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Introduction. .1. Let M be a differentiable manifold of class Cx. All tensor

fields discussed below are assumed to be of class C°°. Let X be a vector field

on M. If X vanishes at a point oCM then X induces, in a natural way, an

endomorphism ax of the tangent space F0 at o. In fact if y£ V„ and F is any

vector field whose value at o is y, then define axy = [X, Y]„. It is not hard to

see that [X, Y]0 does not depend on F so long as the value of F at o is y.

Now assume M has an affine connection or as we shall do in this paper,

assume M is Riemannian and that it possesses the corresponding affine

connection. One may now associate to X an endomorphism ax of F0 for any

point oCM which agrees with the above definition and which heuristically

indicates how X "winds around o" by defining for vC V0, axv = — VtX, where

V. is the symbol of covariant differentiation with respect to v.

X is called an infinitesmal motion if the Lie derivative of the metric tensor

with respect to X is equal to zero. This is equivalent to the statement that ax

is skew-symmetric (as an endomorphism of F0 where the latter is provided

with the inner product generated by the metric tensor) for all oCM.

§1 contains definitions and formulae which will be used in the remaining

sections.

In §2 we consider g, the space of all infinitesimal motions on M. g is a

finite dimensional Lie algebra under the usual bracket operation for vector

fields. Each element -X"£g is uniquely determined over Mhy the value x of X

and ax at any single point oCM. These known facts and a statement giving

[X, Y]0 and a^x.Y] for X, F£g (and consequently giving the structure of g)

in terms of x, y, ax, ay and the curvature tensor at o, generalizing that given

by E. Cartan when M is symmetric, are contained in Theorem 2.3 of this

section.

In §3 we consider 80 the Lie algebra of the restricted homogeneous holon-

omy group at oCM. (S0 is a Lie algebra of skew-symmetric endomorphisms

of V0.) We are interested in the question as to when axC^o for X£g. As

Euclidean space clearly illustrates, this is not true in general. When x = 0,

Lichnerowicz [12] has shown that it is true if g„ acts irreducibly on F„ (M is

thereby called irreducible as this is independent of o) and the Ricci tensor

does not vanish. It is true under these conditions whether or not x = 0. It is

the main result of this section that this is true (axC$o) whenever M is com-

pact.

Received by the editors March 20, 1955.

528



INFINITESIMAL MOTIONS OF A RIEMANNIAN MANIFOLD 529

In §4 we consider f)0 the Lie algebra of skew-symmetric endomorphisms of

V0 generated by all ax for XG8- 0ne knows that in general fi0C«(g0) where

k(So) is the normalizer of 60 in the Lie algebra, a0, of all skew-symmetric endo-

morphisms of V0. In this section we take up the reverse question of §3,

namely, when does ^Cfi,. We show that this holds whenever g is sufficiently

big, i.e. when g is transitive in the sense that for any vector vdV0at any point

odM there exists Xd& such that x=v. This is of course true whenever M is

any open submanifold of a homogeneous space. It is then the principal result

of this section that $<, = &<, when if is a compact homogeneous space.

1. Preliminaries. .1. Let M be a Riemannian manifold of class C°°. By this

we mean that not only is M a differentiable manifold of class C°° but that the

metric tensor is likewise of class C°°. Similarly, without any mention to the

contrary all tensor fields considered in this paper are assumed to be defined

on all of M and are of class C°°.

We adopt the following notations:

(a) o is an arbitrary point of M,

(l3)   Vo is the tangent space at o,

(y) X, Y, Z are vector fields on M, and unless specified otherwise x, y, z

are, respectively, the values of these vector fields at o,

(8)  S is an arbitrary tensor field and 5 its value at o,

(e) u, v, are arbitrary vectors.

.2. For any odM we define for the present V0= Va and Vo~l= V0* (the

dual of Vo) and where 7 is thefc-tuple (71,72, • • • ,7*),7i= ±1,* = 1,2, • • • ,

n, define V^ =V0ri® • • • ® \n0k- Then the direct sum

W.) = Y vl
t

is of course the mixed tensor algebra at odM.

If T5 is the algebra of all mixed tensor fields on M let us consider any linear

transformation D0 from 13 into "5(F0) which satisfies

(1) D0(SxSt) = sxD0(St) +Do(Sx)s2,

(2) D0 preserves tensor type,

(3) D0(SC)=D0(S)C

(where C designates any specific contraction). We shall call such a linear

transformation a 13-differentiation at odM.

An example of a 13-differentiation at 0, with which we shall be concerned,

is given by covariant differentiation V» of 13 by a vector vd V0.

Where/ is a function V„/ is just vf, i.e. differentiation of/ by the vector v.

However, any 13-differentiation at 0 defines a differentiation, at odM, oi

the space of functions of class C°° on M and hence there exists a vector vdV0

such that D0— V„ vanishes on all such functions. If we then apply D0— V„

to a vector field X we see easily that (D0— VV)X depends only on x so that

D0— V« defines an endomorphism a on  V„. Similarly, it defines an endo-
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morphism on F„* which by (3) is simply —a* (where a* designates the trans-

pose of a on F0*). Moreover, letting ai=a and a_i= —a* for the present, it

follows that D0— V. applied to any tensor field 5 of type y = (71, 72, • • • , 7*)

is equal to

k

ay = zZ 1 ® 1 ® - ' ' ® ati ® ' * ' ® 1 (°t< the ith term, £ = number of terms)
,—1

applied to s. Conversely, given any endomorphism a on Va we may consider

the endomorphism ay of F0 defined in just this way. Furthermore if S is any

tensor field decomposing into the sum 5= zZi Sy according to type and we

define v(a)S= zZ-t aysy we see that v(a) is just a 15-differentiation at 0. Thus

we may associate to every endomorphism a of V0 a ^-differentiation v(a) at 0.

In the future we shall drop the symbol v in v(a) and simply understand that

any endomorphism a of F by an extension of its domain may be applied to

any tensor field in the manner discussed above. It follows then that any

'G-differentiation D0 at oCM may be uniquely written as

D0 =  V* + a

for some vector vC V0 and some endomorphism a of V0 and that every such

sum is a 13-differentiation. We see then that a 13-differentiation is determined

once we know how it acts on functions and vector fields.

.3. If X is a vector field we shall let Vx be the derivation of 15 defined by

setting VxS equal to VzS at any point oCM.

Its action on functions already given, the definition of covariant differenti-

ation on M is uniquely determined in that it satisfies for any two vector

fields X and F the equations

(1.3.1) v(X, Y) = (V,X, F) + (X, V.F),

(1.3.2) [X, Y] =  VxF-  VyX

where ( , ) designates the inner product in the tangent space at any point

given by the metric tensor at the point and [X, Y] is just the Poisson bracket

of the vector fields X and F.

(1.3.1) expresses the fact that the metric tensor has covariant derivative

zero and (1.3.2) the fact that the torsion tensor is zero.

.4. Now if X and F are any two vector fields, then it is easy to see that

[Vx, Vr] -  Vrx.r]

defines, at each point oCM, a ^-differentiation. Moreover this ^-differentia-

tion vanishes on functions and thus is given by an endomorphism of F0. De-

pending only on x and y this endomorphism, t(x, y), is well known to be the

contraction of the curvature tensor, t, at 0 on the last two indices by x and y.

Letting T be the curvature tensor field and contracting in the same way with

X and F we thus have

(1.4.1) [Vx, Vr] -  V[x.y] = T(X, Y)
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as a field of tangent space endomorphisms.

Besides being skew-symmetric in u and v the endomorphism t(u, v) satis-

fies the first Bianchi identity

(1.4.2) t(u, v)w + t(v, w)u + t(w, u)v = 0.

.5. We shall call an endomorphism a of V0 symmetric (resp. skew-sym-

metric) if a satisfies (au, v) = (u, av) (resp. (au, v) = — (u, av)) for all u, vd V0,

i.e. if the second order covariant tensor obtained from a by lowering its upper

index is symmetric (resp. skew-symmetric).

It is well known that t(u, v) is skew-symmetric.

The final relation involving the curvature tensor which we shall make use

of in this paper is the second Bianchi identity,

(1.5.1) [v.r](», w) + [v*T](w, u) + [v„r](«, v) = 0.

The contraction again being on the last two indices.

The above identities are proved, for example, in [13].

2. A structure theorem. .1. Let X be any vector field. We may associate

to X a field of tangent space endomorphisms Ax, i.e. a tensor field of one

upper index and one lower index, in the following way: For vd V0 we define

the value ax of Ax at o by

(2.1.1) axv = - V„X.

Consider the derivation  \7x+Ax of 13. Clearly

( Vx + Ax)f = Xf

where/ is a function.

(Vx + AX)Y = VxY + AxY

= VxF -  VrX = [X, Y]

by (1.3.2).

However if Lx is the derivation of 13 corresponding to Lie differentiation

with respect to X, then at each point Lx defines a 13-differentiation. More-

over,

Lxf = Xf

for / a function and

LxY = [X, Y]

for Y a vector field. Thus by §1.2

(2.1.2) Lx = Vx + Ax-

It is well known that for X and Y

(2.1.3) [Lx, Lr] = Llx,T].
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In fact this follows easily since [Lx, Ly] — 7,[x.r] defines a ^-differentia-

tion at each point which vanishes on functions and by the Jacobi identity

vanishes on vector fields and hence is zero.

The relation (2.1.3) enables us to give an expression for A[X,y\ in terms

of Ax and AY. Indeed by (2.1.2) and (2.1.3)

[Vx + Ax, Vr + AY] = Vtx,r] + ^[x.n

or

[Vx,  Vr] + [Vx, AY] -  [Vr, Ax] + [Ax, Ay] =  V[x,rj + ^[x.rj.

But

[Vx, AY] = Vx(AY),

[Vr, Ax] =  Vr04x)

and since

[Vx, Vr] -  Vix.n = T(X, Y)

we have

(2.1.4) T(X, Y) + Vx(AY) - Vy(Ax) + [Ax, Ay] = Alx,Y].

.2. A vector field X is called an infinitesimal motion or Killing vector if

the Lie derivative of the metric tensor with respect to X is equal to 0. This

is equivalent to saying that ax is skew-symmetric at all points oCM, or as

we shall say Ax is skew-symmetric.

Since it is trivial to show that if A x is skew-symmetric then Vr(-4x) is

likewise skew-symmetric it follows from (2.1.4) that if X and F are infinitesi-

mal motions then so is [X, Y], Thus if g is the space of all infinitesimal mo-

tions on M, g becomes a Lie algebra under the Poisson bracket, g, as is well

known, and which will follow later, is finite dimensional; however, finite

dimensionality is not understood here to be a requirement for the definition

of a Lie algebra.

It is a known fact (see [13, p. 45]) that if X is a vector field then the endo-

morphism

\7v(Ax) - t(x, v)

of Fo is the value at o of the Lie derivative, by X, of the affine connection

contracted by »£ F„. Since if X£g the Lie derivative of the affine connection

is zero it follows of course that for X£g the above expression vanishes.

For completeness we shall give a proof of this which does not involve a

computation of the Lie derivative of the affine connection. We state it in the

following form.

Lemma 2.2. Let X be a vector field.  Then at any point oCM,   SJv(Ax)
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= i(x, v) for all vd V0 if and only if Vv(Ax) is skew-symmetric for all vd V0.

Proof. It is of course trivial that if the equality holds then V»(-4x) is

skew-symmetric for all vd Va.

Let X be arbitrary. We first show that the vector

X7v(Ax)z — t(x, y)z

as a bilinear function of y and z is symmetric in y and z. In fact embed y

and z in the respective vector fields Y and Z.

Now

Vy(Ax)Z = [Vr, Ax]Z

=  VyAxZ - AxVyZ = -  Vr VzX - AxVyZ.

Then

\7y(Ax)Z - \7z(Ax)Y = [ Vz, S/Y]X + AX[Z, Y]    (by (1.3.2))

= ([Vz, Vr] -  V[z,y])X

= T(Z,Y)X (by (1.4.1)).

But by (1.4.2)

t(z, y)x = t(x, y)z - t(x, z)y.

Thus we have the symmetry in y and z expressed in the relation

\/v(Ax)z — t(x, y)z =  S7z(Ax)y — t(x, z)y.

Let

<t>(v, u, w) = (Vv(Ax)u, w) — (t(x, v)u, w).

Then <f> is symmetric in u and v. If we now make the assumption that

Vv(Ax) is skew-symmetric for all vG V0, then <p(v, u, w) is skew-symmetric

in m and w. But any trilinear form symmetric in two variables and skew-

symmetric in two others is necessarily identically zero. Thus

V„G4x) = t(x, v). Q.E.D.

.3. If we consider the question as to how much information is yielded

about Xd& by knowledge of x and ax, we are led, heuristically at any rate,

to thinking of X decomposing into a sum of an infinitesimal translation at o

in the direction of x and an infinitesimal rotation about o given in the tangent

space of o by ax- Indeed if we consider for the moment the case where M is

Euclidean «-space with the usual metric, and we let o be the origin, we know

that g decomposes into the direct sum g = a+ V where a is the subalgebra of

g composed of all elements in g vanishing at o and V is the commutative sub-

algebra of all infinitesimal translations. Now if we let a„ be the Lie algebra of

all skew-symmetric endomorphisms of Vo and we define g„ = a0+ V0 and intro-

duce a bracket operation into g0 by setting
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[di, a2] = axa2 — a2at £ a0, [a, v] = a(v)  £ F0,

[v, a] = - a(v) £ F„, [»i, z>2] = 0

for a, ai, aj£o0; tf, fi, v2CV0, then g„ is a Lie algebra and g is isomorphic to g0

under the mapping which sends X into ax+x. This mapping of course sends

a into do and F into F0.

More generally it was shown by E. Cartan that if M is a simply connected

Riemannian symmetric space and o is any point of M, then g is isomorphic to

flo = fo+F0 where f0 is the subalgebra of all skew-symmetric endomorphisms

a of F0 which leave invariant the curvature tensor at o£M (infinitesimally,

i.e., aT = 0). The bracket relation in g0 is introduced in the same way as before

with respect to [t0, t0], [t0, V0], [V0, t0], but for [V0, V0] we now have more

generally \V0, V0]Qt0 where

[vi, v2] = t(v2, vi) for vi, v2 £ F„.

The isomorphism between g and g0 is again established by mapping X

into ax+x.

We return now to the case where M is perfectly general. Let a0 be all

skew-symmetric endomorphisms of F„. Let go = a0+F0. We introduce into g0

a bracket operation where

[«i, a2] = aia2 — a2au [a, v] = a(v),

[v, a] = — a(v), [vu v2] = t(v2, vx)

lor a, ai, a2C^o and v, Vi, %£ V„. g0 is not in general a Lie algebra under this

bracket (the Jacobi identity fails in the general case) but of course subalge-

bras of g0 may be Lie algebras. We have seen that in the symmetric case g

is isomorphic to a subalgebra g„ of g„ under the mapping X—>ax+x. The fol-

lowing theorem states that this is true in general.

Theorem 2.3. Let oCM. Let g0 = c»o+ V0 be the algebra defined in §2.3. Let

g be the Lie algebra of infinitesimal motions on M. Let 60 '■ g—>g0 be the mapping

defined by

60(X) = X0 = ax + x

and Qo=9o(q) ; then 0o is an isomorphism of g onto g0.

Proof. Implicit in the statement of the theorem is that, first of all, 0„ is

one-one. This is equivalent to the statement that an infinitesimal motion X

is uniquely determined over all of M by the value of Ax and X at any one

point. To see this, let M and let r-+o(r) he a differentiable curve, l^r^2,

connecting oi with o2. Then if ax(r) and x(r) are respectively the values of

Ax and X respectively at o(r), and v(r) is the tangent vector to the curve at

o(r), then it follows from (2.1.1) and Lemma 2.2 that the pair x(r) and ax(r)

satisfy the linear differential equations
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(2.3.1) V„(r)x(r) = - ax(t)v(r),

(2.3.2) V„<r)axM = t(x(r), v(r))

so that a knowledge of them at any one point of the curve determines their

value at any other.

To show 80 is a homomorphism, let X, Yd% and let X0=8oX, Y0=d0Y.

Now by (2.1.4)

T(X, Y) + \/x(AY) - Vy(Ax) + [Ax, AY] = Alx,Y].

But since X and Y are infinitesimal motions we have by Lemma 2.2 that

Vz(ir) = T(Y, X),

S7y(Ax) = T(X, Y).

Thus

(2.3.3) A[X,y] = T(Y, X) + [Ax, AY].

Moreover by (1.3.2)

[X, Y] = VxF - VyX

or by (2.1.1)

[X, Y] = AXY - AYX.

Hence, by evaluating [X, Y] and -4[x,y] at o we see that

d0[X, Y] = [Xo, Y0]. Q.E.D.

Note. With respect to the curve r—>-o(r) mentioned in the proof of Theo-

rem 2.3 and by means of the linear differential equations (2.3.1) and (2.3.2)

we obtain, by solving these equations, a linear one-one mapping from 8<>i

to 8„,- If now ox = Ot = o it is clear that the elements of g,, are pointwise fixed.

In fact it is not hard to see that g0 is characterized as the set of those elements

in g„ which remain invariant under all mappings of g0 into itself obtained in

this way for all closed differentiable curves passing through o.

For any X0d$o, X0 = a+x, we define lx, to be the 13-differentiation

Vi+a at o. The question as to whether the Jacobi identity is satisfied for

three elements X0, Ya and Z0d\o is, by using the second Bianchi identity

(1.5.1), seen to be equivalent to the question as to whether

(lx,T)(y, z) + (Iy0T)(z, x) + (lz0T)(x, y)

vanishes. (The contraction is again on the last two indices.) In case X0=60X

for some vector field X, then lx<t is by (2.1.2) just the Lie derivative Lx

evaluated at o. If therefore XdQ it follows that lxoT = 0 since the curvature

tensor is invariant under motions.

3. Holonomy and infinitesimal motions. .1. Let \p0 be the homogeneous

holonomy group at odM. ty0 is a group of orthogonal endomorphisms of the
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tangent space V0, orthogonal with respect to the inner product in V0. We re-

call, by definition, that an orthogonal endomorphism a belongs to \p0 if the

endomorphism, a: Vo—>V0, is induced by transporting (by parallelism) V0

completely around a closed piecewise differentiable curve on M. It returns

to its initial position only after being subjected to the rotation a.

The restricted homogeneous holonomy group cr„ at o is a normal subgroup

of \p0 and is obtained in the same way as xj/0 except that the curves are re-

stricted to be homotopic to zero. It is a known result [3] that cr„ as a group of

orthogonal endomorphisms is compact and connected and is in fact the

connected component of the identity in \p0-

.2. Let 80 be the Lie algebra of a0. 8o is of course a subalgebra of a0. Con-

sider, in a0, the inner product,

(3.2.1) B(ax, a2) = trace aia2.

B is clearly negative definite. Let u0 be the orthocomplement of 80 in ct„

with respect to B.

Let t° be the set of -X"Gg such that x vanishes and let L =0Df°.1" is a subalge-

bra of g; in fact f„ is a subalgebra of a0. UK" is the group of all motions of M

which keep o fixed then its Lie algebra, represented as vector fields on M,

is a subalgebra of t° so that it is natural to call f° the isotropy algebra at o

and t„ the linear isotropy algebra at o.

It is a simple fact that if aG£> then a lies in the normalizer of %0- It is

not much harder to show this is true for any ax where XGg. A more general

statement is derived as an easy consequence of the next lemma; it is more

general in that it deals with \p0 instead of cr0 or %0-

For any -XTGg we consider the decomposition of ax,

(3.2.2) ax = bx + ex,

where bxd%o and exdUo- Let Ex (resp. Bx) be the field of tangent space

endomorphisms which at any point o takes the value ex (resp. bx)-

Lemma 3.2. The field Ex is covariant constant.

Proof. We use in the proof two basic facts about holonomy; (1) if o(r),

fi %.r =r2, is a differentiable curve then %0(rx) as a subspace of u0(ri) is carried

into So(r2) under parallel transport along the curve, and (2) at any point o

and for any u, vd V0, t(u, v) d%o, see, for example, [l ].

But from (1) it follows that the orthocomplement U<,<ri) of 30(ri) is carried

into iiocrj) under parallel transport along the curve. Thus to prove the lemma

it is sufficient to show the covariant derivative of Ax by any vector vdV0

lies in g„. Now by Lemma 2.2,

Vv(Ax) = l(x, v) d «..

Thus we have shown  V,(£i) =0. Q.E.D.
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.3. We are interested in the question as to when axCSo, i.e. when ex = 0,

or equivalently, Ex = 0.

It follows from a result of Lichnerowicz [12] that this is the case when the

Ricci tensor is not zero and 8„ acts irreducibly on V0. In fact that author uses

his result to prove that axC3o when XCl" under those assumptions. For

completeness we repeat his argument (slightly modified) here. Assume

Ex^O. Since 80 acts irreducibly it follows that M is pseudo-Kahlerian. The

result in [12] alluded to above is that if M is pseudo-Kahlerian and the Ricci

tensor is not zero then 80 has a nonzero center. But if c£3„ is in the center

then c, ex, and the identity endomorphism generate a three-dimensional

commutative algebra in the centralizer of 80- Since the latter acts irreducibly

this contradicts Schur's lemma.

Of course we know that in general ax£$o, as Euclidean space clearly

illustrates. We shall show, however, that axC$o whenever M is compact.

Theorem 3.3. Let M be a compact Riemannian manifold, X an infinitesimal

motion on M, and ax the endomorphism of the tangent space V0 at an arbitrary

point oCM defined by axv = — \IVX for any vC F„. Then axC§o, the Lie algebra

of the restricted homogeneous holonomy group at o.

Proof. We use the notation of §3.2. We shall show Ex =0. Let F be a vec-

tor field defined by

F = ExX.

That is, Ex is applied to X at every point. For any vC F„

V„F = ExVvX (by Lemma 3.2).

Thus

ayv = exaxv

and consequently

Ay = ExAx-

Assume for the present that M is orientable. It is just the statement of

Green's theorem, for example see [13, p. 31 ] that if Z is any vector field on

M then

I  tr Azdv = 0

where dv is the volume element on M associated with the metric.

Thus

I tr Aydv =  f tr [Ex + ExBx]dv = 0.

But tr ExBx = 0 at every point o by definition of u0. Thus
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f tr Exdv = 0.

However tr E\ is constant on M since Ex is covariant constant. Thus

2
tr ex = B(ex, ex) = 0.

But since B is negative definite, ex=0.

In case M is not orientable then M has a two sheeted compact locally

isometric covering space M which is orientable. The vector field X when

lifted to M determines an infinitesmal motion X. The above argument shows

that ex=0 and hence obviously ex=0. Q.E.D.

4. Transitivity. .1. Let g* be a subalgebra of g. Let F(g*) be the subspace

of F0 defined by

F(gt) = {x£F„|X£g*}.

We shall say that g* is transitive on M if F(g*) = F„ for every oCM.

.2. Let G be a connected Lie group and 77 a compact subgroup. Let M

be the homogeneous space G/77 (left coset space) when the latter is provided

with a metric tensor which is kept invariant by the action of G on G/77. In

this case we see that g contains a subalgebra g* which is transitive on M. In

fact the right invariant Lie algebra of G maps homomorphically into g under

the mapping which associates to every one-parameter group g(/) of G the

vector field X£g on M where

<->o t

tor any C°° function,/(o), on M. The image, g*, under this mapping is transi-

tive on M.

More generally then if M is an open submanifold of such a homogeneous

space, then g contains a subalgebra which is transitive on M.

.3. For any point oCM consider the subalgebra t°Q%, see §3.2. It is not

hard to see that t" is reductive in g (the adjoint representation of t" on g is

completely reducible). In fact g is isomorphic to 8<,C:ao+ V0 and f" is isomor-

phic to toQdo (Theorem 2.3). Let

L= {ax|X£g}.

Of course t0Ql0Qa0. a0 is a Lie algebra under the usual bracket operation

for endomorphisms. Furthermore any subalgebra, as for example t0, is reduc-

tive in a0. Moreover, by Theorem 2.3, L is invariant under the adjoint repre-

sentation of to on a0. Let j„ be the orthogonal complement (with respect to

the bilinear form B) of t0 in l0. Thus

U = tB+ i„       to r\ j„ = 0
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where [t0, t0]Qto, [to, jU^Io.

Define

po = {Xod 801 ax d h}-

Then it follows that

8« = fo + Po,       to r\ p0 = 0

where [t0, po]Cp„.

A. The mapping of p„ into F(g0) which sends X0 into x is one-one onto and

defines an equivalence between the representation of t0 on p0 and that on

F(g„) (F(g0) is an invariant subspace of V„ under the action of t0 as endomor-

phisms). Since the latter is reductive the action of t0 in p0 is reductive and

hence the adjoint representation of t0 on g0 is reductive.

Now if M is a simply connected Riemannian symmetric space then it is

a known result of E. Cartan that Ox = 0 if 80X=Xodpo, that is, i<, = 0 or

I„ = f0. Such a vector field is an infinitesimal transvection at odM. It is also

known that g is transitive on M. Conversely, if we assume that g is transitive

on M and that \o=t0 for all odM, then M must be Riemannian symmetric

since if Xd& then we know that LxT = 0, i.e. "the curvature tensor is invari-

ant under motions." Thus since Lx= Vx+-4x

(4.4.1) V»r= - axT.

However, since F(g0) = F0and czx = 0 when0o.X'Gpoit follows that VvT = 0 for

all vdV0. Thus the curvature tensor is covariant constant which is another

way of saying that M is symmetric. More generally we see that M is symmetric

if g is transitive and axT = 0 for all XGg and all odM. Thus a distinction

between a symmetric space and a nonsymmetric space on which g is transitive

is that in the latter case there always exists X for which ax T 5^0 whereas in

the former axT = 0 for all XG8-

Now if M is symmetric and simply connected it is a result of E. Cartan

that

(4.4.2) «.CU = [,)C»(8,)

where n(80) is the normalizer of 80-

Now for the general case let \)0 be the Lie subalgebra of a0 generated by L

(in the case above f)„ = I0 since I0 is already a Lie algebra). The next theorem

extends the result expressed by (4.4.2) to the case where g is only assumed

transitive on M and f)0 replaces I0.

In fact it is not necessary to deal with the full Lie algebra of infinitesimal

motions and in fact Corollary 4.5 illustrates why the following theorem should

be formulated in terms of a transitive subalgebra of g.

Theorem 4.4. Assume g* is a Lie algebra of infinitesimal motions on M

which is transitive (see §4.1.). For any point odM let b* be the Lie algebra of
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skew-symmetric endomorphisms of V0 generated by all ax for X£g*. Then if

§o is the Lie algebra of the restricted holonomy group,

80 Q h! C «(«„)

where n(i0) is the normalizer of 8„.

Proof. It was already mentioned in §3.2 that axCn(%0) for any XCq, a

fact which follows from Lemma 3.2 since the latter implies [§0, ex] =0. Thus

l)*Qn(S0). In order to prove 80Ch* we first need a lemma.

Lemma 4.4. Let S be a tensor field in an arbitrary Riemannian manifold M

which is invariant under motions, i.e., LxS = 0 for all X£g.

Let Wo be any subspace of T5(V0) which is invariant under ax for all X£g

and such that sCW0. Then for any X\, X2, ■ ■ ■ , XkC$ the value of the field

Vx, Vx, • • •  Vx*S

at oCM is contained in W0.

Proof of Lemma 4.4. If F£g and X is arbitrary then it follows easily

from (2.1.2) and Lemma 2.2 that as operators on T5

[Ly, Vx] =  Vir.x],

and consequently for any X2, • • ■ , Xk

k

[Ly, Vx, • • ■  VxJ = zZ Vx2 • • • Vir.x,] ■ ■ ■ Vx*.
1=2

Thus
h

(4.4.3)    IrVr, • • •  Vr, =  Vx, • • ■  VxkLY + zZ Vx2 • • •  Vrr.x<] • • ■  Vx*.
«=2

Now assume Y=Xi and X\, X2 ■ • ■ XuC§o. Assume also that the lemma

is true for k — 1. ll then we apply (4.4.3) to 5 we see that LXi Vx, • ■ • VxkS

evaluated at 0 is contained in W0. But 7,x,= Vx+4r,. Thus

Vx, Vx, • • • VxhS = LXlVx, • • • S/xkS - AXlVx, • • ■ Vxt5.

But Vx3 • • ■ VxkS at o lies in Wa and since IF„ is invariant under ax, we see

that Vx, Vx, • • ■ Vxt5 at oCM lies also in W0. But we already know that

sCWo. Q.E.D.
Proof of Theorem 4.4 continued. Assume g* is transitive on M. We apply

Lemma 4.4 in the case where S=T, the curvature tensor. Let W0 be the sub-

space V0®Vo*® F*® F* consisting of all s such that for all u, vC V0,

s(u, v) £ fi0*

where s(u, v) means the contraction of 5 on the last two indices by the vectors

u, v.
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To show that W0 is invariant under ax we observe that for any sdV0

®V*®V*®V* and any u, vdVa

(axs)(u, v) = [ax, s(u, v)] — s(axu, v) — s(u, axv)

so that if j G Wo it follows that axs G W0-

Thus to show that

(Vx,Vx2- • • VxtT)(«, v)

lies in h* for all Xi, Xt • • • Xkd& it follows from Lemma 4.4 that all we have

to show is that t(u, v) Gf)* for all u,vd V0. It is at this point that we first use

transitivity. Given any u, vdV0, by the transitivity of g*, there exists

X, YdQ* such that x = u, y=v. Now by (2.3.3)

[Ax, AY] - A[x.y] = T(X, Y).

Thus t(u, v) di)* for all u, vd V0.

We assert it follows from a theorem of Chevalley and Nijenhuis, see [8],

that the Lie algebra generated by all endomorphisms of V0 of the form

(Vx^x,- • • \7xtT)(u,v)

where -X",Gg, u, vd V0, is 80.

In fact if we form this algebra at each point odM where the vector fields

Xi are arbitrary then it follows from that theorem that if the dimension of the

algebra is constant over M then at each point odM the algebra is 80. What

is asserted here is that since g* is transitive, we need only consider vector"

fields belonging to g* and that the dimension of the resulting algebra is con-

stant. The first of these assertions follows from the fact that if Xi, Xt, • • • ,

Xndi\* is such that xi, x2, ■ • • , x„ form a basis of V0, then any vector field

Y equals Y?-i fiXi m a neighborhood of o where fi, i = l,2, ■ • ■ , n, are suit-

able chosen functions. The second follows from the fact that the transitivity

of g* yields the existence of two neighborhoods V0 and U£ of o such that for

each pdV'o there exists an isometric mapping of V0 onto a neighborhood of

p in which o maps into p. Consequently the dimension of the algebra is con-

stant over M. Q.E.D.

.5. As mentioned before if the Ricci tensor of M does not vanish and 8»

acts irreducibly (i.e. M is irreducible) then axd%o for all Xd&, or as proved

before (Theorem 3.3) this conclusion holds if M is compact. Consequently,

we have, combining these facts with Theorem 4.4,

Theorem 4.5. Let M be a Riemannian manifold and g* any Lie algebra of

infinitesimal motions which is transitive on M (see §4.1). Now if either one of the

following conditions hold:

(a) M is compact

or

(b) M is irreducible and the Ricci tensor does not vanish, then
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i)o* = 80

where 80 is the Lie algebra of the restricted homogeneous holonomy group at

oCM and f)* is the Lie algebra of endomorphisms of V0 generated by all ax

(see §2.1) for X£g*.

Corollary 4.5. Let G be any connected Lie group and K a compact subgroup.

Let M be the homogeneous space G/K (left coset space) when the latter is provided

with a metric tensor which is kept invariant by the action of G on G/K.

Now if either one of the following conditions holds:

(1) G is compact

or

(2) M is irreducible and the Ricci tensor does not vanish, then

fjo* = «.

where f)* is the Lie algebra of endomorphisms of V0 generated by all ax where

X runs through the Lie algebra of infinitesimal motions on M arising from the

Lie algebra of G (see §4.2) and 30 is the Lie algebra of the restricted homogene-

ous holonomy group at 0.
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