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1. Introduction. The purpose of this paper is to integrate the diffusion

equation

«« = Lu, t > 0,

«(0, x) = fix)

where

(1.2) Lu = eOs)-1^'^)«;),- + (tV(z)M), + cix)u\

and x ranges over a domain A in the real w-dimensional Euclidean space Rm;

here the summation convention is used, the subscript i denoting differentia-

tion with respect to the ith component of x. All coefficients are assumed to be

real-valued. On imposing boundary conditions of the type

(1.3) <rix)[an'ix)Uj + bnix)u] + t(*)w = 0,

the initial-value problem is shown to have a unique positivity preserving

solution; here an' — ai,'ni, bn = b'ni (the »' being components of the outer nor-

mal to A), cr, t = 0, and a2 +t2 = 1. Solutions in the form of strongly continuous

semi-groups of positive operators (see [4]) are obtained in the Lp spaces over

A with weight factor e, 1 ̂ /> = 2.

The one-spatial variable Li problem has been treated in a definitive

fashion by W. Feller [2]; for an L2 treatment of this case in the spirit of the

present paper the reader is referred to [ll]. The study of the several-spatial

variable problem from the point of view of semi-groups of operators was

initiated by K. Yosida. He established the existence of positivity preserving

solutions in Li for the diffusion equation on a compact Riemannian space

without boundaries [12; 13]. A semigroup solution for the boundary value

problem (1.3) was first obtained by S. Ito [5] by means of the fundamental

solution for (1.1) and (1.3). This method has the advantage of not requiring

growth conditions of the coefficients at infinity. However, concomitant with

this is the disadvantage of there being several possible extensions of the differ-

ential operator (1.2), defined on smooth functions satisfying the boundary

conditions (1.3), which generate semi-group solutions. Ito does not give a

direct characterization of the domain of the infinitesimal generator for the

semi-group whose existence he establishes.

Received by the editors April 18, 1960.
(') This paper was written under the sponsorship of the National Science Foundation, con-

tract NSF G-6330.

62



INTEGRATION OF THE DIFFUSION EQUATION 63

Our approach is entirely different from that of Ito, being based on a com-

bination of the theory of dissipative operators as developed by the author

[10; 11 ] and the theory of symmetric positive differential operators with local

boundary conditions due to K. O. Friedrichs [3]. Actually a simplified version

of Friedrichs' work, available in a paper by P. D. Lax and R. S. Phillips [6],

suffices for our purposes. We are able to treat the diffusion equation over an

unbounded domain A whose boundary À contains a compact set of edges,

while imposing only mild conditions on the smoothness and growth of the

coefficients. As regards the boundary conditions (1.3), we assume merely

that a and t are of class C1 on A except perhaps on the above mentioned edges

where they need not even be continuous. Our conditions on the smoothness

of the coefficients and the boundary are roughly one order of differentiability

less than the corresponding conditions of Ito and in addition we permit edges

where Ito does not. Under these hypotheses we are able to characterize the

domain of the infinitesimal generator of a strongly continuous semi-group

solution of positive contraction operators [S(t)\ in the LP (1 ^p^2) settings.

In the L2 case we show that S(t) has an analytic extension in / into the sector

—ir/4<arg t <7r/4. Throughout our development we have avoided the deli-

cate problem of the smoothness of the solution near the boundary. Instead

there is a heavy reliance on the existence of a strong solution for the equation

\u-Lu=f, X>0.
A few words about the nature of a semi-group solution to (1.1) are perhaps

in order at this point. A one-parameter family of bounded linear operators

[S(t); t^O] on a Banach space §) is called a strongly continuous semi-group

of operators if

(i) S(h+tt)=S(h)S(tt), h, h£0,
(ii) S(t)y is continuous in t ^0 for each y in §).

The infinitesimal generator A of the semi-group [5(f) ] is defined by

(1.4) lim rl[S{t)y - y] = Ay
«-0 +

with its domain %)(A) consisting of all y in §) for which this limit exists. It

can be shown that A is a closed linear operator with dense domain and that

for y in £)(A)

(1.4) dS(l)y/dt = AS(t)y = S(t)Ay, t è 0.

This, then, is the sense in which the function S(t)y satisfies a differential equa-

tion of the form (1.1) with L replaced by A. Given a closed linear operator A,

suppose (\I — A) is one-to-one with range equal to all of 2). Then X is said to

belong to the resolvent set of A and the inverse of (\I—A) is called the re-

solvent operator of A at X and is denoted by i?(X; A).

The Hille-Yosida theorem [4, Theorem 12.3.1] states that a closed linear

operator A with dense domain generates a strongly continuous semi-group of

contraction operators if and only if
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(1.6) I F(X; A)\   = 1/X, X> 0.

The corresponding semi-group operators will be positive if and only if the

resolvent operators F(X; .4), X>0, are positive [4, Theorem 11.7.2]. In the

special case where §) is a Hubert space with inner product (y1, y2) a somewhat

simpler criterion applies. A linear operator on a Hubert space is called dis-

sipative if

(1.7) iAy, y) + (y, Ay) = 0, yE ®iA),

and maximal dissipative if it is not the proper restriction of any other dis-

sipative operator. If A is maximal dissipative with dense domain (.4 is neces-

sarily closed), then X>0 belongs to its resolvent set and R(K; A) is of norm

^1/X (see [l0]). As a consequence, a maximal dissipative operator with

dense domain generates a strongly continuous semi-group of contraction oper-

ators on a Hubert space.

In the first part of this paper dealing with the /.¡¡-theory we proceed to

define the operator L of (1.1) so that it is maximal dissipative and then by a

study of the resolvent F(X; /) we show that the associated semi-group of

operators is positive and has an analytic extension. In the second part of the

paper which is concerned with the Li-theory, the /.¡¡-results are adapted so as

to verify (1.6) and the positivity of the resolvent for the smallest closed Li-

extension of the largest Zi-restriction of the above defined /¡¡-operator /. The

corresponding result for Lv (1 <p<2) is then an immediate corollary of the

preceding Li and L2 developments.

2. Hypotheses and results. In order to simplify the statements of our re-

sults we now list the essential hypotheses which will be needed in the following

development. In general it will be found that the unprimed conditions are

required in the /¡¡-theory whereas their primed counterparts are required in

the Zi-theory.

Hi (Domain conditions). The domain AQRm need not be bounded. How-

ever, except for points belonging to a compact subset F of the boundary A, to each

xE A there is a neighborhood patch Nx which maps into a hemisphere

X ix{)2 < 1    and   xm > 0,

with the boundary portion of the patch mapping into xm = 0. This map and its

inverse is assumed to be one-to-one and of class C2 on Nxr\A. To each xEF,

there is a neighborhood patch Nx which maps into a polyhedron, the boundary

portion of Nx going into the faces of the polyhedron. This map and its inverse is

assumed to be one-to-one and of class C2 in Nxr\A except perhaps along the

edges of the polyhedron where they need only be of class CK

H2 (Coefficient smoothness conditions). The coefficients e, a'', and b*

are continuous and piecewise of class C1 on Ä and c is piecewise continuous on Ä.

H2'. The coefficients e, ai¡, and tV are of class C1 on Ä and c is of class C° on
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Ä. In addition c and the first partíais of e, a*', and t>* are Holder continuous on

compact subsets of A.

H8 (Dissipative condition). For each xGA the coefficient e>0, the matrix

(fl'O > 0, the matrix

\b'   —a*'/
(2.1)

and the matrix

(2.2) (~C       )sk(6       )
\   0    a*'/ \0   W

for some constant K. The matrices represented in (2.1) and (2.2) are in blocks,

the upper left being 1X1 and the lower right being toXto.

Remark. Condition (2.1) can sometimes be satisfied if c(x) is replaced by

c'(x) — c(x) -co. This has the effect of changing S(t) from a contraction oper-

ator to an operator of bound less than or equal to exp(wi). Setting

ä(x) = maximum eigenvalue of (fl*'(x)),

a(x) = minimum eigenvalue of (a*J'(x)),

| ft|(*)- [£ (b<(x))2]in,

it is readily seen that (2.1) and (2.2) will be satisfied if

-cat  | 612    and    | c\   á Ke, x G A;

on the other hand (2.1) implies

(2.4) -c&£  \b\2.

H4 (Growth conditions on the coefficients). Setting r2= ^(x*)2, the

coefficients satisfy the conditions

\b\/e = 0(r),

*/e = 0(r2),

| b | /(ae112) = 0(1), asr -»oo(*).

H/.

| ¿| A = 0(r/logr),

ä/e = 0([r/log r]2),

| b | /(a«1'1) = 0(1),

and    | fly | /e = 0(r*)       /or some k, as r —> <» (2).

(2) In the presence of H8 it is clear that the condition on | b \ /e is implied by the condition

on s/e.
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Hj (Boundary conditions). The factors a and r are of class C1 on A except

perhaps along F.

We denote the space of measurable complex-valued functions over A with

inner product

iy,z) = j eix)yix)izix))~dx

by Lt(A, e), and the space of measurable complex-valued functions over A

with norm

y\ = j e(x) I y(x) | dx

by Zi(A, e). Each of these spaces has a natural positive cone, namely the real

non-negative valued functions in the respective spaces.

We now give two equivalent definitions for the operator / of (1.2) with

boundary conditions (1.3) as an operator on Z2(A, e).

Definition 2.1 (Weak definition of L). A function u with strong first

partíais satisfying

(2.5) i [e | m |2 + a{'UiUj]dx < oo
J A

is contained in £>(/) if and only if there exists ara/£L2(A, e) such that

ln £S      f eßdx =  f {u[io<Wi - 2(ô«<f>),- + ic + bÍ)<t>r
(2.6) Ja Ja

+ Uifoty1' — a^j — b*<i>]~)dx

for all smooth vector-valued functions (0, \p{) with bounded support and which

satisfy the boundary condition

(2.7) aia"^ - bn(j>) + T<p = 0, xEÀ.

In this case Lu =/.

Definition 2.2 (Strong definition). A function u with strong first par-

tíais satisfying (2.5) is contained in S)(/-) if and only if there exists a sequence

of smooth vector-valued functions {(«*, vik)} with bounded support such that

(i) (rianivik+bnuk)+TUk = 0, xEÀ,

(ii) M*—»M in Z2(A, e), (/aO^m? — u,)iu)-u,)-dx—>0),

aii(yik _ Ui)(i)ik — u,)~dx-*0,

\

e   [ia"v ), + 2(¿> u)i — bv   + (c — i,)w ] —* Lu   in   Z2(A, e).

I.
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Theorem 2.1. Under the hypotheses Hi, H2, H3, H4, aMd H6, Definitions 2.1

and 2.2 define the same operator L on L2(A, e).

Theorem 2.2. Under the hypotheses Hi, H2, H3, H4, OMd H6, the operator L

defined as in Definitions 2.1 and 2.2 is maximal dissipative with dense domain in

L2(A, e) and generates a strongly continuous semi-group of positive contraction

operators [S(t) ] which has an analytic semi-group continuation throughout the

sector — ir/4<arg í <7r/4.

The corresponding operator in ¿i(A, e) which we denote by K is defined as

follows.

Definition 2.3. Let L denote the operator in L2(A, e) defined by Definitions

2.1 and 2.2, and set

Kou = Lu,

^(Kó) = [m; m and Lu in Li(A, e) C\ Li(A, e)].

The operator K is the smallest closed extension of Ko considered as an operator in

Li(A, e).

Theorem 2.3. Let c = sup[c(x)/e(x); xGA]. Under the hypotheses Hi, H2,

H3, H4', and H5, the operator K of Definition 2.3 is the infinitesimal generator of

a strongly continuous semi-group of positive operators [S(t)] in ¿i(A, e) with

15(01 áexp(o).

Corollary. Let KP denote the smallest closed extension of Ko considered

as an operator in LP(A, e). Then for 1 <p<2, Kv is the infinitesimal generator

of a strongly continuous semi-group of positive operators [S(t) ] in LP(A, e) with

\S(t)\éexp[(2/p-l)ct].

3. The ¿¡¡-existence theory. In this section we prove that the operator

L is maximal dissipative with dense domain by employing the results of

[6; ll]. The assertion of Theorem 2.1 turns out to be a by-product of this

development.

We proceed as in [l 1 ] and study a first order differential operator M whose

retract is L. The domain of M consists of all complex vector-valued functions

y = (u, vl, • • • , vm) which are piecewise smooth on Ä, have bounded support,

and satisfy the boundary condition

(3.1) cr(an<z/< + bu) + tu = 0, x G A.

The operator M is then defined as

(3.2) My = E-'lU'yii + By],

where
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and

-e °\   Ak=r ak\
\0   a»)' Vo*    0 /'

\ —ak       —a /

We further define

»      /    2c      -b>\
(3.4) Z) = F + F*+^* = ( ..).

\-tV     -2<z"/

Making use of (2.1) it is readily verified that

/0   0\
(3.5) P2 = (^    J^-ErKD;

this corresponds to condition (4.2) of [ll].

We also introduce the Hubert space /2(A, E) of complex vector-valued

functions with inner product defined as

(3.6) (y, z) = j (Ey, z)dx,

where for y = (ij<) and z = (f *) we have (y, z) = jj'f *"*, Obviously M can be con-

sidered an operator in Z-2(A, £) and it is clear that !D(Af) is dense in this space.

Lemma 3.1. Under the hypotheses Hi, H2, H3, H4, and H6, the smallest closed

extension of M, say M, is maximal dissipative with dense domain.

Proof. The assertion of the lemma is essentially that of [6, Theorem 3.2].

However two things need be checked: (i) the boundary conditions (3.1) must

be shown to be sufficiently smooth ; and (ii) the set F together with the point

at infinity must be shown to be unessential in the sense of [6, §5].

We first consider the boundary conditions. Setting

A» = Aknk

we see that

/2bn   an'\

" Vz>    0 /'

which is obviously of rank two. A simple calculation shows that the boundary

condition fills out a maximal negative subspace relative to the quadratic form

(A"y, y) at each point of Á. Moreover A" can be defined in the interior of the
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transformed boundary patch to be of constant rank by setting A" = Am. The

only other requirement in the proof of [6, Theorem 3.2] is that in each

boundary patch disjoint from F there exist a rotation y= Uz of class C1 such

that the null space of An fills out the last to —1 components of z and the

boundary conditions become f° = 0. Now in the original y-coordinate sys-

tem, the null space of A" is spanned by vectors c which have a zero first

component and which are orthogonal to (0, a"1, • • • , anm). Since the ani are

of class C1 it is clear that we can construct (at least locally) to — 1 orthogonal

vectors c2(x), • ■ • , cm(x) of class C1 which span this null space. Writing

pi = (1, 0, • • • , 0),

v2 = qtHO, anl, • • • , flnm)    with    a2 = 2 («"O2,

we now define c°(x) and c1(x) by

[aV2 + (ab" + T)2Y>2â = (erb* + t)»1 + aav2,

[aV + {ob* + r)2]1'2c1 = - aav1 + (<rbn + t)v2.

Since ff2+T2= 1 it is clear that [a2a2-\-(abn-\-T)2] can never vanish and hence

that c°(x) and &(x) are also of class Cl. Finally we note that the matrix with

yth column equal to ci satisfies the required conditions for the rotation U.

In order to show that M is essentially maximal dissipative it suffices to

show that the adjoint operator M* is dissipative. Thus given z£3)(.M*), we

construct a sequence of real-valued smooth scalar functions \<j>'} as follows:

<f>" = \ at points of Ä which are at a distance >l/v from F and <v from the

origin; 0' = O at points which are at a distance <\/(v-\-\) from F and

>»< + l from the origin; <b" is smoothly extended elsewhere so that near F its

gradient is less than 2i>2 and elsewhere its gradient is less than 2. It is clear

that <)>'zGT)(M*) and since this function is of bounded support and vanishes

near F, the argument used in [6, Theorem 3.2] shows that

(M*4>% <f>"z) + (<(>% M*<b'z) - (D<t>% <t>"z) ^ 0

for v sufficiently large. Consequently M* will be dissipative if it can be shown

that

(M*z, z) + (2, M*z) - (Dz, z)

= lim [(M*<f>% <t>>z) + (<p'z, M*<p'z) - (D<p'z, 4>'z)\;
y—»oo

this, incidentally, is what is meant by F\J { <x>} being unessential. Now

(M*4>% <j>'z) + (4>% M*4>'z) - (D<p'z, <p'z)

= [((V)2M*z, z) + ((V)2z, M*z) - ((<y)2Dz, z)] - 2(4>'<t>i'A% z).

The bracketed expression in the right member of (3.8) obviously converges

to the left member of (3.7). Hence (3.7) will be verified if it can be shown that
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lim inf j (0 4>¡A z, z)\   = 0.
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Suppose on the contrary that

(3.10) I i<f>'<p]A'z,z)\   = 6> 0

for v sufficiently large. Set

aI= [x;xE A,v <r < v+ l],

A,' = [x; x E A, iv + l)"1 < | x - F \   < v~\

Ao = [x; x E A, r < 2 diameter of F],

Now <j>j vanishes off of AjUA2,. On Aj we have

I  f (A'À z)dx\ = 2 f  [| b\ | r°r + | o'Wl ]dx
I J A,1 I J A,1

= 2 f [(I b\ /e)e\ f»|2 + 2(a/e)i'VW1/2(*| r°|2)1/2]¿^
Ja,'

= 2 sup [ | b | /e] f e \ f° \2dx + 2 sup [a/e]1'2 f  [c I i"012 + «W]<**-
a,' Ja,1 a,' Ja,'

Hence if we employ the growth estimates H4 we obtain

(3.11) /(<i>'(p',A z, z)dx  g Kiv I    (£z, z)dx.
a,1 J A,1

As regards a A2 estimate, we note that it is clear from the form of M* that f°

is strongly differentiable on A0. Thus the argument employed in [6, §5] shows

that

(3.12) Ç  (<i>'<p'jAiz,z)dx   UKÀvlogvÇ   \vç°\2dx f  (Ez,z)dx\     .

Combining the inequalities (3.10), (3.11), and (3.12) we have for sufficiently

large v

tuKÀv Ç (Ez, z)dx + \v log v f  (Ez, z)dx\     \ .

Hence either

/(Ez, z)dx ^
A.1 2F 3      V

or
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f  (Ez, z)dx ̂ [—-1     -
J a,« L 2K3 J    v log v

and it follows that

f (Ez, z)dx ̂  min |~— , (—^ "¡E —*— = «,
Ja L2X,    \2tf,/ J      >logir

which is contrary to z belonging to L2(A, E). This concludes the proof of

Lemma 3.1.

An analogous argument applies to the adjoint operator

Nz = E~1[-(Aiz)i + (D - B)z]

with domain consisting of all complex vector-valued functions

z = (m, v1, • • ■ , vm) which are piecewise smooth in 5, have bounded supports,

and satisfy the boundary condition

(3.13) o(aniv{ + bu) — tu = 0, xG A.

It follows that N is maximal dissipative. On the other hand the general theory

of dissipative operators (see [l0]) implies that M* is also maximal dissipative.

Since N is clearly a restriction of M*, it follows that N = M*. This proves

Corollary. Under the hypotheses Hi, H2, H3, H4, and H5, the operator N

is maximal dissipative with dense domain, N = M*, and M = N*.

Proof of Theorem 2.1. We now obtain the operator L as a retract of M.

To this end we define the projection operator

-C 3
associated with the subspace hi of Li(A, E) having all but the first coordinate

function identically zero. Clearly hi is equivalent with L2(A, e). We next de-

fine the restriction M' of M by

W) = [y, y G ^>(M), My G h],

and the retraction of M to hi, which we denote by ~M", as

®(M") = [Piy; y G 5D(3f')], W'Piy = M'y.

We note that y£3)(AT) belongs to 35(M') if and only if u is strongly differ-

entiable and »*=«< for each i. Because of (3.5) we have

(My, y) + (y, My) = f {A*y, y)dS + f {Dy, y)dx
Ja Ja

(3.14)

^ f (Dy,y)dx£ - (P2y ,y).
J A
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This holds as well for M so that condition (4.1) of [ll] is valid. This being so,

it is proved in [ll] that M" is maximal dissipative with dense domain in Ai.

Moreover it is obvious that L as defined in Definition 2.2 is precisely M".

On the other hand M = N* implies that L = (N*)". However this is just the

definition of / as given in Definition 2.1. This completes the proof of Theorem

2.1 and shows, incidentally, that / is maximal dissipative with dense domain

in L2(A, e).

Remark. In view of (3.14) we see that M+Pt/2 is dissipative and hence

that
1 _       1 _      1

— Fi - M = — / - (M + — F2)
2 2 2

has an inverse of bound 2 (see [lO]). Actually M+F¡¡/2 is maximal dissipative

since if it had a proper dissipative extension, say R, then F —F2/2 would be a

proper dissipative extension for M, contrary to M being maximal dissipative.

It follows that the range of (Fi/2-If) is all of /¡¡(A, E).

4. Z2-positivity. As stated in the introduction, a necessary and sufficient

condition for the semi-group of operators generated by L to be positive is

that the resolvent F(X, /) be positive for X sufficiently large. The positivity

part of Theorem 2.2 therefore requires that we prove

Lemma 4.1. Suppose the conditions Hi, H2, H3, H4, and H6 are satisfied and

let L be the operator defined as in Definition 2.2. Then F(X, /) is positive for all

X>0.

Proof. Let/=0 in Z2(A, e) be given. Then since L is maximal dissipative

with dense domain, for each X>0 there is a unique #£$)(/,) with

(4.1) \u-Lu=f.

The function u will be real-valued since otherwise its real part would serve

as well, contrary to the uniqueness of u. We must show that u is almost

everywhere non-negative. Let

(4.2) A0 = [x; x E A, uix) < 0].

Setting y=iu,vl, • • • , vm) where v'^Ui, it is clear from the proof of Theorem

2.1 that yGS)(3?')C3)(37). We shall first show that

(4.3) (My, y)A0 + (y, Fy)Ao = 0.

To this end we define the function pis) of class C2 on the reals to the reals

such that pis) = 1 for $á -1, pis) =0 for s^O, Ogp'(s) = 2 and set

u'ix) = p[vuix)], x E A.

We see that

<i>i =  J'p'f)'«]«,-
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and since this vanishes for u(x) ^ — \/v and u(x)tO, we have

(4.4) | «| |«¿|   á2|m|.

The functions W have strong first partíais with u. Let yk = («*, vik) approx-

imate y in the sense of Definition 2.2. Then

((a')2Myk,yk) + ((w")2y*, Myk) = [(Mw'/,«'/) + (co'y*, Ma'yk)]

- [(A'u'iy , ay ) + (« y , A u¡y )].

It is clear that w'y* satisfies the boundary condition (i) of Definition 2.2 along

with yk. Thus if W were continuously differentiable an integration by parts

would shows that the first bracket expression on the right is nonpositive. How-

ever, since to* is strongly differentiable, it can be approximated by smooth

functions in such a way that the corresponding bracket expression will also

converge to a nonpositive limit. Next passing to the limit as k tends to °°, we

get

((a") My, y) + ((«') y, Hy) á - [(A'a\y, ay) + (a'y, A%u'y)].

We proceed to estimate the terms in the right member.

| (A co,y, w y) \   ^ 2 f   [\ ab wj« j   + [ w a co.ttyw| ]dx
Ja

^ 4 I [| b'uiu]  + | a'iuiUjl ]dx
J -1/>><u<0

by (4.4). Making use of condition H4 we see that

, .       (acuity)112   I il   i | r ,    -
| b'uiul   Ú ^—JL— 1-± | ¿'2u\   g K[e\ u\2 + aPum,]

a e1'2

and therefore

| (A'w'iy, ay) |   á i(K + 1) f [e\ u\2 + a^u^dx.
J -l/v<«<0

Since (y, y) < «j , it is clear that this expression tends to zero with l/v. On

the other hand — a' tends boundedly to the characteristic function of A0.

Hence

(Fy,y)Ao + (y, ¥y)Ao Ú lim - [(A*ay, a'y) + (u'y, ¿'«'y)] = 0.
V

We recall that Lu is the first component of My, the other components vanish-

ing identically. As a consequence (4.1) implies
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2X I u\l = 2X | u\l0 - [(My, y)io + (y, Fy)io] = if, m)a0 + («,/)a„ â 0

since u <0 and/ = 0 on Ao. This proves that A0 is of measure zero and hence

that m = 0 almost everywhere in A.

5. /2-analyticity. All parts of Theorem 2.2 have been established except

for the analyticity of the semi-group of operators generated by L and we now

proceed to make up for this deficiency. The general pattern of our argument

follows a proof due to K. Yosida [15] for a very much restricted initial-value

problem of this type. Basic to the proof is the following lemma.

Lemma 5.1. Suppose the conditions Hi, H2, Hs, H4, and Ht are satisfied and

let L be the operator defined as in Definition 2.2. Then

(5.1) | [ip + iv)I - L]u\   = 2-i'2iu + | r| ) | «|,

for all uE&iL) and real p, v with ju>0.

Proof. Suppose that m£33(Z) and set y = (u, t/*) where v{ = Ui. Then as we

have seen in §3, yE&iM). If y were smooth with a bounded support then

(5.2)

iPiMy, y) = l.ia"^ + bnu)udS

— I   [a^v'uT + ¥uuT — b%Ui — d*)m — c\ u\2]dx.
J A

Now the vector-valued functions in the approximating sequence {yk\ of

Definition 2.2 are smooth with bounded support and since each yk satisfies

the boundary conditions we have

/.
(anV* + bnuk)uk dS g 0.

Further, Myk—>(/w, 0, • ■ • , 0), (m*, uk)—>(u, «,), and (w*, »**)-*(«, m») all

in the Z2(A, E) topology. Since by H3 [c\ =FJe and by H4

| b*u(u\  = — ia'iUiurV'iel «|2)1/2 = K^Uiuy + e\ u\2],
ae112

we obtain, on replacing y by y* in (5.2) and passing to the limit as k tends to

«,

(5.3) iLu, u) + I  ia^UiUj + b'uur - c\ u\2)dx ^ 0.
J A

Applying condition H3 we see that

re[26*««r] Ú a{'UiUj — c\ u\2,

so that for p>0,
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re([Gi + iv)I — L]u, u) = p \ u \2 -\-J   [a*J'w,«j" — c \ u\2]dx.
2  J A

On the other hand,

| im(Ztt, «) |   =   im< — I  b{uu]~dx >   = — I   [a^UiUj — c \ u \2]dx

and hence

| im([(/x + iv)I — L]u, u)\   = | »< | \u\2--I   [a*'w,wy~ — c | « \2]dx.
2 J A

Combining these estimates we have

2V2\ i[ip + iv)I - L]u, u)\

= | re([(/x + iv)I - L]u, u\  + | im([(/i + iv)I - L]u,u\

^(ii+\v\)\u\2

which clearly implies (5.1).

The analyticity of Sit) for i>0 now follows from a result due to K.

Yosida [14]. However, we can do somewhat better and show that Sit) is

actually analytic in the sector — ir/4<arg i<ir/4. Since Z generates a

strongly continuous semi-group of contraction operators, it is known (see

[4, Theorem 11.5.2]) that the resolvent set of Z contains the right half plane.

Hence Lemma 5.1 implies

| Rip + iv; L) è 21/2(m + | v | )~\ for p > 0.

We can now continue R(K;L) into the left half plane by analytic continuation.

In fact, for |X—iv\ <2-1/2| v\ we have (see [4, Theorem 5.83 and 5.91])

F(X; L) = ¿ iiv - \Y[Riiv, Z)]"+>
71-0

form which it follows that

|F(X;Z)|   =21/2(|»-|   - 21'2|X - iv\)~K

This inequality can be given a simple geometric meaning. Let S denote the

sector 3tt/4 = arg X = 57r/4. Then the above estimate gives for each X outside

of S

| F(X; Z) |   = 21'2MX)

where ¿(X) is the distance from X to S. It now follows directly from [4,

Theorem 12.8.1 ] that Sit) is analytic in the sector — ir/4 <arg t <7r/4.
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Combining this result with the material in §§3 and 4 we obtain a proof

of Theorem 2.2 in its entirety.

6. Li-theory. The previous material can be adapted so as to provide us

with a positivity preserving solution to (1.1) with the boundary conditions

(1.3) in the space Za(A, e). We show first of all that a sufficiently large subset

of S)(L) lies in Li(A, e). If A is bounded this is no problem since all of $)(L)

is then contained in ii(A, e). However, for unbounded A we require a slightly

more stringent growth condition on the coefficients than H4 in order to obtain

the desired result.

Lemma 6.1. Suppose the conditions Hi, H2, H3, H4, and Hs are satisfied and

let L be the operator defined as in Definition 2.2. For fixed X ̂  1/2 and w(E2)(Z,)
suppose thatf=\u—Lu has a bounded support. Then u and Lu lie in Li(A, e).

Further setting <pk = l for r^k, <j>k = 1 — (r — k) for k<r<k+l, and <£* = 0 for
r^k + l, then <¡>kuG£)(L) and

(6.1) [<f>ku, L<t>ku] -* [u, Lu]    in   Li(A, e) X Li(A, e).

Proof. Let yG&.v1) with v* = u{ and let F=(f, 0, • • • , 0). Then y££>(¥')

and if 6 is any ultimately constant smooth scalar-valued function, then it is

readily verified using the approximating sequence {yk} of Definition 2.2 that

0y ££)(¥) and in fact that

(6.2) M6y = 6My + diA'y.

Suppose that the support of/ is contained in the sphere r<ro. We define a

family of such 6 functions as follows:

B'(r) = 1, r ^ro,

(6.3) (2y(r-nogr)d, r„ á r á v,
dB'/dr =  <

l0, v^ r,

where 7 is a positive constant to be determined presently. For r > r0 we see that

e(r) = lim 0'(r) = K exp[7(log r)2].

In order to avoid working with the unbounded $, we make use of the 0''s

and at an appropriate time pass to the limit.

Now

I (6iAy, By) \
ij r r  l/2 1     •' » 1

C       r(a ÖA)                                    1       1        \be<      1      1 1
- 2 I n,    ■(aiid'vi(B'vf)~yi2eil2\d'u\   +-^ e¡B'u\2 \dx.

J ro<r<*' L      e      O €u J

Applying condition H4 together with (6.3) we see that 7 can be chosen suffi-

ciently small so that
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(6.4) \(6'iA<y,6y)\   g±\9'y\\, v > r0.
4

On the other hand (6.2) implies

(x-J P/y +   — F/y - Md'y) = &'f - (¡¡A*y

and making use of (3.14) and the subsequent remark, we see that

id'y, d'y) = id'F, 8y) + (0y, 8F) - [(t?U y, 8y) + (/y, 6*tA y)].

Since 8'F= F, the estimate (6.4) gives | 8"y\ 25?4| F\ 2. Passing to the limit as

v tends to infinity we obtain the basic inequality

(6.5) |0y|2^4|F|2.

As a first consequence of (6.5) we have

(6.6)

f [e| m I + (a«sV )ll2]dx = < j   [e\ 8u\2 + aWv'iev^dxl

• jj[er2 + r2]¿*j12,

which is finite by virtue of (6.5) and the fact that 8 increases faster than any

power of r. Thus in particular w£Zi(A, ¿) and it is obvious that <bku-+u in

Zi(A, e). Moreover

L<b u = \<b u — <j>f+e   [¿a <f>iUj — b <j>iU + a <£,•>■« + a, #,«J.

It is clear that the first two terms on the right converge to Xm and /, respec-

tively, in the Zi(A, e) metric. Hence (6.1) will be proved if we show that the

bracket term tends to zero in Zi(A, e). Now

(6.7)

/' i  iSJ   i j   <- f / 'VA1'8/ iS    -\1/2.jI a <t>iUj | dx =  I   (a <?>,<?>,•)    (a m,«, )    as
A «/A

r f ä    e        /• "I1'2
-     I — —dx I 62ai'uiufdx

L J ib<r<*+l   e      62 J t<r<t+l J

Both of the integrands in the right member are integrable over A, the first

because of HJ and the definition of 8, the second because of (6.5). It follows

that the left member tends to zero with \/h. Likewise

f | b'<t>kiu\ dx = I   f ( — )  — dx f e\ 8u\2dx\
Ja L«/*<r<i+i\   e   /    82     Jk<T<k+i J

tends to zero with l/k. Again <t>t} = Oir~l) so that
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/l fl'Vo«I dz £     f — B~2dx\ e\6u\2dx
A \-J k<r<k+l   e J kKrKi+ï

11/2

\Bu\2dx [
1 k<r<k+l   « J k<rOt+l

Finally

f | ayV*M| dx g I   f ±^1B~2dx f e| Bu\2dx~]     .
Ja L J k<r<k+l e J t<r<i+l J

Applying H4 we see that the last two terms in the bracket also tend to zero

with 1/k in Li(A, e). This completes the proof of Lemma 6.1.

The previous lemma will be used to show that the range of (KI—L) fills

out Li(A, e). Another essential ingredient is a bound for (X/—L)~l. To obtain

such a bound it suffices to consider only non-negative functions in £)(£). The

following lemmas supply the necessary estimates for the bound of (X7—L)~l.

Lemma 6.2. Suppose that conditions Hi, H2, H3, H4 and H6 are satisfied

and let L be the operator defined as in Definition 2.2. If X^ 1/2, if m£2)(L) is

non-negative, and if f=\u—Lu has bounded support, then

(6.8) I     eLudx Ú c \  eudx,
J u>o J A

where c = sup[c(x)/e(x); xGA].

Proof. Setting y = (u, vl) where vi = ui, we see by Definition 2.2 that there

exists an approximating sequence {y*} of smooth real vector-valued functions

with bounded support satisfying the boundary conditions and such that

[yk, Myk] -^ [y, My]        in L2(A, E) X L2(A, E).

Given the sequence {<f>'} of smooth scalar functions defined as in Lemma 6.1,

it is clear that

lim [c6-y*, M(j>'yk] = [<f>"y, M<t>'y]        in L2(A, E) X L2(A, E).
k-><*>

Since each <¡>" has a bounded support, it follows, in particular, that the first

component of M(p'yk converges in Li(A, e). Now the first component of

Mcp'y is

PiM<p"y = e_1[(a'VV), + 2(bx<p'u)i - ¿>V» + (c - b\)<£u]

= L<f> u — (a <j>jU)i + b <f>iU.

We have already shown in the proof of Lemma 6.1 that the last two terms on

the right tend to zero in Li(A, e) as v—>&>. Consequently lim, PiMip'y = Lu in

ii(A, e) and it therefore suffices to show that
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(6.9) lim   lim   f     ePiMpy* Û c \ eudx.
"->«>   *->» J u>o Ja

We now define the function pis) of class C2 on the reals to the reals such

that p(s) = 0 for s^O, p(s) = l for s^l, and 0^p'(s)^2 elsewhere. Setting

W*(*) = pipukix)),

we see as in the proof of Lemma 4.1 that wif=pp'iuuk)u* and

(6.10) |**| |«?|   è2\uk\.

An integration by parts gives

/eiPiM<p"yk)u>'kdx =  I. <p'ian'v'k + bnuk)ofkdS
A JÁ

/' i a > jk nk      i» k pt        i , k    ßk
[ a <p v &)»•  + o <p « w,-  — ib <pu )»•«

A

<    F   ik   M* .<   P   *    0* »   *    d*>

+ o <ii » co    + bi<t> u w    — c4> u œ   )dx.

We show first of all that the surface integral is nonpositive. In fact, u^ix) =0

whenever ukix) =0 and hence in particular at points of À at which cr = 0. At

those points of A at which tr^O and w*>0, we see from the boundary condi-

tions that ian'v'k+bnuk) <0. Since <p" and W* are each non-negative, this

proves that the surface integral is nonpositive.

We may now pass to the limit as k—» oo. The volume integrals cause no

difficulty and making use of the fact that t)**—»«,-, we get

/e(PiM<l>'y)ul'dx á — I pp'ipu^'a^UjUaix + |  cpuofdx
a Ja J a

/i   r      n I       »   v      fib 4>iUu> dx — I  b <j> ttaiidx,
A J A

where we have set w"(x) =p(/uw(x)). Now the first integral on the right is

clearly nonpositive. The second integral is less than or equal to cf<p'euu"dx.

As in the proof of Lemma 6.1, the third integral tends to zero with l/v,

uniformly in p. Finally because of (6.10) the last integral is bounded by

2 Ç \b\p\Vu\dx
J 0<u<l/)i

and hence goes to zero with 1/ju. Further we note that w" converges boundedly

to the characteristic function of the set [x; xEA, m(*)>0]. Thus passing to

the limit, first with respect to p and then v we obtain
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lim   I     ePîM<p'ydx = lim   lim   j  e(PiM<t>'y)a"dx ̂ c I  eudx,
,-»00     J u>0 »-»«O      (,-»•>     ,/  ¿ »/ A

which was to be proved.

Lemma 6.2 is not quite strong enough since it omits consideration of the

set on which u vanishes. We have been able to get around this by requiring

an additional smoothness condition on the coefficients.

Lemma 6.3. Suppose condition H2 is satisfied and let L be the operator de-

fined as in Definition 2.2. If uG^>(L) and f—\u—Lu is Holder continuous in

the interior of A, then u is of class C2 and its second partíais are Holder continu-

ous in the interior of A.

Proof. It is clear from Definition 2.2 that u satisfies the relationf=\u—Lu

in the weak sense and has strong first partial derivatives in A. The ellipticity

of L can now be employed (see L. Nirenberg [9, Lemma 1, §4]) to show that

m has strong second partials, at least locally in A.(8) According to a result of

C. B. Morrey [8, Theorem 4.6], this suffices to prove that u satifies the asser-

tion of the lemma.

The above result has also been established by F. Browder [l], assuming

c to have Holder continuous first partials. The result also follows from the

cruder Hubert space methods (see [9]) if it is assumed that the coefficients

are sufficiently smooth.

Added in proof.

Lemma 6.4. Suppose u(x) is non-negative and has Holder continuous second

partial derivatives in a domain A. Then the second partials of u(x) vanish almost

everywhere on

Co = [x; u(x) = 0] r\ A.

Proof. It suffices to show that this is true for compact subsets of Co. Let

C be such a subset. Since u(x) ^0 in A, each point of C is a minimum for u

and hence its first partials vanish on C. Thus the Taylor's expansion for u(x)

about an arbitrary point x0 of C is of the form

u(x) = Uij(x)(x  — xo)(x — x0),

where x is some point on the line segment joining xQ and x. The second par-

tials are Holder continuous on C, say with Holder coefficient ß, and therefore

U(x) = Uij(Xo)(x% — Xo)(x   — Xo) + 0( | x - x0\     ).

Since Xo is a minimum of u(x), the matrix (Uij(x0)) is positive. If this matrix

is not identically zero, there is a nonempty cone inside which the form is

(s) In the above cited Nirenberg lemma, it is convenient to include the cu term with/so

as not to require c to be of class C1.
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greater than 7I x—xo\2 for some positive 7-(4) Because of the order of the re-

mainder term it is seen that in a sufficiently small sphere about x0 the func-

tion u(x) can have no zeros interior to the above cone. It follows that the

density of zeros about xo will be less than one unless the matrix (tt,y(#o))

vanishes. However any measurable set is of density one at all of its points

with the possible exception of a set of measure zero. As a consequence the

second partials of u(x) must vanish almost everywhere on C.

Corollary. Suppose conditions Hi, H2, H3, Hi, and Hs are satisfied and

let L be the operator defined in Definition 2.2. Suppose in addition that X^^,

m£3)(L) is non-negative, and that f=\u — Lu has bounded support and is

Holder continuous in the interior of A. Then

(6.11) r
J c

eLudx = 0.

Proof. According to Lemma 6.3, the function u(x) will have Holder con-

tinuous second partial derivatives in A. On the set Co defined as above, u(x)

and its first partials automatically vanish and the previous lemma shows that

the second partials vanish almost everywhere. The relation (6.11) now follows.

Proof of Theorem 2.3. To begin with let X^l/2 and choose /^0 to be

Holder continuous on Ä with bounded support. According to Theorem 2.2

there exists a non-negative #GÍ>(¿) such that Xw —Lw=/. Lemma 6.1 asserts

that uGLi(A, e) so that uG£)(Ko) and \u—KoU=f. Applying Lemmas 6.2

and 6.4 we see that

X j  eudx = j  e(Lu + f)dx úc \  eudx + j   efdx;
Ja Ja Ja Ja

in other words

(6.12) (X-c)\u\i^ |/|i.

Now any real-valued function / which is Holder continuous on Ä and has a

bounded support will have positive and negative parts, /+ and /_, possessing

these same properties; |/|i= |/+|i+|/_|i. Applying the above result to/+

and /_ in turn and adding gives (6.12) for/; and again the corresponding

uG®(Ko).
On the other hand for any real-valued uGT>(K0) we may set/=Xw — Kou.

Since fGLi(A, e)C\L2(A, e) we can approximate/in both ¿i(A, e) and Z,2(A, e)

by a sequence of smooth real-valued functions {/"} with bounded support.

It follows from the above development that for each /" there will exist a

unGt)(K0) suchthat\un-K0un=fn, (X-c)| un\ iá |/n|i, and (K-c)\un-uk\ 1

(*) Diagonalizing («,,- (x<¡)) into the form 2Zi 7' (**)*, 7' > 0, 1 < k á rn, let 2y = min y*.

Then inside of the cone 2~L\ (7* — 7) (**)* è 7 Yll+i (**)' we have S* "f* (**)* ê yr*-
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^ |/n —/* 11- However by Theorem 2.2, X | un — u | 2 = |/" — f\ t and we may there-

fore conclude that ««—>w in Zi(A, e) and hence that (6.12) holds for any real-

valued function in £)(2fo).

In order to extend this result to all of $5(.Ko) we proceed as follows. Lemma

6.1 shows that the range of (X/—Ko) contains in particular all real simple

functions of bounded support. Suppose/ is a complex-valued simple function,

that is, suppose
n

»-1

where the c' are complex-valued and the x* are characteristic functions of dis-

joint bounded measurable sets. As above, there will exist a real-valued

u'E^iKo) such that \ui-K0ui = xi and (X —c)| w*| 1=i |x'| i- It is clear that

w= J^c'^E^iKo) and \u-K0u=f. Further

i\-c)\u\i^ix-c)Z\ci\ MisEM Mi- |/|i.

Another limiting process, similar to the one developed in the preceding para-

graph, serves to extend (6.12) to all of 2)(FJo).

Our next extension is to the smallest closed extension of K0 which we denote

by K. The usual argument using test functions shows that the closure of the

differential operator K0 is a well defined operator. It is clear that (6.12) con-

tinues to hold for all u in $)(#). Thus (XZ-X)-1 exists for all X = 1/2 and is

of norm = (X — £)~K As we have already noted the range of (X/—K0) contains

all simple functions and by Lemma 4.1, (X/—FJ0)_1 is positive. Now the range

of (X/—K) is closed with K and hence fills out Zi(A, e). Moreover since the

simple functions are dense in the positive cone of Zi(A, e) it follows by con-

tinuity that (X/ — K)~l is positive. Thus K is a closed linear operator with

dense domain whose resolvent exists for all X = 1/2, where it is positive and of

norm ^(X — c)~K The assertion of Theorem 2.3 now follows by virtue of the

Hille-Yosida theorem [4, Theorems 11.7.2 and 12.3.1].

If all the boundary conditions are of the <r>0 type, then the hypothesis

H2 in Theorem 2.3 can be replaced by H2 since we can then prove the follow-

ing lemma.

Lemma 6.5. Suppose conditions Hi, H2, H3, H4, and Ht are satisfied and in

addition that a is bounded away from zero on bounded subsets of A. Let L be the

operator defined as in Definition 2.2. //X^ 1/2, if m£î)(Z) is non-negative, and

if f=\u—Lu has bounded support, then

/eLudx g g I  eudx,
A 1/4

where c~ = sup[c(x)/eix); xEA].

Proof. Proceeding as in the proof of Lemma 6.2 we see that it suffices to

show that (see (6.9))
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lim   lim   I  ePiMpyfidx û c \  eudx.
■>—»to    I—»at   J ¿ t/ A

An integration by parts leads to

/ePiMVfdx = I. (an<0'»" + bn<t>'uk)dS
a Ja

Ir,'*.   ,*  '/  *        **\   .   .•   ' *i .
+ 1   [c<f> u  + b <p (Ui — v ) + b <piU ]dx.

J A

Now the boundary condition implies that anV*-\-bnuk= —(r/o)uk on À. Fur-

ther on the support of 0" there is no difficulty in passing to the limit in the

second integral on the right. Hence

lim   j  ePiM<t>'ykdx ^ lim sup — J. (T¡o)<p'ukdS + J  c$udx + J  b'fcudx.
i-»oo   JA i-»«o «/A JA JA

As before the last term on the right tends to zero with 1/v. It remains only

to show that limk—fA(T/a)<p"ukdS^0, in which case

lim   lim   J  ePiM^>"yk ;£ lim   I c<t>'udx Ú c \ eudx,

which is the desired result.

We recall that the strong first partials of u exist and that y=(u, ui) is

approximated in Z,2(A, E) by the vector-valued function («*, u*). It follows

from this that if we replace u(x) by

lim (2e)-m | «(* - z')dV

then the lim m(íc') as x' tends to xGA along a normal trajectory is equal to

lim* uk(x), both of these limits being taken in the L2-sense on À. These facts

are readily established on writing u(x) as the integral along a normal trajec-

tory of its normal derivative. Since we have taken u(x) ^0 in A, the same will

be true of its assumed values on A. Finally we note that r/a is bounded on

bounded subsets of À and that <p' has a bounded support. We may therefore

conclude that

lim   (. (T¡o)4>'ukdS = f. (T¡<r)<t>'udS è 0.
i-.« Ja Ja

This concludes the proof of Lemma 6.5.

Proof of the corollary to Theorm 2.3. We first show that the range of

Qil—Ko) fills out ii(A, e)i~\L2(A, e) for each X^l/2. Hence suppose that

fGLi(A, e)r\L2(A, e). As in the proof of Theorem 2.3 we can approximate/

by a sequence of smooth functions {/"} with bounded support which converge
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to/in both the Zi(A, e) and the Z2(A, e) metrics. For each/" there will exist a

unE^>(Ko) such that \un-K0un=fn, (X-c) | W-un\ i = |/n-/m| 1, X| un-um\ 2

=^ |/B— fm\i- Consequently {un} converges in both Zi(A, e) and Z2(A, e) to a

function m and {FJo«"} likewise converges in both Zi(A, e) and Z2(A, e). Since

Z is closed «££)(/) and hence by Definition 2.3 uE&iKo). Consequently

f=\u—K~oU which was to be shown. It now follows from a result in [7, Theo-

rem 4.2] that the smallest closed extension Kv of Ko considered as an operator

in ZP(A, e), 1 <p<2, generates a strongly continuous semi-group of operators

[Sit)] with \Sit)\p^exp[i2/p-l)ct]. We further note that for X^l/2 the

range of (X/—K0) is dense in the positive cone of ZP(A, e). As a consequence

(X/—Kp)~x is positive with (X/—Ko)'1 and hence the semi-group operators

Sit) are also positive.

Remark. The present development could just as well have been carried

out on a Riemann manifold of class C2. In fact Friedrichs in [3, §7] has pre-

pared all of the necessary machinery for such a generalization.
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