FOUR DIMENSIONAL COMPACT LOCALLY
HERMITIAN MANIFOLDS
BY

LOUIS AUSLANDERC)
Introduction. The purpose of this paper is to classify the compact real four
dimensional locally hermitian manifolds. A manifold is called locally hermitian if it is a complex manifold with an hermitian metric with curvature and
torsion equal to zero. In §1, we discuss the general theorems which we will
use in the rest of the paper. §2 is devoted to proving that there are only five
possible holonomy groups Hi, • • • , i/5. These are cyclic groups of orders
1, 2, 3, 4 and 6 respectively. At the beginning of §3 we outline the steps we
will follow in computing the allowable group extensions. There then follow
five steps in which we give the details of this outline. The number of group
extensions for a given holonomy group is given by the following table:
Holonomy groups

Pi

Number of extensions

12

H2 \ H3

2

Ht \ Ha

2

1

We have added an appendix in which we discuss the topology of compact
locally hermitian manifolds. We have shown that there are only two possible
Poincare polynomials for four dimensional compact locally hermitian manifolds l-r-2x4-2x24-2oc84-x<and l+^x + €>x2+1x%+xi. We have further shown
that only the torus has Poincare polynomial 14-4x + 6x24-4x34-.v4. It should
be remarked that the discussion in this appendix could be used to give an
alternative proof for Theorem 5.
1. General considerations.
Let M be a complete w-dimensional riemann
manifold

with

curvature

and

torsion

equal

to zero.

We will call such

spaces

locally euclidean spaces. Then, if M* denotes the universal covering space of
M with its induced riemann metric, it is clear from [2] that M* is isometric
to w-dimensional
euclidean space En. We will identify M* and En by means of
this isometry. The fundamental
group x of M acting on E" preserves the
euclidean structure in En and may therefore be considered as a subgroup of
the group R(n) of all rigid motions of E". Further, M is homeomorphic
to the
orbit space of En under x. We will denote this orbit space by E"/ir. It is also
easy to see that if xCP(w) and En/ir is an w-dimensional
manifold then it is

a locally euclidean space. Hence we see that the study of locally euclidean
spaces is equivalent to the study of those discrete subgroups x of P(w) such
that En/ir is an w-dimensional

manifold.
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Let C" be the ra-dimensional complex vector space with coordinates
(zx, ■ ■ ■ , z„). Let R(n, C) be the group of all linear transformations
and
translations
which preserve the quadratic form y^Li ZjZj. Then the same
discussion as used in the locally euclidean case can be used to show that M
is an ra complex dimension locally hermitian manifold if and only if there
exists an imbedding of the fundamental
group x of M into R(n, C) such that
M is homeomorphic
to Cn/ir.
We will for the rest of this paper restrict our attention to compact manifolds. The following is a list of several theorems from the theory of compact
locally euclidean spaces which we will need. Proofs of Theorems 1, 2 and 4

are to be found in [3] and [4]. Theorem

3 is proved in [l].

Theorem
1. Let N denote the subgroup of ir consisting of pure translations.
Then N is generated by ra linearly independent translations and ir/N is a finite
group.

Definition.
We will denote ir/N by h(ir) and call it the holonomy group
of x.
Let the order of h(ir) be p and let ££x. Then ^'6iV. We will denote
££P(ra) by (rj, T), where rj is an element of the ra-dimensional orthogonal
group 0(n) and T is a vector in En. We will consider 0(n) and E" imbedded in
R(n) in the obvious way. It should be noted that we may consider h(ir) imbedded in 0(n). We will make this identification
whenever it is convenient.

We will often let T=(e,
will use additive

Theorem

notation

T) and since TxT2 = (e, Ti)(e, T2)=(e,
for the law of composition

Tx+T2), we

of translations.

2. Let Tx, - - - , F„ be a basis for N. Then h(ir) written in terms

of the basis Tx, ■ ■ ■ , Tn is a matrix

group over the ring of integers.

Theorem
3. Let ir be a subgroup of R(n) with the following properties:
1. The subgroup N of ir consisting of pure translations
is generated
linearly independent translations.

by n

2. ir/N is finite.
3. ir contains no finite subgroups.
Then E"/ir is a compact locally euclidean

space.

Let A (ra) denote the group of all affine motions of E", i.e. all linear transformations and translations.
Theorem
4. Let ir and ir' be isomorphic subgroups of R(n) such that En/ir
and En/ir' are n-dimensional compact manifolds. Then there exists a gEA(n)
such that g_1xg = x'.
Corollary
1. Let ir and ir' be subgroups of R(n) such that En/ir and En/ir'
are compact manifolds. Assume h(ir) and /f(x') are identical subgroups of 0(n).
Then if N and N' denote the group of translations
in ir and ir' respectively, ir is
isomorphic to ir' only if there is a mapping of En onto itself which maps N onto
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N' and the induced
pointwise).

mapping

on 0(n)

381

leaves h(ir) invariant

(not necessarily

Let x and x' be subgroups of P(w) such that E"/x and E"/ir' are compact
locally euclidean manifolds. Assume further that N = N' and h(r)=h(ir')
as

subgroups

of 0(w).

Corollary
2. x is isomorphic to ir' if and only if we may choose two bases
Ti, ■ - • , Tn and T{, ■ • • , T„ of N and preimages of h(ir), I(ir) and I(ir') in
ir and x' respectively, such that:

1. If we let h(ir) act on N by r\~yTr\for rjEh(ir) and TEN, then the mapping
A of N onto itself determined by A(Ti) = Tl ,i = l, • • ■ ,nis

invariant

under the

action of h(ir).
2. If r)i and r}2have counterimages £i and £2 in I(ir) and £{ and £2' in Z(x')
respectively and £il-2EN, then A(£if2) = £1£2'•

Proof. The necessity of these conditions is clear. To prove the conditions
are sufficient, we note that every element of x and ir' can be written in one
and only one way as 7? • • • T& and A(T} ■ ■ ■ P*")£' for ££/(x)
and
£'£/(x').
Now map 7(x) onto Z(x') by corresponding those elements which
map into the same element of h(ir). Now this mapping of I(ir) onto Z(x') and
N onto N' gives us a mapping A* oi it onto x'. Conditions 1 and 2 assure us
that A * is a homomorphism
from which it is trivial to see that A * is actually
an isomorphism
of x onto ir'.
2. On h(ir). We will henceforth restrict our attention
to compact two
complex dimensional, four real dimensional, hermitian manifolds. We will say
that two such manifolds are similar if x and x' are isomorphic or, what
amounts to the same thing, if once we imbed P(2, C) in P(4) there exists a
gEA(4) such that g_1x|;=x'. We propose to classify the compact 2 complex
dimensional hermitian manifolds up to similarity.
Theorem

5. We may choose a basis for C2 in terms of which every element v

of h(ir) has the form
Sea

0\

*=V.O ll
Proof(2).
ten as

Let (zi, z2) be a coordinate

system for C2 and let P(2, G) be writ-

z' = aa\Zi + aa2zt + ca

(a, fi = 1,2),

where (aas) is a unitary matrix and, except for the identity transformation
no point in C2 is fixed under any transformation
of the group. From this and
Cramer's rule it is easy to see that each unitary matrix (aa()) has at least one
(8) The following proof for this theorem was suggested by the referee.
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eigenvalue equal to one. Let 0* (i = 1, 2) be two unitary matrices of the type
in question, both different from the identity. Under suitable choice of unitary
basis for C2 these matrices have the form

0i = (^ J

(«•* 1),

*-c:)•
The condition that
following equations:

both 02 and 0i©2 have an eigenvalue

one gives the

(a - l)(d - 1) - be = 0,
(aea>-- l)(d - 1) - fice*1 = 0.
Multiplying

the first equation

by eie and subtracting

(eWl - l)(d Since e^^l,

this implies

it from the second gives

1) = 0.

that d = l, and since 02 is unitary,

we must have

/eie" 0\

Corollary

3. h(ir) is a finite cyclic group.

We will henceforth
element only.

exclude the case TTi, where h(ir) consists of the identity

Lemma 1. Let £ = (77, R + S), where R is contained in the invariant
77and S is in the orthogonal complement. Then £' = (e, pR).

Proof.

By a straightforward

calculation,

space of

we have l* = (e, T), where

T = PR + (Qr~is + ■■■ +&S + S)
and
(cos

0

—sin 0

sin 0\
cos 0/).

Now ©'""'S-f • • • +5 = 0, since it is the sum of the vectors from the center
of a regular plane polygon to the vertices of the polygon.
Lemma 2. Let R* + S*EN, where R* is in the invariant space of n and S*
is in the orthogonal complement. Then pR* and pS* are elements of N.

Proof. Let ££x such that £= (tj, R + S). Then

(R* + S*)£ = (tj, (R + R*) + (S + S*)).
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Hence by applying

Lemma

Now let Ti = Ri+Si,

1 we have pR*EN

383

and hence pS*EN-

» = 1, • • • , 4 be a basis for N. Then pSiEN,

i = l, • ■ • ,4. Assume pSi and pS2 span the space x3 = xx = 0. Then by Theorem
1, 0 must be a matrix with rational entries relative to the bases Sx and S2.
Hence 0 must be similar to a matrix with integer entries. But, since
Xs —2 cos 0X-fT is the characteristic
equation of 0, its coefficients must be
integers. Hence 2 cos 8=0, +1, +2. We have therefore proved

Theorem

6. h(ir) can be cyclic groups of order 1, 2, 3, 4 and 6 only.

3. On the extension

problem. We will now outline the remaining steps

in the classification problem before presenting the details. We have already
in §2 determined the possible holonomy groups. The construction of the possible holonomy groups then is reduced to a group extension problem with the
added conditions that x must be imbedded in R(4) and E*/ir must be a compact manifold. We will use the following steps to determine the groups x up

to similarity:
Step 1. Take a fixed basis in E* as determined in Theorem 5 and a fixed
representation for h(ic). Let N be a subgroup of R(i) generated by 4 linearly
independent translations. Then the fact that h(ir) must be an integer matrix
group over any basis for N assures us that we may choose a basis for N
satisfying certain conditions. These conditions are given in Lemmas 3 and 4.
Step 2. By picking a new basis for N if necessary we show that we may
always assume

N is generated

by a basis of one of the following types:

type (a) 5, + (k/p)R3, S,, R3, R4,

0 g k < P,

1
1
type (b) Sx + — Rs, S2 + — R<, R3, R<
where R3 and F4 lie in the invariant space of h(ir), Sx and S2 in the orthogonal
complement
to the space spanned by Rx and i?2 and p equals the order of
h(ir). The only time type ft occurs is when h(ir) is of order 2. These will be
called a canonical basis for N of type a and b respectively. Two canonical
forms of type a for a given p will be called the same only if the k is the same

in both of them.
Step 3. For each h(ir) and N the group extension ir of N by h(ir) is determined by the choice of T in £= (tj, T), where tj is a generator of h(ir). The requirement that F4/x should be a manifold then shows that only canonical
basis of type a are possible. Further all N with canonical basis of type a
have an allowable extension given by taking T= (l/p)Rit where p equals the

order of h(ir).
Step 4. Up to a new choice of canonical basis of type a for N and a generator for h(ir), the above extension is the only possible extension for a given
canonical basis of type a.

384

LOUIS AUSLANDER

[March

Step 5. Let x and x' be extensions of N and N' by h(r) where N and A7'
have canonical bases of type a given by

Si + (k/P)Rt, St, R3, Ri,

Sj + (k'/p)Rj,S{,Rj,Rj.
Then x is similar to x' if and only if fc= ±k' mod (p).
STEP 1. We may actually assume more about Si and S2 than we stated in
paragraph
2. We may assume further that S3 and Si can be written as an
integer linear combination
of Si and S2. This follows from the fact that
pSi, i = l, • • • , 4, lie in a two-dimensional
space and since x acts without
fixed points or accumulation
points, all of them can be written as an integer
linear combination of two of them. We may call these two Si and S2. Hence
we may choose a basis for N of the form

Pi + Si, R2 + S2, R3, Ri.
Lemma 3. R3 and Ri span the invariant

space of v.

Proof. pSi and pS2 are elements of N. Since Si and S2 are linearly independent

—pSi = — pPi — pSi + auRs + auRi,
— pS2 = — pR2 — pS2 + (I23P3 + a2iRi

or
pPi = ai3P3 + auRi,
pR2 = a23R3 +

a2iRi

where Ou, an, a23, a2i are integers. But Rf, i = l, ■ ■ • , 4 spans the invariant
space of i). This proves the lemma.

Now Pi + @Si and R2+ ®S2 are elements of N. Let (17^), i,j = l, 2, be the
matrix

which represents

0 in terms of the bases Si and S2. Then

Ri + ®Si= Y ViiSj+ Y riijRj+ Y biaRa,
where i, j = l, 2, a = 3, 4 and bia are integers.

Lemma 4. (l/p)(aia—

Yvnaja)

But P,=

Y(a>«/p)Pa.

must be integers.

STEP 2. We may clearly always assume that for each case 0 ^aia <p.

Case p = 2. For this case

("->" (
and then the formula

of Lemma

4 gives

0 ->)
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au\

a23 a2J

Hence any values of 0 or 1 are admissible for ai3, an, a23, a2i. We will discuss
completely the case where all a,a = 1 and explicitly reduce this to a canonical
basis. We will then state the other results without discussion since the technique for carrying these discussions out will have been given once in detail.
We have a basis of N of the form

11

11

Si + — R3 + —- Rt,

Let Ri =R3+Ri,

Rj =P3-P4.

S2 + — R3 + — Ri, R3, Rt.

Then clearly

1

1

Si + — Rj,

S2 + —-Rj, Rj, Rj

is a basis for N. Now consider

1

Si H-R3,
2

Si — S2, R3 Ri.

This is also a basis for N and of canonical
bases are

type a. The possible canonical

fc
Si -\-R3,
P

S2, R3, Ri

where fc= 0 or 1 and a canonical basis of type b.

Case p = 3.
<*■>- (_°
and the formula

of Lemma

4 gives

013 — <*23

014 — 024

3

3

2023 +

013 2fl24 +

3

-!)

must be an integer matrix.
014

3

From this it can be shown that all canonical bases are of type a with fc= 0, 1
or 2.

Case p = 4.

386

LOUIS AUSLANDER

[March

and we have
an

+

023

au

+

4
— an

I

a24

4

+

a23

— ai4 +

I

a24

i

must be a matrix over the integers.

This gives that all canonical

bases are of

type a with k = 0 or 2.

Case p = 6.
'"■'-(-i

!)

and
an +

a23

an

+

ai4

6

6

ai3

ai4

6

~~6~

must be a matrix over the integers. This gives a canonical basis of type a with

k=0.
We will summarize

these results

as a lemma.

Lemma 5. Ffte number of distinct canonical bases of type a are given by the

following table

p

2

3

4

6

Canonical basis

2

3

2

1

STEP 3. Now for each h(ir) and associated N, the group extension ir, is
determined by the choice of T in £ = (tj, F) Gj, where tj is a generator of h(ir).

Theorem
7. For a given h(ir) and associated N a necessary and sufficient
condition for a group extension ir to exist such that En/ir is a manifold is that we
may choose T such that:
1. T=(l/p)(aR3+bRi),
where a and ft are integers and Oga^ft<p.
2. kT can be written as an integer linear combination of Ri, i = l, - - - , 4,

only if k is divisible by p.
Proof. Assume a T exists which satisfies the above conditions. We will
then show that x satisfies the hypothesis of Theorem 3. Now £' = ai?3+fti?4
EN- Hence hypotheses 1 and 2 are verified. To verify that there are no finite
subgroups we note that
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■■■+v(T+T0)

for ToENand
some fc. Hence for this to be the identity
that 77*is the identity matrix or
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+ T+

To)

element we must have

vk~l(T + T0) + ■■ ■ + (T + P„) = fc(P + Ro),
where R+R0 is the perpendicular
projection of T+ T0 into the invariant space
of rt. Hence this is zero only if i?+Po = 0. But this is not possible by 2. We
must further verify that (TB%')k does not equal the identity unless P0£* is
the identity. But this follows exactly as for 5 = 1.
Now assume that the group x with the desired properties exists. Then let
77be a generator of h(ir) and let £ = (77,R + S) he an element of x, where R is
contained in the covariant space of r\ and S is in the orthogonal complement.
Then changing the origin of P4 gives

(e, -B)(v, R + S)(e, B) = (r,,r,B - B + S + R).
Hence we may choose B in the orthogonal complement of the invariant space
of 77and satisfying the equation ?7P—P + S = 0. Hence in terms of the new
origin £ = (17,R), where by our choice of bases for N

R = (1/P)(aic3 + bRi).
Now since £* «=(77*,fcP) we must have that kR cannot be written as an
integer linear combination of Ri, i = 1, • • • , 4. For otherwise, we would have
a finite subgroup of x which is impossible. We may by multiplying by a
proper linear combination of R3 and P4 further assume that 0:2a, b<p.
Further by relabeling, if necessary, we may assume a^b. This completes the
proof of this theorem.

Corollary.
A basis of type a gives rise to permissible group extensions.
But no basis of type h is allowable.

STEP 4.
Lemma 6. For a fixed h(ir) and N of type a, with fc= 0, the group extension is
unique up to similarity.
Proof. We first note that

Now let T= (l/p)(aR3+bRi)

P= 1/pRi satisfies the hypothesis

of Theorem

5.

also satisfy hypothesis of Theorem 5. By Corol-

lary 2 we will prove our lemma once we have shown that the mapping A*
which maps aR3+bRt onto i?4 can be extended to a mapping A oi N onto itself which leaves h(ir) invariant.
Case 1. If a and b are relatively prime, then there exist integers c and d
such that ad —cb = l. Hence we may define the mapping A by A (Si) = Si,

.4(S2)=S2, A(cR3+dRi)=R3

and A(aR3+bRi) =P4. This mapping A is of

the desired type since all its entries are integers relative
it has determinant
one.

to S1( S2, R3, Ri and
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Case 2. Assume a or ft = 0. Say a = 0. Then by condition 2 of Theorem 5,
6 and p must be relatively prime. Hence there exist c and d such that cd —dp
= 1. Hence c is relatively
prime to p or tjc is a generator
of h(ir). Hence
£"-T?4* may be used to replace £ and for it we have T= (l/p)RA.
Case 3. Assume a and ft are not relatively prime, satisfy the hypothesis
of Theorem 5, and a and ftj^O. Then it is easy to see that a must equal ft.
Then we may map F:3-|-F4—>P4 and R3 into R3 leaving Si and S2 invariant.
Then Case 3 reduces to Case 2 which has already been treated.
Lemma 7. For a fixed h(w) and N of type a with k^O exactly one group extension is possible up to similarity.

Proof. Case 1. N has a basis of the form

Si + (1/P)F3, St, R3, Ri.
Let T = (l/p)(aR3+bRi),
ay^O. For if a=0, this reduces to case 2 of previous
lemma. Form (Si+(1 /p)R3)~p^=^.
We may choose this as a new element of
x such that modulo Af it is a generator of h(ir). But for £', F=(ft/p)P4.
We
may therefore apply case 2 of Lemma 6 if ft ^ 1.
Case 2. A^ has a basis of the form

Si + (2/P)R3, St, R,, F4.

Let F=(l/p)(aP3-f-fti?4).

If a = 2, then we may choose S-'= (n, T') such that

T' = (b/p)Ri —aSi. But by changing the origin, as we saw in Theorem 7, we
may assume F' = (ft/p)P4. We again apply case 2 of Lemma 6.
Since the above basis holds only for p = 3 or 4, we can always assume that

if a ?^2, then it equals 1. Hence ft = 1 or 2 for p = 3andft = lor3 for p = 4. For
if ft = 2 for p = 4, we would have (Sl+R3/2)~1Rl1i;2 = (£2, Si), which is impossible. For ft = l, we may define the mapping A by A(Si+R3/2) =Si+R3/2,
A(S2)=S2, A(R3)=R3, A(R3+Ri)=Ri.
But for ft = 2 or 3 in case p = 3 or 4
respectively,

we may replace

F by (1 /p) (R3 —Ri). We may now define A by

A(Si + R3/2) =Si
A(S2) = S2,

+ R3/2,

A(R3) = R3

A(R3 - Ri) = Rt.
This completes

the proof of the lemma.

STEP 5.
We will prove at this step the following

lemma.

Lemma 8. If x and ir' are extensions of N and N' by h(ir) where N and N'
have canonical bases
Si + (k/P)R3, S2, R3, Rt,

S{ + (k'/p)R3\S{,Rl,Rl.
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to ir' if and only if k= + fc' mod (p).

We will first show that if fc= fc' then x and x' are isomorphic. Assume
fc= fc' = 0. Let 77be a generator of h(ir) and let 77written in terms of Si and S2
be the matrix (77,-,),*, j = l, 2. Then choose a new basis for N' by replacing
Si and S2' by S* and S* where 77in terms of the bases S* and S* is also the

matrix (77^). Clearly then the mapping which sends Si to Sf, S2 to S*, R3
to Rj and P4 to Rj gives an isomorphism of x onto x'.
Now if fc^O and k=k', pSi and S2 generate N in the space spanned by Si
and S2. Then choose a new basis for N' by replacing Sj +(k/p)Rj,
Sj by
S* + (k/p)Rj, S* where pSf, S* is also a basis for the space spanned by pSj
and S2' and where pS*, S* has the further property that the matrix which
expresses 77in terms of pSi and S2 is the same as that which expresses 77in

terms of pS* and S*. Then the mapping which sends Si to S*, S2 to S*, R3
to Rj and P4 to Rj gives an isomorphism of x onto x'. If fc= —fc', we may set

Si =Sf, i = l, 2, Rj = -Rt Rj =Rf.
Now assume that x and x'
a linear transformation
x of E*
N'. But it is straightforward
to
completely reducible, mapping
complement
onto themselves.

are isomorphic for k^+k'.
Then there exists
mapping h(ir) onto itself and mapping N onto
verify that if x maps h(ir) onto itself it must be
the invariant space of h(ir) and its orthogonal
This shows that N must have two distinct

canonical bases Si-|-(fc/p)P3, S2, R3, Rt and Sj +(k'/p)Rj,

Sj, Rj, Rj, where

k^ +k'. But as we have shown previously these bases must be related by a
completely reducible matrix which maps Si and S2 onto a linear combination
of Si and Sj and R3, Ri into an integer linear combination of Rj and Rj.

This is clearly impossible if k^ ±k'.
We have now proved the following theorem.
Theorem
8. Let ir be the fundamental group of a compact real four dimensional locally hermitian manifold. Then ir may be considered as a subgroup of
P(4). If N is the subgroup of pure translations of x, then ir/N is a cyclic group

h(ir) of order 1, 2, 3, 4 or 6 and N has generators of the form
Si + (k/P)R3, S2, R3, Ri
where R3, Rt span the invariant

space of h(ir), Si and S2 lie in the orthogonal

complement,and k = 0 if p = l; k=0 or I if p = 2; k=0 or I, if p = 3; k = 0, 2 if
p = 4; fc=0 if p = 6; where p= order of h(r).

Further x = x' if and only if h(ir)

= h(ir') andk=±k'.

Appendix
Topological results.
Theorem
9. Every locally hermitian
respect to its hermitian metric.

manifold

is a Kahler manifold

with
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It is a known theorem that the odd dimensional
manifold are even (see [5]).

Theorem
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betti numbers of a Kahler

10. The odd dimensional betti numbers of a locally hermitian mani-

fold are even.
It is also well known that the odd dimensional betti numbers must be
greater than or equal to one (see [5]). We will give an independent proof of
this theorem for our special case.
It is now our purpose to characterize the harmonic forms on an ra-dimensional compact locally euclidean manifold M(ir), where the fundamental group
of Af(x) is x. Now Bieberbach has proved in [3] that a compact locally euclidean manifold has as covering space the ra-dinensional torus T". Let pi be
the covering map of F" onto M(ir), and let w be a harmonic form on AT(x).
Then P*(a>) is a harmonic form on T", relative to the locally euclidean structure of F". But if p2 denotes the covering map of E" onto Tn and w' denotes a
harmonic

A,,...*,

r form on Tn then p*(o)') = YA^-■

are constants

Theorem
space,

then

and l^ii,

- - ■ , ir^n.

11. Let w be a harmonic
(p2 o pi)*o>= YAix-t,

ir dxtl/\

■ ■ ■ Adxir where

the

Hence we have shown

r form on a compact locally euclidean

dx^/\

• - - /\dxir,

where

the A(l...ir

are

constants.

Corollary
4. Let AT(x) be a compact locally euclidean manifold. Then the j
betti number of AT(x) is less than or equal to thej betti number of Tn, j = l, ■ ■ ■, ra.
This is a simple consequence

of the Hodge Theorem

and Theorem

11.

We will state and prove a slightly stronger theorem.
Corollary
5. Let M(ir) be an n-dimensional compact locally euclidean space
whose j betti number equals the j betti number, ra^/^0,
of Tn. Then M(ir) is
homeomorphic

to Tn.

Proof. There exist w linearly independent
harmonic one forms «<, i = 1,
• • ■ , ra on AT(x). Let (p2 o pi)*uii = Yaadxj. Hence there exists a coordinate
system (x{, • • ■ , xn') on E" such that w,-= dxi, i = 1, • ■ • , n and dxl is invariant under x. Hence x is generated by ra linearly independent translations.
This proves the corollary.

Corollary
6. The even dimensional betti numbers of a compact 2n-dimensional locally hermitian manifold are greater than or equal to one.
Proof, ds2 = Yi dzjdij. Hence the associated quadratic form is fl = dxx
/\dx2+ ■ ■ ■ +dx2n-xAdx2n. But this is harmonic and fl'?*0 / = 1, • • • , ra.
This proves the corollary.
Corollary
7. Let M(ir) be a 2n-dimensional compact locally hermitian
manifold. Then 1+ 2"=i Ps>= 0 m°d (4) where p2j denotes the 2/ betti number,

j = l, ■ ■ ■ ,n.
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Proof.

Since the Euler

characteristic

391

of M(ir) is zero and n is even

1+ Yl-i Pa —2 Ylj-i Pv-i by the Poincare Duality Theorem. But p2,--imust
be even by Theorem

5. This completes

the proof of the corollary.

Theorem 12. A compact four dimensional locally euclidean space is locally
hermitian if and only if it is a torus or has Poincari polynomial l-f-2x + 2x2
+2x*+x*.
Proof. Assume M(r) is locally hermitian and let l+aix+a2x2+aix*+x*
be its Poincar6 polynomial. Then a2 + 2 = 0 mod (4). Hence a2 = 2 or 6. Hence
the only possible Poincare polynomials are
1 + 2x + 2x2 + 2x* + x* and

I + ix + 6x2 + 4*» + 1.

But Corollary 4 proves that if M(ir) has Poincare polynomial l+4x+6x!
+4x8+l it is a torus.
Now let M(ir) he compact, locally euclidean and have Poincare polynomial
l-f-2x-r-2x2-|-2x,-f-x4.
Then there exist two linear independent harmonic one
forms uj and uj on M(ir). Hence we may choose new harmonic forms o>i
and u2 which are orthogonal and linearly independent and lie in the space
spanned by uj and uj. We may choose a new coordinate system Xi, • • • , xt
in E* such that dxi=ui and dx2 = u2. With respect to this new basis each
element of x has a matrix representation
of the form

Hence rER(n,

C). Hence

1

0

0

0

ai

0

1

0

0

as

0

0

a33

034

03

0

0 — a3t

a33 at

0

0

0

0

•

1.

M(ir) is locally hermitian

with respect

to this basis.
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