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1. Introduction. Let v = 0 be fixed and let(2)

2"(v + — J W,in,x) = (-l)n(l - x'y+^f-A [(1 - x2)^"-1'2]

be the ultraspherical polynomial of degree n and index v normalized by the

condition

W,(n, 1) = 1 (« = 0, 1, • ■ • ).

If we define

da,ix) = (1 - x2)^^2dx,

(2vUn + v)Tiv)
coy{n) = -,

nlTiv + 1/2)

then

I    W,{n, x)W,im, x)dQ,ix) = 5(m, m)/to,in),

where 5(m, m) is 1 if M = m and is 0 if n9*m. For all such formulas see [2, vol. 2,

Chapter X]. The harmonic analysis of ultraspherical polynomials rests upon

the dual convolution structure due to Lewitan [7] and Bochner [l] and de-

scribed below. For a detailed discussion of the implications of the following

formulas, as well as a general survey of the present subject, see [6]. Let/(x)

be a measurable function on [— l^x^l] and let us write/(x)£P„ if

11/111=  f   \f(x)\dnv(x)
J -1

is finite. For/GP» we define the transform/"(m) oi fix) by
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(2) (a)r = T(a+r)/r\

294



QUADRATIC NORMS AND ULTRASPHERICAL POLYNOMIALS 295

f^(n) = J f(x)W,(n, x)dn„(x) (n - 0, 1, • • • ).

We then have the (formal) inversion formula

CO

f(x) = z\Z f^(n)Wv(n, x)u,(n).
n=0

Let us set

C,(x, y, z)

= 21-2vT(2v)Y(v)-2(l - x2 - y2 - z2 + 2xyz)"-1[(l - x2)(l - y2)(l -s»)](i/»-»

if (1— x2—y2—z2+2xyz)>0, otherwise let Cv(x, y, z)=0. By a formula of

Gegenbauer [l, vol. 2, p. 177]

(1) j C(x, y, z)W.(n, z)dQ,(z) = Wy(n, x)W,(n, y).

Starting from this result it is possible to show that if/i(x),/2(x)£i3„ and if

(2) /i*M*) =f   J  h(y)h(z)C(x, y, z)dn,(y)dQr(z),

then fx*fi-(x)GBr and (fi*fi)'^(n)=fx'~^(n)f{~~(n). Let F(n) be defined for
[w = 0, 1, • • • ] and let us write F(n)Gb, if

IH|i=Z \F(n)\<»,(n)
n=0

is finite. For FGb? we define the transform F^(x) by

oo

F~(x) = zZ F(n)W,(n, x)u,(n) [-lg*gl].
m—0

The inversion formula is then

F(n) =  f F~(x)W,(n, x)dQ,(x).

Let

. 7r2'-2-(y)J_t(.)J_y(y)T_„ £1     jl      re!      (2v),      1

C'( ';' W) "  r«V - *)!f> - j)\(a - re)!     (2r)»(2r)i(2F).      (v),   a + v

if k+j+n is even and if max(&, j, re) ̂ <r where 2a = k+j+n; otherwise let

cr(k, j, re) be 0. A formula of Dougall [8] asserts that

CO

(3) z\Z c,(k,j, n)W,(n, x)u,(n) = W,(k, x)W,(j, x),
n-0
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and from this it can be shown that if Pi(m), Fiin)(E.by and if

OO 00

(4) Fi*Fi-in) = zZlZ Fiik)FiiJ)c,ik, j, n)«,(*)a>,(i),
k-0 j=0

then Fi*Fi-in)Eb, and (P*F2)~(x) = Pi~(x)PT(x).

We shall be concerned in the present paper with those linear transforma-

tions T of functions on [ — 1, 1 ] into functions on [ — 1,1 ] which commute with

the convolution operation (2); that is

(Tfi)*fi=fi*(Tf2).

It is easily seen that to every such transformation there corresponds a func-

tion tin) defined on m = 0, 1, • • •  such that

(J/)~(«) =rin)tin).

An equivalent formulation is that if

fix) = zZf~~(n)W'(n, x)to,(n)
n=0

then (formally)

00

Tf(x) = zZr(n)t(n)W,(n, x)to,in).
n-0

Such transformations are called "multiplier" transformations.

For/(x) a real measurable function on [ —1, l] we set

%M = [ j '/(*)*(* + *)'tt - *)"<*$!»(*)]   '2,   (-j <a,8< y).

We shall also use 9c £,ato denote the space of functions/(x) for which 9t£,aL/~]

is finite.

Our objective in the present paper is to find rather general sufficient con-

ditions which will insure that P= {tin) }q be a bounded linear transformation

of 9^,0 into itself. The dual theory, in which the roles of F and / are inter-

changed, will be dealt with in the subsequent paper. We shall there be con-

cerned with those linear transformations / of functions on [m = 0, 1, • • • ] into

functions on [m = 0, 1, • • • ] which commute with the convolution operation

(4); that is

tFx * F2 = Fi * IF2.

To every such transformation there corresponds a measurable function <(x)

defined on — 1 ̂ x^l such that

[tF]~ix) = F~ix)lix).

A (formally) equivalent definition is that if
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F(n) =   f  F~(x)W,(n, x)dQ,(x)

then

(lF)(n) =  f  F~(x)t(x)Wr(n,x)d%(x).

We set

C[F] =   | E /(re)2co,(ra)(re + 1)4       (-< a < —V

We also use Wa to denote the space of functions F(n) for which 9i„[F] is

finite. In the succeeding paper we shall find rather general sufficient condi-

tions on t = t(x) which will insure that t is a bounded transformation of Wa

into itself. These papers thus complete investigations initiated in [4].

2. Weighted quadratic norms. Let v>0 be fixed and let r(k) be a non-

negative function defined for k = l, 2, • ■ • such that Ei" r(&) < °°- We de-

fine

OO

'(*) - E [1 - W.(*> *)]r(*),
i=l

co

5'(re?, re) = z2 c,(m, re, k)r(k).
t-i

We write /(x) G/1 if /Lt |/(x) | dQ,(x) < °o.

Theorem 2a. If s(x) and S(m, re) are defined as above and iff(x)GL1 then

(1) f   /(*)y*)<*0,(*)  = —   £   [f~(n) -r(m)]2S(n,m)a>v(n)<A>„(m)
J —X 2   m,„_0

provided that the left hand side is finite.

The assumption fGL1 is, of course, necessary to insure that f~~(n) is

defined. Let us suppose first that

(2) J   f(x)2dQr(x) < oo,

a restriction that will be removed at the end of the proof. We expand

[/""(«)— f^(nt)]2 so that the right hand side of (1) splits into three terms,

1 °°
lx = —  2 f^(nYS(m, n)w,(n)ur(m),

2 m,n=0

1        °°
/t "■ —  E f^(m)2S(m, n)u,(n)u3,(m),

**   m,n—0
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h = —   zZ f~~in)f~~im)Sim, »)«„(»)«,,(»»).
m,n=0

Because the summand in 7X is non-negative we have

1 00 00

h = — £/~(w) *«»(») zZ s(n, m)tor(m).

Now

oo oo oo

zZ S(n> tn)to,im) = zZ co,im) zZ c"(n> m, k)r(k)
m—0 m=0 4=1

00 CO

= zZ r(k) zZ c"(n, m, k)to,(m).
k—l m=-0

By (3) of §1 with x = l

00

zZ c"(n, m> k)to,(m) = 1

and thus

1 r " ir »        I
P = T    IZr(n)2to„(n)       zZr(k) \.

2 L n-l J L k=l J

Using Parseval's equality we obtain

Ii = —TJ*  f(x)HQ,(x)^ [ zZ '(*)].

Similarly

P = j[ J V(*) W*)][ £ '(*)]■

As we have seen the infinite sums defining p and I2 converge absolutely. Now

we have

00 00

(3) It = —   zZ f^(n)f^(m)to,(n)tov(m) zZ cAn, m, h)r(k),
n,m=0 k=l

and the inequality

| rin)rim) I   g y.T(«)2 + y/~M2

shows that the sum in (3) also converges absolutely; thus
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00 /      00 00 "\

(4)        I3 = - zZ {/""(w)} ) z\Z r(k) z\Z f~~(m)ct(n, m, k)u>,(m)\u,(n).
n=0 V. k=X m=0 /

We have

CO x       /% X

z\Zf^(m)ci'(n> m> k)u*(m)= z\Z  I    f(x)c,(n,m, k)u,(m)W,(m, x)di~lv(x).
m=t> m=0«7 —1

The formal infinite sum is actually finite here and thus the order of summa-

tion and integration can be interchanged. Using (3) of §1 we obtain

CO /»   1

z\Zf^~(m)c*(n> m> k)w,(m) =  I    f(x)W,(n, x)Wv(k, x)di~l,(x).
m—0 J —1

Since | W,(k, x)| =1, &=0, 1, • • •, — 1 gx=l it is easy to see that

CO CO r»   1 /      co N

z\Z r(k) zZf^im)c*in, m, k)u,(m) =  I    f(x) I z\Z W,(k, x)r(k) > Wr(n, x)di~l,(x),
k-X m=0 J-1 \ k=X J

=  f  fix) j Z r(k) - s(x)\  Wr(n, x)dQr(x).

Making use of this and of the definition of/^(re) and employing the general

form of Parseval's equality in (4) we find that

h = - J   f(x)2i zZr(k) - s(x)\dQ,(x).

Combining our evaluations of lx, I2, and I3 our theorem is proved, under the

additional assumption (2).

Suppose that (2) is not satisfied. We set

j f(x) > j,

fi(x) =   ■ f(x) -j £ f(x) = j,

. -j fix) < - j.

Then

j  fj(x)2dilv(x) < =0 j - 1, 2, • • • ,

and thus by what we have already proved

/l 1 COfj(x)is(x)dil,(x) = —  zZ  [fT(n) - f^(m)]2S(m,n)uy(m)wt(n).
-1 2    m.n—0

Now
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lim   f fjix)2six)dSl,ix) =   f   /(x)2i(x)dfi,,(x)
j—► *>     J _\ J _i

while, since fp(n)-*f^(n) as j—>co (w=0, 1, • • • ), we have

lim inf    zZ   i/P(w) ~~ /P(m)]25(m, n)to,(m)to,(n)
]-*"       m,n=0

OO

^   2^   [/^(w) — f^im)]2Sim, n)to,im)to,in).
m,n=0

Thus

(5)        f fix)2six)d%ix) > —  zZ    [/"(») - rWlVK n)to,im)to,in).
•7-1 2   m,n=0

If

I      /(x)25(x)cffi„(x)   <   00

then given e>0 we can choose functions g(x) and hix) such that

fix) = gix) + hix),

J gix)2da,ix) < =0,

f gix)2six)darix) =   f  fix)2six)dQ,ix) - e,

f  A(x)25(x)c/fi,(x) < e.

From the inequality

a2 ^ (1 + c-")(a + b)2 + (1 + e')62,

valid for any value of p, and the relation/^(m) =g"^in)+h^~in), we obtain

00

(1 + <r")   Z  [TOO -/^(m)]25(m, mH(w)co,(m)
m,n=0

oo

^   X    [g~(«) - g"(w)]2^(m, m)«,(»»)w,(m)
m,n=0

00

- (1 + e»)   zZ   [*"(») ~ ^(w)]2S(w, m)co„(w)co,(m).
m,n=0

Using (1) for g(x) and (5) for hix) we have
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1 x

— (1 + e~')   zZ    [f~(«) -r(n)]2S(m, n)w,(«)«,(»)
2 m.n—0

^   f  /(x)25(x)rfQ,(x) - (2 + e")t.

Taking first e arbitrarily small and then p arbitrarily large we see that

(6)      ~       E      [P(»») -/^(re)]25(m,re)co,(w)co,(«)^   f   /(x)2s(x)rffi,(x).
^    m,7i=0;m?in "^ —1

The inequalities (5) and (6) together imply our desired result.

Theorem 2b. If f(x)GL\ g(x)G^ and if

i   f(x)2s(x)dU,(x) < co,        |    g(x)2s(x)dQy(x) < oo,

then

I    f(x)g(x)s(x)di~l,(x)

1 M

= —       E       l/~(») - f~(m)][g~-(n) - g~(m)]S(m, n)u,(m)w,(n).
a.    m,n=0\my^n

This follows from Theorem 2a using the standard device of writing out

(1) for/(x)+g(x) and iorf(x)—g(x) and then subtracting the results.

3. Approximations. Let v>0 be fixed(3). We set

CO

(1) sa(x) = E [1 - W,(n, x)]n-*«~\
1

(2) Sa(m, n) = E c,(*, w, re)*-2""1.
i

Let us write A(y) ~B(y) ior yG Y if there exist finite positive constants Cx

and Co such that A(y) ^ CxB(y) and B(y) g C24(y) for yG Y.

Lemma 3a. //0<a<l/2 and if sa(x) is defined by (1) then

sa(x) « (1 - *)■ (-1 ^ x g 1).

We have, see [2, vol. 2, p. 175],

re! "      (v)m(v)n-m
W,(n, cos 0) = - 2^ -cos in ~ 2m)6.

i2v)n m_0 »«!(re — rez)!

(3) The case >< = 0 requires certain small changes and is left to the reader.
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Setting 9 = 0 we see that

Ml      -A     iv)mjv)n-m

i2v)n m=o m\in — m)\

and thus

1 - W,(n, cos 9) = — zZ [1 - cos (n - 2m)d].
(2i')„ m=0 m\(n — m)\

Summing separately over n even and n odd we have

oo

zZ [1 - W,i2n, cos t5)](2w)-1-2a
n—l

= 2 2^ [1 ~ cos 2j6] 2^-(2W)-1-2",
j-i n*j (n—j)\(n+j)\  (2v)2n

co

zZ [1 - Wv(2m + 1, cos 8)](2n + l)-1"2"
n=0

- a £ [i — W + Ufl £,  "^l",^'    <2» + '»-'"•
,-0 »6i (m - j) !(« + J + 1) !(2j-)2„+i

Since iv)T/r\^r'~l we have that

_^        (y)n_,-(i')B+,-(2M)! _.
*Z   . ')    T-,,'- (2m)-1"2" « E «-2-2"(« - i)^l(M +/)-1
nay (m -p!(M+j)!(2j»)2n „sy

« 2i+ S2

where 2i corresponds to the range j^n^2j and S2 to the range 2j<n. Now

Sx «/—»-'   £ (m -/)-» «/-»-»,
n-y

s2 « Z »~2a~2 ~ r2a~\
n>2;

and thus

OO OO

zZ [1 - W,(2«, cos0)](2w)-1-2a « S [! ~ cos 2jt)](2/)-2°-1.
n=i y-i

Similarly

00

Z [1 - W-(2» + 1, cos 0)](2m + l)-i-2«
n=0

00

« £ [1 - cos(2j+ l)d]i2j+ i)-2«-\
y-o
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Combining these results we see that

CO

sa(cos6) ~ E t1 - cos/0];'-2"-1.
j-i

Now

d   °° °°
— E [1 - cos/0];-2"-1 = E (sin jd)j~2«,
du y_i y_l

d   °°
— E [1 - cosj'0]/-2*-1 ~ 0~1+2a (0 -► 0 +).
c70 y_i

For this last step see Zygmund [ll, p. 114]. Integrating, we find that

oo

E [1 - cos/0]/-2"-1 « (1 - cos e)<* (0 ^0 ^ -r);
j-i

that is

sa(x) « (1 - x)a (-1 ^ X = 1).

Lemma 3b. If 0<a<l/2 and if Sa(m, re) »s defined by (2) then

Sa(m, n) ~ (re + l)~2"-(re — m)~1~2a (n > m).

H n>m then

m

5„(w, re) = E c'in ~ m + 2/, w, re) (re — re? + 2j)~1~2a.
3=0

It is easily verified from this, using the relation (a)r/r\~(r + l)a'~1 that

Safw, re) « (w + l)1-2'^ + I)"'

m

E (»* - / + l)'_1(w - re* + /)"-'(/ + 1)"_1(« - m +2j)-2'~2a.
j-0

We must distinguish between two cases, n^3m/2 and n<3m/2. Suppose

re^3rez/2. Then (n — m+j+l) ~n + l, (re — m + 2j) «re + l, and

S„(w, re) « (w + l)1-2'^ + I)-1"2--2" X) (m  - j + l)"-i(/ + l)»-i.
J'-O

Now

m

E (» - / + ^"-Hi + i)"-1 « (« + i)2-1,
J-0

and thus, since w + 1 ~n — m if w^3?re/2,

Sa(m, n) « (re + l)-2"(« - w)-1-2" (re ^ 3m/2).
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If n<3m/2 then we have

Sa(m, n) « Si + 22 + 23

where Si corresponds to the range 0 ^j'<m —m, S2 to the range M — m gj<m/2,

and 23 to the range m/2^j^m. If 0^j<n — m (and if m<n<3m/2) then

(m— j+1) ~(m + 1), (n—m+j) «(m — m), (m —m+2/) «(m —m), m + 1 ~m + 1,

and thus

2i - (» + l)~2'(/f - m)-1-^2"     zZ    (j + 1)-S
0s/<n—m

« (» + l)-2"(;t - m)-l~2a.

ll n — m^j<m/2 then (m— j'+l) ~(m + 1), (m — m+j) ~(j + l), (n — m + 2j)

~(j + l), (m + 1) ~(m+1), and thus

22 « (» + l)-2'      zZ      U + I)"2-2,
n—ms/<m/2

« (» + l)-2"(w - m)-1-2".

If mj/2 ^j^m then (n — m+j) ~(n + l), (j'+l) «(m + 1), (m — m + 2j) «(m + 1),

(m + 1) ks (m + 1) and

23 « in + l)-i-*-»«     £    (» - 7 + l)-1,
••/2<ys»>

< ~ in + 1)-2"(m - m)-1-2".

Combining these estimates we see that

Saim, n) ~ (n + l)~2v(n - m)-1"2" (n < 3m/2).

Our demonstration is now complete.

Lemmas 3a and 3b and Theorem 2a together imply the following result.

Theorem 3c. If 0 <a < 1/2, and iffG^lo.<x then

oo

5«o,a[/]2 «       £      [r(n)-r(m)]2Sa(m,n)cor(m)coy(n).
m tn=0',m^n

4. Some inequalities. We begin by noting that the functions

v   1/2
W,(n, cos 0)(sin 6) co„   (n) (n = 0, 1, • • • ),

are orthonormal and uniformly bounded on 0^9^tt, see [2, vol. 2, p. 174 and

p. 206]. If cpn(9), m = 0, 1, • • • , are a uniformly bounded orthonormal set of

functions on [0, b] and if

a(n) =  f ip(9)cbn(9)d6,
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then if 0=a<l/2

OO rf»  b

E a(n)2(R(n) + l)-2a ^ A(a) I   i(d)262«dd,
o Jo

see [5]. Here R(0), R(l), R(2), • • •   is any rearrangement of 0, 1, 2, • • • .

We have

r(n) =  f  f(s)W,(n,x)di\(x).
J-i

Setting x = cos 6 we find that

w>(n)ll2f~(n) =  |    {/(cos0)(sin0)"}{co„(re)1/2IF,(re, cos 0)(sin 0)"}cf0
J o

and thus

co p r

E/^(»)V(«)[i?(«) + I]"2" ^ A(a) I    {/(cos 0)(sin 0)•}2d2°d0,
n=0 J 0

^ A'(a)  f   f(x)2(l - x)ad^(x).

We have proved the following result.

Theorem 4a. If0^a< 1/2 and ifR(0), R(l), R(2), • • • is any rearrange-

ment of 0, 1, 2, • • •  then

zZr(n)2i»y(n)[R(n) + l]'*" < ^(a)5»'0.J " .
n-0

Let Sn be the multiplier transformation which carries

CO

f(x) ~ WZ f~(n)o>y(n)W,(n, x)
n-0

into

N

SNf(x) ~ zZf^in)">r(n)Wv(n, x).
n=0

As a first application of our ideas we prove

Theorem 4b. If0^a<l/2 then

<«[Sa/] ^ A (a) SSl'o,a[f}.

We may suppose a>0 since the case a = 0 follows from Parseval's equal-
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ity. By Theorem 3c we have

5Ko,*[iV]2 g A    zZ    [P(») -r(m)]2Sa(m, n)tov(m)tov(n)
m.n^N

+ A     zZ    /^(m)25„(m, m)co„(w)co,,(m) .
m£N;n>N

A second application of this same result shows that

(1) zZ l/~(») -r(m)]2Sa(m, n)co,im)tc,in) g AWoAfT■
m.n^N

Further, Lemma 3b implies that ii mf=N then

zZ Saim, n)to,in) « zZ (» ~ m)"1-2" ^ (N + 1 - m)~2a.
n>N n>N

Thus

N

zZ    f^im)2Saim, n)to,(m)tov(ii)  ~ zZf^(m)2coy(m)(N + 1 — m)~2a,
mzN ;n>N m=0

(2) < AK°oM\

by Theorem 4a. The inequalities (1) and (2) together imply our desired result.

5. Bounded multiplier transformations. Let b„ = 3 -2"-2, rM = 2M_1, let cr„ be

the set of integers b^ — r^^kKb^+r^, and let

Prix) = [1 - r»2ix - &„)*].

If

co

/(x) ~ ]>[, f"(w)co„(«)W„(w, x)

then we set

E»ix) =  S/^'(«)pM(M)co„(w)W/r(«, x).

Lemma 5a. If 0^a<l/2 then

zZ^'oAE,]2^ A(aWl.a[f]'.
c-2

Evidently we may suppose a>0. By Theorem 3c we have

5c"o,a[P,]2 « 2i + 22 + 23

where
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si =       E       [pm(«)/^(») — Pv.im)f^~(m)]2Sa(m, n)u,(m)ut(n),
m,nG<r„;?i>»i

mE.G',ri><T„

^3 =       E      P»(n)2f^in)2Sa(m, n)u,(m)ur(n).

Let us begin with 22. We have

P„(m)2 g 4(o„ + r„ — w)V2 (w G <t„),

and

E X^, w)co„(re) ̂  4 ^ (B _ ra)_1~~2a

^ 4 (o„ + rM - m)-2a.

Making use of the inequalities

(bu + r„ - m)2~2a <> A(m+ l)2"2" (m G <r„),

(m + 1) = Ary. (m G o-f),

we obtain

22 g ^ zZrimYim + l)-2ator(m).

Exactly the same argument shows that

23 S A zZrWin + l)-2aco,(«).
n€ff„

It remains to treat Si. Since

P#.(»)/~(«) - P<.(w)/~~(w) = [/*"(») —/~(«)]p*.(») +/"(»») [pM(re) - p„(m)]

and since 0 ^p^(w) ^ 1, we have

2i < 2       E       [/"~(w) —/~(w)]2S„(wz, n)cov(m)cOy(n)
n ,mGarn',n>m

+ 2       E      /^(»02[P(.(«) — p»(m)]2Sa(m, n)u,(m)o>,(n).
n ,mGtrii,n'i>?n

We assert that

E   [pm(«) - p^(m)]2Sa(m, n)ur(n) ^ yl(m + l)~2a        (m G07,).
n=m-f-l

To verify this note that

Pn(re) — p„(m) = — (re — re*) (re + m — 2bf)r^2,

I p„(") - p„(w) I   =5 ,4(w — m)r»x (re, w G<v>.
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It follows that

zZ   Win) — pM(m)]25a(m, »)co„(m) g ,4r,r2   zZ   (n ~ in)1-2",
n=m+l n=m+l

i Ar^ib,. + r„ - m)2~2a,

g Aim+ l)~2a,

as desired. Thus

zZ      P"(w)2[pm(m) — p^(m)]25a(m, »)w,(m)co»(ot)
n,mEtjn',n>m

^ A zZ f~~im)2im+ l)-2°tOrim).

Combining our results we have shown that

9&.a[E,]'g       Z       LT(«) - r(m)]2Sa(m, n)u,(n)»,im)
n,mf£<r^;n>m

+ A zZr(m)2(m + l)-2ato,(m).
m£tTp

Since no integer belongs to more than three sets <rM we see that

00

ZZ 9?'o.«[-E„]   =AzZ [P(») - rim)]2Saim,n)tovin)torim)
p=2 n>m

+ A zZr(™)2(m + l)-2atoy(m).
m

Applying Theorems 3c and 4a we have proved our desired result.

Let S„ be the set of integers 2"-1gfe<2«, u = 2, 3, ■ ■ ■ .

Lemma 5b. If 0 ̂ a < 1/2 and if m„(ESm then

Z   £ rim)2[\m - n„\   + l]"2" «,(«) =g ,4(a)9C[/f-
(1—2 meSp

By Theorem 4a

£ Prim) f^im) [| m - »„|   +1]   au,im) ^ .49f}o,„[P„] .

For w£5, p^(m)^^4 and thus

£ /~(m)2[ | » - h, |   + l]-2aco,(m)

m£S" ^ A zZ P*im)2rim)2[ | » - n„ | + l]-2"co,(m).

These two inequalities together imply our desired result.
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Definition. T— \t(n)} (Ogres; co) is said to belong to class M(C) if

I t(n) |   ;g C (re = 0, 1, • • • );

E  | /(*) ~ t(k - 1) |  £ C (re = 0, 1, • • • )•
In

Theorem 5c. //0ga<l/2 and if

00

1 • /(*) ~ E /~(»M») ^v(«, x) f G 9c'o.-,
0

2. r = {/(»)}" oe/oregs to M(C),

oo

3. 3yw~£n»)/(»v,(»)ii",(K));),
o

then

9c'o.a[r/] g 4(a)C3C[/].

We set

5„(x) =   E r~~(n)t(n)wr(n)Wr(n, x).

Let us begin by supposing that t(0) =t(l) =0; this restriction is unimportant

and is made only for the sake of convenience. Let

M

FM(x) = E h(x).
11=2

It will be sufficient to show that

yi'o,a[FM] g ACft'oAf]

where A is independent of M. We have

Wo,«[Fm]2 «   f  FM(x)2sa(x)d%(x),

and since

/l M      ~XFM(x)2sa(x)dQy(x) = E I   8,(*)'*«(*)<*1U*)
-1 ji=2 J -X

M i, 1

+      E        I    5^(x)5,(x)5a(x)cfn,(^),

it is sufficient to show that
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QQ I      /»   1

(1) £        I      Ux)8x(x)sa(x)dQ,ix)   g AC $>..{/] ,
M,X—2;jif<X  I J -1

and

(2) zZ f B>(x)*sa(x)dQ,(x) ^ ^cVo,«|/]S.

By Theorem 2b and the inequality | o&| ^(o2+&2)/2 we have

In,\ =   I    8lx(x)8x(x)sa(x)dQy(x)

=        Z      bWfi^in) — tim)f"im)]2Saimt M)w»(»)w,(m),

^  2C2 Z /^(m)V(m) Z Sa(w, M)cov(m) + 2C2 £ /"(m)2co„(m) ^ 5a(m, m)co„(m).
n£S^ me,sX ",eSX neSji

Thus

oo oo oo

Z      | /„.x|   =AC2zZzZ rin)2to,in)    Z      Z ^(m, n)»,(»).
/i,X=2;;i^X ^=2   ngSf, X=2;X^m  ™6Sx

Now, as is easily verified,

CO

Z       Z S*(m, »)«,(») g 4 [ | n - 2"-11   + l]"2a + A [ | n - 2" | + l]-2«
X=2;X^/i   mesx

so that

Z      I P.x |   =AC2zZlZ rin)2{ [n - 2""1 + l]~2" + [2" + 1 - „]-*«}
ji,X—2;ji^X n=i   neS,,

so that using Lemma 5b (1) is seen to be valid.

Let us next consider

f    8,ix)%aix)dnyix)   «   ̂ o.atSj2.

For p. fixed we set

n

/>(M, X)   =     Z    P^(M)/^(M)cO,(M)fI/,(M, X) (mGo-/.)-

It follows from Theorem 4b that

WoApin, x)] ^ AVt'oAE,].

If m(m) =^(m)/p„(m), then

8,ix) =  Z u(n)[pin, x) - p(« - 1, x)].
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Summing by parts this becomes

5„(x) =  E Pin, x)[u(n) - u(n + 1)] + u(2")p(2" - I, x)

- u(2"-1)p(2"~1 - 1, x),

from which using Theorem 4b it follows that

5Tco.a[5„] = AW'oAEn] I E  I «(») - «(n + 1) I   + I «(2") |  + | m(2"-1) || .

Now it is easily verified that

E  | u(n) - u(n + 1) |  + | w(2") |   + | re(2"-1) |   g AC

and thus

9co,„K] g i4C9t'0,„[£j.

Squaring and summing over p. we see, using Lemma 5a, that (2) holds.

6. Multiplier transformations continued. Let p(t3, a) stand for the propo-

sition that if TGM(C) then Wp,a [Tf] ^ACW?.a[j] where A depends only upon

a, j3 and of course v. Theorem 5c shows that p(0, a) is valid for 0get < 1/2.

In this section we shall show that p((3, a) is valid for (—1/2 <p\ a<l/2). The

following general principles are easily established, see [4].

i.  If P(l3, a) is valid so is p(a, (i).

ii. If p(fi, a) is valid so is p(— /?, —a).

iii. If p(/3i, ai) and p(/32, «2) are valid so is p(p\ a) where /3 = min(j3i,/32),

a = min(ai, ai).

Using these it is easily shown that p(a, /3) is valid if — 1/2 <a, /3 < 1/2 and

if in addition a/3=i0. To remove this restriction we require an additional

argument.

Lemma 6a. // -1/2 </?g0ga<l/2, if TGM(C), and if

F(x) = (1 - x)T[f(x)} - T[(l - x)f(x)],

then

Wl.o[F] g ACSSloM-

The familiar recurrence formula for ultraspherical polynomials, see [2, vol.

2, p. 175], implies that

(1 - x)Wv(n, x) = + [(lv + n)/2(n + v)][Wr(n, x) - W.(n + 1, x)]

+ [re/2(re + v)][Wy(n, x) - IF„(re - 1, x)].
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Supposing, as we may, that only finitely many /^(«) are not zero we find,

after a short computation, that P(x) =P(x)+/72(x) where

™ M

Fiix) = Z   „,     ,    , r(n ~ l)[/(n) - t(n - l)]w,(n)W,(», x),
„=o  2(m + y)

A    2v + n
Fiix) = Z   „,     ,     ,T(n + l)[/(») - /(« + l)]co,(»)W,(», x).

„=o  2(m + v)

Let g(^)G9t-fto and let g^in) be defined as usual. We have

J1 °° n
Fi(x)g(x)dx = Z   „,     ,    . r(n ~ l)g~(n)[l(n) - tin - l)]co„(«),

-1 n=0    2(M + V)

l r1I    Fiix)g'x)dx
I •/ -l

00

= A Z   Z    l/~(« -  1) I   I g~(») I   I <(»)  - <(» -  1) I M»)l'W» -  l)1'2.

If /*(/*) = l.u.b.  |/~(n-l)| co„(m-1)"2 for »G5„ and

g*(M)= l.u.b. liTMl co(m)"2

for »£5„ then

I   f F1(x)g(x)cfx   g ^ zZf*(n)s*(p) Z  I <0») - Kn - 1) |
I   " —1 ii=0 neS„

< ACzZf*(u)g*(p)
r=0

[oo -il/lr   « -]l/2

Z/*M2J    [Z?*W2J

g ^CSR'0.„[/-]KlJ,.ok]

by Lemma 5b. Since this holds for every gG^tl^o it implies that 9c0,o[P]

^AC%,a[f]. Similarly we can show that %.0[Fi]^AC%ia[f], and our

lemma is established.

Using this we can now show that if —1/2 <8 = 0 ^a<l/2 then piB, a) is

valid. We have

9iJ.«[r/] ^ AW'0,a[Tf] + 45R;.o[(1 - x)Tf].

Since p(0, a) is valid %,a[Tf] = AC%„[f] = ACWgJf] If Fix) is defined
as above then
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SR;.o[(1 - x)Tf] = SSll,o[T{(l - x)f(x)} + F(x)]

^%,o[T{(l-x)f(x)}] + ^.o[F(x)].

By piP, 0),

3&o[r{(l - x)/(x)}] g AC9llo[(l - x)f(x)],

g AC9l't,..\fix)].

Lemma 6a implies that

W'eAFix)] g ACttl.a\j] g ACtit,,a[f].

Combining these results we have our desired result.

Theorem 6a. p(a, /3) is valid for -1/2 <a, j3<l/2.

This follows from the above.

The restriction —1/2 <a, f3 < 1/2 is essential in Theorem 6a and the result

is not otherwise true. See in this connection the discussion at the end of §6

of [4].

An application of Theorem 6a to the theory of fractional integration is

described in [6]. Proofs for the special case p = l/2 are given in [4]. The

modifications needed to adapt the proof to the case of general v are slight.
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