ON THE DEVIATIONS OF THE EMPIRIC DISTRIBUTION
FUNCTION OF VECTOR CHANCE VARIABLES

BY
J. KIEFER(") AND J. WOLFOWITZ(®

1. Introduction. Let F be a distribution function (d.f.) on Euclicean m-

space, and let X1, Xs, - - -, X., be independent chance variables with the
common d.f. F. The empiric d.f. S, is a chance d.f. defined for any «
=(x1, - - -, ¥m) as follows: nS,(x) is the number of X,’s, 2=1, - - -, 5, such
that, for j=1, - - -, m, the jth component X{ of X, is less than x;. Define

D, = sup [S,,(x) - F(x)! R

Dy = sup (Sx(x) — F(#)),

z
D, = sup (F(x) — Sa(x)),

and
G.(r) = P{D,. < r/n”’},
G:(r) = P{ D: < r/nti2},
G.(r) = P{D, < r/n\2}.
In this paper we prove two theorems, of which the first is the following:

THEOREM 1. For each m there exist positive constants co and ¢ such that, for
all n, all F, and all positive r,

1.1 1 — Galr) < coe™°"",
(1.2) 1 — Gr(r) < coe—",
(1.3) 1 — G,(r) < coee".

The nub of the theorem is, of course, that it sets a minimum rate at
which G,.(r), G} (r), and G, (r) go to one as r— », independent of # and F. It
is rather curious that a bound independent of F can be given, since the
limits of G,, G, and G, (as n— ) depend on F for m>1. The limits of G,,
G;, and G, for m=1 are of course known [1] and independent of F when F
is continuous. The limits for m>1 are at present writing unknown.

Received by the editors September 6, 1956.

(1) Research under contract with the Office of Naval Research.

(?) This research was supported by the United States Air Force under Contract No.
AF(600)-685 monitored by the Office of Scientific Research.

173



174 J. KIEFER AND J. WOLFOWITZ [January

Theorem 1 for m=1 was proved in [2] by a method which took as its
point of departure an exact expression for G; () due to Smirnov [3]. No such
formula is known for the case m>1. The method of the present paper is en-
tirely different and does not use the result of [2](®). The extension of the
result from m =1 to m =2 presents difficulties; the extension of the result for
m =2 to larger values of m by our method of proof is obvious, and proceeds
by induction on m. Theorem 1 is used in proving Theorem 2.

The constants ¢y and ¢ in general depend upon m. We make no attempt
in this paper to obtain the best possible constants or even to perform some
tedious calculations which would improve them. At the end of the proof of
Theorem 1 we calculate possible values of ¢ and give some suggestions for
improving the constants (it is shown in [2] that 2 is the best value of ¢ for
m=1; we also show at the end of the proof of Theorem 1 that ¢ <2 for m>1).
We also point out that the supremum operation can be performed over a
larger class of sets without affecting the result.

Before stating Theorem 2 we introduce some additional notation. For
fixed F and positive integral k, write A} for the subset consisting of every
point in Euclidean m-space for which, for 1<j=<m, the jth coordinate w;
satifies Fj(w;) S h;/k = F;j(w;+0) for any integers k;, where F; is the (marginal)
d.f. of X{. Write

D, = max | S,(x) — F(2)1.
zeA'):‘

Diy = max [S.(z) — F(x)].
zcdy

Doy = max [Fx) — S.(x)].

Tz
as well as
Goi(r) = P{D,.,;c < r/n'l%f,
G:,k(r) = P{D:,k < r/n”z},
Gui(r) = P{Duy < r/n'l?},

and

H,(r,7) = P{D:,L < r/n\%, D, < 1'/nl?},
H,(r, ') = P{D:,k < r/nd% Doy < 7' /nl2f.

We shall also denote by
+ -
Go .ty Gty Gt Hy i
(® In a first, unpublished, version of [2], a weaker result than that mentioned below as
appearing in [2] for the case m =1, was proved by a method which has points in common with
the present proof of Theorem 1; one idea used in this method is due to P. Erdés.
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the respective limits as #— « of the d.f.’s G, G, Grx, and H, ; the exist-
ence of these limits is a consequence of the multivariate central limit theorem.
Our second result is

THEOREM 2. For every m and F, there exists a d.f. G (resp., G*, G—, H) such
that the sequence of d.f.’s G, (resp., G, G, , H,) converges to G (resp., G*, G—, H)
at every continuity point of the latter as n— o« and such that the sequence of d.f.'s
G,k (resp., GL i, Gy Hoo k) converges to this d.f. G (resp., Gt, G—, H) at every
continuity point of the latter as k— .

It is obvious that G, G*, G-, and H cannot be degenerate unless F is.
Of course, as noted above, these d.f.’s depend on F.

Theorem 2 generalizes the result of Donsker [4] for the case m=1; we
remark that our proof starts ab initio and does not make use of Donsker’s
result or method. Donsker’s result is needed to justify Doob’s [5] computa-
tion of G, G*, G—, and H in the case m=1, and Theorem 2 could perhaps
prove of similar use in the more difficult problem of computing these limiting
d.f.’s when m > 1 if this is to be done by consideration of a Gaussian process
(depending on F) with m-dimensional time. Donsker’s result was also used in
[2] in the case m =1 for proving certain asymptotic optimum properties of
S, in estimating F.

(Added in proof: In another paper we shall prove that analogous optimal-
ity results hold for S, when m > 1, even though D, is no longer distribution free
and the distribution theory of D, is unknown. These results follow from those
of the present paper, arguments like those of [1], and the fact that the
integral of a continuous bounded function with respect to G, converges to
that with respect to G uniformly in continuous F; the latter result will also
appear in another paper.)

Some generalizations of Theorem 2 are mentioned at the end of §3.

2. Proof of Theorem 1. We shall give a detailed proof for m=2. As we
have remarked earlier, the proof for general m is by induction on m and is
obvious to carry out. We shall indicate below the point where induction would
be used. The result for the case m =1 can be obtained by an argument similar
to but simpler than that used below. Alternatively, it can be obtained from
Lemma 2 of [2].

Throughout this section ¢y and ¢ will be a generic notation for positive
constants which do not depend on #, r, and F. Hence these symbols in differ-
ent places will not, in general, stand for the same numbers. No confusion will
be caused by this.

We have

(1 = G() £ (1 — Ga(M) + (1 = Go(M).

We will content ourselves with proving (1.2). The proof of (1.3) follows in
the same fashion, and (1.1) then follows from (1.2) and (1.3).
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We shall assume that F is continuous. If this is not so (1.1), (1.2), and
(1.3) hold a fortiori; the proof of this is the same as in the one-dimensional
case and therefore obvious. Since F is continuous we may transform X
and X separately so that the marginal d.f.’s F; are uniform on [0, 1] with-
out changing G,.(r), G} (r), or G, (r); we hereafter assume that the F;are uni-
form on [0, 1].

In the discussion which follows we shall always assume, to simplify the
discussion, that, for any given number x;, there is at most one ¢ such that
X® =x,. The probability that this be not so is zero.

In the course of the proof we shall always assume that » <n!/2. The theo-
rem is trivially true when this is not so.

If the theorem is true for all »> R >0, it is true for all » =0. One has only
to enlarge c, if necessary, so that ce=®">1; the inequalities (1.1), (1.2), and
(1.3) are then trivially true. It will therefore be sufficient to prove the theo-
rem for all r sufficiently large, say >R>3. Then n> R2

Since 7 and 7 will be fixed in the present discussion we may allow ourselves
the luxury of a notation simpler than that of the next section and not display
all dependences on 7z and r. (We remind the reader that ¢ and ¢, will not de-
pend on 7 and r.) Define the events

r 1
L= {S,,(xl, %2) — F(%1, x2) > — for some x; < —} ,
nt/? 2

r 1
L {S,.(xl, x9) — F(x1, x5) < — —— forsome x; < —} ,
nl/2 2

1 1 r
B = {S,, (7 ) x2> - F<? , xg) > T for some xg} s

r 1
{S,,(xl, x9) — F(xy, x9) > —— for some x; > —} ,
nl/ 2

™~
I

L*

Il

r 1 1
{S,,(xl, %9) — F(x1, x2) > — forsome x; > — %2 > —} .
nll2 2 2

Define the chance variables (z;, 2;) when the event L occurs (we shall not
need them when L does not occur) as follows: First, z; is the infimum of those
values x; (£1/2) for which sup,, [S.(x1, x2) — F(x1, %5) | >7/n'/% There is then
an 7 such that X =z,. We define 2z, = X®. We now define the event L(x1, x2)
for any pair x;, x;, 0%, <1/2, 0<%, <1, as follows: L(x;, x2) is the subset of
L where z;=x1, 25 =x,.

Define 7(x;, x2) as

1
% [(least integer > nF(x1, x2) + n'/%) — nF(xy, x9)].
n
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Then, for almost all values (x;, ) of (21, 22), the event L(x1, x2) implies the
event

r(zx1, xz)} .

n1/2

(2.1) {Sn(xl, x2) - F(xly x2) =

Define, for any x;, 0=x,=<1, the events
1 1 r
B(xz) = {S,. —2—: X ) — F 7: X2 ) > oY

J = U U L(xl, xz)B(xz).

0sz1<1/2 0sz9s51

and

Obviously
1 — Gi(r) = P{L} + P{I}.
Our immediate goal will now be to prove
(2.2) P{L} < coe—"

for all F, and for r sufficiently large, say > R.
We have

P{L}-ess. inf. P{J | 2,22} = f PUJ |y, 22} dupes P21 < 1, 72 < 2]
057)<1/2;0525S51

= P{UN L} = P{J} < P{B}.
Hence
P{ B}

(2.3) P{L} é ess. inf. P{]I 21, Zz} .

Our plan to prove (2.2) is as follows: First, we shall prove that
(2.4) ess. inf. P{J| 2, 2.} = 1/2.
Then we shall prove that
(2.5) P{B} < coe—e*
for >R and n>r2,
Suppose the event L(x1, x;) has occurred. Since there is exactly one ¢ such
that X" =x, and since

r
sup [Sa(x{, %) — F(af, x5)] < %
EN n

for x{ <x;, we have
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(2.6) nSa(x1, 1) < nF(xy, 1) + ra/2 + 1.

Hence the number N of X, - - -, X, which have first coordinate greater
than x; is at least

(2.7) M=n(l —x)—ra¥/2—1.,
First suppose that M =<0. Then

r 1
(2.8) — 2 —— = (1+4+x).
n

nl/2

Obviously 0=7(x;, x2) —7 =1/nV2. The event B(x;) occurs when

2.9 sa(2 (2 ’
(2.9) n?’x2> > _2—’x2>+2n—1/—2.

From (2.1) and (2.8) we obtain that

1 r
S" (_’ x2> ; Su(xl, xZ) g F(xly x2) + -
2 nl/?

1
2 Pl =) + (1= 2) = —

F(% xz) - I:F(% x2> — F(x, x2):|+ (1 — x) ——;—
C I E T

(2.10)

Il

v

Il
eS|
l
o
NG
+
| =
|
[ =

Since r/4n'/2<1/4, it follows that, for > R2>9 (which is all we need con-
sider), (2.9) holds.
Suppose now that M >0. Let R, be the region in the x{, x/ plane defined
by the inequalities
x1<x{§1/2, ngz'sz

In order for B(x,) to occur it is sufficient, by (2.9) and (2.1), that, of the N

chance variables among X, - - -, X, whose first coordinates are greater than
x1, at least
(2.11) n(F(1/2, x2) — F(x1, x2)) — 3rnt/?2/4

take on values in Ro. We shall compute a lower bound for the probability
of this under the assumption that N = (>0). It will be easy to see that, if
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N> M or M is not an integer, the probability is a fortiori greater than this
lower bound, which is >1/2 for »> R. This will prove (2.4).

If we define
(2.12) _ F(1/2, x5) — F(x1, %9)
1—x
and
(2.13) { = n(F(1/2, x2) — F(x1, %2)) — 3rn'/*/4 — Mp ,

(Mp(1 — p))'/*
we obtain that
b= 34+ o/
<MP(1 - ;f’)>”2

n

Since p<1/2 and M/n =1 it follows that ¢ < —7/4 for r> R. The probability
in question is the probability that, of M independent Bernoulli chance vari-
ables with common probability p of a “success,” the number N* of “successes”
satisfy the inequality
N* — EN*
>
(E(N* — EN*)2)1/2

(2.14)

This probability is greater than

N* — EN* r
(2.15) P{(E(N* " ENnoyin s Z}

which, by Chebyshev’s inequality, is greater than 1 —16/72, which, for » >R,
is >1/2, as was to be proved. This proves (2.4).
From [6, p. 288, Equation (96)], it follows that, for r> R,

1 1 r .
Sn —;1)——‘> < coe~°".
2 2 16n1/2

Suppose now that the event { |S,,(1/2, 1) —1/2[ ér/16n”2} occurs. Then the
number #; of chance variables X, - - -, X, with first codrdinate not greater
than 1/2 satisfies

(2.16) P{

n rnll/? <m< n n rnll? < O
—— =n n ng = — —
2 16 P 16 16

Let T, (x;) denote 1/#, multiplied by the number of chance variables
X, - - -, X, whose first coordinates are less than 1/2 and whose second
coordinates are less than x,. The relation
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1 1 rnt/?
(217) nS,.(-——: x2> - nF<"‘—r x2>>
2 2 4

implies the relation

1 rnt/? rnt/2 1
(2. 18) annl(xz) - nl[ZF (’E' ) x2>:| > - F(-z- ; x2>,

4 8
whose right member is not less than
3rnt2 r(ng)V? r(my)/?

16 4 4

(2.19)

The theorem for the case m =1 implies that

(2.20) P{S\:zp [annl(xz) — n,(ZF <% , x2>>] > r(n;)”z} < coe—cr.

Equations (2.16) to (2.20) prove (2.5) and hence (2.2).

In the proof of Theorem 1 for general m the induction on m would occur
at this point. We have just used the theorem for m=1 to prove (2.5) for
m=2. We can then use this to prove the result corresponding to (2.5) for
m =3, and so on (x; represents all variables other than x; in this proof, when
m>2).

Returning to the case m=2, the proof of

(2.21) P{L'} < coe=e*

is practically the same as that of (2.2), and will be omitted. We shall hence-
forth assume that (2.21) holds, and use this fact to prove that

(2.22) P{L} < coe".

First, applying the result (2.2) to the chance variables X7, X7, - - - de-
fined by X§=(X{®, X{"), we obtain for the original sequence X;, X, - - -
that

r 1
(2.23) P{S,.(xl, x9) — F(x1, 29) > % for some x; < ?} < coe—c.
n

For any pair (x;, x2), 1/2<x:=1, 1/2<x,=1, we define the following
regions in the x{, x; plane:

<1,x <af <1},
Us(xy, x2) = {xl',xz'lx1 <z £1,0= %/ <x2},

Us(x1, %2) = {2!, %{ I 0= af <xy,a <af <1},

Ul(xl, x2) = {x{,x{ I x < xl'

and the following events for =1, 2, 3:
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1 1
Qi = {for some (%1, %2), Y <® =1, 5 <« =1, the number of (X, - - -, Xa)

rnt/?
in U;(x1, ¥2) minus expected number < — 3 } .

Obviously
L* C 0.V QU Qs.
We shall prove

(2.24) P{Q.} < coeer’, v=1,23.

The result (2.24) follows for v=1 from the application of (2.21) to the se-
quence of chance variables (1 —X{?, 1 —X{"), for v=2 by the application of
(2.21) to the sequence of chance variables (1—X{, X{®), and for v=3 by
the application of (2.21) (in the form (2.23)) to the sequence of chance vari-
ables (X{, 1—X®). Thus, (2.24) is proved, and this and (2.23) imply (2.22)
and hence (1.2).

The proof of (1.3) is completed in a similar manner. Obviously (1.2) and
(1.3) imply (1.1). This completes the proof of Theorem 1.

We shall now obtain explicit possible values for the constant ¢ (¢, could be
obtained similarly, but this is of less interest). First consider the case m=2.
In the definition of the set B, let us replace /4 by r/{2+¢€) with €>0; the
proof of Theorem 1 then still holds, but will yield a larger value of ¢. Making
appropriate changes in the argument, an analogue of (2.15) holds, as before.
In (2.16) and what follows, put A for 1/16. The constant ¢ on the right side
of (2.16) then becomes 2\%. The displayed inequality on #; becomes

1 n n 1
(2.25) n(; - )\> < 5 2 < ny < 7+ nl/?2 < n(k-{- 7)

Equation (2.17) (with 1/(24¢) for 1/4) and Equation (2.25) imply an ana-
logue of (2.18) with (2.19) replaced by

1 1 1\1/2
m‘/z( — 7\) > mlm( - A)/()\ + —) .
24+ ¢ 2+ € 2

The fact that we can take ¢=2 for m =1 implies, in place of (2.20),

oy (i) ()}
(2.26)
<eon( () /6 2)

The minimum of the coefficients of 72 in the exponents of (2.26) and thr

1
an,.l(xz) — 2m,\F (7: x2>
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analogue of (2.16) is maximized when e is small by taking A =.266; this gives
¢>.14240(1) as e—0, in (2.5). The same value of ¢ may be obtained similarly
for L’ in (2.21), and also in (2.23). If this value of ¢ is multiplied by 1/9, we
obtain a value applicable in (2.24), (2.22), and (1.2); a similar argument
applies for (1.1). Thus, we also obtain ¢>.0157—¢ in (1.3) for m =2, where
€ is an arbitrary positive value. Thus, ¢=.0157 is a possible value in (1.3)
for m=2.

For general m, we may similarly obtain a possible value for ¢. Let 2d%, be
the value for ¢ obtained by this argument for dimension m, with &,,> 0. For
dimension m we then obtain 2d%,_;(1/2 —X\)? for the coefficient of 72 in (2.26)
and thus the solution \ of the equation 2A\?=2d% _;(1/2—N)?/(A+1/2) is the
value of X which maximizes the minimum of the coefficients of 7% in (2.16)
and (2.26). Rather than carry out the obvious analogue of the case m=2 in
terms of this inexplicit N, we shall obtain explicitly a slightly smaller value of
c. This value is suggested by the fact that d,_;, and hence the above A, is
small for m> 2. Taking then for A the value d,_1/2'%, the two coefficients of
r? are almost equal, the smaller (that of (2.26)) being

2o 1(1/2 — dm1/2" /(1)2 + dmr/2').
The factor 1/9 above must be replaced by (2»—1)~2. Thus, we obtain for
possible values of d,, and ¢ (the € no longer being needed):

c= Zdi (dimension m),
(2.27) o na(1/2 = /21
" (1/2 + dmy/2M2)12(2m — 1)

The above possible value for ¢ is probably not a very good one (¢=.0157
for m=2 and ¢=.000107 for m=3). It could be improved by considering
S.(x) — F(x) at a large finite number of lines (in the case m =2, for example)
instead of just on the line x;=1/2; but this would be at the expense of more
tedious computations. The value ¢ = 2 obtained in [2] for the case m =1 is the
best possible in the sense that (1.3) is clearly false for any ¢>2 and any co.
We next show that ¢<2 for m>1;i.e., (1.3) is false for ¢c=2 and any ¢, when
m>1 (in fact, this is so even if ¢, is permitted to depend on F).

In fact, consider the case m =2 and suppose F; is the d.f. which distributes
all probability uniformly on the line L: x;+x,=1. Then S.(x, y) =0 w.p. 1 if
x+y=1, and for x+y>1 we have nS,(x, y) =number of observations on L
between (1—y, ) and (x, 1 —x). Let S¥(u) =S, (u, 1). Of course, S;(u) is a
univariate sample d.f. corresponding to the uniform d.f. on the unit interval.
Denoting by D; and D the supremum positive and negative deviations of
S¥(u) from the function %, 0=# <1, we have, w.p.1.,

(d; = .088).

sup |Sn(x, y) — Fi(x, y)’ = sup [ (S: (u) — u) — (S:('u) — v)[ = D-: + D,.
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From [5] we obtain for the limiting d.f. of nV/%(D;f +D;) (note, e.g., Equation
(4.6) of [7], which gives the limiting d.f. of #!/2(D;} +D;)/2), as r—,

lim P{n/%(D; + Dy) > r} ~ 822",

n—

which demonstrates the impossibility of taking ¢=2. We note, in fact, that
(1.3) cannot hold for ¢=2 and any ¢, and for all absolutely continuous F
‘or, instead, for all discrete F); this is obtained easily from the above result by
taking a fixed 7 so large that 472>¢,, a k so large that the above limiting
probability for the case of the discrete approximation of Fy is > 6r%~%", and
an absolutely continuous d.f. F» whose probability is concentrated on such
small spheres about the discrete points that the probability of a deviation
>r cannot be smaller for F,; than for Fi.

The supremum operation involved in the definition of D,, D;, and D; is
over all sets of the form x;=<a;, j=1,---, m, for all a=(ay, - - -, an) in
m-space. It is obvious that Theorem 1 applies also to the case when the
supremum is taken over any of several larger classes of sets such as, for
example, that which consists of all rectangular parallelepipeds with sides
parallel to the codrdinate planes. This will be of interest in statistical applica-
tions where it is often required or desired that the results be invariant under
certain transformations of the chance variables, e.g., X——X.

3. Proof of Theorem 2. Let I™ denote the closed unit m-cell
{x|0=x, - - -, xa=1}. We shall first prove Theorem 2 for the case when F
is continuous, and then, at the conclusion of the proof, we shall remark on
how the proof proceeds for discontinuous F. As in §2, since F is now assumed
continuous, it suffices to consider the case where all F;s are uniform on
[0, 1], and we hereafter assume we are in this case. Write Qi o=I™, and for
j>0 let Qk,; be the subset of I™ whose first j codrdinates are integral multiples
of 1/k (thus, Qr,mn=A4¥). Write

+

D = sup [Su(x) = F(x)],
Doi; = sup [F(x) — S.(%)].

z2eQk,j

For fixed d>0, 7, and 7', we shall show in the succeeding paragraphs that

lim sup lim sup [P{ Disi < v/n\% Dogi < v /n1i2}

k— o n— o

(3.1) +

— P{Dpyj1 < (r4 d)/n''% Dyrja < (7 + d)/n12}] < 0

for 1 =j<m. Adding these inequalities over j yields
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(3.2) lim sup lim sup [H,i(r, #') — H,(r 4+ md, ¥ + md)] < 0.
k— o n— o

We have remarked in §1 that lim, H, =H, exists. Hence, writing 7 for
r+md and 7’ for v’ +md, (3.2) becomes

3.3) lim sup Hyx(r — md,r — md) < lim inf H,(r, 7).

k— 7n—> 0
Write H*(r, v') =lim supy Hu (7, 7’). Since obviously H,(r, ¥') S H, i(r, ¥’),
we obtain from (3.3),
(3.4) H¥(r — md, v — md) < liminf H,(r, 7') < lim sup H,(r, ") < H*(r, 7).

n— o n— o

Since H* is clearly monotone and bounded, it is continuous except possibly
on.a denumerable set of lines parallel to the codérdinate axes. Letting d tend
to zero in (3.4) at continuity points (7, 7’) of H*, we see that lim, H,(r, ')
exists for all points (7, #') in the plane, except possibly on a denumerable set
of lines parallel to the coordinate axes. This limit determines a left-continuous
function H (say) which has variation one by Theorem 1 and which is clearly
a d.f. Hence the sequence H, converges to a d.f. H at every continuity point

of the latter. Finally, since clearly we can also write, for all continuity points
(r,7") of H,

H(r,7') < liminf Hyx(r, )

| 2]

S limsup Hoi(r, ¥') < H(r + md, ' + md),

k— o

3.5)

letting d—0 shows that limg H, (7, ') =H(r, #') at all continuity points of
the latter, and hence that I1, converges to I at every continuity point of
the latter as k— . Thus, the theorem for H will be proved if we can show
(3.1), and the result for G, G*, and G~ can be obtained easily from this result
or else can be proved directly in the same manner as the result for H.

We now prove (3.1). Fix >0, r, #/, and j. For % an integer, write Vi jx
for the subset of I™ where h/k<x;<(h-+1)/k and write x@ = (xy, - - -, Xj1,
h/k, xjp1, + + +, Xm) if xE Vi ;4. Clearly, if the event

{ nt - ,
Aup = {Durj < 7/n'% Dy < 7'/n'2}
occurs and the event

*

A = { Dagios < (r + &) /01, Drgjy < (7 + d)/nii2}

does not occur, it is necessary that for some i with 0 =k <k —1 the event

Tan = { sup | [Su(@) — F(x)] — [S.(x®) — F®)]| > d/uw}

zeVk,j,h
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occurs. Write N, =number of X; (1<:=<n) whose values are in Vi ja.
Now,

P{I‘,.,k,,.} =< P{ sup M — k[F(x) — F(x"")]‘ > dn”"’/ZN,.k,-;.}
Vi,ih Norin/n
ankjh .
(3.6) + P{ —1] sup [F(x) — F(x®)] > d/2n1’2}

= P{ Ynkjh} + P{anjh} (say).

Now, given that N.x;»= N, the event V. is a subset of the event that the
maximum deviation of the empiric d.f. of NV independent, identically dis-
tributed m-variate random variables from the corresponding theoretical d.f.
is more than (d/2)(n/N)42/N'2, Hence, by Theorem 1,

(3.7 P{Vuin| Nurin = N} < co exp { —cd?n/N}

where ¢, and ¢ are positive constants. Also, by Chebyshev’s inequality,

(3.8) P{Nujn £ n/k + n/k1?} > 1 — 1/n.

From (3.7) and (3.8) we obtain

(3.9) P{Vup} < n' 4 co exp { —cd?k!12/2}.

Also, an application of Chebyshev’s inequality based on the fourth moment
yields

Noaksn

n

P{Zup} = P{ - —113_' > d/2n”2}

(3.10)
3n¥/k + n/k 16[ 3 N 1]
nildy/16n2) ik mkl
From (3.6), (3.9), and (3.10) we obtain

* k 16T 3 1

(3.11)  P{Ans — Ans} < — + koo exp { —cd?12/2} + ~|:— + —],
n a‘Lk n
which proves (3.1) and, hence, Theorem 2 in the continuous case.

We now remark on the method of proving Theorem 2 when F has dis-
continuities. The conclusion follows by the same method as that used to
prove Theorem 2 for continuous F, upon noting the manner in which any
discontinuous F can be obtained from a continuous one by “lumping to-
gether” (in the same manner as that used to obtain Theorem 1 for discon-
tinuous F) certain points in the domain of the latter.

Generalizations of the theorem may be obtained by noting that, as in the
case of Theorem 1, the conclusion of Theorem 2 holds if the supremum of ob-
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served from theoretical frequency is taken over a larger class of sets than those
of the form x;=Zaj, j=1, - - -, m (for all a in m-space).
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