ON SUPERCOMPLEXES

BY
V. K. A, M. GUGENHEIM

Introduction. The recent work of Kan (cf. [1; 2]) develops homotopy
theory in the context of abstract semi-cubical theory. When one tries to com-
bine this with homology theory an unfortunate fact intervenes: The “models”
(defined in analogy to Definition 3 below) turn out not to be acyclic. [To see
this, consider the 1-dimensional model, generated by an element «, say, in
dimension 1. Then, using the notation of Appendix II below, ¢=(51+02)k is
easily seen to be a 2-cycle. All boundaries of 3-dimensional elements are
doubly degenerate. Hence ¢ can neither bound nor be homologous to a cycle
with a “vertex” as carrier. |

For this and other reasons it seems desirable to use semisimplicial rather
than semi-cubical theory. The modifications to be made in Kan’s scheme are
evident except for one rather awkward theorem which becomes necessary
in the treatment of homotopy extension and fibre spaces. The present paper
fills this gap (Theorems 3 and 3%).

Kan introduces into abstract semi-cubical theory a condition (the “exten-
sion axiom,” here referred to as the “Kan condition,” see §2 below) which
expresses within the framework of this theory the geometric fact that the
boundary of a cube minus any of its faces is a retract of the cube; and shows
that this condition is all that is needed in homotopy theory.

The semi-simplicial analogy is obvious: but is not so immediately applica-
ble to questions of homotopy since one has to begin by translating a condi-
tion relating to a “simplex” into one relating to a “prism.”

Following a suggestion of S. Eilenberg, however, we deal here with the
general case corresponding to the introduction into the theory of arbitrary
products of models. This leads to an abstract scheme (supercomplexes) in
which homotopy can be dealt with and the theory of fibre spaces and the
spectral sequence given in [3] becomes immediately applicable; the idea of
defining fibre-spaces in the manner of §3 below, an immediate adaptation to
the present context of the definition due to J.-P. Serre, was first suggested
by D. Kan.

I am indebted to the referee who pointed out that my original version of
Definition 8 below was unnecessarily restrictive.

1. Supercomplexes.

DEFINITION 1. A semisimplicial complex A is a set graded by non-negative
integers (the subset with graduation # being denoted by 4,) together with
functions
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0::4, — Any n=10=1=9),
sitdn— Ann nz0,0=21=n)
which satisfy the following:
0:0; = 9;-19: (1 <),
dis; = $j-10: (i <),
(1) = (identity) (i=jorj+ 1),
= 5;0i1 (i>j5+1),
S5 = §;iSi1 (i > 7).

The graduation is called the dimension.

If A, B are semisimplicial complexes, then a function f: 4—B such that
fALCBa, f0:;=0.f, fsi=s.f is called a semisimplicial map. Semisimplicial com-
plexes and maps form a category denoted by §.

The notations 9; are ambiguous; we should write 97: 4,—4,_;, but shall
always dispense with this. A composition of d,’s and s;’s is called a semi-
simplicial operator. A symbol such as

siq...silajl...a’.p

can thus stand for an infinity of operators according to the dimension of the
intended argument: this dimension is referred to as the domain of the oper-
ator. We shall also call ¢g—p the height of the above operator.

LEMMA 1. Every semisimplicial operator can be written uniquely in the form

Sigt Sy 05y 9,

where
i < e < g, < <jp

(The cases ¢=0, p =0 are included and must be interpreted in the obvious
way.)

The proof is easy, using relations (1).

DEFINITION 2. Let 4, B be semisimplicial complexes. The cartesian prod-
uct A X B is a semisimplicial complex defined by (4 X B), =4, XB.,, where the
last symbol stands for the set-theoretical product, and

a;(a X b) = (a.~a X 6.-b) (a e An, b (&~ B,.),
si(a X b) = (sja X s,0).
If f: A—A', g: B—B! are semisimplicial maps, the semisimplicial map
fXg: AXB—A'X B! is defined by (fXg)(aX?b) = (faXgb).

DEFINITION 3. For every # 20 we define a semisimplicial complex A* (the
“n-dimensional model”) as follows: Let 6" be a symbol. Then A} is to be the set
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consisting of all symbols ¢8* where ¢ is any semisimplicial operator of
height £ —n and domain #; we define

3i(pd™) = (dip)o™,
si(@d™) = (sip)d™

Lemma 1 allows us to survey easily the elements of A*,
Let A be any semisimplicial complex and ¢ €4 ,. A unique semisimplicial

map
a:Ar— A
is defined by a; namely
a(p") = pa.
In particular we define
1AM 5 AR (0<i=n),
it A — A 0=i<n)

€t = 3,57,
ot = 5,67,
The symbols 8°, s, €, n¢ are now related exactly as in [4], where F is written
for our @, and D for our s.
DEFINITION 4. Let 4 be a semisimplicial complex and (ny, - - -, n) (B=1)

an ordered set of non-negative integers. We define A(ny, - - -, ;) to be the
set of all semisimplicial maps

wIAM X -0 X A — A

we shall call & the order and n;+ - - - +n; the dimension of u. We define
6::A(n1, crc My By Py 0, ”k)
__)A(nly cety By, By — 1’ Mep1y 0 0y nk)

by

o =uo(1X - X1IXeX1IX--+X1)

where the € occurs in the tth place; 1 <t<k; 0<:=<#n. A similar definition
(using %) is given for si.
These operators satisfy the following identities:

)

The operators for a given ¢ satisfy the relations (1).}

Operators with differing ¢ commute.
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The proof is obvious.

The union of the sets A(ny, - - -, nx) together with the operators we have
defined we denote by ®A4.

If f: A—B is a semisimplicial map, we define

®f:®4A — @B
by
(®f)u = fu.

DEFINITION 5. A set graded by ordered sets of non-negative integers and
provided with operators satisfying (2) is called a supercomplex; a function
f: A—B, where 4, B are supercomplexes, which preserves graduation and
commutes with all operators is called a super-map.

The category of supercomplexes and super-maps is denoted by @S.

It is easily seen that ® can be regarded as a covariant functor

®:8 — @S;

in particular, for any map f of 8§, ®f ¢s a super-map.
Let A be a semisimplicial complex. The correspondence a—a defined
earlier is clearly 1 —1 and onto; also, if ¢ €4, then a€E A (n) and
~ 1 ~ 1
d;a = 0d, $:a = §:4
as is easily seen. Thus, identifying a with &, 9;, s; with 8}, s}, we can identify
A, with A(n) and thus regard A4 as a subset of ®4; in other words:

THEOREM 1. Any semisimplicial complex A can be regarded as the subset of
order 1 of the supercomplex ®A.

2. Kan condition.

DEFINITION 6. Let 4 be a supercomplex and (#, + - -, #z) an ordered set
of integers. For each integer x, 1 Sx =<k, let #.,>0 and e, be some subset of
[#.](}). For each i€e, let vfEA(ny, - - -, Ham1, Mo—1, Mgy, - - -, mi) be given.
The (indexed) set S= {vf|1 <x <k, i€e,} is said to be consistent if

O = 951; (G < j, v, v; ES),
ow; = 61}0: (x # 9, v, v',{ €S).
The faces of any v€E A (ny, 12, - - -, nx) form a consistent set.

DEFINITION 7. Let the notation be as in Definition 6 and let a.= [n.] —e..
If, given the set S, there isv& A4 (ny, - - -, m) such that

z z z
v = v; whenever v; € S

() [n] denotes the set {0, 1,2, - -, n}.
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We shall sometimes call 7§ the “given faces” and 9%, i<y =<k, j€a,, the
“missing faces.”
DEeFINITION 8. The supercomplex 4 will be called a Kan-complex (or said

k=1 and

(i) #n,>0, 1=x=k;

(ii) There is at least one x, 1 Sx <k, such that a, is a nonempty proper
subset of [n.].

Putting k=1, d;=09; (as in Theorem 1) these definitions apply to semi-
simplicial complexes.

The rest of this paper is largely devoted to the proof of the following two
theorems:

THEOREM 2. Let A be a semisimplicial complex satisfying K(n; {0}) and
K(n; {n}) for all n>0. Then A satisfies Kan's condition.

An analogous theorem in the case of the semi-cubical theory is due to
Kan, cf. [1; 2].

THEOREM 3. If the semisimplicial complex A satisfies Kan's condition, so
does the supercomplex ®A.

The proof of Theorem 3 will be given in Chapter 5; that of Theorem 2 fol-
lows now. It begins with two lemmas:

LEMMA 2. Let n>0 and aC [n] be a nonempty subset containing at most
n—1 integers, let i€ [n]—a and let a’ C [n—1] be obtained from a by decreasing
all integers >1 by 1. If the semisimplicial complex A satisfies K(n; a) and
K(n—1; a’), then it also satisfies K(n; a\J {z})

Proof. Let the set S= {v;|v;€EA4,, j€[n]—a—{i}} be consistent. De-
fine
w; = 9;_1v; when j<i,j€ [n]—a
= 0wj+1 when j=24,74+1E [n] —a.

It is easily verified that {w;|j€[n—1]—a’} is consistent. Hence, by
K(n—1; '), there is v,E4, such that w;=d,v;, j€[n—1]—a’. Then it is
easily verified that S\Uv; is consistent. Hence, by K(%; a) there is v€E 4,41
such that v;=0, j € [n]—a.

LEMMA 3. Let n>0 and 2E [n]. Let A be a semisimplicial complex which
satisfies

(i) K(m; c) for every m <n and every nonempty proper subset ¢ of [m].

(i) K(n; {z}).

Then it also satisfies K(n; b) where b is any nonempty proper subset of [n]
such that z&b.
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Proof. Let p be the number of elements in b. If p=1,0= {z}, and K(n; b)
is given. Now we use an induction on p. Thus, let p>1, 1€D, i7%2. Let
a=b— {z} Then, by the inductive hypothesis and (i), K(n; a) and K(n—1;
a’) are true, where a’ means the same as in Lemma 2. Hence K(n; a\U{i})
=K(n; b) is true.

In view of Lemma 3, Theorem 2 will be proved, by an induction on #, if,
supposing that A satisfies K(n; {O}) and K(n; {n}) for all >0 as well as
(i) of Lemma 3, then it also satisfies K(%; {z}) for 2&[n].

For 2=0, z=m, this is clear. For 0 <z <%, we use an induction on z. Thus,
let o, « =+, ¥,1, Uoy1, - -+, Vo EAn1 be given, and consistent.

We begin by finding

Woy Wiy * * *y Wy E An
which are to satisfy the consistency condition as well as
Onw; = v; if ¢z

We define w, =s,_19,. Suppose now that w; has been found for 2 <7 <n where
k> z. Then wy has to satisfy

0jwy = 0rWjiy1 = %jsay
for kSj<n; as well as

0, Wk = Vx = U, Say.

It is easily verified that #xy, - - -, 4, EA4,_; satisfy the consistency condi-
tion; hence (due to Lemma 3 in the case z=0) the required w; exists.
Thus, we find w,41, * * +, Wa.
Next, suppose that w; has also been found for 0 £7</<z. Then w; must
satisfy
d;w; = 9pw; = u;say,for0 £ i <1 <zg,
d;w; = O wjy1 = ujsay, forz £ j <mn,
0.w; = VU] = U, Say.
It is easily seen that ug, - - -, %11, Uz, * * + , UnEAny satisfy the consistency

condition. Hence (due to Lemma 3 with z—1 in place of z and the inductive
hypothesis) the required w, exists.
Finally, w, must satisfy

9w, = 9,1w; = u; say for 0 = 7 < z,
djw, = 9, w41 = ujsay for z £ j < n,
where, again, u, + -+, #,_1E 4,1 satisfy the consistency conditions. Hence,

by K(n; {n } ), the required w, exists.
Hence, by K(n+1, {n—i—l }), there is # & A4 .4, such that
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9w = w; where 0=1: = n.
Let v =08,14. Then, for i€ [n]— {2}

00 = 0i0np1% = 0,0:% = F,W; = ;,

and the proof of Theorem 2 is complete.
3. Fibre maps.
DEeFINITION 9. Let 4, B be supercomplexes and f: 4—B a super-map.

We say that f satisfies the condition K(ni, ai; - -  ; #x, ax) (cf. Definitions
6 and 7 for the notation) if the following is true: Given the set S satisfying
the same conditions as in Definitions 6 and 7 and given also u €B(ny, - - - , 1)

such that
aju = fvf whenever v: ES

then there is vEA(ny, « - -, n) such that

6:'0 = vf whenever vf ES

and fuv=u.
DEerFINITION 10. We say that the super-map f: A—B is a fibre map if it
satisfies the condition K(n4, a1; - + + ; nx, ax) whenever conditions (i) and (ii)

of Definition 8 are true.
With the identification of Theorem 1, these definitions apply in an obvi-
ous way to the case of semisimplicial maps.

THEOREM 2%*. Let f be a semisimplicial map satisfying K(n; {0}) and
K(n; {n})for all n>0. Then f is a fibre map.

THEOREM 3*. If the semisimplicial map f is a fibre map, so is the super-map
ef.

Only a few words need be added to the proof of Theorem 3 below in
order to get Theorem 3*.

The proof of 2*, similarly, is essentially the same as that of Theorem 2
above: In the proof of Lemma 2, note that we are also given u such that
fvj=0u. Hence fw;=0;.1fv;=0;.0;u=0;(0:#) when j<i and fw;=0d:fvj
=001 =9;(d#) when j=1i. Hence, again, v; exists, satisfying fv;=9,u.

Nothing is changed in the proof of Lemma 3, but similar additions must
be made in the main proof. We have given a U such that fo;=9,;U; and we
require of the w; the additional condition fw;=9;s,U. Thus fw,= U, and the
required w, exists by an application of Lemma 3 with 2=0; (not even w, can
be “written down” in this case). Similar “additional requirements” are easily
written down in the rest of the proof, and the # we finally obtain satisfies
fu=s,U. Hence fo=f0,11% =0n115,U= U, as required.

Theorem 3* applies, in particular, to the “prisms” of A(1,7) and A(1, 1, n).
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This makes it possible to apply the entire theory of the spectral sequence of
[3] to the case of semisimplicial fibre-spaces. The use of the “cubical”
terminology will be explained in Appendix II below.

4. Partitioning.

DEerinITION 11 (cf. [4]). Let

7= (1, ", Vg b1, " " *, Bp)
be a permutation of [p+¢g—1]such that »< -+ - <pg, < - - - <pp. Then
we call 7 a (p, q) shuffle. With 7 we associate the semisimplicial operators
Sy = SugSva_y ' ' Svp
Sk = SupSu "t Supe

With the (p, ¢) shuffle 7 we can also associate the element
G,PM = (s,ﬁp, s,,éq) e A” X A%t Chapter 1).
LEMMA 4. Every element of A? XA has the form @87} 9, where ¢ is a suita-
ble semisimplicial operator, and T is some (P, q) shuffle.

Proof. Using relations (1), any semisimplicial operator can be written
(in several ways!) in the form

By -+ Bjs Sipe e Sy
where
1< < Ja < < T
Hence, any element of A? XA¢ has the form
= (8j, "+ QjaSia* * * $iy0”, gy + * ¢ OuSkat -+ Sk09)

where 1< + ¢ <Jg, 1< - - - <ty, W<+ <l i< -+ - <ka. If j1=1h,
x=09;,x’, where the number of d’s occurring in the expression of x’ is less (by
2) than that in x. If 71 <l, say, notice that

0y = 01,9;,55, = 901,415

and x=9;,x" where the expression for ' contains one less 9 than that forx.
Continuing this way, any element of A? XA¢is obtained by successive bound-
ary operations from an element of the form

1 < e <y

x = s....s‘.ap’s oo §5,09
(lb 1 ka ky ){kx<"‘<k4.

Again, if any 4 equals any k, the corresponding s can be “brought in front”
and then be “taken outside.”

Hence any element can be obtained by applying simplicial operations to
an element of the above form, where the ¢'s and k’s are all distinct. Now,
we must have
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p+b=g+d=N,say;
n<--- <1 <N, i<+ <ksg<N.
Now, suppose in the interval 0, 1, - - -, N—1 there is any number, nsay,
which is neither an ¢ nor a k. Then x =3,41%’, where x’ has the same form asx,
all the 7’'sand k’s above # having been increased by 1, and then s,, s,41respec-
tively having been inserted.
In this way, finally we can restrict ourselves to elements x of the above

form for which 2, - + -, %, k1, - - -, ka is a permutation of the integers from
0 to N—1. But then

b+d=N=p+b=gqg+d

Hence =g, d=p; and the lemma is proved.

It follows from Lemma 2 that, given a semisimplicial complex 4, a map
f:APXA1—A4 is uniquely defined by the elements f6?*?=aq,, say, for every
(p, ¢)-shuffle 7. If the elements a,E A are to define such a map it is necessary
and sufficient that

dia, = a;a,
whenever
e +e
ad. T = 97",

The required information is contained in Lemma 5.

Letr=(@y, +* +,vq M, * * +, Kp) be a given (p, ¢)-shuffle, let 01 =<p+gq,
0=r=q, 0=s=<p. We say that the ordered set (3, 7, s) is of 7-type 1, 2, 3 or 4
according as
V,-+1 <’i<l/r+1 (0t1:<)'1,iff=0,’i>l’q+liff'—_-q)

1=y, (0ri=#p+1=?+9»'=9:3’=P),
et 1<i<pyr(ori<p,ifs=0,i>p+ 1ifs=p)
i=v, (0ri="c+1=?+%s=?t'=9)r
3. i=v =p+ 1,
i= pe = vy + 1,

1.

It is clear that, given 7 and 4, » and s exist so as to fulfill the conditions
of exactly one of these 4 cases; thus we can say that < is of exactly one of the
4 7-types.

If 7 is of 7-type 1, we define the (p —1, ¢)-shuffle 7/7 by

T/'i= (Vly C gy Ve Vel — 1" Vg — 1;”1)" * oy Me—1y Hs41 — 1! : ."”P—l)
and if 7 is of 7-type 2, we define the (p, ¢—1)-shuffle 7/7 by

T/i= (v ey Ve — Lo vg = Ly e e — 1y — 1),
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With these notations the following are easily verified:

p+g—

3) 980" = (¢ X 180 (Case 1),

p+q 1—s pt+e—

0.0, = (1 X e )5,/.’ ! (Case 2),
+
9.0, ' = (Sre—1 * * SyppqmaSo,y v * Sn‘spv Sup—1

(4) e Sp 1St 54,09 (Cases 3 and 4).

If (4,7, s) is of T-type 3 or 4, u, and », are consecutive integers; we define
the (p, ¢)-shuffle 7(¢) by exchanging the values of u, and »,. Thus, if (7, 7, s)
is of 7-type 3 (4), then it is of 7(z) type 4 (3); and 7(z) (2) =7; and from (4) it
is clear that
(5) dsr = 6.»6,’?:3.

LEMMA 5. Let o, 7 be (p, q)-shuffles and let

aset = g0,
Then i=j and
(i) #f 1 is of o-type 1 or 2, =0,
(ii) #f 7 s of o-type 3 or 4, 7=0 or a(2).

The proof of this lemma is tedious, and given in Appendix I. Notice that
it expresses (essentially) the fact that the partition of A?XA¢ by the 821 is
a pseudomanifold.

With every (p, g)-shuffle 7 we associate the semisimplicial map 74:A?+¢
—Ar XA given by T487+2=5§217,

Let A be a semi-simplicial complex and € A(ny, - - -, ni), where k=2.
For every (n1, n;)-shuffle 7 we define T*uE A4 (n1+ns, 13, - - -, nx) by

™8 =uo(re X1+ X 1):AV+AMm X - o« X A™ — 4.

A short calculation transforms (3) and (5) into:
dir* = (r/i)*di_, if (4, 7, 5) is of r-type 1

= (r/d)*dus if (i, 7, 5) is of 7-typé 2,
at(r(i))* if 4 is of 7-type 3 or 4.

(3%

(5% dur*

The following is almost immediate:
(6) gur* = *ar it > 1.

LeEMMA 6. (i) Given j, 0<j<n, and an (m1—1, ny) shuffle o, there is a unique
(m1, mo)-shuffle T and a unique i of T-type 1, such that ¢ =7/i and 8;7* =0*d;.

(ii) Given j, 0<j=<n, and an (m1, ny—1) shuffle o, there is a unique (ny, na)-
shuffle T and a unique i of T-type 2, such that ¢ =7/i, 9;7* =a*d;.

(iii) If i is of T-type 3 or 4 and d;7* =9j0* then i=j and o =7 or ¢ =7(1).
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Proof. (i) The existence of 7, ¢ such that d;7* =¢*d] is immediate from re-
lations (1); the uniqueness assertions follow from Lemma 5 and Equation 3*.

(ii) Similarly.

(iii) From Lemma 5 and equation 5*.

5. Proof of Theorem 3. Let the set of integers n,, 1 Sx <k, n,>0 and the
subsets a.C [n.] be given so as to satisfy the conditions of Definition 8.
The theorem will be proved by an induction on k: For k=1, there is nothing
to be proved, cf. Theorem 1. Now, we use the partition-operators 7* of §4.

Our process is as follows: For each (n;, n.)-shuffle 7 we find 7*v so as to
be compatible with all the given faces as well as those of the ¢*» which have
been found previously, ¢ being some other (m, 7.)-shuffle; to prove the
existence of 7*v we apply the inductive hypothesis to 4 (n1+n,, n3, - - -, ny).

In order to carry out this programme, we order the (n,, n;)-shuffles lexi-
cographically; thus (we shall write n,=p, ny=g), if

T=(”I;"'v”q;“ly"'rﬂp))
T'=(Vl,)"'yyq’;”l’y"'iupl)

then we write 7 <7’ if ;=] for 1 <j and v, <v}.

According to circumstances we shall take the various shuffles either in
lexicographical or in inverse lexicographical order. We must arrange matters
such that for each successive 7*v to be found the “given” faces of at least one
type (i.e., belonging to one x) are a nonempty proper subset of all such faces.
If the x satisfying conditicn (ii) of Definition 8 also satisfies x> 2, then by
Equation 6, this condition is satisfied for each 7*v also, the integer in ques-
tion being x —1.

There remain the cases x=1, 2.

The first and last shuffles in the lexicographical order are

Tf=(0,1,"‘,11—1;9y9+1»"‘»?+q—1),
Tl=(P:P+1,"‘yP+q_1§0,1,"‘yﬁ_1)

respectively. The successor of each (p, ¢)-shuffle (except 7;) is of the form 7(z)
for some 7; and so is the predecessor of each face except 7,. Hence, by Lemma
6, (iii), the required condition is satisfied, with x =1, by each successive 7*v
that is determined, except possibly 7/*» and 7;*v.

We have, by equation 3%,

diryr = (rs/i)*d 0<i<g-—1,
= (1//9)*3iq g+15isp+a
1 . 1
0;mix = (T;/‘l)*a.' 0 é ’ié ? - 1,
= (r/i)*d5y pr1sisp+ta
Let x=1 (in condition (ii) of Definition 8). Unless [p]—a,={0}, 7,/*v has
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got a given face }; and unless a;={p}, 7/*» has a missing face of type 9.
And we can proceed in lexicographical order. In the two excepted cases,
7/* has a given face, and 7/*v a missing one: And we proceed in antilexi-
cographical order. The case x =2 is similar.

Finally, in order to complete the inductive proof, we must show that at
each stage of the process all the “given faces” form a consistent set. This
involves us in some rather cumbersome computations. We deal with the
lexicographical case, the antilexicographical one being strictly analogous.

Thus, suppose we have the data of Definition 6, and that ¢*» has been
determined when ¢ <7, in such a way that all consistency relations are satis-
fied.

We now make a list of the given faces of 7%y, writing w{=07r*v. If we
write such a symbol as 9} we imply that it 4s one of the given faces.

Let (s, 7, s) be of r-type 1; then wj=29;7*v=(7/1)*;_v=(7/i)*v;_, if
v}_, is given. In this way we find S types of given faces:

I wi = (-r/i)*v:-, if (4, r, 5) is of 7-type 1,
11 wl. = (r/i)*vt_. if (4, r, 5) is of 7-type 2,
IIT w; = 8i(r(5))*v if 7(i) < 7 and i is of r-type 3,
v 'w:' = ai(r(i))*v if 7(4) < 7 and 7 is of 7-type 4,
\Y% 'w:= T*vf“ if x> 1.
Lemma 6 ensures that this list is complete.
Now, if 7 is of 7-type 4, 7(¢) >7; and hence case IV is impossible. Let
w;, w} belong to cases I and V, say. Then, associated with this pair is a con-
sistency relation of “type (I, V).” In this way we obtain 10 types of con-

sistency relation to verify:
(V, V): Let x>1,y>1, <.

zr z z z+1 z+1 z+1 z+1 z+1 z z4+1 z z
a;ZUj = a,'T*t'j = T*a; Vs = T*aj_lv,' = aj-lT*'U." = 3,'_17!)..
z v z . v+l z+1 y+1 y+1 z+1 Y, z+1 v z
aiw,- = 6,-7*1),' = T*a,‘ U5 = 7*6,» Vi = aj*rv‘- = 6,"12),'.

(I, V): Let (¢, 7, s) be of r-type 1, x>1.

1 1 +1 . 1 z+1 . z+1 1 T . 1 z 1
aiw; = air*v: = (r/)*di_w; = (7/9)*9; vi_, = 3;(r/i)*vi, = Ojw;.

(I1, V) is similar.
(ITI, V): Let 7 be of 7-type 3, 7(i) <7 and x> 1.
dws = ar*or T = aur(i)*; T = 93977 (i)* = 950:m(4)*0d ;w..
(I, 1): Let (3, 7, s), (4, ¢, #) both be of 7-type 1, and ¢ <j. Then i —r <j—¢,
(4,7, 5)isof /i-type 1, (j—1,¢, u—1) is of 7/i-type 1 and 7/j/i=7/i/j—1; all
these statements are easily verified. Hence:
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11 1 e 1 v 1 1
dswj = 8:i(r/§)*vj—e = (v/5/1)*disvjs
“re 1 1
= (/i/j — D*j_1-wi_,

1 e 1 1 1
aj_l(T/t)*t'{_r = 6,-..,-w.~.

The case (11, II) is similar and the case (I, II) only very slightly different.
(I, III): Let <, let (¢, u, t) be of -type 1 and (4, 7, s) of r-type 3. We
must distinguish 2 cases. First, let 2<j—1. Then the calculation runs as
follows:
11 1.1 . 1 1 .
diw; = 8:0,(7(j))*v = 9;-10:(7(5))*v
1 w g 1 1 o e 1
=0;-1(r(5)/1)*viu = 3;=1((r/9)(§ — 1))*viu
= a;_l(‘r/i)*vi}_u = a,i_lw;.l
The various verifications of “type” required in this computation are easily
made. Now, let 2=j—1. Then the computation runs like this:

11 1.1 . 1 L.
0sw; = 3:9;(r(5))*v = 9;-19:(7(5))*v

93-193(r() ())*» = 8:95(r(§) ())*
(D)) /) 05=r = 8i(7/3)(8) v}y
= 3u(r/D)*ims = 331(r/8)*Virs

1 1
= aj_x'w,'.

It

Again, several verifications concerning “type” are left to the reader.

Under the heading (I, III) the case +>j is similar; and so are the calcula-
tions under (II, IIT).

(I11, III): Let 2<j and let ¢, j each be of 7-type 3. Then it is easily seen
that, in fact, 1 <j—1; and we compute:

diw; = 9:i(r())*s = 35_10:(r(j))*v
= 9;-10:(r() (8)*0 = 3;-10:(r(D) (j))*v
= 3.3;(r(i)(N)* = 3:95(r(i))*v
= 9;-10i(r(i)*) = 3w,

It is essential for this computation that (r(2)(j))*¢=(7(j)(¢))*v should al-
ready have been determined: It is at this point that the lexicographical order
of determination is needed. This completes the discussion of consistency in
the lexicographical case; the antilexicographical one is obtained by exchang-
ing the roles of » and u, types 1 and 2, 3 and 4, throughout.

6. Function spaces. In the homotopy theory of spaces, function spaces
play an important role. The semisimplicial analogue (originally suggested by
A. Heller) is given in Definition 12; Theorem 5 is the analogue of a well-known
theorem (due to J.-P. Serre) in the case of spaces.
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DEerFINiTION 12. If X, ¥V are semisimplicial complexes, ¥Y¥ is the semi-
simplicial complex defined as follows:

(1) (YX),is the set of semisimplicial maps f: X XA?— Y, and

@11) if f: X XA1—-Y, d;f: X XA 1>V and s;f: X XA1*'—> 7Y are defined by

d:f = fo(1 X€), sif =fo(1Xni).
THEOREM 4. If Y is a Kan-complex, so is YZX.

THEOREM 5. Let X, Y be a semisimplicial complex, A a subcomplex of X
and let Y satisfy the Kan condition. Then the map p:YVX—Y4 given by pf
=f| A XA, where f: X XA1—Y, is a fibre map.

To prove Theorem 4, we consider a nonempty set of less than ¢ maps
fir X XA 1Y, 0=1=<qg—1 such that d.f;=9;_1f; when ¢ <j. We have to con-
struct a map f: X XA?—Y such that f;=9.f.

The only difference in proving Theorem 5 is that we must assumefl A XA
to be already given.

If Q is any subset of X (not necessarily a subcomplex) we denote by (Q)
the subcomplex obtained by applying all suitable semisimplicial operators to
elements of Q.

We shall define f| (X,) XA by an induction on .

To define f| (Xo) XA¢, it suffices to define f(sq—1 - - - s150x, §9) € ¥ for every
x€X,: and the possibility of doing this appropriately is easily seen to be
precisely the Kan condition on Y.

Suppose, then, that f| (X.—1) XA has been defined so as to satisfy the
required conditions, and let x & X, be nondegenerate, i.e. xE(X,). Also, in
the case of Theorem 5, let x&EA. Let £:A"—X be defined as in Chapter 1, i.e.,
0" =x. We define

n—

v::A 1)(A“——>I/' (1=0,--- n),

vi:A" XA Sy (whenever f; is given)

v = fo (3% X 1) = fo (& X 1),
v; = fio0 (% X 1).
The definition of v} is legitimate, for the image of Ze'lies in (X._1). A simple

verification shows that the set {v,‘, '11,2} is consistent. Hence, by Theorem 3,
there is a map
9:A" X A?— YV, ie. v E V(n, q)
such that
1 1 2 2
v; = 9, v; = 9,0.

We now define f(x, ) =v(", r) if rEA]; more generally, if ¢ is any semi-
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simplicial operator of height ¢ (cf. §1) we define

flox, 1) = (e0)(@ ", 1) if r € Anye

where ¢! denotes the operator obtained by replacing d; by 9}, s; by s} in ¢.

This defines f on (x) XA

A few straightforward verifications now show that f is a semisimplicial
map satisfying all our conditions; which moreover agrees with the inductively
given map on (X,.—1) XAq.
" Proceeding similarly with every nondegenerate element of X,—A4, our
induction is complete.

Appendix I: Proof of Lemma 3. Let o=, - -+, ¥g; M1, - -, Hp),
T=(1—’l, ce e T, ﬁp)

(i) Let (4, r, 5s) be of o-type 1. Then

6;8:“ = (Sugm1 " * " Spare18, * 0 Su@imrD?, Su 1 SupsreiSueny * * ¢ Suid9)
and it is easily seen that 9,627¢ has a different type of expression unless
(4, 7, 5) is of 7-type 1. Hence, by Lemma 1, (4, 7, 5) is of 7-type 1.

If 0=:=p+q define X,(2) =7—¢ where ¢ is the largest integer such that
v <i(?). Clearly ¢<j implies X,(2) £X,(j). If (1, r, s5) is of 7-type 1, X,(¢)
={—r; hence by Lemma 1 and the expressions for 9:62%%, 9,6°*? we must

have X,(¢) =t—r=j—#=X.(j). Now suppose #<r. Then j<1 and, again by
Lemma 1,

V1 = 71 vigl = g1 — 1 Vrgl = Vrg1

Vi = 7r ve =7, — 1 Vg = Vg

Also, X,(1) =X,(t—1)+12X,(G+1)+1>X,(j), for j<Fmu=rip+1=r,+1
<1 whence j+1=i—1. Since v;=7;, vz =% —12j we have X,(j)=j—*
=X,(j). Hence X,(j) <X,(z), and we have a contradiction. Similarly #>7
is impossible, whence #=r and ¢1=j. From which with Lemma 1, the result
is immediate. The case when ¢ is of 7-type 2 is proved similarly.

(ii) Let (4, r, s) be of 7-type 3 or 4. Then again it is immediate that
(4, #, 5) must also be of o-type 3 or 4.

a7t = (Sagy " *° Sad s Syttt sa,aq)
where
. ay Vi B1 M1
Oy_y Vr—1 Bs—-l = HKs—1
ar = v — 1 Bs = pop1— 1
o1 = vy — 1 Bp—1=pp — 1

At=0ifi <mn.
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Since o is a (p, ¢) shuffle we see that (i, - + -, @g-1; 81 - - * Bp-1) is a permuta-
tion of [p+q—2]— {i—l }. Hence the index i—1 is uniquely implied by a
knowledge of the a’s and s i.e. (by Lemma 1) by 8,6°%% Hence i =}.

Moreover, (au, - * +, ag-1; B1, - * -, PBp-1) is obtained from (v, - - -, vy;
M1, * * *, Mp) by removing 2—1 and ¢ and decreasing the integers >1% by 1.
Hence (3y, - - -, §g; M, * * *, Bp) can differ from (v, + + «, vg; p1, * * +, Hp)

only in respect of 2 and 7—1. Hence 1 =0 or 7=¢(1).

Appendix II: Prisms. We write I =A! and define I" by I'=1, I'''=I"XI.
If 4 is a semisimplicial complex we shall write 4,,, for A(1, - - -, 1, n), i.e.
the set of semisimplicial maps I XA"—A4. By h;: A(1, - - -,1,0,1, - - -, 1,7n)
—A,.1,, (where “0” stands in the 7th place) we denote the obvious identifica-
tion. Then we define

Nidrn— Apin (=0,1;1<i<7)
by
A= hia:—e
and
0itAran— Arn 1gisy)
by

gy = S;(h,')—l.

Finally, we define 8;:4, n—A,.n_1, SitArn—A;.0p1 by ;=071 s;=s]"".

It is now easily verified that these operators satisfy all the conditions of
the “prismatic theory,” cf. [3], Chapter III. In particular, putting #=0 and
ignoring d and s we obtain a semi-cubical theory: If 4 satisfies Kan’s condition
so, by Theorem 3, does the resulting semi-cubical complex.

If we write 7, for the (1, #n)-shuffle (0, - - -, ¢—1, ¢+1, -+ -, n; 1)
(0=i=n), we can define S;=77:4,,,—A4 1,241, where we modify our earlier
process by combining the first and last index (using 7;), rather than the first
and second.

It is now an easy matter to verify all the relations given for the separtition
operators in Chapter III of [3]. (The relations involving boundaries are, of
course, special cases of 3%, 5%, 6 above).

We thus obtain the complete formalism of the semiprismatic theory of
[3], and in particular the theory of homotopy there given; cf. also Exp. 14 of
[5] where the same notion of semisimplicial homotopy is used.

Using Theorem 3, it is easy to prove a homotopy extension theorem for
Kan complexes, cf. [1; 2].
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