INTEGRATED CONTINUITY CONDITIONS AND DEGREE
OF APPROXIMATION BY POLYNOMIALS OR BY
BOUNDED ANALYTIC FUNCTIONS(*)

BY
J. L. WALSH AND H. G. RUSSELL

Introduction. In the study of uniform approximation to a function of a
complex variable by polynomials or by bounded analytic functions, Lipschitz
conditions have proved extremely useful in relating degree of approximation
to continuity properties of the functions approximated. Parts of this theory
are analogous to the older study (S. Bernstein, D. Jackson, de la Vallée
Poussin, Montel) of approximation to real periodic functions by trigonometric
sums, where Lipschitz conditions have also proved useful. Hardy and Little-
wood [2, p. 633](?) first pointed out that trigonometric approximation in the
mean is likewise closely related to integrated Lipschitz conditions; proofs
of the theorems stated by Hardy and Littlewood were first published by
Quade [1]. The object of the present note is to indicate rapidly and with a
minimum of detail, that degree of approximation in the mean by polynomials
in the complex variable and by bounded analytic functions is also conveniently
investigated by use of integrated Lipschitz conditions. The investigation
leads naturally to the use also of classes of analytic functions satisfying inte-
grated Zygmund and integral asymptotic conditions.

We shall approximate functions on an analytic Jordan curve or set of
curves in the z-plane. Throughout the paper ¥ denotes the unit circle, C a
single analytic Jordan curve or a finite number X of mutually exterior analytic
Jordan curves Cj;, j=1, 2,---, \; if N=1, C;=C. A function z=x;(w),
w=re®, maps the closed interior of v: |w| =1 onto the closed interior of C;
one-to-one and conformally; w=Q;(z) denotes the function inverse to z
=x;j(w); C; denotes the interior of C; together with C;. Similarly, w=¢(2)
maps the exterior of C conformally (not necessarily one-to-one) onto ]'wl >1
so that o =¢(x); Cg: ld)(z)] =R(>1) is the image in the exterior of C of
|w| =R under this mapping. In this paper, the letter s will denote arc-length
measured on C, the letter » a number not less than unity, the letter £ a
non-negative integer unless otherwise indicated, the letters M and L with or
without subscript constants independent of #, 2 and w.

A function f(z) belongs to the class H, on vy if it is analytic interior to v and
if M,,[f(re"")]={ §”|f(re"")|7’d0} Vr 4s bounded for 0<r<1. A function f(z)
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belongs to the class H, on C if f[x;(w)],j=1,2, - - -, \, belongs to the class H,
on . Smirnoff [1, p. 341] (see also Rudin [1, pp. 46-47]) has shown that
the class H, on « is invariant under a one-to-one conformal mapping of the
interior of v onto itself. If f(z) belongs to H, on ¥ [or C] boundary values of
f(2) for approach “in angle” exist almost everywhere on vy [or C] and f(2)
is of class L7 there.

We shall approximate functions whose kth derivatives belong to the class
H, on C; these derivatives are also to have certain integral moduli of con-
tinuity w,(8) or generalized integral moduli of continuity w;(8) on C. If
f®(2) is a function of class H, on C, and f*(2) = F;(s), where s denotes arc-
length measured on Cj, then we set

1/p
on31) = w655 = @) = max § [ (BG40 = o pas}
Cj

o<lnl=s
* * *
wpi(8;f®) = wp;i(8; Fj) = wps(9)

1/p
max { { Fi(s 4+ h) + Fi(s — h) — 2F(s) l”ds} ,
0<|hl <38 ¢;

respectively the integral modulus of continuity and the generalized integral
modulus of continuity of f®(z) on C;. The integral modulus of continuity
w,(8; f®) =w,(8) and the generalized integral modulus of continuity wy(8;f®)
=wy(8) of f*(2) on C are then defined to be respectively the maximum of
wp;(8) and w¥(8), 1 7SN, If w,(8) £ Mde, 0<a <1, or w,(8) = M3, then f*)(z)
satisfies respectively an integrated Lipschitz condition or an integrated
Zygmund condition on C. These integral moduli have significance even if the
function f(e*) is defined only for the real variable 6. In this case f(e?) = F(6)
is said to belong to the Hardy and Littlewood class Lip («, p) or the Zygmund
class A,.

We shall deal chiefly with functions which belong to the classes H(k, «, p),
0<a<1,or Z(k, p) on an analytic Jordan curve C. The classes are defined as
follows. Let f(z) be analytic interior to C and let f®(z) be of class H, on C. If
w,y(8; f®) S Mde, 0<a<]1, then f(z) belongs to the class H(k, o, p) on C. If
Wk (8; f®) < M3, then f(z) belongs to the class Z(k, p) on C. If k=0, we write
f(2) =f©(2). If f(2) belongs to the class H(k, e, p) or Z(k, p) on C and k21,
then f’(z) belongs respectively to H(k—1, a, p) or Z(k—1, p) on C; if k20,
the indefinite integral of f(z) belongs (Theorem C below) respectively to
H(kE+1, a, p) or Z(k+1, p) on C.

If p= o, the function f(2) is said to belong to the class H(k, o, ») or Z(k, «)
if f(2) is analytic interior to C and continuous on C, if f®(z3)=F(s) exists on
C in the one-dimensional sense, and if F(s) satisfies the respective conditions
| F(s+h)—F(s)| £ M|h|=, 0<a<1, or | F(s+h)+F(s—h)—2F(s)| < M|h]|.
If =0, the classes H(0, a, ©) and Z(0, «) are denoted by H(a) and Z
respectively. If k=0, and f(e¥) is a continuous function of the real variable
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0, the function f(e®) = F(8) belongs to the Hardy and Littlewood class Lip «
or the Zygmund class A if F(0) satisfies the respective conditions IF ©@+h)
—F(0)| =M|k|* 0<a<1,or |F@+h)+FO—h)—2F@)| < M|h|.

If C consists of a finite number of mutually exterior analytic Jordan
curves, a function f(z) belongs to the class H(k, a, p), 0 <a <1, or Z(k, p) on
C if f(2) belongs to the respective class H(k, a, p) or Z(k, p) on each com-
ponent of C. An analogous definition holds for the classes H(k, o, ®) and
Z(k, «).

For convenient reference we state as Lemma 1 certain results established
by Walsh [1, pp. 92-93], Walsh and Sewell [1, Lemma 12.1], Sewell |1,
Theorem 2.21, Lemma 8.1.7] and Western [1, Theorem 2], and as Theorem
A results of Hardy and Littlewood established by Quade [1, Theorems 1—4]
and results due to Zygmund [1, Theorem 9'].

LemMmA 1. If C is an analytic Jordan curve and P,(2) is a polynomial in
z of degree n for which [¢| Pa(2)|?|dz| < L», then

(1.1) | Pu(z)| < L'LR~, zon Cr;
(1.2) | Pu(z) | < L'Lnti», zon C;
1/p
(1.3) {f|P,:(z)|p[dz|} = L'Ln;
c

in these inequalities L' is independent of n and z but depends on p and C; in
inequality (1.1), L' also depends on Cr. Inequality (1.1) is valid 1f C is a finite
number of mutually exterior analytic Jordan curves.

If C is an analytic Jordan curve containing the origin in its interior and if
P.(z,1/2) is a polynomial in z and 1/z of degree n for which fo] P.(z,1/3) I P] dz[
<Lv», then

(1.4 | P.(3,1/3)| = L'LR», zgond,

where A 1s the region bounded by |¢>(z) | =R and I Q(z)l =1/R;in this inequality
L’ is independent of n and z but depends on p, C and R.

THEOREM A. A necessary and sufficient condition that a function F(6)
periodic of period 2m can be uniformly approximated in the mean of order p by
trigonometric polynomials T,(0) of respective orders n with the degree of ap-
proximation 1/n*+e, 0 <a =1, is that F®(0) belong to Lip(e, p) if 0<a <1 and
toAp if a=1.

Preliminary results. The main conclusions of the paper require several

preliminary theorems in addition to those already stated.

LEMMA 2. Let the function w=Ff(z) analytic on v: Iz[ =1 transform v onto
v |w| =1 one-to-one and so that f'(2) #0 on y. Then an annulus A containing
7 1is transformed conformally and one-to-one onto an annulus A’ containing v'.
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If the conclusion is false, for # sufficiently large the annulus 4,:1—1/n
<|z| <1+1/n within which f(z) is analytic contains two distinct points a.
and B, whose images are identical: f(a.) =f(8,.). A subsequence «,, of the
points «, approaches a limt ao, necessarily on v, and a subsequence of the
points 8,, approaches a limit ¢, necessarily on . Then if ag##B¢ we have
flon,) =f(Bnr), flao) =f(Bo); if co=P0 we have f'(ao) =0; in any case we have
reached a conclusion contrary to the hypothesis on f(z).

THEOREM B. Let the function ¢(0) have period 2w and let ¢*(6) be of class
Lip(e, p) in 0; let 0(8,) be a transformation analytic for all § and one-to-one,
with 0! ()0, and 0(6,+2m)=0(0))+2m. Then d*¢[0(6,)]/d6} is of class
Lip (e, p) in 0.

We interpret the range — © <8<+ on v:z=e¢%® From the hypothesis
on ¢(f) it follows that there exist trigonometric polynomials of respective
degrees n, namely polynomials p.(z, 1/2) of respective degrees » in z and 1/,
such that

) f | ¢(—ilogz) — palz, 1/2) |7| dz| < L/n®ter,
k4
The functions p,(z, 1/2) then satisfy the inequality
(2) f | oz, 1/2) 2| dz| = Ly,
y

and by Lemma 1, the inequality
S | pa(z, 1/2)| = LoR7, zin A,

where A4 is the annulus whose existence is asserted in Lemma 2, for the trans-
formation of 4 onto v': w=¢#®, Denote by A’ the image of 4 under this
transformation. Then in the w-plane we may express (1) as

[ 1606091 = p., 1/2) | doyaes| doy 5 Lm0,

y

which by the boundedness of 1/|d6/d6:| implies

@ [ 1916001 = 1, o, 5 Lo/nsson, 1,0) = pate 173,
y

and we have

5 | falw)| < LR~ zin A4’

The conclusion now follows as in Theorem 8 below.
This method shows simultaneously that if ¢®*)(6) is of class A, in 6, so
also is d*¢ [0(6,)]/d6} in 6:.
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REMARK. Theorem B remains essentially valid if ¢(6) is periodic with
period 7527 and 6(6,) has corresponding properties.

THEOREM C. The indefinite integral F(z) of a function of class H, on an
analytic Jordan curve C is continuous on C and satisfies the condition w,(8; F)
=Méon C.

Let f(z) be a function of class H, on C. Then k(w)=f[x(w) ] belongs to the
class H, on v, and, since [x’(w)| <L if |w| £1, so does the function g(w)
=h(w)-x'(w). F. Riesz [1, p. 95] has proved that the indefinite integral of a
function of class H; on % is continuous on 4. By Riesz’s theorem, the function
G(w) = [gg(w)dw is continuous on 7, where the path of integration between
0 and w lies interior to 7. Since G(w) =G[Q(2) | = F(z) = [% f(2)dz, and Q(z) is
analytic on C, the function F(2) is analytic interior to C and continuous on C.

The fact that w,(6; G) £ Mé on + follows by a lemma of Hardy and Little-
wood [2, p. 619, Lemma 10], namely that “if f(8) is the ath integral of a
function of L#, then f(8) belongs to Lip (e, p),” 0<a =1, p=1. In considering
the function G(w)=/yg(w)dw, the path for |w| =1 may be taken along a
radius, or may be taken in part along an arc of v, by the boundedness of

3"[ g(re?)|df for 0 <r 1. Thus F(z) = [} f(z)dz may be taken along C. By the
remark following Theorem B the function F(z) satisfies the condition w,(8; F)
<Méon C.

LemMA 3. If g(z) is analytic in C, and if f(2) is of class H(0, «, p) or Z(0,
p) on C, then f(2)g(2) is also of class H(0, a, p) or Z(0, p) on C.

The proof follows from simple algebraic equations and the use of Min-
kowski’s inequality for integrals.

LEMMA 4. If f(2) belongs to H(k, a, p) or to Z(k, p) on an analytic Jordan
curve C, then f[x(w)]= Fi(w) belongs to the corresponding class on +; if g(w)
belongs to H(k, a, p) or to Z(k, p) on vy, then g[Q(z)]=h(z) belongs to the cor-
responding class on C.

If £=0, the conclusion of the lemma follows from Theorem B and the
invariance of class H, under conformal mapping. If =1, the function
f®U(z) satisfies the condition w,(d; f*1)< M6 on C, by Theorem C; if
k=2, the functions f((z), j=<k—2, have continuous derivatives. By the
proof for k=0, the function f® [x(w)] belongs to H(0, e, p) or Z(0, p) on v
when f®)(z) belongs to the corresponding class on C; by the proof of Theorem
C, the functions f@ [x(w)], j<k—1, satisfy the condition w,(8; f& [x(w)])
= M5 on v; by hypothesis x(w) is analytic on v. From the equations F;(w)
=f(2)x'(w), F{' (w) =f"(2) [x'(w) |2*+f'(2)x"'(w), - - -, and Lemma 3, the first
half of the lemma follows. The second half is proved similarly.

THEOREM D. If f(2) belongs to H(k, a, p)[0<a<1] or to Z(k, p)[a=1] on
v, there exist polynomials w,(2) in 2 of degree n such that
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©) J 110 —m@lelas] s

By the method of proof of Lemma 4, from the equation 9*f(z)/d6*
= >k cizifD(z), |z| =1, ¢; constants, it follows that the function f(e¥®)
= F(0) belongs to H(k, o, p) or Z(k, p) on v. By Theorem A, trigonometric
polynomials £,(f) of order » exist such that

2x
j; | F@) — t(6) l"dG = ptarp
Quade [1, Theorem 3] follows de la Vallée Poussin, who has shown [1, §31]
the polynomials ¢,(0) to exist in the form

t.(0) = ? + > dn.u(a, cos v8 + b, sin »6),
y=1

where a, and b, are the Fourier coefflcients of F(f) and d,,, are independent of

F(6) but depend on &, that is, the polynomials ¢,(f) are formed by applying

a particular method of summation to the Fourier sums for F(f). For z=¢%,

we have ¢£,(0) = Z'y‘-o dn 6,2, where 2¢,=a,—1b,, hence ¢,(f) is a polynomial

m.(2) in z of degree 7 (i.e. of power series type) for which (6) holds.

Problem a. We denote by Problem « the study of the relation between
continuity properties on C and degree of approximation on C, whereas we
denote by Problem g the study of the relation between continuity properties
on C, (interior to which f(z) is supposed analytic) and degree of approxima-
tion to f(2) on C. Our main results follow.

THEOREM 1. Let C consist of a finite number N of mutually exterior analytic
Jordan curves C;. If f(2) belongs to H(k, «, p) [0<a<1]orto Z(k, p) [a=1]on
C, there exist polynomials w,(2) in z of respective degrees n such that

fclf(z)—vr,.(z)lpldzl < 0<acsl1.

n(k+a)P !

By Lemma 4, the functions f[x;(w)] belong to H(k, a, p) or to Z(k, p)
on v when f(2) belongs to the corresponding class on C. By Theorem D there
exist polynomials m;,.(w) in w of degree n such that

fo 1r|f[X:‘(w)] — min(w) [7d8 < ) |w| = 1.

n (k+a)p

Let 7;,.(w) = F; .(2). Since x/ (w) #0 on C;, we have

M,

9 JECEECTHETE

n (k+a)p
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For some number R>1 the curves C/ : I Qj(z)[ =R are analytic and mutually
exterior and each ©;(2) is analytic in the closed interior of the corresponding
C/. From (7), the hypothesis on f(z), and Lemma 1, we have

| (W) | < L'R", w on yg, L' independent of =;,, and #,
and hence
| Fin(@)| < L'R", z0on C/.

Using the method of Curtiss [1, pp. 875-877] we approximate to F,(2)
=F; .(2) by polynomials P..(2) of respective degrees gn which interpolate
to F.(2) in gn+1 equally distributed points on C and are such that

| Fa(z) — Pou(2)| = Mar, 7 <1,z0nC;
thus by (7)

M,
n(lc+a)p

JNICEE ORI
polynomials m,(2) defined by 7,.(2) =0, #<gq, m.(3) =P,i(3), ¢jS<n<q(j+1),
j=1,2, ..., then yield the theorem.

Obviously the conclusion of Theorem 1 holds if the m,(z) are extremal
polynomials of respective degrees #n approximating to f(z) on C in the sense
of least pth powers.

THEOREM 2. Let C be an analytic Jordan curve. Let F(z) and polynomials
wa(2) in 2 of respective degrees n exist such that

®) fC|F<z>—7rn(z>|p|dzl < 0<asl.

)
p (kt+a)p

Then F(z) is equivalent (i.e. equal a.e.) on C to a function f(z) of class H(k, a, p)
on Cif 0<a<1 and of class Z(k, p) if a=1. If ap>1, the function f* (z) be-
longs to H(a—1/p), 0<a =1, on C, and we have
M,

)
nk+a—l Ip

9) | f(2) — ma(2)| =

zonC.

We adapt the method of proof used by de la Vallée Poussin [1, Chapter
II1] for p=  and f(f) a periodic function of period 2.
From (8) we obtain

M2
(27) tterp ’

(10) fcl mti(z) — mi(a) |7 | dz| <

Let ¢;(z) =myi+(3) —msi(2). From (10) and repeated use of Lemma 1, we
have
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W, | |» M,
. < "°
() Jl@rel s ot
and from (11) and Lemma 1,
) M,
(12) g (@) £ zon C.

(Zi)k-f-a—#—llp ’

Let k=0. For z interior to C and It—zl =d >0, inequality (8) yields

1 a0 My
(13) l%‘z”égfcp_zﬁd"éﬁ’

and by (13) and (10), the sequence {7r2i(z) } converges uniformly on any closed
set interior to C to an analytic function f(2) and in the mean on C to a func-
tion of class L?. We now prove that f(z) belongs to the class H, on C. Let
F(w), IIy»(w) and Q;(w) denote respectively f[x(w) ], =[x (w) ] and ¢;[x(w)],
and let w=re®. On any closed set interior to ¥ we have

Fu) - Ie(w) = 3 0i(w),

so that

(19 M Feen) — o) = 3, 5 00 | 5 Z 3,00,0em), 7 < 1.
j=m j=m

Since [¢|gi(2)|?|dz| = /4] Qi(w)|?| x'(w)| |dw| and since |x'(w)| ZL>0 on

v, from inequality (10) we obtain

. Ur  Ms
(19 mloen] ={ [ lewllal} "< 22
4
The functions II,»(w) and Q;(w) analytic on < are of class H? on %, so that
with the use of (14) and (15) the inequality
M,[F(re®)] £ M, [Mm(re®)] + M,[F(re®) — My (rei®)]
yields

j=m

M,[F(re)] = Mz + i I,[0re)] S M1+ 3 M, [0:(6)]

M
=M+ —2—;5 » where M;and Mgare independent

of . Since F(w) is analytic interior to ¥ and M,[F(re")] is bounded for
0<r<1, F(w) is of class H, on v, and f(2) is of class H, on C. Thus f(2) —mm(2)
is also of class H, on C and
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M,

Zmap

[ 1@ = mr@lrlas] 5
c
The function f(2) is equivalent on C to F(2) since

[ 170 = s lel oo

s [15@) —we@llas| + [ 156~ en) Pl as] ]

compare (8).

Let k=1. Inequalities (12) and (13) imply that {rzf(z)} converges uni-
formly on C to a function f(2) analytic interior to C, continuous on C, equiva-
lent to F(z) on C, while {m}i(z)} converges in the mean on C to a function
21(2) of class L? on C. Since

fc{é gi(t) — [g:()) — ,r;".(t)]} dt|

n|

and the right member approaches zero with 1/#, we have

2 [ aoa = [ oo - rhola

n P 1/p
205 — [aa(®) — ,,;m@]‘ | dt] }

j=m

where { is a fixed point and z a variable point on C. Integration gives

1) — 1) = ﬁ “e(di

and g1(2) =f'(2) almost everywhere on C. By the argument for k=0, f/(z) is
of class H, on C.

If £>1, inequalities (11) and (12) and repetition of the above arguments
imply the existence of f*)(z) of class H, on C.

If 20, if ap>1, inequality (8) implies [Sewell, 1, Theorems 4.2.1 and
4.2.2] that f®(z) is of class H(a—1/p) on C and that (9) is valid.

We outline the proof that f*)(2) belongs to Z(0, p) if = 1. The proof that
F®(2) belongs to H(0, a, p) if 0 <a <1 is similar.

Let z=7(s) be the equation of C. Let & be arbitrary but fixed, 0 <k <1/2,
and let N be a number such that 2¥ Sh-1<2¥+1 Let G(s) =7 [r(s+h)]
+m[r(s = )] — 2rP[r(s)] and GP(s) = ¢Plr(s + B)] + ¢°P[r(s — 1]
—2¢P[r(s)], j=1. We write
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l/p
{ fclf“’[r(s + W]+ 7@l = B = 2 Or(s)] Ipds}

< {feora}"s (E S ieor)”

j=1  j=N+1

Each term on the right is not greater than L|%|. For the first term we have

{[1owrat™ s {[[ 1+ n - oolrag

* {fc ”;k)[f(s)] - wé"’[,(s —n] Ipds} 1/p

L|k|;

IIA

IIA

for the third term,

(Jarora”

= {fcl 6 Ir(s + )] lpds}' ”"+ {fcl g lr(s — 1] {pds} "’
+ 2 {fc[ ‘Ii(k)[r(s)] Ipds} Up
< Lo,

for the second term, with the use of inequality (11) when u=%+2, we have

(Fierore”
< fo h{ fcl g e+ 9] =g Ul + s — b)) l”ds} Vi

h

ngsz |76+ 5) — 76+ 5 — )| dt
0

< Lo,

Since D ;x4 27727V <2|h| and X\, 22 < L2Vh* < Ls| k|, the conclusion
follows.

Problem (3. The definition of the classes H(k, «, p) and Z(k, p) may be
enlarged to include the case that % is a negative integer. A function f(z) is
said to be of class H(k, , p) or Z(k, p) on an analytic Jordan curve C when k
is a negative integer if f[x(w)] is respectively of class H(k, , p) or Z(k, p) on
«. The function f(zg) =f(re®) is said to be of class H(k, «, p) on v when k is a
negative integer if f(z) is analytic interior to vy and M,[f(re®) | < M(1 —r)*+e,
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r<1. This classification is based on results of Hardy and Littlewood [2,
Theorem 3; 3, Theorem 46]: (a) A necessary and sufficient condition that a
Sfunction f(2) analytic interior to v belong to H(0, a, p) on v, 0<a <1, is that
M,[f (re®) | S M(1—r)=1, r<1; (b) If M,[f(re?)]< M(1—r)*, u<O0, then
Mp[f'(re®) | S Mi(1=r)==t; (¢) If Mp[f(re")]SM(1—r)*, p<—1, then
M,[F(re®) | < My(1 —7)*+1, where F(z) is any indefinite integral of f(z). From
these properties and the extended definition of H(k, «, p) it follows that on v
and on C for each @ and p we have a sequence of classes - - -, H(—2, «, p),
H(—-1,«a,p), HO, a, p), H1, a, p), H(2, a, p), - - - ; each function of a class
is the derivative of a function of the next higher class and the indefinite
integral of a function of the next lower class.

The invariance of the classes H(k, o, p) under conformal mapping of the
interior of v onto itself is readily proved. Let z=x(w) =X (w—a)/(1 —adw),
[7\| =1, |a[ <1. If k=—1, by (a) the indefinite integral F(z) belongs to
H(0, o, p) on v; this class is invariant under conformal mapping, so that
F[x(w)] belongs to H(0, «, p) on v. Hence by (a), M,[dF[x(re?)]/dw]
< M(1—r)~te, r<1. Since f[x(w) |dz/dw=dF[x(w)]/dw, and since Idz/dwl
=L>0, |w| <1, we have M,,[f[x(re”)]] SMA—r)"He r<1. If k= —2, then
F(2) belongs to H(—1, a, p) on v; by the above argument F[x(w)] belongs
to H(—1, a, p) on v; by (a), dF[x(re?) |/dw belongs to H(—2, a, p) on 4;
and by the argument used above, f[x(w)] belongs to H(—2, @, p) on 7. If k
is any negative integer, repetition of the above argument gives the desired
result.

In defining the class Z(k, p) on v when k is any integer we first define the
class Z(—2, p) as the class of functions f(z) for which M, [f(re?) ] < M(1—7r)"1,
r <1. We then define the class Z(k, p), k= —2, by using the class Z(—2, p)
as fundamental; the class Z(¢—2, p), ¢>0, is the class of gth iterated inte-
grals of functions of class Z(—2, p); the class Z(¢—2, p), ¢<0, is the class of
gth derivatives of functions of class Z(—2, p). The new definition has a
natural basis in the results (b) and (c) above and in the following theorem,
see Zygmund [1, Theorem 13]: A necessary and sufficient condition that a
function f(z) analytic interior to v of be class Z(0, p) on v is that M,[f" (re®)]
=M1 —r)"}, r<1. Thus for each p we have on both v and C a sequence of
classes - - -, Z(—=3, p), Z(—2, p), Z(—1, p), Z(0, p), Z(1, p), - - - ; the
derivative and integral of a function of any class belong respectively to the
next lower and next higher class. The class Z(¢—2, ), ¢=2, is identical with
the class Z(k, p) previously defined for k=g—22=0. The class Z(k, p) is
invariant under conformal mapping of the interior of v onto itself. The proof
is similar to the proof given above for the invariance of the class H(k, a, p)
under conformal mapping.

If C consists of a finite number of mutually exterior analytic Jordan
curves, a function f(z) belongs to the class H(k, «, p) or Z(k, p) on C if f(z)
belongs to the respective class H(k, a, p) or Z(k, p) on each component of C.
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The new classification H(k, «, p) and Z(k, p) for all integers k is especially
suited to the study of Problem 8, for it enables us to consider the relation
between degree of approximation on C and integral asymptotic conditions
on C, as well as the relation between degree of approximation on C and
integrated Lipschitz and Zygmund conditions on C,.

THEOREM 3. Let C and C, each consist of a finite number of mutually ex-
terior analytic Jordan curves. If for any integer k the function f(z) belongs to
H(k, a, p) [0<a<1] orto Z(k, p) [a=1] on C,, polynomials w.(2) in z of de-
gree n exist such that

Z on 6.

| f(2) — m(®)| =

nk+a pn ’

For k=0, by Theorem 1, polynomials P,(2) exist such that

(16) fc,, /@) = Pa(@) 7] 2| = —2 -
Let 7,.(z) be a polynomial in z of degree #» which interpolates to f(2) in n+1
equally distributed points z; on C. Let w.(2) =(z2—21)(3—22) * * + (3—2n11).
Then for z on C, by the use of theorems of Walsh and Sewell [1, Theorem 3.1
and 4.7], Holder’s inequality, and inequality (16) we have

L |ea®] 10 = P
| 1(2) = ma(3) | éﬂfcp lon@ | | ¢ = 2] "
L 1/p L
é;{fc,,'f(t)_})n(t)' |dl{} énk+apn.

For k<0, let F;(z) denote the (any) kth indefinite integral of f(z) in the
closed interior of the component C? of C,. Then F;(z) belongs to the class
H(0, a, p) or Z(0, p) on C?, and F(z) defined as F;(z) on C? belongs to the
class H(0, a, p) or Z(0, p) on C,. Let p.(z) be a polynomial of degree n which
interpolates to F(2) in n+1 equally distributed points on C. By Theorem 1,
polynomials P,(2) of degree n in z exist such that

(17) | F(z) — Pa(a) 7| dz| < % .

a
A P

For z on C, we have

1 wn(@) [F()) — Pa(t)]
F(Z) - pn(Z) = _fcp w,.(l) [t _ Z] dt

2w
Differentiating —k times with respect to 2z, we use a method of proof of
Walsh and Sewell [2, Theorem 7.9], Holder’s inequality, and inequality (17)
to obtain
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*) Mon™* 1/p
176 - p0@)| = {fcplF(n - Pl arl}

o"
L
pnnk+a ’

IIA

zon C.

Theorem 3 was proved by Walsh and Sewell [2, Theorem 10.5] in the
special case 0 <a <1, p=2, and C, the unit circle.

In the direction of a converse to Theorem 3 we state the following theorem
which has been established by Walsh and Sewell [2, p. 249]; Sewell [1, Theo-
rem 7.2]:

THEOREM 3*. Let C be an analytic Jordan curve. If f(2) is defined on C,if
polynomials w,(2) in z of degree n exist such that
M

W; 0<a§1,p>1,

[ 1@ -l e s
c

then f(2) if suitably defined is analytic interior to C, and of class H(k, a, )
on C,if 0<a <1, and of class Z(k, ©) if a=1. If k=0, the inequality

M,

[ f(2) — ma(a) | =

nkta

is valid for z on C,.

We give an illustration to show that the classes H(k, o, ) may be more
useful in application to Problem B than the older classes H(k, o, «). The
function f(2)=1/(p—32) is of class H(—1, 1/2, 2) on v,: |z| =p, for we have
(z=re®) with r<p

[ lseentelas) = [T 2
ret 2| = = ;
lzl=r o p2— 2rpcosf—+1r2 p?—1?

this last equality follows by identification of the integral with Poisson’s
integral. By Theorem 3 there exist polynomials 7,.(2) of respective degrees n
satisfying

| f(2) — m(®) | = — zon7y.
1/2,n
n1%p
This is a stronger inequality than
| f(2) — m(a)| = ey ) z on v,

which is obtained by using merely |f(re“’)| <1/(p—7), r<p.
Bounded analytic functions. The technique we have used thus far applies
with suitable modifications in the study of approximation by bounded ana-
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lytic functions; compare Walsh [2].

THEOREM 4. Let C be an analytic Jordan curve which together with its inte-
rior lies in a region D. Let the sequence of functions f.(2) be analytic in D and
satisfy the inequalities (k= 0)

(18) | f2(3)| < LiR®, zin D, R>1,
19 F ol ds] < —2 <
(19 [ 1o —rellel s 0<ast

Then F(z) is equivalent on C to a function f(z) of class H(k, e, p) if 0<a <1,
and of class Z(k, p) if a=1. If ap>1, we have

Ls

) zon C.
nk+a—1/l’

| /(&) — falz) | <

To prove Theorem 4, we use the method of Theorem 1 to determine poly-
nomials P,.(z) of respective degrees gn which approximate to f.(z) with
degree of approximation 77, r <1, on C, and define through P..(z) polynomials
m.(2) such that

— < .
IR
Theorem 2 applies to complete the proof.

It is worthy of note that Theorem 2 is a consequence of Theorem 4, for
if f,(2) is a polynomial of degree 7 in z, inequality (18) is a consequence of
(19) by Lemma 1.

Best approximation. For polynomials and bounded analytic functions of
best approximation in the sense of least pth powers we state Theorems 5
and 6.

THEOREM 5. Let C be an analytic Jordan curve and let f(z) belong to H(k, o, p)
[0<a<1]or Z(k, p) [a=1] on C, for any integer k. If q.(2) is the polynomial
in z of degree n such that u’= [¢|f(2) —g.(2)| ?| dz| is least, then we have

M
(a) fc|f(z) — g.(2) 7| dz| = P ;

M —
(b) If(z)_%(z)| ém: z on C;

MR"
(c) lf(z)—qn(Z)l = y zon Cg, 1<R<p;
nk+apn

(d) |/ — ¢ | = y zon C,, E=1.

nk+a—l
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Inequality (a) follows from Theorem 3 and the definition of ¢,(z); in-
equality (b) from Theorem 3 and a theorem of Jackson [2, p. 856]; inequal-
ities (c) and (d) follow from (a) and Theorem 3*.

THEOREM 6. If C and D (bounded) are defined as in Theorem 4, if f(z) is of
class Hy, on C, if for each M >0 the function Fu(2) is the (or a) function analytic
and of modulus not greater than M tn D of best approximation to f(2) on C in
the sense that u%y = [c|f(z) — Fu(2)|?| dz| is least, then a necessary and sufficient
condition that f(z) belong to H(k, a, p) [0<a<1]orto Z(k, p) [a=1] on Cis
that ul®*® log M be bounded as M becomes infinite.

The sufficiency of the condition follows from Theorem 4. The necessity
of the condition follows from Theorem 1, for if the f,(2) are polynomials of
respective degrees 7, (18) is a consequence of (19) by virtue of Lemma 1, in an
arbitrary bounded region D containing C.

Extensions. The direct theorems which we have proved under the as-
sumption that f(2) belongs to H(k, a, p), k=0, are likewise true if « is re-
placed by unity, that is, if f*(2) satisfies an integrated Lipschitz condition
with a=1; theorems in the converse direction are not valid if a=1.

Our theorems may also be extended to include approximation by poly-
nomials of degree # in z and 1/z where the function approximated need not be
analytic throughout the interior of C. We conclude by stating two results
involving such polynomials, analogous to theorems proved by Walsh |5,
Theorem 1] and Walsh and Elliott [2, Theorem 1].

THEOREM 7. If C is an analytic Jordan curve containing the origin in its
interior, a necessary and sufficient condition that f®(2) exist and satisfy an
integrated Lipschitz (0 <a<1) or Zygmund (e =1) condition of exponent p on C
is that polynomials P,(z, 1/2) of degree n in z and 1/z exist such that

[ 150 = P 1791 03] < 0<ac<i.

’
5 kta)p

THEOREM 8. If C is an analytic Jordan curve which lies in a region D and
if functions f.(2) satisfy the conditions of Theorem 4, then f® (2) exists on C and
satisfies there an integrated Lipschitz (0 <a<1) or Zygmund (a=1) condition
of exponent p.

The converse of Theorem 8 is contained in Theorem 7 provided there
exist points exterior to the given region D both interior and exterior to C;
compare Lemma 1.

BIBLIOGRAPHY

Jonn Currtiss
1. A note on the degree of polynomial approximation, Bull. Amer. Math. Soc. vol. 42 (1936)
pp. 873-878.



370 J. L. WALSH AND H. G. RUSSELL

H. M. ELL1OTT
1. On approximation to functions satisfying a generalized continuity condition, Trans. Amer.
Math. Soc. vol. 71 (1951) pp. 1-23.
G. H. Harpy AND J. E. LITTLEWOOD
1. Some properties of fractional integrals. 1., Math. Z. vol. 27 (1928) pp. 565-608.
2. A convergence criterion for Fourier series, Math. Z. vol. 28 (1928) pp. 612-634.
3. Some properties of fractional integrals. 11., Math. Z. vol. 34 (1932) pp. 403-439.
D. JACKSON
1. On the degree of convergence of Sturm-Liouville series, Trans. Amer. Math. Soc. vol. 15
(1914) pp. 439-466.
2. On certain problems of approximation in the complex domain, Bull. Amer. Math. Soc.
vol. 36 (1930) pp. 851-857.
E. S. Quabe
1. Trigonometric approximation in the mean, Duke Math. J. vol. 3 (1937) pp. 529-543.
F. RiEsz
1. Uber die Randwerte einer analytischen Funktion, Math. Z. vol. 18 (1923) pp. 87-95.
WALTER RubpIiN
1. Analytic functions of class Hp, Trans. Amer. Math. Soc. vol. 78 (1955) pp. 46-66.
W. E. SEWELL
1. Degree of approximation by polynomsials in the complex domain, Annals of Mathematics
Studies, no. 9, Princeton, 1942,
V. SMIRNOFF
1. Sur les formules de Cauchy et de Green et quelques problémes qui s’y rattachent, Bull.
Acad. Sci. URSS. Sér. Math. vol. 7 (1932) pp. 337-371.
C. J. DE LA VALLEE PoussiN
1. Legons sur Vapproximation des fonctions d'une variable réelle, Paris, 1919.
J. L. WaLsu
1. Interpolation and approximation by rational functions in the complex domain, Amer.
Math. Soc. Colloquium Publications, vol. 20, 1955.
2. Note on approximation by bounded analytic functions, Proc. Nat. Acad. Sci. U.S.A. vol. 37
(1951) pp. 821-826.
3. Degree of approximation to functions on a Jordan curve, Trans. Amer. Math. Soc. vol. 73
(1952) pp. 447-458.
J. L. WaLsg anp H. M. ELLIOTT
1. Polynomial approximation to harmonic and analytic functions: gemeralized continuily
conditions, Trans. Amer. Math. Soc. vol. 68 (1950) pp. 183-203.
2. Degree of approximation on a Jordan curve, Proc. Nat. Acad. Sci. U.S.A. vol. 38 (1952)
pp. 1058-1066.
J. L. WaLsH anp W. E. SEWELL
1. Sufficient conditions for various degrees of approximation by polynomials, Duke Math. J.
vol. 6 (1940) pp. 658-705.
2. On the degree of polynomial approximation to analytic functions: Problem B8, Trans. Amer.
Math. Soc. vol. 49 (1941) pp. 229-257.
D. W. WESTERN
1. Inequalities of the Markoff and Bernstein type for integral norms, Duke Math. J. vol. 15
(1948) pp. 839-869.
A. ZYGMUND
1. Smooth functions, Duke Math. J. vol. 12 (1945) pp. 47-76.

HARvVARD UNIVERSITY,
CAMBRIDGE, Mass.

WELLESLEY COLLEGE,
WELLESLEY, Mass.



