves of the functions H(X)

EA(ay, - - -, ap; N) are p+1 circles (which may degenerate) each of which s
the intersection of the plane
(5.5a) %1 cos 01 + x5 sin 6; cos ¢1 + x3 sin 6 sin ¢; = Re (R({P))

with the sphere
s b(x1 — Re (R(¢™®) cos 61)% + (22 — Re (R(¢®)) sin 6, cos ¢1)% + (=3
.5
( ) — Re (R(¢®) sin 6, sin ¢1)% = (Im R({(®))2;

and the straight line consisting of the rays
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(5.5¢) ¢6=¢1, 0=0 and ¢=¢1+ 7w, 0= —0.
Here ™, k=1, 2, - - -, p—1, are the (p—1) solutions of R'({)=0 and
(@ =f, (o ={,

Proof. The equations P({, X) =0, see (4.5), and P;({, X) =0 in this case
assume the form

(5.6) Pt + R [—2Tp + R()] = 0,
T = cos 0 cos 0, + sin 0 sin 6, cos (¢ — ¢y),
(5.7 R () [=2Tp + 2R()] = 0,

respectively. There are two possible types of solutions of (5.7):

(1) R'(¢)=0: We obtain p—1 (generally) distinct values for {, say
§=¢W, k=1, 2, - - -, p—1. Substituting these values into (5.6) gives p—1
circles. Adding two circles corresponding to the end points {; and {3, we ob-
tain p+1 circles.

(2) R(¢)=pT: substituting this into (5.6), we obtain p*(1—T72)=0. T?
is always less than or equal to one, and may equal one only if ¢ =¢;, =0,
and ¢ =¢;+m, 6 = —0;. All other possibilities lead to a different representa-
tion of the same line. The origin lies also on this line so that the case p=0 is
already included. This proves our lemma.

Before proceeding further, it will be of interest to discuss in detail the
simplest example, namely where R({) =4+ B{ is of the first degree. In this
case, we can carry out the integration and we obtain

2
(5.8) H(X) =2 (=1)F,

k=1

1/2

(5.82) F.=1log [Cc+ Ci+ D)"*], Cc= Bts+ A+ oT, D=p'(1 — T").

We shall determine the singularities of F, in the real (finite) space,
x%24y?422< . The only singular manifolds which can possibly occur cor-
respond to the following four possibilities:

(5.9.1) C.=0, D50, (5.9.2) Ci#0, D =0,
(5.9.3) Cc=0, D=0, (5.9.4) Ci4+ D=0, C, 0.

In the first case, the function is regular on the manifold (5.9.1), since the
function F, has the development 2~ log D+C+ - - - . It can be singular
only for D=0, i.e., in the case (5.9.3).

The expression in brackets on the right-hand side of (5.8a) is two-valued.
In the case (5.9.2), we obtain in the second sheet a logarithmic branch line for
D=0,i.., for [p=¢1,0=0;] and [¢p =¢;+, 8 = —0,], where we have a branch-
line of infinite order.
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The third case, (5.9.3), can occur only if R({.) is real, and we obtain an
isolated point 8 =6, ¢ =¢;, p=—R({,). (This point lies on the line D=0.)
The case (5.9.4) leads to the circle P(¢,, X) =0 on which the function is con-
tinuous but on which the derivatives are infinite. We obtain, for instance,

0H TP(t) + 2p — pT?
»  CCi+ D)2

-+ reg. terms.

In the case where R({) is of a higher degree, the functions can be represented
in closed form using hyperelliptic integrals, and a similar discussion can be
carried out.

REMARK 5.1. If H(X)E®, then the location of its singularities and the
value of R(0) determine the quantities a4, - - -, a, in (5.3).

We proceed now to the problem II.

Outside of a sufficiently large sphere, we can develop a function (4.4) of
the class & in the form of an imfinite series of spherical harmonics

> Bpp—(ntD [P,,(cos 6) P.(cos 01-)

5.10) "° 5
i n — L »
42> A P,(cos ) P,(cos 01)(cos v¢ cos vp; + sin v sin miu)] .
y=1 (% + V)'
DEFINITION 5.3. An expression depending only on the a;, j=1,2, - - -, p,
and N will be said, for the sake of brevity, to belong to ax.

THEOREM 5.1. A necessary condition that the series (5.10), where 0, and ¢,
are arbitrary, real constants, represent a functions element (at infinity) of a
Sfunction of class A(a, - * -, ap; N), see Definition 5.2, is that for every integer
RZR,(p, N)=6(N+1)(N+2)(N+3)p+17, there exist a set of numbers
{452}, s=1, 2, -+ -, sg; R=Ru, Rot1, - ; AZI=A%a;, N)Eay,

so that the relations

5.1 Y AST88.8, =0, s=1,2 -, 58 R=Ro Rut1,---

p+o+7SR
hold(?®). Here A,‘,fi'f}, s=1,2, .-+, sg, for pFo+7=R are not all zero(??).

Proof. Since (1—2p7'TR({)+p2R2(¢))~V2, with T=cos o and R({) =1,
is the generating function of the spherical harmonics, we obtain that 8, in
(5.10) are given by

(29) A,(,?;',), are independent of e\, N\=1, 2, - + +, N, as well as of {1 and ¢». Explicit formulas
for Ay, Boan (see Theorem 6.1), as well as for some other quantities considered in the fol-
lowing, can be obtained by straightforward computation. Since they are quite involved, they
have been omitted from the present publication. They can be found in the Technical Report
No. 32 of the series Studies in Partial Differential Equations, Cambridge, 1951.

(2) This implies that we have infinitely many distinct relations (5.11).
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1]
(5.12) Bo= | OC)I[RE) ],

[$1
where Q and R are polynomials, see (5.3) and (5.4), so that

n(p—1)+N N

(5.13) Bu= 2. 2 F(G, N mal(e — a)™itt — (1 — a) 1],

=0 A=0
where F(j, N\, n) are certain functions of the a;. (See footnote 20.) Our aim
is to obtain relations among the 8,’s which depend only on a;, but are inde-
pendent of {1, {s, as well as the coefficients e\ of Q. For this purpose, we multi-
ply three 3,’s by each other, and get relations of the form

N A A2 [(Rp+3(N+1))/2] «

BBaBr= 2 2. 2 > > S(e, B3 My Mg, Nsj p, 7, 7)

A=0 Ag=0 A3=0 a=1 B=0

X {(3'2 — @)1 — 1) — (51— @1)*(§2 — al)ﬁ}e)\lelgel”
where S€ay. In the following, we shall consider the expressions
(5.14a) {(5’2 — a)*(f1 — a)f — (51— an)($2 — al)ﬂ}e)‘lehe}\,

as variables which eventually have to be eliminated from the equations (5.14).
To prove Theorem 5.1, we need a number of lemmas which are for the most
part evident.

(5.14)

LEMMA 5.2. The number of non-negative integers satisfying the inequalities
0O=EMS=EM=EMSEN
15 (N+1)(N+2)(N+3)/6.

LeEMMA 5.3. The number of distinct ways of writing an integer R>2 as a
sum of three positive integers is larger than R?/6.

LEmMMA 5.4. If R>(N+1)(N+2)(N+3)p, then the number of variables
(5.14a) for which o+ appearing as exponents in the right-hand side of (5.14)
assumes its maximum value Rp+3(N+1) is less than the number of equations
(5.14) for which p+o+7=R.

Proof. By Lemma 5.3, the number of equations is larger than R2?/6. The
number of variables is

(N+ DV + 2)(N + 3) {1 " Rp + 3(N + 1)}

5.15
(5.15) 5 >

If R satisfies the conditions of Lemma 5.4, it is obvious that R%/6 is larger
than (5.15).
We now estimate the number of triples (p, o, 7) such that p+o+7=R
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and 0Zp=o=r7.

The number of distinct ways of writing an integer M as the sum of two
positive integers is = [M/2](?%). Hence the number of distinct ways of writing
all positive integers < M as a sum of two positive integers is larger or equal to

N e e N ENE

We now proceed to the determination of the number of distinct ways of
writing all integers <M as the sum of three positive integers. Suppose that
the smallest of these three integers is K. Then the number of triples whose
smallest member is K is the same as the number of distinct pairs adding up
to M —K where each member of these pairs must be larger or equal to K.
This number is by (5.16) larger than

- (5.17) [(M - 3K)/2]

If K varies from 1 to [M/3] (since K is the smallest of the triple, K < [M/3])
we obtain all possible triples. It remains to determine a lower bound for

(M]3)
(5.18) >, [(f - 3K)/2]

K=0
We shall show that for M =36
(5.19) (M — 7)3/36
is such a lower bound. If we write the sequence [(M—3K)/2]?, K
=0, 1, 2, - - -, then we obtain a consecutive series of squares decreasing
from [M/2]? to 12, with every third term missing. The worst possibility is if
the numbers [(M—2—6k)/2]% k=0, 1, - - -, [(M—9)/6]?, are missing. We

obtain therefore that (5.18) is greater than or equal to

M/2] [(M—2) /6]

> o nr—09
n=1 n=1

(5.20) —9[(M — 2)/6)([(M — 2)/6] + 1)(2[(M — 2)/6] + 1)}
Zi{i(M_3)s___l_(M+3)3} ZL(M— 7)3, for M = 36
6 l4 12 = 36 ’ =

w = = {[/2)(1/2] + D L/2) + 1)

Thus, if p, ¢, 7 covers all distinct possibilities so that p4+o+47 =R, then the
number of equations is larger than (R—7)3/36. On the other hand, adding
expressions (5.15) for R=1, . - - , R=R(®), we see that the number of dis-

(2%) [S] denotes the largest integer which is smaller or equal to S.
() In order to avoid subscripts we use the same symbol R both as a summation index
and as the upper limit.
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tinct variables (5.14a) in these equations is

(5.21) W+ 1)(N2'Z W +3) R(Rp + 10 + 6N + p).

A simple calculation shows that under the hypothesis of Theorem 5.1,

by N+ DA + W +3)
24

Indeed: R<2(R—7) if R>14, and Rp+10+6N+p<2(Rp—T7p) if R>25
+6N. In addition to that, according to (5.20), R=36. It is now clear that
if R>6(N+1)(N+2)(N+3)p+7, then (5.22) is satisfied, and this condition
implies the three previous ones.

We wish to show that if we have m equations

1
(5.22) 58(R ) R(Rp + 10 + 6N + p).

(5.23) > 4,X,. =1L, v=1,--+,m,
p=1

in which » variables X, occur, m >n, then, necessarily, we obtain at least

(m —mn) distinct relations among the 4,, and L,. They are linear in L, and

lead to (5.11). If we write X,41=1, the system (5.23) becomes

(5.24) > AXy — L X1 = 0, v=1,2---,m.
u=1
Since m=n+1 and since we know that not all X, u=1, - - -, n+1, are

identically equal to zero, the determinant of any system of (z-1) equations
(5.24) equals zero. This yields at least one relation between the L, and the
A,,. Thus, we get at least m —n independent relations.

The system of relations (5.14) is of the type (5.23). Here, L, are the 8,8,8.'s,

(5.25) X, = [(§‘2 —a)*(§1 — a)f — (§1 — a1)*($2 — al)ﬁ]ekxekzeka'

and the 4,, are the coefficients S(a, 8; A1, A2, As; p, 0, 7). The latter belong to
the class aw, introduced on p. 20. If R is increased in the equations (5.14),
new 4,, and L, appear. By Lemma 5.4, these new 4,,’s and L,’s will actually
occur in the determinant of (5.24) which we obtain for every new R. Thus at
each step we obtain a new relation involving some 4,,’s or L,’s, which did
not appear previously. This proves Theorem 5.1.

REMARK 5.2. The 4 f,’f,’l for a fixed R are, according to our proof, certain

subdeterminants of the matrix of coefficients
(5'26) [S(a, B; )\lv x?v x3; Py, 0, T)]Y 14 + a + T é R0

A detailed description of these expressions is given in the appendix.
ExaMmpLE. p=1, N=0, R({) =({—a).
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In this case, the harmonic function under consideration is
{2 dac
¢, [02+ (£ —a)2—2p(¢ — a) (cosfcosf+sinfsinf; cos (¢1—¢)) ]”2.

Then the coefficients 8, of the development (5.10) at infinity satisfy an
infinite number of relations (5.11), of which the first two are:

(5.27) H(X)=

BoBs — 3BoBafz + 261 = 0,
56081 — 88uB1Bs — 9Bz + 126:8: = O.

6. The development of a function of the class & at the origin, and its
properties. In a sufficiently small neighborhood of the origin, we can develop
the function (4.4) in a series of spherical harmonics

£ Q@) ds
H(X)_fn (P(t, X))

{2 » d
= &_ p"Py(cos 8 cos 6, + sin 0 sin 6; cos (¢1 — ¢))

om0 (R(E)™

_ t2 —M— )
- fn nz.:o R * [Pa(cos 8) Pa(cos 6:)

o (n—w)!
2
R AT

6.1)

P, (cos 6) P, (cos 0;)(cos v cos v,

+ sin v sin v¢y) |.
(See [13, vol. 1, p. 400, (44)].)
Thus the coefficient of the term p"P,(cos 0) is
2 Q()dy

YrrrPa(cos 61), | Yo =fh (RE)™

while the coefficient of p»P}, (cos 0) cos v¢ is

n+ »(COS Ccos .
1 ( ) ! 1 1

THEOREM 6.1. A necessary condition that the series

6.2) D p* {r,,P,.(cos 8) + . P.(cos 6) ['r,(,i) cos v -+ Ton sin v¢]}
v=1

n=0

represent a series development at the origin of a function of the class
Alay, - - -, ap; N) is that there exist constants 6, and ¢, |01| =<w/2, |¢1| <m,
and a series of numbers y,, n=1,2, - - - | such that
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(6.3&) Tn = 'Yn+1Pn(COS ol)v
(6.3b) (1 + 9)lray = 2ynps(n — )1 Pa(cos 1) cos vy,
(6.3c) (n 4+ v) !1-,(.2,) = 29,1(n — v) !P:(cos 61) sin ve;,

and that for every integer R=Ro(p, N)=3(N+1)p[2(N+2)(N+3)p2+1]+7,
there exists a series of numbers BE)Cay (see Definition 5.3 and footnote 20)
so that

(6‘4) E B;I,ea',‘r)'Yp'Ya'Yr = Oy s = 11 2: *tty SR, R = RO, Ro + 1, st

p+o+T=R
Here B,(,fi.’;,’l, s=1,2,-- -, sg, for p+0+7=R are not all zero(*).
Proof. The proof is in principle similar to that of Theorem 5.1, but some
modifications have to be discussed. In this case,

n0w) n Q)
6.5 n = =2 di = __Tv/s .
(-3 =, wor® -, Mo

The variables Y, which we shall eliminate are in this case

Vo= [(f1— @)™z — a)™® — (f2 — @)~ *(t1 — @)l

(6.6)
aZp 0=EMN=EMN=ENEDN

The following three additional complications arise in this case.

(1) Since, say, ({1—a;)* now appear in the denominator we can not ex-
press it in finitely many terms ({1 —a1)™ of the same form. Hence, a much
larger number of variables Y, have to be eliminated.

(2) In order to express the integrand of v, in terms of the variables ¥,
we have to use partial fractions. Furthermore, after we multiply three v,
together, we again have used partial fractions to express 4v,y.y. in terms of
Y.. This situation makes the coefficients of the Y, very much more compli-
cated.

(3) After we express the integrand of v, in partial fractions and integrate,
we obtain p(IN41) distinct logarithmic terms. Using the first p(N+1)
formulas for v, we can represent these logarithmic expressions in terms of
Yn, #=1, 2, -+ p(N+1). The logarithmic terms in the formulas for
Yor p>p(N41), must be replaced by these terms, before we form the expres-
sions v, YsYx-

As a consequence of these three complicating factors, the coefficients
B®2 in the relations (6.4) will be much more involved and Ry(N, p) will
be very much larger than R, (N, p).

In order to evaluate (6.5), we separate the integrand in partial fractions,

() This implies that we have infinitely many distinct relations (6.4).
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and we obtain(?5)

(n)
N p =n I£] A,‘,,',,e,

=222

y=0 k=1 j=1¢ {; (( - ax)’

LA Af",’..
(6.7) == 222 =[G — @) = (51— @)
y=0 k=1 j=2 ]_1
N
+ZiAx1vevlog(§- a)
y=0 x=1 (1‘“0-:)

Here 4 ;f‘,’,,EaN.
The expressions v, all contain the same (N+1)p logarithmic terms.
REMARK. Here we assume that the determinant

[¢V] @ @) [¢V) (1) @) @
Ane * Agpio Am « Apn Anaz Apu « Aun « Apin

@) @ (2) [¢3] (2) @) 2) @)
Ao - Apo Am - Apm Ane « Api cAuy - Apn

(Np+p) (Np+p) (Np+p) (Np+p) (Np+p) (Np+p) (Np+p) (Np+p)
Apno o Apo A - Apn Ape e Ape - Aun - Apiv

does not vanish. Should this not be the case, then we have to use more ex-
pressions(6.7).

If we use the (N+1)p first relations (6.7) the € log [({2—a.)/((1—a.)]
can be expressed in terms of v,, #<(N+1)p, and rational terms, i.e., we
have

( —a ) (N+1)p
¢, log ——— TmYm

(l ) m=1
(6.8) W+l)p N p

+ Z E Z zn: B‘-i [(§-2 K - - (g‘l - ax)—i+l] €

n=2 r=0 k=1 j=2

where 7,, and B, belong to ax. (See Definition 5.3.)

Replacing for every n>(N-+1)p the logarithmic terms in (6.7) by (6.8),
we obtain that a certain linear combination

Wibe (o, A®
(6.9) b =Tn— 2 Am Ym; € av,

m=1
is a rational expression,

(6.10) Zp)gg[

Ke=1

][(a — 6 = (1 — a)i] e
n= N+ Dp+1, (V4 Dp+2,-

(%) Explicit formulas for the 45y, as well as for all subsequent expressions may be found
in the article mentioned in footnote 20.

v,
Ky
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7]
K J
being some functions belonging to ay.
By multiplying two 8, we obtain, as we shall prove,

N [3] p pto—2
80, = 2, 2 emeu,{z > Gk, v, p1, p2; p, 0)

p1=0 ng=0 k=1 =1

X [z — @)™ + (51— a)~]
3 > [f‘ v ”] [’”’ ’ ] (1= 031§y — gy

=1 ip=1 #1=2 j=2 Ll1, 71 Ll2, Jo2

(6.11)

F = )R — )i

where G(k, v, w, p2; p, 0) Ean.

Proof of (6.11). By multiplying two expressions of the form (6.10) for
n=p and # =0, we obtain on the right-hand side sums of the following types
of expressions:

1. (1—ai) (1 —as,) %, 1171y, and analogous expressions in §, (in-
stead of {1). Applying the method of partial fractions to these terms, we ob-
tain expressions appearing in the first sum in the bracket in (6.11).

2. If i,=1i, the above expression becomes ({1—a;,)~¢+#? from which we
obtain again expressions of the same form.

3. Mixed terms of the form ({1—ai)~7({;—ai,)~" which cannot be sepa-
rated in any way are collected in the last sum of (6.11).

Multiplying three 68, together, we obtain

N ©1 I
(6.12) 8,88, = 2. D D €uugus(S1(u, pa, us) + Sa(ua, pe, us)

#1=0 pg=0 p3=0

where
P ptotr—3
Sl(l"'l: M2, ,U3) = E Z H(S, )\; M1y Mhoy U35 Py O, 1') [(g‘z — a‘)—l‘ —_— (fl —_ a')—p],
=1 p=1
4 p o+r—2 min(r—1,p+0+7—3—p)
Sz(”'l’ M2, I-‘3) = Z Z: Z Z T(ﬂv S, N, £ w1, Mo, M3; P, 0, T)

s=1 t=1 p=1 A=1
X [(1 = @) (2 — @)™ — (2 — @) (51 — a) ],

and the H’s and the T's€ay. (6.12) is obtained by repeating the previous
arguments.

The proof of the relations (6.4) now proceeds analogously to that of
(5.11).

If we compare the variables X, (introduced in (5.25)) with the ¥, (intro-
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duced in (6.6)) we see that they are exactly of the same form, with the only
difference that while in (6.6) expressions of the ‘type

(G2 — @)1 — @) — (51— ai)~*(S2 — a:’)_’g]e,,le#,e,.,,
i=1,2,-~.,p;j=1’2’...’p’

appear, in (5.25) only expressions with i=1, j=1 do appear. Therefore, in
the case of the Y, we have p? as many variables as in the case of the X..
Thus according to (5.21) the number of the variables is

(6.13) ((V+ D) + 2)(N + 3)/24) R(Rp + 10 4 6N + p)p™

In order to determine the number of equations, we recall the considerations
on p. 23 of §5. We have, however, to take into account that p, o, 7, in ad-
dition to the restriction p+o+7 <R, must each be larger than (N+1)p,
since the first (NV+41)p relations are used to eliminate the logarithmic terms.
Hence, the number of equations will be larger than

(6.14) [R — 3(N + 1)p — 7]3/36.

In an analogy to the considerations on p. 23, we find that (6.14) is
larger than (6.13) if

(6.15) R = Ro(P, N) = 3(N + 1)p[2(N + 2)(N + 3)p* + 1] + 7.

Repeating analogous considerations as in §5, we obtain that the §,8,8.'s
satisfy relations of the form (6.4). But since, according to (6.9), the d.’s
are linear combinations of the v,'s, the relation (6.4) follows.

7. Solutions Y(X) of (1.3) of the class & and relations among their
coefficients. In (5.26) of [6] (see also (4.3) of [8]) we have introduced the
operators P; and p; transforming harmonic functions into solutions of (1.3) (%)

(7.1a) ¥(X) = P3(H) Ef Qp, VH(X(1 — 7%))dr

(1) =00 =600 + 3 B0 [ (1 - )G X,

n=1

where Q(p, 7) and B™(p?) are entire functions of p% See (4.3) and (4.4) of

(8]

Here G(X) and H(X) are connected by the relations

(7.22) G(X) = f " reug(X(1 — T))dT,

(%) In [6] we used the letter H instead of @, employing € in the more general case of
equation T(¥)=Vy+4(p?) X -Vy+C(p?)y=0. If 4=0, C=F, see (2.2) of [6], we obtain
the case considered in the present paper. Our results can easily be extended to the case of an
equation T(y) =0 where 4 and C are entire functions of p2=2_;_, ;.
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see (4.8) of [8], and
1
H(X) = (5,0, ¢) = 2n-1pi1%d [pm [ em000 - tz)-mdt] yes
0

G(X) = G(p, 6, ¢).

Proof of (7.2b). Let G and H be the ps-associate and the P;-associate, re-
spectively, of the same solution ¢. If we write

(7.2b)

G(X) = Glo, 6, 6) = 3 970,06, ¢)

=0

and H(X) = ﬁ(P, 0, )= E;o=0 0?¢,(0, ), where Q,(0, ¢) and g,(8, ¢) are func-
tions of 6 and ¢, |8| =7/2, |¢| =, then according to (4.8) of [8]

= & T3/

T X 1 1
=2 (1’ + ——> p"Q5(6, ¢) f t2e(1 — g2)—12dy,
2 p=0 2 0

from which (7.2b) follows.
As we have shown in Lemma 4.2, p. 502, of [8]

(7.3) Vil 4 20", 20, 23) = Gi(zs + 22", 22, %),
ie.,
(7.3b) C3'() = C3 ' (ps @),

see (4.15(¥) of [6].

It follows from (7.1) that Y(X) is regular at every point X where H is
regular.

DEFINITION 7.1. Extending the definition 5.1 we shall say that solutions
of (1.3) whose C;-associates are of the form (5.1) belong to the class &.

DEerFINITION 7.2. If G(X)=[3T-V:H(X(1—-T))dTENA(as, - - +, ap; N),
then (extending the definition 5.2) ¢ =P3;(H) =ps;(G) will be said to belong to
the subclass ¥(ay, * -+, ap; N); ¢¥EA(ay, - - -, ap; N).

From our previous statements follows the

LEMMA 7.1. The only (possible) singularities in the finite X-space of a
solution Y(X)EA(ay, - - -, ap; N) of (1.3) are the circles (5.5a), (5.5b), and
the straight line (5.5c).

REMARK 7.1. Thus as in the two-dimensional case the location of the

(2) In (4.15) of [8] bs~! should be replaced by p;~*. It should be stressed that, on the left-
hand side of (7.2b), C; refers to the operator transforming x(Z, Z*) into solutions of (1.3),
while on the right-hand side it refers to the operator transforming x(Z, Z*) into harmonic
functions.
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singularities is completely independent of the coefficient F of (1.3).

LeMMA 7.2. Every real solution of (1.3) which is regular at the origin O
can be developed in a sufficiently small neighborhood of O in a series

7.4 WX =006 =220 3 Bu” P (cost)e™,

n=0 »=0 m=—n

(n,») = (n,»)

B, = B_. .
The representation (7.4) is unique(?8).

Proof. Let

H(X)=H(p,0,¢) = 2 p" I:B;”)P,.(cos O+ 3 B::)Plnml (cos 0)6im¢],
n=0

Mm=—n

(7.5)

(n) =—=(n)
Bn = B_n.

Since according to (3.10), p. 425 of [6],
(7.6) Qp, 7) =14+ 2 12b®(p2),
=1

it follows from (7.1) that
1 0
Y(X) = ¥(p, 8, $) = f [1 + p22 ‘f"b"’(p2)p‘2]
(1.7 - =t

% [E (1 — -ﬂ)"(AnoP,,(cos 6+ > BIP™(cos 0)e‘"'">:| dr

n=0 m=—n
where p~2b™ (p?) are according to (3.9), p. 425, of [6] entire functions of p2.
Both series (7.5) and (7.6) converge uniformly and absolutely in every
sufficiently small sphere around the origin (see Lemma 3.2 of [6]); hence,
interchanging of the order of summation and integration is permissible. Thus

0 1 n .
X)) =, pn< (1 — w)rdr [A,,OP,.(cos 0+ > B:‘)Pl.ml (cos O)efmqs]
n=0

-1 m=—n

© 1
+ 02250 | (1 — )rrdr [AnOPn(COS 6)
r=1 -1

+ Z B,(: )Pl.ml (cos O)eim]).

m=—n

(28) It should be stressed that in Theorem 4.1 of [6] we proved a similar result. We con-
sidered there however a sphere of a given radius, while in the present paper we consider only a
sufficiently small neighborhkood of the origin.
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If we write
(n,0)

1 2. n
Ao (1—17)dr=B,

-1

-1

we obtain the formula (7.4) since p—2b® (p2) are entire functions of pZ.

THEOREM 7.1. The subsequence {B,’;"’} of the coefficients of the series de-
velopment (7.4) at the origin of a function Y(X)EN(ay, - - -, ap; N) satisfies
the following conditions. There exist two real numbers ¢, and 6y, |¢:| <,
[01| =w/2, and an infinite sequence of numbers vy, which for R=Ry(p, N)
satisfy the relation (6.4) and such that

(7.8a) B((,"'o) = Ynp1Pn(cos 6;),

(n,0) (n,0)

(7.8b) (4 v)!(Bm' + B_w) = 4yn1(n — »)!Pp(cos 8;) cos v,
(7.8c) —i(n + »)I(Be” — BE) = dynpa(n — ) IP(cos 6,) sin véy.

REMARK 7.2. In analogy to the two-dimensional case the conditions formu-
lated in the Theorem 7.1 are independent of the coefficient F of the equation
(1.3).

Proof. According to Lemma 7.2 and the representation (7.7), a solution
¥ of the equation (1.3) is completely determined by the subsequence {B,‘,}"‘”}.
By (7.3a), if yEA(ay, - - -, ap; N), ps '(¥) must satisfy the conditions (6.3a),
(6.3b), (6.3c). This yields our theorem.

In analogy to the second part of the Theorem 2.2 we obtain

THEOREM 7.2. If yEN(ay, * - -, ap; N), it can be represented in the form
'l’(X) = ‘Z(Tv P)

(7.9) an ) [,,1/2 L

=— Q(p,
ol (o, 7) i

$2 C
Q) (B' + 5 82, gs) df:l

dr

where J(s, go, gs) 1S the inverse of the Weierstrass @-function and T is given by
(4.5a). Here

(7.10a) g2 = — 4BB’ + 3C?, (7.10b) g3 = 2BCB’ — AB’? — C?
and

A=—p -1, B= 2RO — T + o1 — )7)/4,

C = — [R) + 2R(®)(1 — ™pT]/6, B’ = R¥)/4.

Proof. It follows from (7.1a) and (7.2b) that y can be represented in the

(7.11)
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form

2 1

Y(X) =— Qp, 7)o

T =1
(7.12) .

X {d [,;112 f G(pt*(1 — 72), 0, ¢)(1 — t?)—lﬂdz] / dp} dr.

0 L
Since ¢y EA(ay, - - -, ap; N) and C3(Y) =C—3(G), according to the Definition
5.2, (4.4) and (4.5),
f2 Q)ds

7.13 Glo, 0, ¢) = f .
719 2 n [0® + RXE) — 2R(0)pT ]2

Thus in this case

f [Glorr(1 — 72), 6, $)](1 — #2)~/2ds

P 0©)d

7.14) = d

(7.14) ffr (7 = 7" — PR@p( = T + RO =]
1

$2 1 dx
7.14a) = — d
( a) 2Jy¢ e [ fz=o (A2* + 4Bx® + 6Ca® + 4B’x)1/2:| ¢

where 4, B, C, B’ are functions of p, T, 7, { introduced in (7.11).
By the transformation s(x) =B’x=*+C/2, see I, p. 13 and III, p. 14 of
[20], the interior integral in (7.14a) goes into

B'+C/2 dS C
7.15 —f =](B’ — g, ),
(7.15) w (45 — gos — gt + 5 B 8

see p. 229 of [20].

Substituting this expression for the interior integral in (7.14a) and re-
placing the interior integral in (7.12) by the new expression we obtain
(7.9).

8. Concluding remarks. As we stressed in the introduction, the interest
of our considerations is not merely in the isolated results formulated in the
paper, but rather in establishing methods of exploiting the laws which con-
nect different classes of functions obtained with the help of mappings by
integral operators of the first kind. In this connection it is of interest to use
also other integral operators. In particular, as has been shown in [5], the
representation of harmonic functions with the help of the fundamental solu-
tion can be employed to define a mapping by an integral operator. Using the
fundamental solution of

(8. 1) A\b + F(xl, X2, xa)lll = 0,
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see [14b], a mapping analogous to (4.4) of polynomials Q into solutions of
equation (8.1) can be introduced. This mapping permits us to extend a large
part of the results of [5] to the case of differential equations(2?) (8.1).

A further type of integral operator which is valuable for the study of cer-
tain types of differential equations (8.1) is that for which the generating
function E can be represented in the form

(8.2) E = P(X, t) log Q(X, 1), X = (x1, %9, %3),

where P and Q are polynomials in . (Procedures used in [2, §3] can be re-
peated in the three-dimensional case to a large extent.)

In some instances singularities of differential equations in three variables
can be obtained by reducing them by a convenient substitution to equations
in two variables, e.g., the substitution ¥(x, v, z) =cos vzy(x, y) reduces
Voot Vit Voo =P(x, )V to You iy = >+ P(x, y))¥.

The relations between the coefficients of the function element of ¥ and
the property of the solution ¢ obtained by the use of integral operators dif-
ferent from those of the first kind in most instances depend upon the coeffi-
cient F so that we are led by these operators to new types of theorems.

It should be mentioned also that similar to our results, relations between
the subsequence {a,,,,}, m=0,1,2,--.;v>0, of the coefficients of the func-
tion element ¥ = Y @, 272** of the solution Y and its properties can be estab-
lished, see [15].

The functions considered in the present paper represent the simplest
class of solutions of (1.1) for which representations in terms of classical func-
tions can be obtained. (See Theorem 2.2.) It is known (see [14, §§14-16],
[14a, §§14, 16]) that if a function g is a solution of an ordinary linear dif-
ferential equation

(8.3) D P (g =0, gVl =dyg/d>,
v=0

where P,(2) are algebraic functions of z satisfying certain conditions, the
integrals [;(z—{)"'g({)d¢ and J1,g(2(1 —¢2))dt/t? can be represented by
automorphic f-functions and related functions. Using these results, one ob-
tains representations analogous to those indicated in Theorem 2.2 for solu-
tions of (1.1) whose C-associates (see p. 2) satisfy equations of type (8.3).

Similar theorems can be obtained also in the three-dimensional case for
certain solutions of (1.3). See also [1, §5], in particular p. 551.

Thus one sees that the method of integral operators opens various and
fruitful possibilities in such a comparatively little explored field as the theory
of multivalued solutions of linear partial differential equations.

(29) It should be mentioned that the method of the integral operator of the first kind can
be extended to the general equation (8.1) as will be shown in another place. Since some addi-
tional complications arise in this connection we do not discuss this case in the present paper.
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