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1. Introduction. Let K be a field and Z7be a variety defined over K; let u

be a generic point of U over K, so that K(u) is a regular extension of K.

Let W be another variety defined over K, and let Au be a simple subvariety

in IF which is an Abelian variety defined over K(u); then there exists (Weil

[5, Chap. VII, Theorem 12 (iii)]) in the product variety UXW a subvariety

T, defined over K, such that T(uXW)=uXAu. As we shall see later (§3,

Lemma 2 and the last part of the proof of Theorem 3), there exists a bunch B

of subvarieties in U, normally algebraic over K, such that the intersection

T-(u0XW) is defined for every point «o in U—B and is an Abelian variety

defined over K(u0). Thus the Abelian variety Au generates over the field K

an algebraic system {Au} of Abelian varieties in W, parametrized by the

open variety U—B, and Au is a generic element over K of this algebraic

system. In this paper we shall deal with the problem of finding geometrical

entities which are associated with an algebraic system of Abelian varieties in

a birationally invariant way and hence can be regarded as birational invari-

ants of such a system; more specifically, since we are interested mainly in

Abelian varieties here, we shall investigate whether there are Abelian varie-

eties which are invariantly associated with such a system. It is clear that any

birational invariant of the parameter variety U, or the graph T, or the carrier

variety of the system (which is the projection of T into W), is also a bira-

tional invariant of the algebraic system {Au}; however, since these are in-

variants of algebraic systems in general, not specifically invariants of alge-

braic systems of Abelian varieties, we shall not consider them here, though

there are some interesting relations between these invariants and those which

will be considered. Instead, we shall consider here some invariants which arise

specifically from the fact that we are dealing with a system of Abelian vari-

eties. The main purpose of this paper is to show that, to every algebraic sys-

tem of Abelian varieties, defined over a field K, it is possible to attach in a bi-

rationally invariant way two Abelian varieties, which are defined over K and

are isogeneous to each other over K. These two Abelian varieties will be

called the 7£7-image and the 7£-trace of the generic Abelian variety Au of the

algebraic system; they will play an important role in our abstract theory of

Picard varieties, which will be presented in a forthcoming paper.

We begin with a few remarks on terminology. We shall follow in general

the terminology of Weil, as developed in his books [5] and [6], with the fol-

lowing modifications. First, we shall deal only with points and varieties in
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projective spaces; thus, in particular, all Abelian varieties can be considered

as embedded in some one projective space, so that, for example, we can with-

out any loss of generality replace the variety W in the preceding paragraph

by a projective space. In fact, this restriction to varieties in a projective space

is used in an essential way only in the proof of Theorem 3; moreover, in view

of the fact (which will be proved in our forthcoming paper on Picard vari-

eties) that any Abelian variety is regularly isomorphic to an Abelian variety

in a projective space, defined over the same field as the original one, this re-

striction entails in reality no loss of generality for our results. Next, we shall

use the expression "extension" of a field in its usual general sense, not nec-

essarily meaning a finitely generated extension, as is the case with Weil; how-

ever, whenever we speak of an extension K(u) or K(v) of a field K, this is

to indicate that K(u) or K(v) is the (finitely generated) extension obtained

from K by the adjunction of a point u or v in some projective space. We shall

say that an extension K* of K is separably generated if it preserves ^-inde-

pendence, p being the characteristic of K (MacLane [4, §4]); and we shall

say that an extension K* of K is primary, if K*C\K is a purely inseparable

extension of K. An extension which is both separably generated and primary

is called regular, and one sees readily that this definition agrees with that of

Weil in case of a finitely generated extension. Another modification is that

we shall use the expressions "homomorphism" and "isomorphism" in their

strictly group theoretic sense. We shall say that a homomorphism H of an

Abelian variety A into another Abelian variety B is rational if H is also a

rational transformation of A into B (so that it is a homomorphism in the

terminology of Weil), and we shall say that a rational homomorphism H is

regular if, K being a field of definition for A, B, H, and x being a generic

point of A over K, the field K(x) is a regular extension of K(H(x)). It is clear

that a rational isomorphism is regular if and only if it is birational. Finally,

for the sake of convenience, we shall use sometimes the expression "almost

every" in the following sense: Let U be a variety defined over a field K, or

more generally a prime rational cycle over K, and let u be a generic point of

U over K; we shall say that a property holds for almost every specialization

of u over K if there is a bunch B of proper subvarieties in U such that the

property holds for every point in U — B.

We shall assume that the reader is familiar with the theory of associated

forms of positive cycles in a projective space, as developed in Chow-van der

Waerden [3], and we shall denote by M(Sn; r, d) the bunch of varieties in a

projective space which consists of the associated points of all positive cycles

of dimension r and degree d in the projective space Sn of n dimensions. We

shall also use the terminology and results of our note [2 ], except that we shall

use the expression "Abelian function field" instead of "Abelian field"; this

note was originally a part of the present paper, but was published separately

on account of its independent interest.
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In §2, we shall prove the fact, well known in the classical case, that an

algebraic system of Abelian varieties (of positive dimension) cannot exist in

an Abelian variety; in §3, we shall show that the generic element Au of an

algebraic system of Abelian varieties, defined over a field K, is regularly iso-

morphic to an Abelian variety defined over K if and only if every two generic

elements in the algebraic system are regularly isomorphic to each other. On

the basis of these results, or rather somewhat more general versions of these

results proved in §§2 and 3, we shall prove in the next two sections the exist-

ence of the TiT-image and the 7£-trace. In §4, we shall consider rational homo-

morphisms of the Abelian variety Au into Abelian varieties defined over K,

and we shall show that among all such rational homomorphisms there exists

one which has the "universal mapping" property in the sense that any ra-

tional homomorphism of Au into any Abelian variety defined over K must

"go through" this one. The image Abelian variety of Au under this rational

homomorphism is then defined as the 7\"-image of Au over K(u); it is uniquely

determined up to a regular isomorphism over K. In §5, we shall consider

dually rational homomorphisms (or isomorphisms) of Abelian varieties de-

fined over K into the Abelian variety Au, and we shall show that among all

such rational homomorphisms there exists one (which is an isomorphism)

which has the "universal mapping" property in the sense that any rational

homomorphism of any Abelian variety defined over K into Au must "go

through" this one. The Abelian variety defined over K which is mapped by

this isomorphism into Au is called the 7C-trace of Au over K(u); it is uniquely

determined up to a regular isomorphism over K. The TC-trace is independent

of any extension of the ground field K, while the 7C-image remains unchanged

up to an isomorphism under any such extension, though the isomorphism

involved might not be regular (see however the remarks at the end of §5).

These two invariants of the algebraic system {^4U}, the 7C-image and the

7£T-trace, are connected by a relation of isogeneity, which is derived from the

application of the Poincare Complete Reducibility Theorem to the Abelian

variety Au and its 7\"-image.

The concepts of the TxT-image and the 7£-trace arise in a natural way from

the theory of Picard varieties. Let V be a variety of dimension r in a projec-

tive space S„, defined over a field K, which has no singular subvarieties of

dimension r — 1, and consider the algebraic system of curves on ^generated

over K by the intersection curve Cu of a generic linear subspace (over K) of

dimension n — r + l in Sn, where K(u) is a purely transcendental extension of

K. Since the curve Cu is defined over K(u), the Jacobian variety Ju of Cu is

also defined over K(u), according to a result of ours proved elsewhere. In our

paper [l], we have shown that, in the classical case, the 7£-image of Ju over

K(u) is the Albanese variety of V and the 7C-trace of Ju over K(u) is the

Picard variety of V; as we have mentioned there, an independent proof of the

existence of the 7£-image and the 7£-trace will enable us to dispense with the
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classical construction of the Albanese and Picard varieties by means of the

periods of Abelian integrals and thus serve as a starting point of a purely

algebraic theory of the Picard varieties over an arbitrary ground field. This

algebraic theory of Picard varieties will be presented in a forthcoming paper.

2. Algebraic subgroups in an Abelian variety. Let V be a variety and A

be an Abelian variety, both defined over a field K, and let F be a rational

transformation of V into A, defined over a purely transcendental extension

K(u) of K, where u is a generic point over K of a projective space S. If x is a

generic point of V over K(u), then the correspondence u—>F(x) defines a

rational transformation of 5 into A, defined over K(x); according to [6,

Theorem 8, Corollary], the point F(x) is independent of u and hence is ra-

tional over K(x). Since K(x) is linearly disjoint with respect to K(u), it fol-

lows that K(F(x)) is also linearly disjoint with respect to K(u); this shows

that the rational transformation F is defined over K and hence the subvariety

F( V) in A is also defined over K.

If K(u) is not a purely transcendental extension of K, then the above

statement will not be true in general; however, we shall show that if V is

also an Abelian variety and if F is a rational homomorphism of V into A,

then it is still true that F is defined over K and hence the image Abelian sub-

variety F(V) in A is also defined over K, provided that K(u) is a primary

extension of K. Furthermore, even if the Abelian variety V is only defined

over K(u), it is still true that the Abelian subvariety F(V) in A is defined

over K, though of course the homomorphism F will be in general defined only

over K(u). Both these results are consequences of a general theorem which

asserts that any Abelian subvariety in A which is defined over K(u) is also

defined over K, a theorem which expresses essentially the fact that an Abelian

variety cannot contain a continuous system of Abelian subvarieties or, more

generally, algebraic subgroups. In case of complex ground field, this theorem

is a simple consequence of the fact that an analytic subgroup of a complex

torus is uniquely determined by a subgroup of its fundamental group, which

is a discrete group. In case of an arbitrary ground field, this argument is of

course not available; however, a substitute for this can be found in the fact

that to each Abelian subvariety B in an Abelian variety A there exists an

endomorphism of A which maps A onto B (Weil [6, Proposition 25]), and the

fact that the module of endomorphisms of A is a finite module over the ra-

tional integers (Weil [6, Theorem 37]). We shall give here a simple direct

proof of this theorem, which is entirely elementary in character.

Theorem 1. Let A be an Abelian variety; let K be afield of definition for A

and let K* be an extension of K. If an algebraic subgroup X in A is normally

algebraic over K*, then it is normally algebraic over K*H\K.

Proof. Without any loss of generality, we can assume that K* = K(u) is

a finitely generated extension, for otherwise we can replace K* by K*(~\Kx,
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where Ki is a finitely generated extension of K over which X is defined. It is

sufficient to show that X is defined over K, for then X must be normally

algebraic over K*(~\K; we can therefore assume that K is algebraically closed,

so that K(u) is a regular extension of K. Furthermore, we can also assume

that X is an Abelian variety, for an algebraic subgroup in A is algebraic over

K if and only if the maximal Abelian variety contained in it is algebraic over

7x7. Let U be the variety which is the locus of u over K, and let x be a generic

point of X over K(u); then the point uXx in UXA has as its locus over K

a subvariety T in UXA. If u'Xx' is a generic point of Tover K, independent

with respect to uXx over K, then the point x' has a locus X' over K(u'),

which is an Abelian subvariety in A and has the same dimension d as that of

X. Let X" be the locus of the point x+x' over K(u, u'); it is clear that X"

is an Abelian subvariety in A and is the subgroup in A generated by the X

and X'. Our theorem would be proved if we show that X" has a dimension not

greater than d, for then we must have X = X" = X and hence X must be de-

fined over K(u)r\K(u')=K. In the product space UXUXAXAXA we

consider the following subvarieties, where y, y', y" are three independent

generic points of A over K(u, u', x, x'): The locus M of the point uXu'Xx

Xx'Xx+x' over K, the locus A of the point uXu'XxXy'Xy" over K, the

locus A' of the point uXu'XyXx'Xy" over K, and the locus T of the point

wXw'XyXy'Xy+y' over K. We have evidently the relations M=Ar\AT\T

and Mn(uXu'XAXAXA)=uXu'XXXX'XX". Let TV be the projection

of M into the partial product space UX UXA of the first, second, and fifth

factors, and consider the intersection Nf\(uXuXA); since NC^(uXuXA) is

evidently contained in the projection of MC\(uXuXA XA XA) into

UXUXA, every point uXuXxi' in the former is the projection of a point

uXuXxoXxi Xx&' in the latter. The relation wXwXxoXxo' X*o" CAHATir

implies that x0GX, x0' GX, and x0" =Xo+x0', which shows that the point

Xo' is contained in X; it follows then that NC\(uXuXA) is contained in

uXuXX and hence has a dimension not greater than d. If s is the dimension

of U, then the dimension of N cannot be greater than 2s+d, from which it

follows that the dimension of N(~\(uXu'XA) =uXu'XX" cannot be greater

than d; this implies that the dimension of X" cannot be greater than the

dimension d of X.

It might be not without some interest to indicate here an alternate proof

of our theorem, which is simple but uses a deeper result of Weil. If / is a

positive integer which is prime to the characteristic of the field K, then the

subgroup gi of all elements in X whose orders divide / is a finite group of

order l2i, normally algebraic over K(u) (Weil [6, Theorem 33, Corollary l]).

Since each point in gh being of finite order, is rational over K (K being alge-

braically closed), the group gi is defined over K and hence is normally algebraic

over K(u)C\K = K. It follows that for every point x0 in gi, the point u'Xxq

is a specialization of the point uXxo over K, and since uXxo is contained in
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T, u'Xxo is also contained in T; this means that gi is contained in X', and

hence is also contained in XC\X'. Since this is true for every positive integer

/ prime to the characteristic of K, it follows from the same result quoted

above that the dimension of the Abelian variety XC\X' cannot be less than

d and hence must be equal to d. This means that X = X', and hence X must

be defined over K(u)f\K(u')=K.

Theorem 2. Let A be an Abelian variety; let K be afield of definition for A

and let K* be a primary extension of K. If an Abelian subvariety X in A is

normally algebraic over K*, then it is defined over K.

Proof. According to Theorem 1, the Abelian variety X is normally alge-

braic over K*C\K and hence is defined over a purely inseparable extension

Kx of K*C\K. Since K*(~\K is a primary extension of K, Kx is also a purely

inseparable extension of K; let p' be the degree of Kx over K. Let x be a

generic point of X over Kx, and denote by xp" the point obtained from x by

raising all the coordinates of x to the ^"th power; since Kx(x) is a regular

extension of Kx, K""(xp') is a regular extension of K\', and since Kf is con-

tained in K, it follows that K(xp°) is also a regular extension of K. Consider

now the point p'x in X; since the associated point of 0-cycle p'(x) in A is

rational over K(xp"), the point p'x is rational over K(xv'), i.e., we have

K(pex)EK(xp") (Weil [6, Theorem l], the proof holds for the more general

situation considered here). This shows that K(pex) is a regular extension of K.

On the other hand, since Kx(x) is a finite algebraic extension of Kx(p'x) (Weil

[6, Proposition 24]), the point pex is also a generic point of X over Kx; and

since K(pex) is a regular extension of K and Kx is an algebraic extension of K,

the point p'x has the same specializations over K as it has over Kx. This

proves the theorem.

Remark. For any integer e (positive or negative), the Abelian variety

over K"" defined by the point xp° is called the p'th power of the Abelian

variety A.

Corollary 1. Let A be an Abelian variety, defined over afield K, and let

K* be a primary extension of K. If B is an Abelian variety over K*, and if H

is a rational homomorphism of B into A, also defined over K*, then the image

H(B) is an Abelian subvariety in A which is defined over K. Furthermore, if the

A belian variety B is also defined over K, then H is defined over K.

Proof. The first part follows immediately from Theorem 2 and the fact

that H(B) is an Abelian variety defined over K*. As to the second part, we

observe that the graph of H is an Abelian subvariety in the product variety

B XA, and since H is defined over K* and B XA is defined over K, it follows

from Theorem 2 that H is also defined over K.

Corollary 2. Let A be an Abelian variety, defined over afield K, and let

K* = K(u) be a purely transcendental extension of K. If B is an A belian variety
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over K*, and if H is a rational transformation of B into A, defined over K*,

then H(B) is a subvariety in A defined over K; furthermore, if B is also defined

over K, then H is defined over K.

Proof. Since H is defined over K(u), the point H(0) is rational over K(u)

and hence the correspondence m—>i7(0) defines a rational transformation of

a projective space into A ; it is well known that the image point H(0) in this

case is independent of u and hence is rational over K. If x is a generic point

of B over K(u), then the correspondence x—>H(x) — H(0) defines a rational

homomorphism of B into A, defined over K(u), and the corollary then fol-

lows from Corollary 1.

3. An existence theorem. Let K(u) he a regular extension of a field K,

and let Au be an Abelian variety defined over K(u); then, as we have ex-

plained in §1, the Abelian variety Au generates over K an algebraic system

of Abelian varieties. Let Ux and u2 be independent generic specializations of

u over K, and let Ax and A 2 be respectively the specializations of Au over the

specializations u—>ux and u—w2 over K; in general, the Abelian varieties Ax

and A 2 will not be isomorphic to each other. It is clear that if the "variable"

Abelian variety Au is regularly isomorphic over K(u) to a "fixed" Abelian

variety defined over K, then Ax and A2 will be regularly isomorphic to each

other over K(u\, u2). We shall show in this section that the converse of this

statement is also true; in other words, we shall show that if Ax and A2 are

regularly isomorphic over K(ux, u2), then there exists an Abelian variety A

defined over K, such that A„ is regularly isomorphic to A over K(u) (Theorem

3, Corollary 1'). However, for the purpose of application to the problem of

the effect of ground field extension in the next section, we shall prove a some-

what more general result (Theorem 3), where the regular extension K(u) is

replaced by a separably generated extension. We shall need the following two

lemmas.

Lemma 1. Let K(u) be an extension of a field K, and let V be a variety defined

over K(u); then, for almost every specialization m—>w0 over K, the variety V has a

uniquely determined specialization V0, which is a variety defined over K(u0).

Proof. Since the associated point y of the variety V is rational over K(u),

for almost every specialization u—>u0 over K the point y has a uniquely de-

termined specialization y0 which is rational over K(ui), and hence the variety

V has a uniquely determined specialization Vo which is a rational positive

cycle over K(ui). Furthermore, it is well known that for almost every special-

ization u—>Mo over K, the associated form of V, which is absolutely irreducible,

will have a uniquely determined specialization which is also absolutely ir-

reducible; one need only to observe that the condition of a form being abso-

lutely reducible can be expressed as a system of algebraic equations in terms

of the coefficients. The lemma then follows immediately.
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Lemma 2. Let K(u) be an extension of afield K; let V and W be two varieties

defined over K(u), and let F be a rational transformation of V onto W, defined

over K(u), which is defined everywhere in V. Then, for almost every specialization

u—+Uo over K, there exist uniquely determined specializations Vo, W0, F0 of

V, W, F respectively, such that V0 and W0 are varieties defined over K(u0) and

F0 is a rational transformation of VQ onto Wo, defined over K(ug).

Proof. That V0 and Wa are varieties defined over K(u0) follows from

Lemma 1; furthermore, since F is a subvariety in VXW, it follows from

Lemma 1 that F0 is also a subvariety in V0XWo, defined over K(u0). It re-

mains to prove that the projection of Fo onto V0 is regular at every point of

Vo. Let 5 and S' be the ambient projective spaces of V and W respectively,

and let x be a generic point of V over K(u); without any loss of generality,

we can assume that K is algebraically closed, so that u has a locus U over K.

Let T be the locus of the point uXxXF(x) over Ti" in UXSXS', and let X

be the locus of the point uXx over K in UXS; then we have the relations

T(uXSXS')=uXF and X(uXS)=uXV (Weil [5, Chap. VII, Theorem
12]). The projection of T into UXS is X, and the projection of T onto X is

regular; it can be shown that for almost every point u0Xx0 in X, the projec-

tion of T onto X is regular at u0Xx0. Since the projection of T onto X is

regular at the point uXx' for every point x' in V, it follows that for almost

every point u0 in U, the projection of T onto X is regular at the point u0Xxo

for every point x& in Vo- Since the projection of T onto X is regular at a point

UoXxo if and only if the projection of Fo onto Vo is regular at x0, we conclude

that for almost every point u0 in U, F0 defines a rational transformation of Vo

onto Wo, defined everywhere in V0.

Theorem 3. Let K* be a primary extension of a field K, and let K(v) be a

separably generated extension of K, independent with respect to K* over K; let

L* be an Abelian function field over K*, independent with respect to K*(v) over

K*, and let L be a subfield in L*(v) which is an Abelian function field over

K(v) and is independent with respect to K*(v) over K(v). Let v' be a generic spe-

cialization of v over K, independent with respect to L*(v) over K, and let L' be

the subfield in L*(v') which is the image of L under the isomorphism between

L*(v) and L*(v'). If for every choice of v' we have LL' =L(v')=L'(v), then

L*C\L contains an Abelian function field K(z) over K, independent with respect

to K(v) over K, such that L=K(v, z).

Remark. Since K* and K(v) are linearly disjoint over K, v' is also a gen-

eric specialization of v over L*; hence L*(v) and L*(v') are isomorphic over L*.

Proof. Let A* and A be Abelian varieties over K* and K(v) respectively

defined by the fields L* and L respectively, and let F be the rational homo-

morphism of A* onto A, defined over K*(v), associated with the subfield

K*L in L*(v); if x is a generic point of A * over K*(v), then y = F(x) is a generic

point of A over K*(v), and we can set L* = K*(x) and L = K(v, y). Without
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any loss of generality we can assume that both A* and A are embedded in

the same projective space Sn; furthermore, we can also assume that K(v) is

the defining field of A, for otherwise we can replace A by the product of A

and the point v, and replace Sn by another suitably chosen projective space.

If A' and F' are respectively the specializations of A and F over the special-

ization v—*v' over K*, then A' is an Abelian variety in Sn, with K(v') as the

defining field, and F' is a rational homomorphism of A* onto A' defined over

K*(v'); furthermore, y' = F'(x) is a generic point of A' over K*(v'), and we

have L' = K(v', y'). Let v{l), ■ ■ ■ , v(m) be a set of independent generic special-

izations of v' over K, independent with respect to L*(v) over K, such that

no two of them are specializations of each other over K(v) and that every

specialization of v' over K is a specialization of one of these m points over

K(v). For each i = l, ■ • • , m, let A™ and F(i) be respectively the specializa-

tions of A' and F' over the specialization v'—*v(i) over K*; then A{i) is an

Abelian variety in Sn, with K(v{i)) as the defining field, and F^ is a rational

homomorphism of A* onto A{i), defined over K*(v(i)). Furthermore, the

point y(i) = /?(')(x) is a generic point of ^4(i) over K*(vU)) and the field L{i)

= K(v<-'\ y(<)) is the subfield in L*(vH)) which is the image of L under the

isomorphism between L*(v) and L*(«(i)). We observe that the varieties

i4(1), • • • , Aim) are all distinct. In fact, if we have A{i) =AU), then the field

.K(i»(i>)n.K(t;<»>) is a field of definition for both A^ and A^; we would then

have K(v{i)) = K(v<-i))f\K(v'-i)) =K(vii)), which can only be possible for i=j.

The condition K(v, vU), y, y(i)) =LL{i) =L(v<-i)) =K(v, ti(i), y) is equivalent to

the fact that there is a regular isomorphism H(i) of the Abelian variety A onto

the Abelian variety A(i), defined over K(v, zi(i>), such that y(<) = H(-i)(y). We

shall show presently (in order not to interrupt the argument now) that there

exists a specialization v'—*v( over K with the following properties:

(1) The point v{ is separably algebraic over K, and for each conjugate

point vl (i=l, ■ ■ ■ ,d)oi v( over K there exists exactly one point vimi) among

the points t»(1), • • • , t>(m), such that vl is a specialization of !/("••'' over K(v);

we observe that the set v{, • • • , v£ contains the complete set of conjugates

of each vl over K(v). (2) For each i = l, ■ ■ ■ , d, there exist uniquely deter-

mined specializations A'—>Al and F'^>Fl over the specialization v'—*vl over

K*, such that Al is an Abelian variety over K(vl) and Fl is a rational homo-

morphism of A* onto Al, defined over K*(vl); furthermore, the varieties

A{, • ■ • , AJ are all distinct subvarieties in Sn. We observe that for each

i = l, ■ ■ ■ , d, AI and Fl are specializations of Aimi) and T7'""' respectively

over the specialization »<"•<>—*v{ over i£*(z»). (3) For each i=l, • • • , d, there

exists a uniquely determined specialization Ht of #<•"*' over the specialization

!»<"<>—w/ over i£(i>), such that iJ,- is a regular isomorphism of A onto 4/,

defined over K(v, vl), and we have the relation Hi(y) = F' (x). We observe

that the set Hx, ■ ■ ■ , Hd contains the complete set of conjugates of each Hi

over K(v).
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Consider now the set of d distinct points 77i(y), • • • , Hd(y) in Sn; it de-

termines a positive 0 cycle Z(y) of degree d in Sn, rational over K(v, y). If

T is the canonical mapping of all positive 0 cycles of degree d in Sn into

M(Sn; 0, d), then the mapping y—*T(Z(y)) defines a rational transformation

7? of A into M(Sn; 0, d), defined over K(v). Let V be the image variety T?(^4)

in M(Sn; 0, d), which is defined over K(v); we maintain that V is also defined

over K. In fact, the relations 77,(y) = FI (x) show that the 0-cycle Z(y) is also

rational over K*(x); it follows that the mapping x—*T(Z(y)) defines a rational

transformation R* of A* into M(Sn; 0, d), defined over K*, and since every

specialization of R(y) over K(v) is a specialization of R*(x) over K* and vice-

versa, we have R*(A*) =R(A) = V, so that V is defined over K* and hence

also over K(v)HK* = K.

Since the 0-cycle Z(y) consists of d distinct points, each point 7T,(y) is

separably algebraic over K(z), where we set z = 7?(y); and since furthermore

Hi(y) is the only point of Z(y) contained in the variety A( and y is the only

point in A with the image 77,(y) in A[ under the isomorphism 77;, it follows

that 7? is a birational transformation of A onto V. Let z0 be any point in V,

and let Z0 = (fi, • • • , f<j) be the positive 0-cycles of degree d determined by

z0; then each point f< is in A[ and 7?-1(z0) must be oneof the d points 77,"'(f*)

in A. This shows that T? has no fundamental points on V. Let V\ be a derived

normal model of the variety V over K, and let 7?i be the birational trans-

formation of A onto Vi induced by 7?; then Ttj-1 does not have any funda-

mental points on Vi. It follows then that T^f1 is defined everywhere on Vi;

and since 7?i evidently has no fundamental points on A, it follows that Ri

is an everywhere biregular birational transformation of A onto Vi. If Z\ and z2

are two generic points of Vi over K, we can define a composition function in

Vi by setting zi+z2 = Ri(RY1(zi)+Ri1(z2)); it is easily seen that this composi-

tion function satisfies all the conditions of an Abelian variety. The function

Zi+z2 is evidently defined over K(v); we maintain that this function is also

defined over K. Let R* be the rational transformation of A * onto Vi induced

by 7?*; it is clear that 7?* is defined over K*, and the relation R* = RiF shows

that 7?i* is a rational homomorphism of A * onto V, whereby V is considered

as an Abelian variety defined over K(v). It follows that 7c?-1(zi) and R*~l(z2)

are prime rational cycles in A* over K*(zi, z2); let wx and w2 be generic points

of R*~l(zi) and R*~1(z2) over 7\T*(zi, z2) respectively. Then we have Z1+Z2

= R*(wi+w2), which shows that Zi+z2 is rational over K*(zi, z2, wx, w2); and

as Zi+z2 is evidently independent of the choice of the generic points Wi and

w2, it follows that Zi+z2 is rational over a purely inseparable extension of

K*(zi, z2). As Zi+z2 is also rational over the separably generated extension

K(v, zi, z2) of TiT(zi, z2), we conclude that Zi+z2 is rational over K(zit z2). Thus

we have shown that Vi is an Abelian variety over K and hence K(z) is an

Abelian function field over K; as we have evidently L — K(v,z), this concludes
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the proof of our theorem, except for one point mentioned above, to which

we shall now turn our attention.

In order to complete the proof of Theorem 3, we shall show the existence

of a specialization v[ of v' with the properties mentioned above. We observe

first that the following properties hold for almost every specialization

v'—^Vo over K:

(1) There exists a unique specialization A'—>Al such that Al is a non-

singular variety, defined over K(vl) (Lemma 1);

(2) the composition function in A', defined everywhere on A'XA' to A',

specializes uniquely into a function on Ao XAl to Al, defined over K(vl),

which is defined everywhere; by the permanence of functional relations under

specialization, this specialized composition function is also associative

(Lemma 2);

(3) the unit element in A', being rational over K(v'), specializes uniquely

into a point in A I, rational over K(vl), which is also a unit for the specialized

composition function, by the permanence of functional relations;

(4) the inverse function in A', defined everywhere in A', specializes

uniquely into a function in A0', defined over K(vl), which is also defined

everywhere in Ao (Lemma 2), and the permanence of functional relations

shows that this function is also the inverse function in A I with respect to the

specialized composition function and the specialized unit element;

(l)-(4) together shows that Ao is an Abelian variety defined over

K(vi);
(5)/over the specialization v'—*v{ over K*, the rational homomorphism

F' of A * onto A' specializes uniquely into a rational transformation Fo of A *

onto Ao, defined over K*(vl), which is defined everywhere in A * (Lemma 2);

by the permanence of functional relations, this rational transformation Fi

is a homomorphism of A* onto Al;

(6) if vl is a specialization of v(mo) over K(v), then there exists a uniquely

determined specialization H*-™^—>770 such that 770 is an everywhere biregular

birational transformation of A onto AI, defined over K(v, vl), which by the

permanence of functional relations must be an isomorphism of A onto AI

(Lemma 2, applied to both 77(mo) and its inverse); since we have the relation

77"(mo) (y) = F(mo) (x), and since FI is also a specialization of F(mo) over the

specialization v{mo)—>vl over K*(v) and 77o is also a specialization of H(-n">) over

the specialization v(ma)—»nd over K*(v), it follows that 770(y) = FI (x).

Now, let Wi, ■ ■ • , wr be a separating transcendental base of K(v'); then

the following properties hold for almost every specialization w-+w0 over K:

(7) there are only a finite number of specializations v{ , ■ • • , vl of v' over

the specialization w—>w0 over K, forming a complete set of conjugates over

K(wo);

(8) each point vl is separably algebraic over K(w0);
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(9) each point vl is the specialization of exactly one point v(mi) over K(v);

(10) each point vl satisfies the conditions (l)-(6) above.

The proof of (7), (8), (10) follows immediately from the fact that each is

expressed by the condition that a system of algebraic equations over K is

not satisfied by the point wa or the point vl.

Thus we have shown that almost every specialization v{ of v' over K has

all the desired properties except the condition that vi be separably algebraic

over K. For this last condition, it is clearly sufficient to show that there exists

at least one point Wo in the r-space which is separably algebraic over K and

is not contained in a given bunch of varieties, and this follows immediately

from the fact that the set of all separably algebraic points over K in the r-

space is everywhere dense with respect to the Zariski topology (in which the

closed subsets are the bunches of subvarieties). In fact, this is obvious in case

of the 1-space, there being more than a finite number of separably algebraic

elements over K in the universal domain, and the general case can be easily

deduced from this by induction.

Corollary 1. Let K(v) be a regular extension of K, and let L be an Abelian

function field over K(v); let v' be a generic specialization of v over K, independent

with respect to v over K, and let L' be an Abelian function field over K(v') such

that the isomorphism between K(v) and K(v') can be extended to an isomorphism

between L and L'. If the field L' can be so chosen that LL' = L(v') =L'(v), then L

contains an Abelian function field K(z) over K, independent with respect to

K(v) over K, such that L = K(v, z).

Proof. The corollary follows from Theorem 3 if we take u to be a generic

specialization of v over K, independent with respect to L over K, and set

K*=K(u) and take L* to be an Abelian function field over K(u) such that

the isomorphism between K(v) and K(u) can be extended to an isomorphism

of L and L* and that the relation LL* =L*(v) =L(u) holds; for we would then

have the relation L*(v, v')=L*L(v')=L(u, v')=L'(u, v), from which it fol-

lows by Theorem 2, Corollary 1, that L*(v') =L'(u). One observes that the

condition "for any choice of v'" is not necessary here, for all such v' are generic

specializations of each other over K(v).

In order to exhibit the geometrical meaning of this corollary and also for

the sake of convenience in later applications, we shall restate it in terms of

Abelian varieties instead of function fields:

Corollary 1'. Let K(v) be a regular extension of K, and let A be an Abelian

variety defined over K(v); let v' be a generic specialization of v over K, independ-

ent with respect to v over K, and let A' be the specialization of A over the specializa-

tion v—>v' over K. If A is regularly isomorphic to A' over K(v, v'), then A is

regularly isomorphic to an Abelian variety defined over K.

Corollary 2. Let V be a variety defined over a field K, and let K(u) be a
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regular extension of K. If V is birationally equivalent over K(u) to an Abelian

variety defined over K(u), then V is also birationally equivalent over K(u) to an

Abelian variety A defined over K; furthermore, this Abelian variety A is uniquely

determined up to a regular isomorphism over K, independent of the choice of the

regular extension K(u) of K.

Proof. Let u' be a generic specialization of u over K, independent of u

over K, and let x he a generic point of V over K(u, u'); then K(u, x) is an

Abelian function field over K(u) and K(u', x) is an Abelian function field over

K(u'), and since K(u, x, u')=K(u', x, u), it follows from Corollary 1 that

K(u, x) =K(u, z), where K(z) is an Abelian function field over K, independent

with respect to K(u) over K. If A is the Abelian variety over K, determined

by K(z), then V is evidently birationally equivalent to A (over K(u)); it Ax

is an Abelian variety over K obtained in this manner with respect to another

regular extension Kx of K, then Ax must also be birationally equivalent to

Fover Kx and hence must be regularly isomorphic to A over Kx(u); according

to Theorem 2, Corollary 1, then Ax must be regularly isomorphic to A over K.

4. The A-image.

Theorem 4. Let K* be a primary extension of K, and let A* be an Abelian

variety over K*. Then there exists an Abelian variety A over K, uniquely deter-

mined up to a regular isomorphism over K, and a rational homomorphism F of

A * onto A, defined over K*, such that if H is a rational homomorphism of A*

into an Abelian variety B and if B is defined over a separably generated extension

K(v) of K, independent with respect to K* over K, and H is defined over K*(v),

then His the product of F and a rational homomorphism of A into B, defined over

K(v).

Proof. Let x be a generic point of A* over K*, and set L* = K*(x); if F0

is any rational homomorphism of A * onto an Abelian variety A 0 defined over

K and if F0 is defined over K*, then Lo = K(F0(x)) is an Abelian function

field over K which is a subfield in L* and is linearly disjoint with respect to

K* over K. This field L0, being the function field of A a over K, determines

A0 uniquely up to a regular isomorphism over K, and F0 is the rational homo-

morphism associated with the subfield K*Lo in L* and hence is uniquely

determined up to regular isomorphisms of A* and A0 over K* and K respec-

tively. Consider now the aggregate 8 of all such subfields K(Fo(x)) in L* as

F0 runs through all such homomorphisms; let Lx and L2 be two fields in 8,

and let Fx and F2 be the corresponding rational homomorphisms of A * onto

the Abelian varieties Ax and A2 respectively, so that we have Lx = K(Fx(x))

and L2 = K(F2(x)). The rational transformation FxXF2 is a homomorphism

of A* into the product Abelian variety AxXA2, and the image of A* in

AxXA2 under this homomorphism is then an Abelian subvariety A3, defined

over A"*; since AxXA2 is defined over K, it follows from Theorem 2, Corollary
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1, that the Abelian variety A3 is defined not only over K*, but also over K.

This means that the compositum LXL2= K(Fi(x) XF2(x)) is also a field in S;

it follows then from [2, Lemma l] that there is a maximal field L in £, and

we can define A to be the Abelian variety over K defined by L and define F

to be a homomorphism of A * onto A associated with the subfield L of L*.

Consider now the homomorphism 77 and the extension K*(v) of K over

which 77 is defined; then the last assertion of our theorem is equivalent

to the statement that if we replace the fields K and K* by K(v) and K*(v)

respectively, and if we denote by ?„ the aggregate of all subfields in L*(v)

of the form K(v, Fo(x)), where Fo is any rational homomorphism, defined

over K*(v), of A* onto an Abelian variety defined over K(v), then the

maximal field Lv in 8„ is the field L(v). To show this, we consider a field TCi

which is the separably-algebraic closure of an infinite transcendental exten-

sion of K; it is well known (MacLane [4, Theorem 9(a) and Theorem 15])

that any finitely generated extension of K in Ki is a separably generated ex-

tension of K, and it is easily seen that for any finitely and separably generated

extension of K there exists an isomorphic extension of K in Kx which is in-

dependent with respect to it over K. If we now apply the preceding argument

with T\"i replacing K as the ground field and if A is the so obtained Abelian

variety over Ki and F is a homomorphism of A * onto A associated with it,

then there is a finitely and separably generated extension of K in Ki over

which both A and F are defined. It is clearly sufficient to prove our assertion

for the case where K(v) is such a field, so that A is the Abelian variety over

K(v) defined by Lv. Let v' be a generic specialization of v over K such that

K(v') is contained in Ki and is independent with respect to K(v) over K, and

let £„' be the maximal field in the aggregate £„', where 8„- is defined similarly

as 2V with K(v') replacing K(v); similarly, let L(V,V') be the maximal field in

the aggregate £(„,„'!• Then it follows from the definition of A that we have

the relation L(v,v>)=Lv(v'), and since L(lr»')Z)I»L»OL,(8'), we have the rela-

tion LvL„-=Lv(v'). It follows then from Theorem 3 that L*C\LV contains an

Abelian function field 7\7(z) over Tf, independent with respect to K(v) over K,

such that Lv = K(z, v); since K(z) is evidently a field in 2, we have the relation

LZ)K(z) and hence L(v)~Z)K(z, v) =LV, which shows that L(v) =LV. This con-

cludes the proof of our theorem.

The Abelian variety A in Theorem 4 is called the K-image of A* over K*,

and the rational homomorphism F is called the canonical homomorphism of A *

onto A. The Tf-image A of A* over K* is uniquely determined up to a regular

isomorphism over K, and the canonical homomorphism F of A* onto A is

uniquely determined up to regular isomorphisms of A* and A over K* and

K respectively. If TCi is any separably generated extension of K, independent

with respect to K* over K, then the TC-image A of A* over K* is also the

TxTi-image of A* over TC*Tx"i, with the same canonical homomorphism F;

furthermore, it is easily seen from Theorem 2, Corollary 1, and the proof of
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Theorem 4 that if A* is any primary extension of K*, then the A-image A

of A * over K* is also the A-image of A * over Kx*, with the same canonical

homomorphism F.

Corollary. Let Kx be any extension of K, independent with respect to K*

over K, and let At be the Kx-image of A* over KXK* and Fx be the canonical homo-

morphism of A* onto Ax; then there is a rational isomorphism I of Ax onto A,

defined over Kx, such that F = IFx.

Proof. Without any loss of generality, we can assume that Kx is a purely

inseparable extension of K, for otherwise we can replace K by its separably-

algebraic closure in Kx, and A would still remain the A-image of A *. Let Fx

be the canonical homomorphism of A* onto Ax; then according to Theorem

4, F is the product of Fx and a rational homomorphism / of Ax onto A, de-

fined over Kx. It follows then that A is also the A-image of Ax over Kx, and /

is the corresponding canonical homomorphism. Since Kx is purely inseparable

over K, there exists a positive integer e such that the p'th power A2 of Ax is an

Abelian variety over K and there is a rational isomorphism Ix of Ax onto A2,

defined over Kx. According to Theorem 4, Ix is the product of I and a rational

homomorphism of A onto A2; this shows that / must be an isomorphism.

Theorem 4 enables us to obtain a stronger form of Theorem 2 in our note

[2], where the hypothesis "if both B and H are defined over K" is replaced

by "if both B and H are defined over a separably generated extension of K."

We shall state this stronger result here, as a theorem, mainly on account of

its own interest, although we shall also find it convenient to use it in the proof

of the next theorem.

Theorem 5. Let A be an Abelian variety over a field K, and let X be an

algebraic subgroup in A, normally algebraic over K; let A (X, K) be the quotient

Abelian variety of A over X relative to K, and let F be the canonical homomor-

phism of A onto A(X, K). If H is any rational homomorphism of A into an

A belian variety B with X as the kernel and if both B and H are defined over a

separably generated extension K(v) of K, then H is the product of F and a ra-

tional isomorphism of A(X, K) into B, defined over K(v).

Proof. Since X is normally algebraic over K, there is a purely inseparable

extension Kx of K such that X is normally algebraic and separable over Kx;

according to [2, Theorem l], the quotient variety A(X) and the canonical

homomorphism Fx of A onto A (X) are both defined over Kx. Let A (X, K)

be the A-image of A (X) over Kx and Ft be the canonical homomorphism of

A(X) onto A(X, K), and set F = F2Fx; since both A and A(X, K) are defined

over K, it follows from Theorem 2, Corollary 1, that F is also defined over K.

It is then easily seen from Theorem 4 and [2, Theorem 1 ], that the so defined

A(X, K) and F have the property stated in the theorem.

Theorem 6. Let K* be a primary extension of K, and let A* be an Abelian
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variety over K*; let Ki be any extension of 7x7, independent with respect to K*

over K. If there is a rational homomorphism H of an Abelian variety B onto A *,

and if B is defined over Ki and H is defined over K*Ki, then the canonical homo-

morphism F of A* onto its own K-image A over K* is an isomorphism.

Proof. Without any loss of generality, we can assume that K is algebrai-

cally closed and 7C"i = Tx7; for otherwise we can replace K by Ki and K* by

Tx7*7Ci, and if the canonical homomorphism Fi of A* onto its Txi-image Ai

over K*Ki is an isomorphism, then according to Theorem 4, Corollary, the

canonical homomorphism F is the product of Fi and a rational isomorphism

of Ai onto A, and hence is also an isomorphism.

Let X be the kernel of 77 in B; since X is normally algebraic over K* and

since B is defined over K, it follows from Theorem 1 that X is also normally

algebraic over 7i7. According to Theorem 5, 77 is the product of the canonical

homomorphism of B onto B(X, K) and a rational isomorphism 7? of B(X, K)

onto A*, defined over K*. Let x be a generic point of B(X, K) over K; then

y = 7?(x) is a generic point of A* over K* and the field 7£7*(x) is a purely in-

separable extension of K*(y). Let e be the exponent of K*(x) over K*(y),

and consider the peth power A2 of B(X, 7i7), whose function field over Tf* is

isomorphic to K*(xp"), where xp° denotes the point obtained from x by raising

all coordinates of x to the peth power. Since we have K*(x) Z)K*(y) Z)K*(xp"),

K*(y) is evidently a purely inseparable extension of K*(xpt); it follows that

there is a rational isomorphism of A* onto A2, which according to Theorem 4

must be a product of F and a rational homomorphism of A onto A2. This

shows that F must be an isomorphism.

Remark. It is easily seen that the condition in Theorem 6 is not only

sufficient but also necessary.

Corollary 1. Let 7x7* be a primary extension of K, and let A* be an Abelian

variety over K*; if the canonical homomorphism F of A* onto its K-image A

over 7x7* has a finite kernel, then F is an isomorphism.

Proof. According to Weil [6, Theorem 27], there is a rational homo-

morphism of A onto A*, defined over K*, and the corollary then follows from

Theorem 6.

Corollary 2. Let K* be a primary extension of K, and let A* be an Abelian

variety over K*; then the kernel of the canonical homomorphism F of A* onto its

K-image A over K* is an Abelian subvariety in A*.

Proof. The kernel X of F is an algebraic subgroup in A*, normally alge-

braic over Tx7*; let X0 be the maximal Abelian variety contained in X, which

is also normally algebraic over K*, and consider the quotient variety

A*(Xa, K*) and the canonical homomorphism F* of A* onto A*(X0, K*),

both defined over K*. According to Theorem 5, F is the product of F* and a
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rational homomorphism H of A*(X0, K*) onto A, defined over A*, and it is

easily seen that A is also the A-image of A*(Xa, K*) over K* and H is the

canonical homomorphism. Since the kernel of H is isomorphic to the quotient

group X/Xo and hence is finite, it follows from Corollary 1 that H is an iso-

morphism; this shows that X=Xa.

5. The A-trace.

Theorem 7. Let K* be a primary extension of K, and let A* be an Abelian

variety over K*. Then there exists a uniquely determined Abelian subvariety A a*

in A*, defined over A*, with the properties: (1) If His a rational homomorphism

of an A belian variety B into A *, and if B is defined over any extension K(v) of K,

independent with respect to K* over K, and H is defined over K*(v), then H(B) is

contained in A a*, (2) Ao* is the smallest Abelian subvariety in A* which has this

property. Furthermore, A0* is the only Abelian subvariety in A* which is isogen-

ous to the K-image of A* over K*, and the canonical homomorphism F0 of Ao*

onto its own K-image Ao over K* is an isomorphism.

Proof. Let Ai and Kt be two extensions of A which are both independent

with respect to A* over A, and let Bx and B2 be Abelian varieties defined over

Ai and K2 respectively; let Hx and H2 be rational homomorphisms of Bx and

B2 respectively into A*, and let Ax* and A* be the respective image varieties

in A*. Let A*' be an extension of A* which is isomorphic to A*A2 over A

and is independent with respect to K*Kx over A*, and let A2' be the subfield

in A*' which is the image of K2 under the isomorphism between K*K2 and

A*'; then K{ is independent with respect to A*Ai over K, and hence K{ Kx

is independent with respect to A* over A, and we have the relation K*K2'

= K*'. Let Bi be the Abelian variety defined over Ki which is the iso-

morphic image of B2 under the isomorphism between A2 and A2' over A;

since K*K2 is isomorphic to K*K2 over A*, there is a rational homomorphism

Hi of Bi into A * such that Hi (Bi) =H2(B2) =A2*. The product Abelian vari-

ety BxXBi is then defined over AiA2', which is independent with respect to

A* over A, and Hxprx+H2pr2 is a rational homomorphism of BxXBi into A*

which has as its image the Abelian subvariety in A * generated by Ax* and ^42*.

Consider now the aggregate of all Abelian subvarieties in A* which are ra-

tionally homomorphic images of Abelian varieties defined over fields which

are independent with respect to A* over A; it follows from what we have just

said that there is an Abelian subvariety A a* in this aggregate which contains

every variety in the aggregate. It is clear that A0* has the properties (1) and

(2); furthermore, it follows from Theorem 6 that F0 is an isomorphism of

Ao* onto Ao. Consider now the A-image A of A* over A*; according to the

Poincare Complete Reducibility Theorem (Weil [6, Theorem 26 and Corol-

lary 2]), there exists a homomorphism H of A onto an Abelian subvariety of

the same dimension in A *, and it can be easily seen from the cited proof of this

theorem that His defined over A*. It follows that H(A) is contained in^40*, so
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that the dimension of Aa* is not less than that of A. On the other hand, by the

same theorem, there exists a homomorphism 77i of A* onto Ao*, defined over

K*; then F0H1 is a homomorphism of A* onto A0, defined over 7i7*, and since

F^H\ is according to Theorem 4 the product of the canonical homomorphism

F of A * onto A and a homomorphism of A onto A 0, it follows that the dimen-

sion of A o and hence also the dimension of A o* cannot be greater than that

of A. Thus 77(^4) and A0* have the same dimension and hence we have

H(A) =Ao*, so that A and A0* are isogenous over K* (and hence A and A0

are isogenous over K); and it is clear from our argument that the Abelian

subvariety Ao* is the only Abelian subvariety in A* which is isogenous to the

Abelian variety A.

The Abelian variety Ao* in Theorem 7 is called the K-maximal Abelian

subvariety over K* in A*; it is uniquely determined by the Abelian variety A *

and the fields K* and K. If Ki is any extension of K, independent with re-

spect to K* over K, then the TC-maximal Abelian subvariety A 0* over 7x7* in

A* is also the 7x"i-maximal Abelian subvariety over 7x7*7fi in A*; and if 7<\*

is any primary extension of 7x7*, then the TC-maximal Abelian subvariety Ao*

over 7C* in A* is also the TiT-maximal Abelian subvariety over Tc7* in A*.

Theorem 8. Let K* be a regular extension of K and let A* be an Abelian

variety over K*. Then there exists an Abelian variety A' over K, uniquely deter-

mined up to a regular isomorphism over K, and a rational isomorphism F of

A' into A*, defined over K*, such that if B is an Abelian variety defined over any

extension TC"i of K, independent with respect to 7x7* over K, and if H is a rational

homomorphism of B into A*, defined over K*Ki, then H is the product of F

and a rational homomorphism of B into A', defined over K\.

Proof. Without any loss of generality, we can assume that K* =K(u) is a

finitely generated extension oi K; let A be the 7x"-image of A* over TC* and Au

be the maximal Tf-Abelian subvariety over K* in .4*, and let Tu be a rational

homomorphism of A onto Au, defined over K(u). Let Ui(=u), u2, ■ ■ ■ , um be

m independent generic specializations of w over K; if Sn is the ambient projec-

tive space of Au, then there exist Abelian varieties AUl, ■ • • , A„m in Sn which

are respectively the specializations of Au over the specializations «i, • • • , um

of u over K. If y is a generic point of A over K(ux, • ■ ■ , um), then for each

i — 1, • • • , m, the point xt=TUi(y) is a generic point of A „. over Tx7(«i, • • • ,um).

The correspondence y—»(*i, • • • , xm) then defines a rational homomorphism

Tm of A into the product variety AUIX • • • XAUm, defined over

K(ui, • • • , Mm), and the image Tm(A) is an Abelian variety, defined over

K(ui, • • • , Mm), whose projection into the first factor AUI=AU is a rational

isomorphism onto Au, i.e., pri(Tm(A))=sAu, where s is the degree of

K(uu ■ • ■ , um, xi, ■ ■ ■ , xm) over K(uh ■ ■ ■ , um, Xi).

Since K(uit • ■ • , um, y) is a finite extension of K(ui, • • • , Mm, Xi) whose

degree is independent of the integer m, and since we have K(ui, • • • , um, y)
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DA(«i, • • • , um, Xx, • • • , xm)Z)K(ult • • • , um, Xx), it follows that the degree

^ of K(ux, ■ ■ • , um, Xx, • • • , xm) over K(ult • • • , um, Xx) is bounded for all m.

We shall assume that the integer m has been chosen so large that this degree

reaches the maximum; let u{, • • • , «m' be m independent generic specializa-

tions of u over A, independent with respect to «i, • • • , um, and y over A,

and set */ =TUi-(y), t=l, • • • , m. Since K(ult • • • , um, u{, • • • , wm',

*i, • • • , Xm, x{, ■ ■ ■ , xJi) contains A(«i, • • • , um, u(, • ■ • , um', xlt ■ ■ ■ , xm)

and has the same degree 5 over A(«i, • • • , um, u[ , • • • , um', Xx) as the latter,

we must have the relation K(ult • • • , um, u{, • ■ ■ , um', xlt ■ ■ ■ , xm,

*i i * * * i x„) =K(ux, • • • , um, u{, ■ ■ ■ , um', Xx, ■ ■ ■ , xm) and hence also the

relation K(ux, ■ ■ ■ , um, u{, ■ ■ ■ , wm', xlt ■ • ■ , xm)=K(ult • • • , um,

u{ , • • • , Urn, x{ , • • ■ , Xm). This shows that the Abelian variety Tm (A) satis-

fies the hypothesis of Theorem 3, Corollary l',and hence there exists an Abelian

variety A' over A, uniquely determined up to a regular isomorphism over A,

such that for every sufficiently large integer m, there is a regular isomorphism

Rm of A' onto Tm(A). We set F=prxRn.

Consider now the rational homomorphism H of B into A*, and let w be a

generic point of B over Kx(ult ■ • • , um), where we now assume that

K(ux, • ■ • , um) is independent with respect to Ai over A; according to Theo-

rem 7, the point H(w) is contained in AK, hence there exists a point y0 in A

such that Tu(yo)=H(w). The correspondence w->5[r-1(H(w))]-5[r,T1(0)]

defines a rational homomorphism of B into A (where the symbol 5 has the

meaning given in Weil [6, pp. 28-29]), defined over Kx(u); according to

Theorem 2, Corollary 1, this homomorphism is also defined over Ai and hence

S[Tu1(H(w))]— Sfr"1^)] is a rational point over Kx(w) in A. Furthermore,

the points in TV^O) constitute a finite subgroup in A, normally algebraic

oyer K(u); according to Theorem 1, this subgroup is also algebraic over A.

It follows then that the point yx = S[T^1(H(w))] is algebraic over Kx(w). If

d is the degree of Tu, then we have yx = S[TZx(H(w)) ] =S[T~1(Tu(yo)) ]=dy0;

it follows then that the point yo is algebraic over Ai(yi) and hence also alge-

braic over Kx(w).

Now, for each i = l, ■ • ■ , m, let HUi be the specialization of H over the

specialization u—>uf over Kx; then HUi is a rational homomorphism of B into

AUi, and since Ai(w.) and Kx(w, yi) are linearly disjoint over Ai, we have the

relation HUi(w) =TUi(yi). The correspondence w^>(HUl(w), • • • , HUm(w)) =

(^«i(;yo), • • • , Tum(yi)) then defines a rational homomorphism Hm of B into

Tm(A), defined over K(ux, ■ • ■, um); and for sufficiently large m, we have then

H(w)=prxHm(w)=prxRmKm1Hm(w) = FRm1Hm(w). Since R^'Hm is a rational

homomorphism of B into A', defined over Kx(ult • • • , um), it is also defined

over Kx, according to Theorem 2, Corollary 1. This concludes the proof of our

theorem.

The Abelian variety A' in Theorem 8 is called the K-trace of A* over A*,

and the rational isomorphism F is called the canonical isomorphism of A' into
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A*. The Tf-trace A' of A* over K* is uniquely determined up to a regular

isomorphism over K, and the canonical isomorphism F of A' into A* is

uniquely determined up to regular isomorphisms of A' and Ao* over K and

K* respectively, where ^40* is the Tf-maximal Abelian subvariety over K* in

^4 *. If Tf i is any extension of K, independent with respect to K* over K, then

the Tf-trace A' of A* over Tf* is also the Tf^trace of A* over Tf *Tfi, with the

same canonical isomorphism F; furthermore, it is easily seen from Theorem

2, Corollary 1, and the proof of Theorem 8 that if Tfi* is any regular extension

of K*, then the Tf-trace A' of A* over K* is also the Tf-trace of ^4* over Tf]*,

with the same canonical isomorphism F. In fact, in order that the latter state-

ment holds, it is sufficient to assume that Tff* is a primary extension of Tf*

and is also a regular extension of Tf.

Corollary. Let K*K(u) bearegular extension of Tf, and let A* be an Abelian

variety over Tf *; let A' be the K-trace of A* over Tf *, and let F be the canonical

isomorphism of A' into A*. Let U\, ■ ■ ■ , um be independent generic specializa-

tions of u over Tf, and let A*, • • • , A*, and Fi, ■ ■ ■ , Fm be the corresponding

specializations of A* and F respectively; if y is a generic point of A' over

K(ui, • • • , Mm), then the correspondence y—*(Fi(y), ■ ■ ■ , Fm(y)) defines a

regular isomorphism of A' into the product variety YlT=i A*, provided the integer

m is taken sufficiently large.

This follows almost immediately from the proof of Theorem 8.

There arises naturally the question whether a result similar to this corol-

lary also holds for the Tf-image A oi A* over Tf*, that is, in the notation of

Theorem 4, whether the correspondence (xi, • • • , xm)—>Y?-1 Fi(xi) defines

a regular homomorphism of JjT-i A{* onto A, if the integer m is taken suffi-

ciently large. If this is true, then it would follow that, in case Tf * is a regular

extension of Tf, the Tf-image of A * over Tf * is also the Tf i-image of A * over

Tf*Tfi for any extension Tfi of Tf which is independent with respect to Tf*

over Tf. That the answer to this question is in the affirmative will be proved

in our forthcoming paper on Picard varieties, as an application of the prin-

ciple of duality developed there; however, it would be interesting and desir-

able to have a direct proof of this fact by the methods used in this paper.

Notes. (Added in proof, January 8, 1955.) (1) Professor Weil has kindly

communicated to us a new, simpler proof of our Theorem 1 in §1, based on

the Theorem 7 and Proposition 25 in his book [6]. Using the notations in

the proof of Theorem 1, as well as the simplifying assumptions introduced

there, Weil's proof can be summarized as follows. Let W be a subvariety of

dimension r — d(r and d being the dimensions of A and X respectively) in A,

defined over Tf, having at 0 a simple point and transversal to X at 0; then,

according to [6, Proposition 25], the correspondence y—+S(X ■ Wy) defines up

to a translation a rational homomorphism 77 of A onto X, defined over K(u).

On the other hand, the correspondence yXu—*H(y) defines a rational trans-
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formation F of A X U into A, defined over A; according to [6, Theorem 7],

we have F(y, u) = F0(y) + Fx(u), where Ao and Fx are rational transformations

of A and U respectively into A, both defined over A. It follows then that we

must have H(y) = F0(y) — A0(0), so that H is also defined over A, and this

shows that X as the image variety of H is defined over A.

(2) We should like to make a few remarks on the proof of Theorem 3 in

§3; for the sake of simplicity, we shall limit ourselves to the case where K(v)

is a regular extension of A, i.e. the case dealt with in the Corollary 1, so that

the existence of A* is not needed. We recall that, in the proof of Theorem 3,

the following construction is used to obtain an Abelian variety defined over

A which is regularly isomorphic over K(v) to a given Abelian variety A de-

fined over K(v), after we have shown that there exists an Abelian variety A{

defined over an algebraic extension K(v{) of K which is regularly isomorphic

to A over K(v, vl): Let v{, ■ • ■ , vl be the complete set of conjugates of v{

over K, and let A{ , ■ ■ ■ ,Ad' be the corresponding specializations of Ai over

A; let y be a generic point of A over K(v), and let yi, • • ■ , yi be the cor-

responding generic points of Ai, • • • , AJ[ over K(v, vi), • • • , K(v, vl) re-

spectively; finally, let z be the associated point of the 0-cycle Y^f=1 (yl) as

a cycle in the ambient projective space. Since z is rational over K(v, y), it

has a locus Fover K(v); then, under the additional assumptions of Theorem 3,

it is shown that V is an Abelian variety defined over K and is regularly iso-

morphic to A over K(v). Professor Weil has kindly called our attention to the

fact that a similar construction has been used by T. Matsusaka in his paper

Some theorems on Abelian varieties (Natural Science Report, Ochanomizu

University, vol. 4, 1953, pp. 22-35), in the proof of his main theorem (Theo-

rem 3), for a similar purpose; in his case, the variety A is already defined

over K, but is assumed to have only a normal law of composition, and the

object is to prove that it is birationally equivalent to an Abelian variety

defined over A. This method of construction seems to be useful also for other

problems where one wishes to narrow down the field of definition of a certain

type of varieties; in fact, in a paper to be published soon in the American

Journal of Mathematics, Weil has applied this method in his theory of

"transformation spaces" and succeeds in generalizing to abstract varieties

some of the results of Matsusaka and ourselves.

In this connection, we should like to add the following comments, which

will throw some further lights on the relation between the main result of

Matsusaka's paper and our Theorem 3. If we remove from both the hy-

pothesis and the conclusion of Theorem 3, or rather Corollary 1 of Theorem 3,

the condition that the function fields involved are Abelian function fields,

then the theorem will still be true, for we need only to omit in the proof all

references to group properties. In fact, in this case, a much simpler proof of

the theorem can be given as follows, using the notations in the proof of

Theorem 3, whereby we shall again restrict ourselves to the case of Corollary
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1, for the sake of simplicity. Let X and W be the loci of (y', v') and v' over Tf

respectively; the condition K(v, v', y) =K(v, v', y') shows that there is a bi-

rational correspondence T of the product variety AXW onto X, defined

over K(v). Since yXW is a subvariety in AXW, defined over Tf(z>, y), and

since it contains a point (y, v') which is a generic point oi AXW over Tf (v),

the image variety T(yXW) is defined and is a prime rational cycle over

K(v, y). If z is the associated point of T(y X W), then the correspondence y^-z

defines a rational transformation T? of A, defined over K(v), which can be

easily seen to be birational. Since the generic point v of W can be replaced

by any other generic point, and since Tf (v) is assumed to be regular over Tf,

it follows that the image variety V = R(A) must be defined over Tf; further-

more, if we now add the assumption that A is Abelian, then the group

composition in A induces on V a normal law of composition, which can be

easily seen to be also defined over Tf. Thus we have given a new proof of our

Theorem 3, with however the weaker conclusion that the variety V has a

normal law of composition, instead of being an Abelian variety; this was, in

fact, our first (incomplete) proof of this theorem, and it is precisely in order

to obtain the stronger conclusion, that V is an Abelian variety, that we in-

troduced an algebraic specialization of A' and applied the method of construc-

tion outlined above. Now, the main theorem in Matsusaka's paper (which

unfortunately was not known to us at the time when this paper was written)

asserts that any variety with a normal law of composition defined over Tf is

birationally equivalent over Tf to an Abelian variety defined over Tf, and

this is exactly what we need in order to complete the above argument into a

proof of our Theorem 3, at least in the case of Corollary 1. This new proof,

though in reality longer and more complicated than the one given in the

text, considering the length of Matsusaka's proof of his main theorem, has

nevertheless the advantage of conceptual simplicity.

(3) As we have observed after Theorem 4, the Tf-image A oi A * over Tf *

remains to be the Tf-image of A * over Tf i* for any primary extension Tf i* of

Tf *. Professor Matsusaka has kindly pointed out to us that this is in a sense

the exact extent to which the Tf-image is independent of the choice of the

reference field Tf *, and that a counter example can be constructed where Tf*

is even a regular extension of Tf, though of course no longer a primary exten-

sion of Tf *. A simple special case of the example communicated by Matsusaka

is the following. Let Tf be an algebraically closed field of characteristic zero,

let u be a variable over Tf, and consider the elliptic curve C(u) in the plane

defined by the equation y2 = m/(x) over the field Tf (m) , where f(x) is a poly-

nomial of degree 4 (or 3) with coefficients in Tf and having no multiple roots;

since C(u) has evidently a rational point over Tf(M), it is an Abelian variety

over Tf (m). If u' is another variable over Tf, independent with respect to u over

Tf, then the curve C(u') cannot be birationally equivalent over K(u, u') to

the curve C(u); for, if it were so, there would be a birational transformation
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of C(u) onto C(u'), defined over K(u, u'), which leaves the variable x in-

variant and hence must transform the variable y by the correspondence

y—*(u'/u)ll2y, which is in contradiction to the fact that birational trans-

formation is defined over K(u, u'). This shows that the A-image of C(u)

over K(u) is zero, i.e. reduces to a point, while on the other hand it is obvious

that the A-image of C(u) over K(u112) is the elliptic curve C defined by the

equation y2=f(x). This situation is further confirmed by the observation,

based on some of the results in our forthcoming paper on Picard varieties,

that the A-images of C(u) over K(u) and K(u112) are respectively the

Albanese varieties of the surfaces in 3-space defined by the equations y2 — zf(x)

= 0 and y2 — z2f(x) =0 over A; the former is a rational surface and hence has

a zero Albanese variety, while the latter is a ruled surface, birationally

equivalent to the product of the curve C with a projective line.
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