MALCEVALGEBRAS
BY

ARTHUR A. SAGLEO)
1. Introduction. This paper is an investigation of a class of nonassociative
algebras which generalizes the class of Lie algebras. These algebras satisfy
certain identities that were suggested to Malcev [7] when he used the commutator of two elements as a new multiplicative
operation for an alternative
algebra. As a means of establishing some notation for the present paper, a
brief sketch of this development will be given here.
If ^4 is any algebra (associative or not) over a field P, the original product
of two elements will be denoted by juxtaposition, xy, and the following notation will be adopted for elements x, y, z of A :
(1.1)

Commutator,

(1.2)

Associator,

(1.3)

Jacobian,

xoy

= (x, y) = xy — yx;

(x, y, z) = (xy)z — x(yz) ;
J(x, y, z) = (xy)z + (yz)x + (zx)y.

An alternative algebra A is a nonassociative algebra such that for any
elements xi, x2, x3 oí A, the associator (¡Ci,x2, x3) "alternates" ; that is,
(xi, x2, xs) = t(xiv xh, xh)

for any permutation i%,i2, i%of 1, 2, 3 where « is 1 in case the permutation is
even, —1 in case the permutation
is odd. If we introduce a new product into
an alternative algebra A by means of a commutator x o y, we obtain for any

x, y, z of A
J(x, y, z)o = (x o y) o z + (y o z) o x + (z o y) o x = 6(x, y, z).

The new algebra thus obtained will be denoted by A(~K Using the preceding
identity with the known identities of an alternative algebra [2] and the fact
that the Jacobian is a skew-symmetric function in /l(-), we see that /1(_) satis-

fies the identities

(1.4)
(1.5)

ïoï

= 0,

(x o y) o (x o z) = ((x o y) o z) o x + ((y o z) o x) o x
+ ((z o x) o x) o y
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for all x, y, z in A(~\ An algebra A whose multiplication satisfies (1.4) and
(1.5) will be called a Malcev algebra or a Moufang-Lie algebra, so named by

Malcev.
Since any associative algebra is an alternative algebra A, the Malcev
algebra A(~) is a natural generalization of a Lie algebra. Furthermore
the
algebra A'-~) of a Cayley-Dickson algebra yields a Malcev algebra which is not
a Lie algebra. It is an interesting question, and as yet unsolved, whether or
not all Malcev algebras are subalgebras of ^4(_) for some alternative algebra
A. The corresponding question for Lie algebras is of course answered in the

affirmative by the Birkhoff-Witt Theorem.
Throughout this paper the algebras considered are assumed to be finite
dimensional, although it should be clear when this restriction is not necessary.
In §2, many basic identities that are a consequence of (1.4) and (1.5) are
derived. These identities yield the result that the linear subspace, J(A, A, A),
spanned by all elements of the form J(x, y, z) for x, y, z in A is an ideal of A.
As we shall see J(A, A, A) is the most important ideal of A when A is not a
Lie algebra. In further attempts
to measure the "Lie-ness" of a Malcev
algebra an extremely useful linear transformation,
A(x, y), is given by zA(x, y)
= J(z, x, y) for all x, y, z in A. The identities show that the linear space,
A(A, A), spanned by all such A(x, y)'s is actually a Lie algebra under commutation. §3 is concerned with examples of Malcev algebras. In particular the
Cayley-Dickson
algebra A, its associated Malcev algebra -4(~) and a seven
dimensional simple Malcev algebra A* obtained from .¡4(_) are all discussed
in detail. It is conjectured that A* is the only simple Malcev algebra which
is not a simple Lie algebra. In §4 results for Malcev algebras analogous to
those for alternative algebras are discussed. Corresponding to Artin's Theorem for alternative algebras, namely, the subalgebra generated by two elements of an alternative
algebra is associative, it is shown that any two elements

of a Malcev

algebra

generate

a Lie subalgebra.

§5 is concerned with subspaces of a Malcev algebra which are invariant
under the Lie algebra A(A, A) or invariant under the Lie transformation
alge-

bra £(A) [8]. It is shown that N= {xEA : xA(A, A)=0},

called the J-

nucleus of A, is an ideal of A and furthermore
using the definition that a
semi-simple Malcev algebra is a direct sum of simple algebras, it is shown that
A is a semi-simple Malcev algebra if and only if £(.4) is completely reducible
in A. In this case A = N®J(A, A, A) where the /-nucleus N is a semi-simple
Lie subalgebra of A and J(A, A, A) is a semi-simple subalgebra of A which
is not zero unless A is a Lie algebra. A concept similar to that of solvability
in a Lie algebra is defined in §6: an ideal B of a Malcev algebra A is called

/-potent if defining Jl(B) = J(B, B, B) and Jk+l(B) = J(Jk(B), Jk(B), Jk(B))
there exists an A/^2 such that JN(B)=0.
It is shown that a maximal Jpotent ideal, 3(^4), exists and contains the maximal solvable ideal, S, of a
Malcev algebra A when 5 is not a Lie algebra. Also if A is a semi-simple,
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non-Lie, Malcev algebra, then S(A) = 0. To prove the converse, an analogue
to Engel's Theorem for Lie algebras seems necessary, however, further results
indicate that the converse might not be true.
§7 is concerned with the radical of a Malcev algebra A which is defined to
be the minimal ideal 91 of A such that A/W is zero or semi-simple. To investigate the radical, more relationships between A and £(^4) are obtained
and using the results of §5 we prove the important theorem: if A is a Malcev
algebra of characteristic zero, then A is semi-simple if and only if £(A) is a
semi-simple Lie algebra. From this we obtain that if A is a Malcev algebra
of characteristic zero, then sJl= ^4S where S is the radical of £(.4). An interesting result relating many of the preceding concepts is the chain of inclusions

Ji(S)CJ1(S(A))CA<xCA§, = ')1lwhere a is the radical of A(A, A) and Aa is
an ideal of A. Finally in this section the symmetric bilinear form f(x, y)
= trace (RXRV)is introduced in a Malcev algebra and it is shown that/(x, y)
is actually an invariant form. This result yields the analogue of Dieudonné's
Theorem for Lie algebras: if A is a Malcev algebra with nondegenerate
trace
form, then A is semi-simple.
In §8, derivations are discussed and it is shown that the linear transformation

D(x, y) = (Rx, Ry)+Rxy

is a derivation.

Furthermore

D is an inner-

derivation [8] of a Malcev algebra A if and only if D = P„-f-23, D(#„ yi)
where x¿, y¿ are arbitrary in A and « is arbitrary in the /-nucleus N. The
derivations of the seven dimensional Malcev algebra A* are discussed in detail and it is shown that the derivations of A* form a simple Lie algebra isomorphic to the exceptional simple Lie algebra G2. Finally in §9, the holomorph
3C of a Malcev algebra is defined similarly to that of a Lie algebra: let 2} be
the derivation
algebra of a Malcev algebra A. Form 3C=£)©yl and define
multiplication
* on 3C by (Pi+oi) * (D2+a2) = (Di, D2)+aiD2—a2Di+aia2.
The holomorph of a Malcev algebra is not as useful as that of a Lie algebra
because of the restrictive result: 3C is a Malcev algebra if and only if for all

x, y, z in A and D in 3D,J(x, y, z)D = —J(x, y, zD).
2. Fundamental
identities. The principal concern of this section will be
the derivation of simple results that follow immediately from the definition

of a Malcev algebra.
Definition.
A Malcev algebra A over a field P is a nonassociative
that is, a vector space over P with a distributive
satisfying

(2.1)
(2.2)

x2 = 0,
xyxz

= (xyz)x

multiplication

algebra,
defined on it

xy = - yx,
+ (yz-x)x + (zx-x)y

for all x, y, z of A.
It is not difficult to verify that any Lie algebra is a Malcev algebra; however, this result is an immediate consequence of the following
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Lemma 2.3. The identity (2.2) of a Malcev algebra is equivalent to either of

the following identities
(2.4)

7(x, y, xz) = 7(x, y, z)x,

(2.5)

7(x, xy, z) = 7(x, y, z)x.

Proof. Assume (2.2), then 7(x, y, xz) =xy-xz-\-(y-xz)x-{-(xz-x)y.
Now replace xy-xz by the right side of equation (2.2) to obtain 7(x, y, xz) = (xy-z)x
+ (yz-x)x+(zx-x)y+(y-xz)x
+ (xz-x)y or, 7(x, y, xz) = (xy.z+yz-x+zx-y)x

= 7(x, y, z)x.
Thus (2.2) implies (2.4). The converse merely requires a rearrangement
terms. Similarly, it can be shown that (2.4) and (2.5) are equivalent.
If the identities (2.4) and (2.5) are combined, we obtain the identity

(2.6)

of

7(x, xy, z) = 7(x, y, xz)

for any Malcev algebra. However, Malcev [7] has shown that (2.6) does not

imply (2.2).
The linearized form of (2.4) is obtained by replacing x by x+w in (2.4)
to obtain J(x+w, y, (x+w)z) = J(x+w, y, z)(x+w) or, 7(x, y, xz) + 7(x, y, wz)
+ 7(w, y, xz) +J(w, y, wz) = 7(x, y, z)x+7(x, y, z)w-\-J(w, y, z)x+7(w, y, z)w
by repeated application of the linearity of 7(a, b, c) in each argument. Two

applications of (2.4) then yield
(2.7)

J(x, y, wz) + J(w, y, xz) = 7(x, y, z)w + J(w, y, z)x

for all x, y, z, w of A.
A similar linearization

process for equations

(2.5) and (2.6) yields

(2.8)

J(x, wy, z) + J(w, xy, z) = J(x, y, z)w + J(w, y, z)x;

(2.9)

J(x, wy, z) + J(v¡), xy, z) = J(x, y, wz) + J(w, y, xz)

for all x, y, z, w oí A.
The linear transformation
Rx, where x is an arbitrary element of a Malcev
algebra A, is defined by the equations aRx = ax= —xa for all a in A. Note
that Rx-\-Ry = Rz+v because of the distributive
law of an algebra. For any
p, q, r, s in A, we have

J(p,

q, r)=p(RqRr

— RrRq —Rqr) and

J(p,

q, r)s

= p(R qRrRt —RrR qRs —R qrRs).

Lemma 2.10. Let A be a Malcev algebra of characteristic
x, y, z, w of A, we have the following identities :

not 2. For elements

(2.11)

Rj(x,y,z) = (Ry, RzRx) + (Rxz, Ry) + RzRzy ~ RyzRx + Ryxz,

(2.12)

Rj{x,y,z) — (Rx, Ryz) + (Pjo Rzx) + (Rz, Rxy),

(2.13)

(2.14)

Ryzx — RzRxy ~ RzxRy + iRyRz, Rx),

2îzj7(x,y, z) = J(w, x, yz) + J(w, y, zx) + J(w, z, xy),
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(2.15) 3J(wx, y, z) = J(x, y, z)w — J(y, z, w)x — 2J(z, w, x)y + 2J(w, x, y)z
if A is of characteristic
(2.16)

(2.17)

not 3,

J(J(x, y, z), x, y) = 3xyJ(x,

y, z) if A is of characteristic not 3,

trace(P*P„*) = trace^P*).

Proofs. For (2.11), we begin with the identity wRj(Z,y,Z)= wJ(x, y, z). Now
apply (2.7) to obtain wRJiXty,^= J(w, y, z)x —J(w, y, xz) —J(x, y, wz)

= w(RyRzRx—RyzRx—RtRyRx—RyRxz-\-Ry
.xZ-\-RXzRy-\-RtRXy-\-RiRyRx—RzRxRy)
= w[(Ry, R,RX)+ (RX„ Ry)+RzRxy-Ry*Rx+RyX*]. Now (2.11) follows immediately.
For (2.12), note that by an appropriate

change of symbols in equation

(2.11) the following identities arise:
(2.18)

Rj{y,z,x) = (Rz, RXRy)+ (Rxy, Rz) + RxRyz ~ RzxRy+ Rfyx,

(2.19)

Rj(z.x,y) — (RX, RyRz) + (Rzy, Rx) + RyRzx ~ RxyRz + Rxzy

Adding (2.12), (2.18) and (2.19) and using the skew-symmetry
Jacobian

in a Malcev

algebra,

we obtain

of the

3Rj(Z,u,z)= 2[(Rx, PZI) + (PV, P„)

+ (Rz, RXy)]JrRj(x.y,z). Since we are assuming

that

the characteristic

of A is

not 2, identity (2.12) follows.

For (2.13), add (2.11) and (2.18) to obtain 2Rj(*,„,*>
= (Ry,RzRx)+ (RXz,Rv)
+ RzRxy — RyzRx + Ry-xz + (Rz, RXRy) + (Ryx, Rz) + RxRyz ~ RzxRy + Rz -yx
= (Rx, Ryz)-\-(Ry,
Rzx)-\-(Rz,
Rxy)-\-Rxyz-\-Ryz-x-\-Rzx-y
— Ryz-x—(Rx,
RyRz)
-\-RzRxy —RzxRy Using (2.12) and the fact that Rxy z + Ryz -x+Rzx y = Rj(X,y,z),
we obtain 2RJ{x,y,Z) = 2Rj{x,y,z) —Ryzx — (Rx, RvRz)+RzRxy —RzxRy and there-

fore Ryz-x = RzRxy —RzXRy+ (RyRz, Rx) which completes the proof of (2.13).
For (2.14), use identity (2.12) to obtain 2wJ(X,u¡z)= wRj(X,y,Z)+wRj(x,y,z)
= w[RXy.z + Ryz-x +
= W[(RX, Ryz)-Rx-yz+(Ry,
+w[(Ry,

Rzx)-Ryzx]+w[(Rz,

Rzx-y + (R„
Ryz) + (Ry,
Rzx) + (Rz,
Rxy)]
Rzx) ~Ryzx+(Rz,
Rxy) ~ R, -xy]=w[(Rx,
Ryz) ~ Rx-yz]
Rxy)-Rz-xy]

= J(w,

x,

yz)+J(w,

y,

zx)

+ J(w, z, xy).
The proof of (2.15) is similar to that given for (2.14) and will be omitted.
For (2.16), let u = J(x, y, z) and note that we need only show J(u, y, y)
= 3xy-u. By definition, J(u, x, y)=ux-y+xy-u-\-yu-x
and therefore it
suffices to show that ux •y+yu ■x = 2xy •u. We begin with 2xy ■u = 2xy ■J(x, y, z)
—J(xy, x, yz) + J(xy, y, zx) + J(xy, z, xy), by applying (2.14). Therefore 2xy-u
= J(xy, x, yz)-\-J(xy, y, zx) or, using (2.4) 2xy-u = J(x, yz, y)x —J(y, zx, x)y
= J(y, x, yz)x+J(x, y, zx)y = J(y, x, z)y-x-\-J(x, y, z)x-y = yu-x-\-ux-y.
The identity (2.17) is the analogue for Malcev algebras of the invariant
Killing form for Lie algebras; we shall make use of well-known properties of
the trace function of matrices. Of course for this verification, we must assume
that A is a finite dimensional algebra.
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We begin with (2.11), Rjix,y,*)= (Rv, R,RX)+ (R,X, Ry)+RzRxy-Ry,Rx+
RyXi. If in (2.13)

we permute

arguments

x and y, we obtain

Ryxz = RzyRx —

R,Ryx+(Rv, RXRZ)and substitution
into the previous expression yields Rj(»,„,,)
= (Ry, RZRX)+ (RXZ, Ry) + 2(RzRxy-RyzRx) + (Ry, RXRZ). The trace of any
commutator is zero so that (2.12) and this expression yield trace (RzRxy —RVZRX)
= 0 or trace RzRxy = trace RyzRx. This completes the proof of Lemma 2.10.
A simple consequence of (2.17) and (2.13) is that trace Rx.yz = 0 for all
x, y, z of A ; this could also have been seen directly from another easily verified

identity

(2.20)

2Ryz.x= (Ry, Rxz)+ (Rz, J?J + (RyRz,Rx) + (Rx, RzRy).

The nonsymmetric character of the arguments
of a Malcev algebra can be removed by

in the defining relations

Proposition
2.21. An algebra A of characteristic not 2 is a Malcev algebra
if and only if A satisfies xy= —yx and xy-zw = x(wy-z)-\-w(yz-x)+y(zx-w)
-\-z(xw-y) for all x, y, z, w in A.
Proof. For the implication in one direction, merely apply (2.13) to an
arbitrary element win A and rearrange terms. For the converse, set w = x in
the identity of the proposition to obtain (2.2) in the definition of a Malcev

algebra.
There remain a few more useful identities

for Malcev algebra which require the ideas originated in [2; 6] for an alternative algebra and hence we
define a function G(w, x, y, z) by the equation

(2.22)

J(wx, y, z) = xJ(w, y, z) + J(x, y, z)w + G(w, x, y, z)

for all w, x, y, z in a Malcev algebra A.
Proposition
2.23. In a Malcev algebra of characteristic not 2 or 3 the function G as defined by (2.22) is a skew-symmetric function satisfying

(2.24)

3G(w, x, y, z) = 2[wJ(x, y, z) — xJ(y, z, w) + yJ(z, w, x) — zJ(w, x, y)],

(2.25)

G(w, x, y, z) = 2[J(wx, y, z) + J(yz, w, x)].

Proof. That G is a skew-symmetric

function

satisfying

(2.25) is proved in

[6]. In order to show (2.24), note that (2.22) yields 3G(w, x, y,z) = 3J(wx,y, z)
— 3xJ(w,

y, z) — 3J(x,

y, z)w = 2/(x,

y, w)z + J(x, y, z)w + J(y, w, z)x

+ 2/(x, w, z)y —3J(x, y, z)w —3xJ(w, y, z).by applying (2.15) to the term
3J(wx, y, z). Combining terms, (2.24) is an immediate
A simple consequence of (2.22) and (2.25) is

(2.26)

consequence.

J(wx, y, z) = wJ(x, y, z) + J(w, y, z)x — 2J(yz, w, x).

To measure the "Lie-ness"
able importance:

of a Malcev algebra,

the following is of consider-

432

A. A. SAGLE
Definition.

[December

For elements x, y oí a Malcev algebra A, set

(2.27)

A(x, y) = (RIt Rv) - Rxy.

Some elementary

properties of A(x, y) are given in

Lemma 2.28. Let w, x, y, z be any elements of a Malcev algebra A of characteristic not 2 or 3. Then

(2.29)

(2.30)
(2.31)

(2.32)

zA(x, y) = J(z, x, y),

-A(x, y) = A(-x, y) = A(y, *),
A(x, xz) = A(x, z)Rx = - RxA(x, z),

2P,(*.„,„ = A(x, yz) + A(y, zx) + A(z, xy),

(2.33)

A(x, y)k+1 = (-3)*A(*, y)Rxv,

(2.34)

(Rw, A(y, z)) = Rui,(y.t) + 2A(yz, w),

(2.35)

k = 0, 1, 2, • • • ,

2(RU, A(y, z)) = - 3A(w, yz) + A(y, zw) + A(z, wy).

Proofs. Equations

(2.29) and (2.30) are clear. Equation

(2.31) follows from

Lemma 2.3. Equation (2.32) follows from (2.14) and (2.29). Equation (2.33)
follows from (2.16) and induction.

For (2.34), let w, x, y, z be in A, then using

(2.27) we have —xRwA(y, z)=wzA(y,
z)—J(wx,
y, z); and, using (2.26),
—xRwA(y, z) =wJ(x, y, z) -\-J(w, y, z)x —2J(yz, w, x) = w-xA(y, z) —x-wA(y, z)

—2xA(yz, w)=x[— A(y, z)P„, —Pwi („,„>—2A(yz, w)]. This yields RwA(y, z)
= A(y, z)Rw+Rwii(y.z)+2A(yz, w) and therefore (2.34). Equation (2.35) follows from (2.34) and (2.32).
As an application

of these identities

we prove the following useful

Theorem 2.36. Let A be a Malcev algebra of characteristic not 2 or 3 and
let A(A, A) be the linear space spanned by all the A(x, y)'s, where x, y are in A.
Then A(A, A) is a Lie algebra under commutation.
Proof. It suffices to show that A(A, A) is closed under commutation.
First
note that for any v, w, y, z in A, 2(RW, A(y, z)) = —3A(w, yz)+A(y, zw)

+A(z, wy) is in A(.4, A), using (2.35). Secondly note that
4(P„, (Rw, A(y, %))

= - 6(P„, A(w, yz)) + 2(P„, A(y, zw)) + 2(P„, A(z, wy))
is again in A(A, A) by using the preceding sentence. Now (2.37) implies that
((P„, Rw), A(y, z)) = (Rv, (R„, A(y, z))) -(Rw, (R„ A(y, z))) is inA(^, ^).
Now for any A(y, w), A(y, z) in A(A, A) we have i(A(v, w), A(y, z))
= 4((P„, Rw)-Rv„, A(y, z)) = -4(R„,
A(y, z))+4((Pr,
Rw), A(y, z)) is in
A(A, A), by the first part of the proof. Using the bilinearity

of the commuta-

tor, we have for any S, T in A(A, A) that (S, T) is in A(A, A). We shall note
that
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(A(x' iï' A^M'"^ = A(xA(u> "). y) + A(*> y&(u> ")) + 3Rj(x,v,uv)

(2.38)

— 6A(xy, uv).

This is easily obtained

from (8.13) and Proposition 8.14.
3. Examples and ideals of Malcev algebras. The notation and definitions

given in [l ] for any nonassociative algebra A will be adopted for our investigations of Malcev algebras. These are: (1) If A(xi, • • • , x„) is a function of «
indeterminates
such that for any n subsets P, of A the elements A(¿>i,• • • ,bn),
for b,EBi, are in A, then h(Bi, ■ ■ • , B„) denotes the linear subspace of A

spanned by all of the elements A(2»i,• • • , bn), for biEB{. (2) If B is a subset
of A and 03.is a set of linear transformations
defined on A, then P03 denotes
the linear subspace of A spanned by all the elements bß for bEB and /3G03.

(3) A linear subspace B of A is called an ideal of A if BA Ç.B and ABQB.
An algebra A is called simple if A29*0 and A contains no proper ideals. Also
an algebra A is semi-simple if A is the direct sum of ideals which are themselves simple algebras. For an algebra A, set Am = A-A and A(*+1)= Aik)

■A(k).The chain A~Z)A(2)0 • • ■ D^4(*0 • • • is called the derived series of
A and if there exists an integer N such that A(N) = 0, A is called solvable.
An element a oí A is an absolute divisor of zero if aA=Aa = 0. The notation
x or [x]_ is used to denote elements of a quotient space A of A, and B or [P]~
is used to denote subsets of A.
Example 3.1. The following is a solvable, non-Lie, Malcev algebra. Let A
have basis \ex, e2, e3, e4J with multiplication
table
ex

e2

e3

e^

ex

0

—e2

—e%

d

e2

e2

0

2e4

0

e3

e3

— 2e4

0

0

0

0

0

e4

-64

With a few calculations,
one can easily show that A is a Malcev algebra.
However, J(ex, e2, eie3) =6e4 = 7(ei, e2, es)ei and hence A is not a Lie algebra.
The derived series of A is A Z) {e2, e3, e4} D {et} DO, and ^4 is a solvable alge-

bra.
Example

3.2. The .4(_) algebra of a Cayley-Dickson
algebra A Every
Cayley-Dickson
algebra can be extended to an algebra containing zero divisors by a suitable extension of the base field. We shall assume this extension
has been made and use the Zorn "vector-matrix"
form of the Cayley-Dickson
algebra possessing idempotents not the identity.
Briefly, we let the elements of the algebra A be of the form
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where a, b are elements of a field P and a, ß are 3-dimensional

vectors (oi, a2, o3)

over P.
For addition, we define
/a

a\

(c

y\ _ /a + c a + y\

\ß

b)

\8

d)"\ß

+ & b + d)'

We use the notation • and X for the scalar and vector
dimensional vectors and define multiplication
by

ac + a • 5

\ß

A is an alternative

A o B = AB-BA,

\ß

b)

\h

algebra

of 3-

ay + da — ß X 5\

d)~\c Kc+ 68 + a X y

b)\&

product

ß'y + bd

)'

and we define a new multiplication

o by

or

d)

(3.3)

ß ' y

(c - d)ß + (b

(a-b)y+(d-

a)ô + 2aXy

-(a

c)a - 2/3X S
' ô - ß • y)

)

The algebra Al~\ with multiplication defined by (3.3), is a Malcev algebra
and we choose as a basis for A(~} the elements

eo = (o

l)'

-CD-

/0
e2=(o

/0
e3=\o

(0, 1, 0)\
o y

^ __ /0
e" \0

*

(0, 0, 1)\
0 /'

(1,0, 0)\
o y

\(1, 0, 0) 0/'

—Í ° °y

C6= V(o,i, o) o/'

\(0, 0, 1) 0/

For all x in ^4(_), eaox = Q and hence we shall consider the algebra
A * = A(_>/ {eo}. We identify e,: in A(_) with the coset e, + {c0} in A * and denoting multiplication by juxtaposition we have the following multiplication
table for fields of characteristic not 2 :

er

«i

É2

«3

e4

<?6

0

2«2

2c3

2e4

■2e6

e2

-2e2

0

2«7

-2e6

ei

0

0

e3

■2c3

■2c7

0

2e6

ei

et

■2e4

2e6

■2e6

0

0

0
¿i

Ci

2e5

0

0

0
0
0

2e4

2e3

Ce

2e«

-ei

0

2e4

0

•2e3

2e2

«i

2C7

-ei

0
0

0

-2e6 — 2C7

— 2e2

0
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It is an easy matter to prove A* is a simple algebra. If B is an ideal containing an element t= Zt-i '»'*»>where ii^O, then 4¿— (/ei)ei = 4/iei is in B

and therefore e\ is in B. Consequently, from the above multiplication table,
B = A *. An ideal B of A * always contains such an element because if
s= ZJi-2 '<*<• (where $2^0 for example), then ebs= —s2ei+other terms.
Example 3.4. In the theory of Lie algebras, the product of two ideals is
again an ideal. However, the following is an example of a Malcev algebra A
with ideals B and C which are Lie algebras, yet BC is not an ideal of A. Let
A have basis {ei, e2, e3, e4, eb} with multiplication table
e\

e2

e%

e4

eb

ei

0

0

0

e2

0

es

0

0

0

0

e3

e3

0

0

0

0

0

«4

-e2

0

0

0

0

eb

0

-e,

0

0

0

Then B={elt

e2, e3\ and C= {e2, e3, e4} are ideals of A, yet BC= \e2} is not
an ideal of A.
We are able to provide a multiplication of ideals of a Malcev algebra with
the following

Theorem

3.5. If B and C are ideals of a Malcev algebra A of characteristic

not 2 or 3, then J(B, C, A) is an ideal of A.

Proof. By (2.14) we have AJ(B, C, A)QJ(A, B, CA)+J(A, C, AB)
+ J(A, A, BC). Since B and C are ideals of A, this yields AJ(B, C, A)
CJ(A, B, C)+J(A, C, B) + J(A, A, BC). Thus to show J(B, C, A) is an
ideal of A, it suffices to show J(A, A, BC)dJ(B, C, A). So let x, y, be in A,
b in B and c in C. Then by (2.26), J(bc, x, y)=bJ(c, x, y)—cJ(b, x, y)
—2J(xy,b,c)

and therefore

using (2.14) we obtain that 2J(bc,x,y)

—2cJ(b, x, y)—4:J(xy, b, c)=J(b, c, xy)+J(b, x, yc)+J(b,
—J(c, x, yb)—J(c, y, bx) —4/(xy, b, c) is in J(B, C, A).
Corollary

=2bJ(c,x,y)

y, cx)—J(c, b, xy)

3.6. If A is a Malcev algebra of characteristic

not 2 or 3, then

J(A, A, A) is the minimal ideal of A such that A/J(A, A, A) is a Lie algebra.
4. Lie subalgebras of a Malcev algebra. Brück and Kleinfeld considered
associative subrings of an alternative ring in [2] and the proofs in this section
are modifications of those in [2]. We shall permit the Malcev algebras in this
section to have arbitrary characteristic
because the only previously stated
identities used (except in Theorem 4.1) are (1.3), (2.1), (2.2) and (2.22) none
of which depend on the characteristic.
Definition.
A subset B of a Malcev algebra A is a Lie subset of A if
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7(5, B, B) = 0. B is a maximal Lie subset of A provided B is a maximal subset

of A such that J(B, B, B) =0.
It is easily shown that S is a maximal Lie subset of A provided 7(x, B, B)
= 0 if and only if x is in B. Also by using Zorn's Lemma, one can easily
verify that every Lie subset is contained in a maximal Lie subset.

Theorem 4.1. Let A be a Malcev algebra such that 3G(w, x, y, z) =0 implies
G(w, x, y, z) =0 for every w, x, y, z in A. Then every maximal Lie subset B of

A is a subalgebra of A.
Proof. Let w, x, y, z be in B, then (2.24) and the hypothesis on A yield
G(w, x, y, z) =0. Now by (2.22) we have J(wx, y, z) =0 and since B is a maximal Lie subset of A, wx is in B. By the linearity of the Jacobian, B is also a

subspace of A.
Theorem

(4.3)

4.2. Let X, B, C be subsets of a Malcev algebra A such that

J(X, X, A) = J(B, B, A) = J(C, C, A) = J(X, B, C) = 0.

Then the subset D = XKJB\JC

is contained in a Lie subalgebra of A.

Corollary
4.4. Any two elements a, b of A (or any three elements a, b, c of
A satisfying J(a, b, c) = 0) are contained in a Lie subalgebra of A.
Proof. From (4.3) and (2.22), which states
+ 7(x, y, z)w-\-G(w, x, y, z), we have

that J(wx, y, z)=xJ(w,

y,z)

(4.5)
G(A, A, X, X) = G(A, A, B, B) = G(A, A, C, C) = 0.
Let K = {kEA : J(D, D, k) = G(X, B, C, k) = 0} ; that is,
(4.6)

J(D, D, K) = G(X, B, C, K) = 0 defines P.

We shall show that DKCK. If d is in D=XKJBKJC, clearly J(D, D, d)=0
by the hypotheses; and by (4.5), G(X, B, C, d)=0. Thus d is in P; that is
PCP-

Furthermore,

(4.7)

from (4.5) and (4.6), we have

G(D, D, D, K) = 0.

From (2.22), (4.6) and (4.7) we have

(4.8)

J(DD,D,K)

= 0,

and for z in DUDD, we have

(4.9) 7(XP, X, z) = J(K, X, z)X + KJ(X, X, z) + G(X, K, X, z) = 0
by using (2.22), (4.3), (4.5), (4.6) and (4.7). Thus we have

(4.10)

Hence by

J(XK, X, D) = J(XK, X, DD) = 0.

(2.22), J(BC, X, XK) = J(C, X, XK)B + CJ(B, X, XK)

437

MALCEV ALGEBRAS

1961]

+G(B, C,X, XK),and using (4.10),we have J(BC, X, XK) = G(B, C,X, XK)
= 0. Arguing similarly on B and C we obtain

(4.11)
Since PCP,

G(X, B, C, DK) = 0.
(2.22) yields

(4.12) J(DK, D, D) = J(K, D, D)D + KJ(D, D, D) + G(D, K, D, D) = 0,
and hence by (4.6), (4.11) and (4.12) we complete the proof that DKQK.
Let

(4.13)

M = {mEK: J(D, m, K) = 0 and rnKQK];

that is, J(D, M, K) =0 and MKQK, where MCP. Let
(4.14)

S = {sE M:J(s,M,K)

= 0}

that is, J(S, M, K) =0, where SEM.
Note that by (4.6), PC M and DES. Clearly 5 is a subspace of A and we
shall show that S is a Lie algebra. Now since S C M C P we have J(S, S, S) = 0.
So we need only show 5 is closed under multiplication.

Also since SEMEK

and MKEK we have, using (2.22), (4.13) and (4.14), that SSEK and
G(M, K, S, S) = 0. Furthermore,

(4.15) J(SS, M, K) = J(S, M, K)S + 57(5, M, K) + G(S,5, M, K) = 0.

From 0 = /(5, 5, K) we have 5-5P+5P-5+P-55

= 0, and since SPCP,

we obtain SS-KEK. Now J(SS, M, P) = 0 implies, since DEM, that
J(SS, D, K) =0 and therefore by (4.13), 55CM. Hence by (4.13) and (4.14),
55C5. This completes the proof. The corollary is an immediate consequence.
By Zorn's Lemma, every Lie subalgebra of a Malcev algebra is contained
in a maximal Lie subalgebra which, we shall now show, is a maximal Lie subset of the Malcev

Theorem

algebra.

4.16. Let B be a Lie subalgebra of a Malcev algebra A and let C

be a subset of A such that J(B, B, C) = J(C, C, A) = 0. Then D = PWC is contained in a Lie subalgebra of A.

Corollary

4.17. Every maximal

Lie subalgebra of A is a maximal

Lie

subset of A.

Proof. Let K=\kEA:J(D,
D, k) = 0); that is J(D, D, P) = 0 defines
KEA. We shall show DKEK. Since J(C, C, A)=V, we have by (2.22)
0 = J(AA,C, C) = J(A,C,C)A + AJ(A, C,C) + G(A,A,C,C)
(4.18)
= G(A,A,C,C).

Since BBEBED, we have 0 = /(PS, B, K) = G(B, B, B, K). Therefore
0 = J(BB, C, K) = J(B, C, K)B+BJ(B, C, K) +G(B, B, C, K)=G(B, B, C, K).
Thus
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0 = J(BB, D, K) = G(B, B, D, K).

Using (2.22), (4.18) and (4.19) we obtain

(4.20)
G(D,D, D,K) = 0.
Moreover by the hypotheses, PCP and hence J(DK, D, D)=KJ(D, D, D)
+J(K, D, D)D+G(D, K, D, D)=0. Thus by the definition of P, DKEK.

Hence D E M = \m E K: J(D,
5= {sEM: J(s, M, P)=0}
Lie subalgebra.

m, P) = 0 and

mK E K~]. If

we see as in Theorem 4.2 that PC5

For the corollary,

let B be a maximal

and 5 is a

Lie subalgebra

of A

and let J(c, B, B) =0. To show that c is in B, let C = c in Theorem 4.16. Then
PCP^cC5,

where 5 is a Lie subalgebra

of A. Hence by the maximality

of

B, B=B\Jc and c is in B.
5. Invariant subspaces of the Lie algebras A(A, A) and £(A).

In this
section we shall consider the Lie transformation
algebra, £(A), the Lie
algebra A(.4, A) and their invariant subspaces. Schäfer [8] has defined the
Lie transformation
algebra of an arbitrary
nonassociative
algebra A as

follows: Let P(.4) (L(A)) be the linear space spanned by all right (left)
multiplications Rx (Lx) for x in A and set M = R(A)+L(A).
Then the Lie
transformation

algebra, £(A), of A is the intersection

of all Lie algebras

con-

taining M. Defining Mi = M, M,-=(Af,-_i, Mi), i = 2, 3, • ■ ■, Schäfer has
shown that (M<, M,) C Mi+j for i, j = 1, 2, • • • and that £(.4) = Mi
+ M2 +
For the remainder

of this paper we shall restrict all algebras to have character-

istic not 2 or 3.

Theorem

5.1. Let A be a Malcev algebra, then £(A)=R

+ (R, R) where

R = R(A).
Proof. Since A is anti-commutative,
Mi = P=Piand
M¿=-P¿ = (P¿_i, Pt).
By (2.20), 2Rxy.z=(Rx, Ryz) + (Ry, Rlx) + ((Rx, Ry),Rz). Using the above nota-

tion, P3CPi+P2.
Moreover (P2, R2)ER* = (R3, Ri)C(Ri+R>,
CP1+P2+P1.
Hence P1+P2 is a Lie algebra and therefore

POCP2+P3
by definition

£(A)=R + (R, R).
As an application

of the Lie transformation

algebra, we have the follow-

ing

Theorem

5.2. Let B be an ideal of a Malcev algebra A. The subspace

R(B) + (R(B), R(A)) generated by all elements of the form Rb+(Rb~, Ra) for
b, b' in B, a in A is an ideal of £(A).
Corollary
5.3. If A = A-A contains no absolute divisors of zero and £(A)
is simple, then A is simple.

Proof. From (2.20) we have

(5.4)

((Rx, Ry), R.) = 2Rxy.z- (RX}Ry!) - (Ry, R„).
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If xE-B and y, z£.A, then xy-zCB, yzGA, zx£B. This and (5.4) imply

(5.5)

(R(B), (R(A), R(A))) C R(B) + (R(B), R(A)).

If x, z(EA and yE-B, then xy-zÇzB, yz<CB, zxÇlA. This and (5.4) imply

(5.6)

((R(A), R(B)), R(A)) C R(B) + (R(B), R(A)).

From the Jacobi identity

for Lie algebras we see that

((R(B), R(A)), (R(A), R(A)))
= - ([R(A), (R(A), R(A))], R(B)) - ([(R(A), R(A)), R(B)}, R(A)).

Clear\y(R(A),(R(A),R(A)))CR(A)

+ (R(A),R(A)),iromTheorem5A,and

hence using (5.5)

([R(A),(R(A),R(A))],R(B))
C (R(A) + (R(A), R(A)), R(B)) C R(B) + (R(B), R(A)).

We also have ([(R(A), R(A)), R(B)), R(A))CR(B) + (R(B), R(A)) from
(5.5) and (5.6), so that ([R(B) + (R(B), £(¿))], [i?(/l) + (i?U), i?(^))])
C(R(B), R(A)) + (R(B), (R(A), R(A))) + ((R(B), R(A)), (R(A), R(A)))
CR(B) + (R(B), R(A)). Hence R(B) + (R(B), R(A)) is an ideal of £(A).
For the corollary

£(A)=R(A)+(R(A),

note that

R(B) + (R(B), R(A))

is a nonzero ideal of

R(A)) if 5 is a nonzero ideal of A. Thus if £(,4) is

simple, R(B) + (R(B), R(A)) = R(A) + (R(A), R(A)) and therefore R(A)
CR(B) + (R(B), R(A)). Hence A =A -A =AR(A) CAR(B) +A(R(B), R(A))
CB.
Proposition

5.8. A(,4, A) is an ideal in the Lie transformation

algebra and

£(A)=R(A)+A(A,A).
Proof. It suffices to show (Rx,A(u,v)) and ((Ry, Rz),A(u,v)) arein A(4, ,4).
But this follows from (2.35) and (2.38). The second part follows from Theo-

rem 5.1 and (2.27).

Theorem

5.9. If A is a Malcev algebra such that A=J(A,

A, A), then

A(A,A) = £(A).
Proof. We know A(A, A)Q£(A). So let Rx + (Ry, Rz) be in £(.4) where
x, y, z are in A =J(A, A, A). Then by (2.32), Rx, Ry and Rz are in A(A, A)
and since A(^4, A) is a Lie algebra

under

commutation,

Rx + (Ry, Rz) is in

A(A,A).
We shall now consider £(^4)- and A(A, /l)-invariant
subspaces
Malcev algebra. See [5] for basic properties of invariant subspaces.

of a

Proposition
5.10. Let A be an arbitrary nonassociative algebra and let B be
a subspace of A. Then B is £(A)-invariant
if and only if B is an ideal of A.

Proof. Suppose B is an ideal of A, then BR(A) CB and BL(A)CB. Thus

440

A. A. SAGLE

BMiEB

for all * and therefore B is £(yl)-invariant.

[December

Conversely,

£(4)-invariant. Then B£(A)CB and in particular, BR(A)EB
CP. Therefore B is an ideal of A.

suppose B is

and BL(A)

Using this result we shall study most of the properties of £(4)-invariant
subspaces as just properties of ¡deals of A. However in the case of a Malcev
algebra A, we want to measure the "Lie-ness" of A by considering i asa
A(A, ^-invariant
space. We start by defining a subset of A similar to the
nucleus of an alternative algebra defined in [2].

Definition. N = [xEA:xA(A,A)—0}
is called the J-nucleus of a Malcev
algebra A ; that is, N is the maximal subset of A such that J(N, A, A) =0.

Proposition

5.11. 7/^4 is a Malcev algebra, then NJ(A, A, A) =0.

Proof. By (2.14) we have NJ(A, A, A)CJ(N, A, A2)CJ(N, A, A) = 0.
Lemma 5.12. Let a, bEA be such that 7(a, b, A) = 0, then ab is in N.
Proof. By (2.26), we have for x, y in A, 2J(ab, x, y) = xJ(y,a,b)+J(x,
—J(xy, a, b) = 0. Therefore by the definition of N, ab is in N.
Corollary

a, b)y

5.13. N is an ideal of A.

Proof. Clearly A is a linear subspace of A and if « is in N, a in A, we have
7(«, a, A) =0 and by Lemma 5.12, «a is in N.
In the rest of this section we shall assume that the nonassociative algebra
A has no absolute divisors of zero and we can now say that a nonassociative
algebra A is simple if and only if A has no proper ideals. This yields A is simple if and only if A is £(.4)-irreducible.
In the case of a Malcev algebra we

have
Theorem

5.14. Let A be a simple

Malcev algebra.

Then A — N or

A=J(A,A,A).
Proof. Since 7(4, A, A) is an ideal of A, 7(4, A, A) =A or J(A, A, A) =0.
If 7(4, A, A)=0, then by Lemma 5.12 A2CN. But since A is simple A2 = A.
Thus 4= N.
An ideal P of a nonassociative
algebra A is called minimal if B contains
no proper ideals of A other than B itself. Thus we have that B is a minimal
ideal of A if and only if B is a £(yl)-irreducible
subspace of A.

Proposition

5.15. Let B be a minimal

(1) P2C N or J(B, B,A)=B;

ideal of a Malcev algebra A. Then

(2) BA CN or J(B, A,A)=B = J(B, B, A).

Proof. (1) Suppose B2rX-N,then by Lemma 5.12 J(B, B, A)*0. But by
Theorem

3.5, 7(P,

B = J(B,B,A).

B, A) is an ideal

of A contained

in B and

hence

The proof of (2) is similar.

Recalling that a semi-simple nonassociative
algebra A is a direct sum of
simple algebras (that are also ideals of A) and that £(A) is completely re-
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ducible in A if and only if A is a direct sum of £(^4)-irreducible subspaces
of A, we have A is semi-simple if and only if £(.4) is completely reducible
in A. For Malcev algebras we have

Lemma 5.16. Let B be an ideal of a semi-simple Malcev algebra A such that

Bi\N = 0. Then B = J(B, B, B)=J(B, B, A) = J(B, A, A).
Proof. The proof is similar to (5.14) and (5.15). It uses the fact that
A=Ai(B
■ ■ ■ @Ak where the Ai are simple Malcev algebras such that

AiAj = 0 if iptj, and furthermore that P=^4tl©
Theorem

5.17.

//

A

is

a

• • • ®A^.

semi-simple

Malcev

algebra,

then

A = N@J(A, A, A).
Proof. Since N is an ideal of A and A is semi-simple,

we can write

A =N®B where B is an ideal of A such that BC\N = 0. Then by Lemma 5.16,

B = J(B, A, A)EJ(A, A, A). But J(A,A, A) = J(N@B, A, A)EJ(N, A, A)
+J(B,A,A)=B.
UenceB = J(A,A,A).
Corollary

5.18. If B^O is a Lie algebra which is also an ideal in a semi-

simple Malcev algebra A, then BEN.
Proof. Let A=Ai®

■ ■ ■ ®Akand B = AX® ■ ■ ■ @Ar where the Ai have

the properties given in the proof of Lemma 5.16. Furthermore, since At=Ai,
we have B2 = B. So writing A =B@C where C is again an ideal such that

CB= BC=0, we have 0 = J(B, B, B) = J(B, B, A). Therefore by Lemma 5.12,
B = B2EN.
We shall now study the A(A, ^-invariant

subspaces

more closely.

Lemma 5.19. Let B be an ideal of a Malcev algebra A, then A(B, A) is an

ideal of the Lie algebra A(A, A).
Proof. From (2.38) we have 2(A(x, y), A(u, v)) = 2A(xA(u, v), y)
+ 2A(x, yA(w, v))-r-6Rj(x,y,u„)-l2A(xy, uv)=2A(xA(u, v), y)+2A(x, yA(u, v))
+ 3A(x, y-uv)+3A(y, uv■x) + 3A(uv, xy) —12A(xy, uv), by (2.32). Therefore if
xEB and y, u, vEA we have (A(x, y), A(u, v))EA(B, A) and by the linearity
of the commutator, A(P, ^4) is an ideal of A(^4, .4).
Lemma 5.20. 7/ (B is an ideal of A(A, A) and C a A(A, A)-invariant subspace of A, then B = C<S>
is a A(A, A)-invariant subspace of A.

Proof. This follows from ((B,A(A, A))E®.
Analogous to Theorem 3.5 we have

Theorem 5.21. // B is an ideal of a Malcev algebra A and C is a A(A, A)invariant

subspace of A, then J(A, B, C) is a A(A, A)-invariant

Proof. This follows from the preceding

= CA(S, .4).

subspace of A.

lemmas and from J(A,

B, C)
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subspace of a Malcev algebra

A.
Theorem

5.22. Let B be a A(A, A)-irreducible subspace of a Malcev algebra

A, then BEN or B = J(B, A, A).
Proof. Let C = BA(A, A). Then C is a A(.4, ^-invariant

subspace contained

in B. Therefore C = 0 or C = B.
Now in case B is A(A, A)-irreducible and B EN, then dim B = 1 over the
base field P. For let B = eiF@ ■ ■ ■ ®erFEN,
then the etP are subspaces
which are A(A, ,4)-in variant. Thus r = l. Now again if B is A (A, A) -irreducible

and B = J(B, A, A), then B is an ideal of J(A, A, A) which contains no
proper subspaces

that are ideals of A. We use these remarks

in

Theorem 5.23. Let A be a Malcev algebra such that A(A, A) is completely
reducible in A, then A = N®J(A, A, A) where N is completely reduced by
A(A, A) and J(A, A, A) is a semi-simple ideal of A.
Proof. Since N is a A(A, yl)-invariant

subspace of A, write A = N®B.

We

shall show that B = J(A, A, A). Now B is completely reduced by A(A, .4),
that is, the subspace B is a direct sum of A(A, A)-irreducible
subspaces,
therefore we may write B= B\® ■ ■ ■ ®Br where Bi are A(.4, .4)-irreducible
subspaces of A such that B{A(A, A) =P¿, since Biiy\N = 0. Therefore we have

J(A, A, A)=AA(A, A)=BA(A, A)=Y,iBA(A,
of the conclusion
Corollary

follows from the remarks
5.24. // A is a semi-simple

A)=Y/iBi = B. The rest

preceding

the theorem.

Malcev algebra, then A(A, A) is

completely reducible in A.
We shall finally investigate

ideals of £(^4) and A(^4, A) and the subspaces

of A induced by these ideals.

Proposition 5.25. Let B, C be ideals of a Malcev algebra A, then (C: B)L
= {TE£(A):BTEC\
is an ideal of £(A). Also if B, C are A(A, A)-invariant
subspaces of A, then (C:B)à= {A£A(¿, A):BAEC) is an ideal of A(A, A).
Proof. This follows easily from the definitions.
Corollary

5.26. Let B = AEbe an ideal of A, where E is a projection defin-

ing B. Then (B:A)L={TE£(A):
A(A, A)-invariant

(B:A)a={AEA(A,

TE = T\ =(B: A)LE. Also if B = AE isa

subspace of A, where E is a projection defining B, then

¿):AP=A}=(5:.4)iP.

Proof. This also follows from the definitions.

Proposition
5.27. Let C be a A(A, A)-invariant subspace of A and let ($>
be an ideal of A(A, A), then B = C(B is a A(A, A)-invariant subspace of A. Also

if C is an ideal of A and (Bis an ideal of £(A), then B is an ideal of A.
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Note that if P is a A(A, 4)-invariant
an ideal of 7(.4, A, A). Thus

the subspace

subspace of A, then by (2.32) B is
B in the above

proposition

is an

ideal of J(A, A, A).
We shall now investigate the centers
center C oí a Lie algebra L is the set of
where [ab] denotes the multiplication
A =N(BJ(A,
A, A) isa Malcev algebra

of £(4) and A(A, A). Recall that the
all elements c in L such that [cL] = 0,
of a and b in L. Now assume that
containing no absolute divisors of zero

and that Q(A(A, A)) is the center of the Lie algebra A(4, A). Let
A= Z<A(x¿, y,)GC(A(4, A)), then for any n£JV and x, y, zEA we have
(A, Rn+J(x,y,z)) = (A, P„) + (A, RJ(x,y,!)) = (A, Rj(x.y,z))=0,

by linearity we have for any wEA =N@J(A,

using (2.32). Thus

A, A) that 0 = (A, Rw), i.e.

ARW= RWA.Now let zí,dG4, then uvA = uRvA = uARv = uA ■v and uvA = —vRuA

= —vARu= u-vA. Also uvA= uvYÍíA(xí, y,) = Z> Jiuv, x¿, yA and obtain,
using (2.26), that uvA= Z< [uJ(v, x¿, y¿)+7(«, xit y%)v—2J(xiyit u, v)}
= Z> [u-vA(xi, y,)-\-uA(xi, yi) ■v—2J(xiyi, u, v)] = u-vA-\-uA-v —2J(z, u, v),
where z= ¿J**»?*- Thus uvA = 2uvA —2J(z, u, v), by the preceding remarks,
and therefore uvA = 2J(z, u, v).

Case 1. If z = 0, then for all u, v in A, 0 = uvA= uA-v. Now if A^O, then
there exists «oG^4 such that uaA9é0. But for all vEA we have 0 = WoA-!zand
since there are no absolute divisors of zero we obtain «oA = 0, a contradiction.

Therefore z = 0 implies A = 0, i.e., A^O implies zy^O.
Case 2. If Z9é0, then again since there are no absolute divisors of zero in
A there exists z0EA such that a = zz09*0. Therefore aA = zzcA = 27(z, z, z0) =0
and hence a is in the null space of A. Combining these cases we have

Lemma 5.28. If A = N(BJ(A, A, A) is a Malcev algebra containing no absolute divisors of zero and if 0y¿AGC(A(4,
singular.

A)), the center of A(A, A), then A is

Now we may write Ker(A) for the null space of the linear transformation

A and show

Lemma 5.29. If 09¿AEG(A(A, A)) and A=N @J(A, A, A) has no absolute
divisors of zero, then AA and Ker(A) are proper ideals of A.

Proof. Since Ay*0, z^O and therefore a = zz0G Ker(A). Thus^lA isa proper
subspace of A. Now for any uEA and izAG-4A, we have vA-u = vu-AEAA.
Thus A A is an ideal of A. Since A^O, Ker(A) is a proper subspace, by the
preceding lemma. Now for any wGKer(A) and vEA we have uvA = uA-v = 0
and therefore Ker(A) is an ideal of A.

Corollary

5.30. If A is A(A, A)-irreducible, then C(A(4, 4))=0.

Proof. On one hand, A = A and therefore Q(A(A,A)) CA(4, A) =0. Other-

wise A=J(A,

A, A) and A = 0 so that A=N®J(A,

G<3(A(.4, ^4)), then 4A and Ker(A) are proper

A, A). But if 0^A

ideals of A and therefore
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of A. Hence we must have e(A(.4, A))

= 0.
Corollary

5.31. If A(A, A) is completely reducible in A, then G(A(A, A))

= 0.

Proof. This follows from A=Bi® ■ • ■ ®Bn where 5, are A(A, A)irreducible
and A(A, A) = £,■ A(£<, 5,) and hence G(A(A, A))

= n,e(A(5i, Bi)).
Corollary
5.32. If A is a semi-simple Malcev algebra, then C(£(^4)), the
center of the Lie transformation algebra, is zero.
Proof. Since A is semi-simple, A =N@J(A, A, A) and A has no absolute
divisors of zero. An easy calculation shows £(A) = R(N) ®A(A,A) and

G(£(A)) = G(R(N)) @G(A(A, A)). Now since A is semi-simple, A(A, A) is
completely

reducible

e(A(,4, A))=0.

in A (Corollary

5.24) and by the preceding

R(N), where CCN. Then 0 = (R(C), R(N))=R(CN),
Therefore

corollary

Now let R(C) = G(R(N)), the center of the Lie algebra

since there are no absolute

since A(N, N)=0.

divisors of zero in A, CN = 0. But

AC = NC+J(A, A, A)C=0, since CCN and J(A, A, A)N = Q. This implies
C = 0.
6. /-potency. In this section we shall consider a concept similar to solvability which is useful in the discussion of the radical of a Malcev algebra.

Definition.

Let B be an ideal in a Malcev algebra A.

(0)

Set Jo(B) = J(B, B, B) and jT(B) = J(A(B), f0(B), j"o(B)).

(1)

Set JX(B) = J(B, B, A) and j7\b)

(2)

Set J2(B) = J(B, A, A) and À+\b) = J(j\(B), A, A).

An ideal B of A is called Jrpotent,

= J(Ä(B), j\(B), A).

i = 0, 1, 2, if there exists an integer Nl^2

such that 4(B) = 0.
Remarks.

(1) The case ^=1

is excluded because this case causes some

difficulty with the /-nucleus. (2) For all n we have JÔ(B)CJÎ(B)CJ2(B).
(3) For i = 0, 1, 2 we have 5D/,(B)Di?(5)D
• • • . (4) A /0-potent ideal
will simply be called J-potent.
We shall now obtain several conditions for an ideal of a Malcev algebra
to be /-potent. Thus let B be an ideal of a Malcev algebra A and let A(x, y)
—(Rx, Ry)—Rxy,

where

J0(B) =B, we havere/(5)

zA(x, y) —J(z,

x, y) (see

(2.27)).

Now

defining

if and only if T= Z J(ßu bu, b2i)= ZßMbu,

b2i),

where p\, bu, b2i are in Ja(B); that is, ÇEJ(B) if and only if fE5A(5, B).
Similarly ÇEJ2(B) if and only if f = Z< J(ji> hu hi), where j,, ju, j2i are in
J(B). Thus

t " ZjMjihja)
i

= Z Zßn'Mbuk, b2ik)A(ju,J2i);
i

k
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that is, tEJ2(B) if and only if ÇEBA(B, B)A(J(B), J(B)). By induction, we
obtain fEJk+1(B) if and only if ÇEBA(B, B) ■■ ■A(Jk(B), Jk(B)). Thus
P+1(P)=PlIÎ-oA(P(P).
J'(B)), where this is an ordered product.
Now since the descending chain condition for the subspaces A(P(S), Jl(B))
holds, we can assume that there exists an integer Afsuch that A(JN(B), JN(B))

=A(JN+l(B), JN+1(B)) = • • • . Calling the minimal such integer the index of
B provided that N ^ 1, we have
Theorem

6.1. ^4« ideal B of a Malcev algebra A is J-potent if and only if

the index N of B is such that B flf-o ¿(/'(P), P(P)) =0.
Corollary

6.2. ^4« ideal B of A is J-potent if the index N of B is such that

every element of A(JN(B), JN(B)) is associatively nilpotent.

Proof. By the definition of the index of B,

J»+KB) = Bjl A(Ji(B),J*(B))= B TJ A(J<(B),J*(B)).
t'= 0

By (2.14) and induction

i=0

we obtain

for every integer w, Jn(B)J"(B)EJn(B)

and therefore by (2.38) and the above remark (3), A(JN(B), JN(B)) is closed
under commutation.
Now using Theorem 1, page 201 of [3] concerning
weakly closed sets, we see that the enveloping algebra of A(JN(B), JN(B)) is
an associative nilpotent algebra of linear transformations
and hence for large

enough M, H"-n A(P(P), P(P)) =0. Thus B is J-potent.
We now consider a concept similar to the maximal solvable ideal of an
algebra.
Lemma 6.3. // U, V are J-potent ideals of a Malcev algebra A, then so is

U+V.
Proof. First note that for P, P subsets of the ideals U, V and DEA

we

have J(E, F, D) EU C\V. Then Jl(U + V) E J(U, U+V, U + V)
+ J(V, U+V, U+V)EJ(U, U, U+V) + J(U, V, U+V) + J(V, U, U+V)
+ J(V, V, U+V)EJ(U, U, U)+J(U, U, V)+ J(V, V, U)+J(V, V, V)
+ UnVEJ1(U)+J1(V)
for every

integer

+ Ur\V. Similarly we can show by induction that

«, Jn(U+

V) EJn(U)+Jn(V)

+ UC\V. Therefore

for large

enough N, JN(U+ V)E UCWEU and for a larger M, JM(U+V)EJM(U)
= 0.
We can now define a unique maximal /-potent
ideal of A : 3(^4) = ^a Ua
where the Ua are J-potent ideals of A. Similarly there exist unique maximal

Ji-potent ideals 3i(^) and 32(A) of A.
Proposition

6.4. Let 3(^4) be the maximal J-potent ideal of a Malcev

algebraA. Then (1) S(A/$(A))=0; (2) if B is an ideal of A suchthat S(A/B)
= 0, then S(A) EB or J($(A))EB.
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?¿0, then there is an ideal B of A such that

P = P+3(,4)
is a nonzero /-potent ideal of A/$(A). But this means JN(B)
C304) for large enough Afand hence JM(B) =0 for a still larger M. Therefore
PC304),
contradicting the assumption that B is a nonzero ideal of A/$(A).

(2) The coset F = 3(^)+P

is such that if /(F) ^0, i.e., J($(A))CZB, then F

is /-potent
in ^4/P and therefore F = 0, i.e., 3(-4) C-B- Similar
hold for the maximal /.-potent ideals i=\, 2.

Theorem

statements

6.5. Let S be the maximal solvable ideal of a Malcev algebra A.

Then (1) %(A)E$i(A)E$(A);

(2) MA)i\S^0

ifSi(A)*0;

(3) 5 = 0 im-

plies $i(A) = 0; (4) 5C3G4) */ 5 is not a Lie algebra.
Proof. (1) From the remark

(2) following the definition

of /¿-potency,

we

have that $%(B) =0 implies 3f(P) =0 implies 3"(P) =0. Thus by the defini-

tion of 3i(A), (1) follows. (2) Let J?+1(B)= /(/f(P),

/f(P), A)=0, where

C=/f(B)?i0
and B is an ideal of A. Then C is an ideal of A. Certainly
/i(P) = J(B, B, A) is an ideal of A and if we assume /f(B) is an ideal of A,
then /f+1(P) = /(/f(P), jf(B), A) is an ideal of A by Theorem 3.5. Now

J(C, C, A)=0, therefore by Lemma 5.12, C2EN. But also CEJ(A) and
C2C/G4). Hence by Proposition 5.11, C2-C2ENJ(A) =0 and C is solvable.

Thus if 3iG4)^0, 0?íCCPC3i(^)
(3) If 5 = 0, then /i(.4)C\5

Ji(A)=0.

and CC5 so therefore CCSt(A)i\S.

= 0 and therefore

using the contrapositive

of (2),

(4) Let P be a non-Lie ideal of A, then J(B) CP(2) = B-B 9*0 and

by induction,
B is /-potent.
Theorem

JK+1(B) CP(*+I) -P(*+1) =B«+«.

Thus if B is solvable, then

6.6. Let A be a semi-simple, non-Lie Malcev algebra, then 304)

= 0.
Proof.

NiEN
Then

Since A is semi-simple

write

$(A)=Ni®Bi®

■ ■ • ®Bn where

and the B, are simple subalgebras of J(A) such that P,PJ = 0 if iptj.

m(A)) = E J(Bi, Bj, Bk) = Z J(Bk) = Ift
i,j,k

k

k

and by induction Jn(3(A)) = £* Bk. Since $(A) is /-potent,
then 304) =^1

and therefore

/(304))=0.

However

£* P* = 0. But

by definition

we must

have an integer N%2 such that JN(S(A)) =0.
Analogous

to /-potent

ideals we define a A(.4, yl)-invariant

B of A to be /-potent if defining Jl(B)=J(B,

subspace

B, B)=BA(B, B)EB and

Jk+i(B)=Jk(B)A(Jk(B),

Jk(B))EJk(B),

there exists an integer A7£2 such

that/Ar(P)=0.
In a manner similar
potent A(A, ^-invariant

to that for ideals, we obtain
subspace, 3(A, A), of A.

a unique

maximal

Theorem 6.7. If A(A, A) is completely reducible in A, then 3(A, A) =0.

/-
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Proof. Similar to Theorem 6.6.
Proposition

6.8. Let B be an ideal of A such that A=A/B

is completely

reducedby A(J, A~),then 3(A, A) CB or /(3(A, A)) CB.
Proof. Using Theorem 6.7, the proof is similar to that of Proposition

6.4.

Proposition 6.9. 3(¿)C3(A, A).
Proof. 3C<4) is a /-potent

ideal and therefore a /-potent

A(^4, ^-invariant

subspace of A.
We shall use these results in determining some properties of the radical
of a Malcev algebra.
7. The radical of a Malcev algebra. The radical of an arbitrary finite
dimensional nonassociative
algebra A is defined by Albert in [l] to be the
minimal ideal 5Í (sometimes denoted by rad(^4)) of A such that A/%1 is
zero or semi-simple, that is, a direct sum of simple subalgebras. Furthermore
in [l ] it is shown that if A is homomorphic to a semi-simple algebra, then the
radical, 5Í, exists in the sense that A/'¡It is semi-simple and 5Í is contained in
every ideal B of A for which A/B is semi-simple. We shall now investigate
the relationships
between the Lie transformation
algebra, £(^4), and the
radical 5Í of A. For this we need the following theorem of Jacobson [4]:

Theorem 7.1. Let L be a Lie algebra of linear transformations in a finite
dimensional vector space M over afield of characteristic zero. Then L is completely

reducible in M if and only if the following conditions hold: (1) L=C@L\,
where L\ is a semi-simple ideal of L and C the center of L and (2) the elements of
Care semi-simple. An element of C is semi-simple means that its minimum polynomial is a product of distinct irreducible polynomials.

Again we shall assume for the rest of this section that the nonassociative
algebra A has no absolute divisors of zero. Using Theorem 7.1 we have
Theorem 7.2. Let A be a nonassociative algebra over a field of characteristic
zero. Then A is semi-simple if and only if £(A) is completely reducible in A if
and only if £(A) = Q(£(A)) ® £i(A) where £i(A) is a semi-simple ideal of
£(A) and &(£(A)) is the center of £(A) which consists of semi-simple elements.

Corollary
7.3. Let A be a nonassociative algebra over a field of characteristic zero such that A being semi-simple implies C(£(^4)) =0. Then A is semisimple if and only if £(A) is a semi-simple Lie algebra. (Note that from Corollary
5.32 a Malcev algebra has this property.)
Theorem

^£(A)/(B:

7.4. Let B be an ideal of a nonassociative algebra A, then£(A/B)

A)Lwhere (B: A)L= {TC£(A): ATCB] = {TE£(A): TE=T\

and E is a projection defining B=AE.

Proof. It suffices to show that if T**r(xi,

• • • , xn)C£(A),

then the map
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onto

£(A/B),
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where x,G4/5

= 4, coincides

with the induced map ij: T^>T of £(A) onto £(4) where TE£(A)

is defined

by a- T= [aP]~. For suppose T = t(xi, • • • , xn), then from Chapter 4, §2 of
[5] we see that the map ij: T—*T is a homomorphism of £(4) onto £(.4/5)
and that the kernel of ij is (5: A)l- The rest of the theorem now follows.
Now
to show
T = t(xi, • ■ • , x„): äT = [aT]~ = [ar(xi, • • • , x„)]~
= är(xi, • • • , x„), because t is a polynomial in RXi and LXj and using an extension of [aRxJ~ = âx,; and [aLXj]~ = ax¡. Thus 7 = t(xi, • • • , xn).

Corollary

7.5. If A is a nonassociative algebra and 03 is an ideal of £(.4),

iAe» £(yl/,4û3)^(£(4)/û3)/(04(B:

4)L/03).

Proof. From Proposition 5.27, A03 is an ideal of A. The isomorphism
lows from the second isomorphism theorem noting that 03C(4û3: 4)l.

fol-

Theorem 7.6. Let A be a nonassociative algebra over a field of characteristic
zero such that A is properly homomorphic to a semi-simple algebra. Assume if

B is an ideal of A such that A/B is semi-simple, then Q(£(A/B)) =0. Then the
radical 9? of A equals AS,where S is the radical of £(A).
Proof. Since A is homomorphic

to a semi-simple

algebra, let 5 be an ideal

of A such that A/B is semi-simple. Then £(A/B)^£(A)/(B:

A)L is a semi-

simple Lie algebra and therefore SC(5: A) r.. Now since B is an ideal, 5=^4P
where P is a projection and it is easily seen that (5: A)L = (B: A)lE. There-

fore ASQA(B: A)L = A(B: A)LEQAE = B. In particular this shows AS is a
proper ideal of A if S^O and when 5 = 5Î we obtain ^4SC9c\ To obtain the
reverse

inclusion

note that

£(A/A%)^(£(A)/S)/((AS:

A)L/S)

£(A/AS) is semi-simple. By Theorem 7.2 with &(£(A/AS))=0
^4/.4S is semi-simple and hence WCAS.

and therefore

we obtain

Corollary
7.7. Let A be a Malcev algebra over afield of characteristic zero
and let A be properly homomorphic to a semi-simple algebra, then the radical of

A is AS where S is the radical of the Lie algebra £(.4).

Proof. This follows from Theorem 7.6 and Corollary 5.32.
We shall now investigate the subspace ^4<r, where a is the radical of
A(.4, ^4), and find relationships between this subspace and the radical AS.
One difficulty that arises is the investigation of A(4, 4) where 4=4/5
with
5 being a A(A, ^-invariant
subspace of A : A(x, y) is defined on an algebra
and multiplication is involved, but A need not be an algebra. To circumvent

this difficulty we shall show that the map Â(x, y) induced by A(x, y) on ~Ä
can be identified in a natural way with A(x, y). To do this first consider
[J(x, y, z)]~ and J(x, y, z) as subsets of A. Since A need not be an algebra,
J(x, y, z) need not be defined in terms of products, but since B is a A(/l, A)invariant subspace of A, J(x, y, z) can be identified with [7(x, y, z)]~

in 4=4/5.

For /(*, y, z) = J(x + B, y+B,z+B)

QJ(x, y,z) +B = [7(x, y, z) ]-,
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since P is a A04, /l)-invariant
subspace of A. Now if J(x, y, z) = /(«, v, w),
then J(x, y, z) C [/(«, v, w) ]~ and /(m, v, w) E [J(x, y, z) j~. Thus the identification of J(x, y, z) with [/(x, y, z)]~ in ^4/P is single-valued. Now let Â(x, y)
be the linear transformation
induced on .4=^4/P by A(x, y), i.e., zÄ(x, y)
= [zA(x, y)]~ and let A"(A, A) be the linear space spanned by these transformations. Furthermore
let A(.4, A) be the linear space spanned by the
transformations
A(x, y) defined by zA(x, y) = /(z, x, y), then we have by the
various definitions, zÂ(x, y) = [zA(x, y)]~= [J(z, x, y)]~ = J(z, x, y) = zA(x, y)

and hence Ä(x, y)=A(x, y). By linearity we obtain E(A, A)=A(A,

A). As

an application we have
Proposition

7.8. Let B beaA(A, A)-invariant subspace of A and A =A/B.

ThenA(A, A) is a Lie algebra andA(A, A)Ç=.A(A, A)/(B: A) a as Lie algebras.
Proof. Let r: A(x, y)—>Ä(x, y) and extend t in a linear fashion to a map

P: A04, A)—>Ä(A,A). It is easily seen that T is a homomorphism of the Lie
algebra A(A, A) onto the Lie algebra A(A, A). But A(A, A) =A(J, A). Thus
A(j4, A) is a Lie algebra and the kernel of P is clearly (B: A)&.
Corollary

7.9. Let (Bbe an ideal of the Lie algebra A(A, A) and lelB = A (B,

then A(A/B, A/B)^(A(A, A)/(S>)/((B:A)á/<&).
Theorem 7.10. Let A be a Malcev algebra over a field of characteristic zero,
thenA(A, A) is completely reducible in A if and only if A(A, A) is a semi-simple

Lie algebra.
Proof. The proof is similar to that

of Corollary

7.3, just noting that

A04, A) being completely reducible in A implies C(A(.4, ^1)) = 0.
We shall now investigate

of A such that A=A/W

the minimal

A04, yl)-invariant

subspace,

ÜDc,

is completely reduced by A(A, A). Assume that

there exists a A04, j4)-invariant
subspace B of A such that A —A/B is completely reduced by A(^4, ^4), then by the minimum condition for A(4, A)invariant subspaces of A there exists a minimal such subspace, 50c, of ^4. We

now have
Theorem 7.11. Let A be a Malcev algebra over a field of characteristic zero
and let B be a proper A(A, A)-invariant subspace of A such that A=A/B
is
completely reduced by A(A, A). Then 3^ = ^40- where a is the radical of the Lie

algebra A(A, A).

Proof. Similar to Theorem 7.6.
We shall eventually

show Aa is an ideal of A, but first we have

Lemma 7.12. If B is a A(A, A)-invariant subspace of a Malcev algebra A
such that B is properly contained in J(A) and A=A/B is completely reduced by
A(A, A), then a nontrivial multiplication can be defined on A so that it becomes
a Malcev algebra.
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Proof. Since A is completely reduced by A(.4, A), A = N(BJ(A). We shall
first define a multiplication

for N = {x = x-\-B: xA(A, A)—0\.

We have

0 = ÑA(I, J) = J(Ñ, J, J) = [J(M, A, A)}~ where M is a subset ofji such
that N = M/B. Thus we have J(M, A, A)CB, i.e., if x = x+BCN, then
J(x, A, A)=xA(A, A)CB. Now let m, ñ2CN and set «i«2= [«iw2]~. This is
well defined, for if ñi —rñi, ñ2= m2, then «i-miGß
and n2 —m2CB and there-

fore«^— m\n2Cn2BCn2J(A) —n2R(J(A))Cn2A(A, A)CB, by the preceding
remarks where R(J(A))
CB and adding these
cation is well defined
with (2.26) we obtain

denotes right multiplication by J(A). Also m\n2 —m\m2
results we obtain [wi«2]~ = [mim2]~~. Thus the multipliand using /(M, A, A)CB where N=M/B
together
»iñ2 = [wiw2]~GN. Thus N is an algebra. Now to define

multiplication between A7and J(A) = AA(A, A). For ñCN and jEJ(A), set
«7= [*/]""• This is also well defined, for if «i=ñ2, Ji=j2, then wi—n2CB and
j\—j2CB. Now we can assume jiCJ(A), since 5C/(^4) and jiE-J(A)+B.
Therefore Hih —nij2Cn\BCB, as before. Also Wjj2—n2j2CBj2CBA(A, A) CB
and adding we obtain

J(I)

[»iji]~ = [w2j2]~ and the multiplication

is well defined. Note that ñj=[nj]-C[NA(A,

NJ(A)=0.

In a similar way we define for jiCJ(A),

between

N and

A)]~CB = Ö and thus
jij2= \j\ji\~- It isclear

that A is now a Malcev algebra by extending the multiplication
to all of A
via the distributive laws. The multiplication
is nontrivial, for if A2 = Q then

we see J(A)CÄ2=Ö and therefore J(A)CB.
hypothesis that BAJ(A).

So B = J(A), contrary to the

We shall always consider a quotient space A satisfying this theorem as a
Malcev algebra with multiplication
äiä2=[aia2\~ where &iCA/B = A. Furthermore it is easily seen that the map n: a-^ä —a-\-B is an algebra homomorphism of A onto the Malcev algebra A. Let B' be the kernel of this algebra
homomorphism,
then B' is an ideal of A and clearly B' = B. This proves
Theorem
7.13. If BCJ(A)
is a A(A, A)-invariant subspace of a Malcev
algebra A such that A=A/B
is completely reduced by A(A, A), then B is an

ideal of A.
Proof. The case B = J(A) is clear because B is already an ideal.

Corollary

7.14. A =A/A<x is a Malcev algebra and Acr is an ideal of A.

Now we investigate

Theorem

relationships

between

A$ and ylo*in the following

7.15. Let A be a Malcev algebra over a field of characteristic zero

and let 3ÍÍ= /1S, W —Acr where S (<r) is the radical of the Lie algebra £(A)
(A(A,A)). Then
(1) Sfl/iSRis the radical of N where N is the J-nucleus of A =A/W..
(2) There exists an integer k such that 9l(t) C90Î and <ilA(A, A) C^Dc-

(3) A/m^WmQA/yi

3c/9K©^/iR.

where A/M (íl/ÜJl) is a subalgebra (ideal) of
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(4) £(9í/SDí) is the radical of the Lie algebra £(A/W).
(5) (S,A(A,A))E<t.
Proofs. (1). First we note that if PC J(A) is a A (A, A) -invariant

of A such that A=A/B

= rad(N) where N is the /-nucleus
composition
N = rad(A0 © M

= rad(JV) ®M®J(I).
algebra,

of A. To show this, write the Levi deand
now
write
A = N ® J(A)

Now A/rad(N)^M®J(I)

so by definition

subspace

is completely reduced by A(.4, .4), then rad(4)

rad(A) Erad(N).

is a semi-simple Malcev

But since N is an ideal of A,

rad(A0 Crad(^4). Thus rad(N) =rad(vl). Secondly note that if B is an ideal

of A and PC^ = rad04), then rad(A/B)EW/B. For A/9l£i(A/B)/(WB) is
semi-simple therefore by definition rad(A/B)
have by the preceding two remarks that

C9Î/P- Finally to show (1) we
rad(N) —rad(A) CZSi/lOc. Now

rad(ÏV) is an ideal of A, since rad(N) is an ideal of "Ñ and NJ(A) =0. So
rad(N) = W/W = rad(A),

where W is an ideal of A containing

SDÎ.Therefore

A/W=(A/m)/(W/Wt)
= l/ra.d(X) is semi-simple and hence NEW. Thus
W$ßCW/Wl = rad(N); this proves (1). (2) Both follow from 9c/9Jc= rad(j\T)
C N which is a Lie algebra. (3) As in the proof of (1) write vl/SfJÎ

= rad(ÄT)
©¥©/(!)

= 9î/5m©M©/Oj). (4) Let J = A/Jfl = Ñ®J(J),

then £(£) = £(N © J(A)) = £(N) © £(/(^))
= R(rad(N))®R(M)®£(J(A)),

= P(A0 ® £(J(A))

by the Levi decoinposition

of_ N. Thus

£(I) = P(rad(A0) © £(37) © £(/(!)) = P(rad(I)) © £(M © /07))
£ R(rad(Ny © £04/9?). This_last
statement follows from A/<SR
= rad(F) ©¥©/(!)_
where rad(iV) =rad04) =WW and therefore ^/9i
^(A/W)/Cñ/W)^M®J(A).
Now £(^/9î)
is semi-simple so we have
rad(£(I))

Ci^rad(A7)) = £(rad(Â7))=_£(9c/50c).

For the reverse

inclusion

note that rad(N) is a solvable ideal of A and therefore R(rad(N)) is a solvable
ideal of £(A). Hence £(9c/2)c) =P(rad(F))
Crad(£(Z)),
since the radical
of a Lie algebra is its maximal solvable ideal. Thus we have shown rad(£(.4))

= P(rad(A0) = £(9l) where l = A/m, 91= yi/Wl and Ñ is the /-nucleus of J.
(5) (S, A(A, A))Erad(£(A))C\A(A, A)=rad(A(A, A))=<r.
We shall now investigate invariant forms defined on a Malcev algebra and
their relationships to the radical. Let A be any nonassociative algebra over a
field P. A function / from A XA into P is an invariant form for A if (1) / is
bilinear; (2) f(x, y)=f(y, x); (3) f(xy, z)=f(x, yz). An invariant form/ is
nondegenerate if f(x, a) =0 for all a in A implies x = 0.

Theorem 7.16. Let A be a Malcev algebra over a field P. The trace form
tr(x, y) =trace(PIP!/)
is an invariant form for A.

Proof. Clearly (1) and (2) are satisfied. (3) follows from (2.17).
The following lemmas are simple analogues
Lie algebras and their proofs will be omitted.

of well-known

properties

of

Lemma 7.17. Let B be an ideal of a Malcev algebra A. The restriction of the
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trace form of A to B is identical with the trace form of B considered as a Malcev

algebra.

Lemma 7.18. Let 5 be an ideal of a Malcev algebra A such that 52 = 0. PAere
tr(x, a) = 0 for every x in 5, a in A.

We also have available Dieudonné's

Theorem for arbitrary

nonassociative

algebras.
Theorem

7.19 (Dieudonné).

Let A be a finite dimensional algebra with

nondegenerate invariant form f. Assume A has no nonzero ideal B with 52 = 0.
Then A is a direct sum of simple ideals, on each of which f is again nondegenerate.

Using Lemmas 7.17, 7.18 and Theorem 7.19 we have
Theorem 7.20. Let A be a Malcev algebra with a nondegenerate trace form,
then A is semi-simple.

Now let ytir(A) = {xG4:for

all a in A, tr(x, a)=0}.

Then WUA) is an

ideal of the Malcev algebra A and we have

Corollary
7.21. If B is an ideal of a Malcev algebra A such that yitt(A/B)
= 0, thenrad(A)CB.
Proof. Since yitr(A/B) =0, f(ä,
form on A/B. Therefore ^4/5 is
Note that rad(4) is contained in
erty stated in Corollary 7.21.
Combining some of the results

l) =tr(RäRb) is a nondegenerate invariant
semi-simple and consequently rad(4)C5.
the minimal ideal 5 of A having the propof §§6 and 7 we have

Theorem
7.22. Let A be a Malcev algebra of characteristic zero which is
properly homomorphic to a semi-simple algebra and let S be the maximal solvable

ideal of A. Then (1) S C3(A) HAS if S is nota Lie algebra.(2) J(S)CJ(3(A))
C7(3(A, ^4))C-4<rC4SC5 where B is the minimal such ideal of Corollary
7.21. (3) If 3(A, 4)C4cr, then $(A, A)/AoQN where Ñ is the J-nucleusof

J = A/Ao.
Proof. (1) follows from Theorem

algebra A, SCrad(yl).
Proposition

6.5(4) and the fact that for an arbitrary

(2) follows from Theorem 6.5(4), Proposition 6.9,

6.8 and Corollary

7.21. (3) follows from a modification

of the

proof of Theorem 6.6.
The preceding sections give fundamental
results on the radical of a
Malcev algebra and semi-simple Malcev algebras. However to complete a
basic structure theory the simple non-Lie Malcev algebras must be determined. Further results by the author indicate that if A is a finite dimensional
simple non-Lie Malcev algebra over an algebraically closed field of characteristic zero, then A is isomorphic to the algebra A* discussed in Example 3.2.
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8. Derivations of a Malcev algebra. A derivation of an algebra A is a
linear transformation

D of A satisfying

(8.1)

(xy)D= xDy + xyD

for all x, y in A. We may write (8.1) in an equivalent

(8.2)

form

Rxd = (Rx, D)

Proposition

for all x in A.

8.3. Let A be a Malcev algebra. Then for every x, y in A, the

linear transformation

D(x, y) = (Rx, P„) +Rxy is a derivation of A.

Proof. Beginning with (2.13), we have for any x, y, z in A, RXyt = RvR,x
—RytRx+RxRyRz —RzRxRy, RZyx = RyRzz —RyxRz+RzRyRx—RxRzRy and RXz-v
= RzRyz — RzyRx + RxRzRy — RyRtRx. Adding these we obtain P,d(V,x)
= (Rz, D(y, x)). Thus D(x, y) = —D(y, x) is a derivation of A because of (8.2).

A set of elements 5 of an algebra A is characteristic if S DES

for all deriva-

tions D of A.
Proposition
8.4. Let A be a Malcev algebra. Then J(A) and N are characteristic ideals of A.
Proof. A simple calculation shows that J(x, y, z)D = J(xD, y, z) +/(x, yD, z)
+J(x, y, zD). Now the results follow from Theorem 3.5 and the definition of
/-nucleus.

Theorem

8.5. Let A be a Malcev algebra, then Rx is a derivation of A if and

only if x is in N.
Proof.

Rx is a derivation

= ax-b+a-bx,
is in N.
Corollary

if and

only

if ab-x = (ab)Rx=aRx-b+a-bRx

that is, 0 = /(a, 6, x) for all a, bin A; that is, if and only if x
8.6. Let A be a simple Malcev algebra, then RX9*Q is a deriva-

tion of A if and only if A = N.
The derivations of a Malcev algebra A form a Lie algebra 33 under commutation which we shall now investigate. Let D be any derivation of a Malcev
algebra

A and rewrite

(8.2) as RxD = RxD+DRx,

for any x in A. Then RxRyD

= Rx(RyD+DRy)=RxRyD+RxD+DRxRv,
or (RXRV,D)=RtRyD+RxDRv. Similarly —(RyRx, D) = —RvdRx —RyRxD- Since (Pi,,, D) = R(XU)D
= RxVd+Rxd-y,
we may add these last three equations to obtain

(8.7)

(D(x, y), D) = D(xD, y) + D(x, yD)

where D(u, v) is the derivation
iterated to obtain

given in Theorem

8.3. Formula

(8.7) can be

M

(8.8)

( • • • ((D(x, y), D), D), '•••),

D) = £ Cn.kD(xD«-k,yD*).
k-0
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of (8.7) we have

Theorem 8.9. Let D be the derivation algebra of a Malcev algebra A and let
â be the subspace of 3Dgenerated by all derivations of A of the form D(x, y).

Then â is an ideal of 3D.
Schäfer

[8] has defined a derivation

algebra A to be inner if DE£(A).
Theorem

D oí an arbitrary

nonassociative

We have

8.10. Let A be a Malcev algebra. Then a derivation D of A is inner

if and only if D = Rn+ Z» T>ixi,y,) for some nEN and x„ y,EA.
Proof. Let D = RZ+ Z> (■&»<,
Rvù be a derivation contained in £(^4). We
know that Pi= Z« Rxiyi+ (Rxi, RVi) is a derivation of A. Hence D —DX= RZ
must be a derivation of A. From Theorem 8.5 we obtain z— Z> x,yi = «GA/".

Corollary
8.11. Let A be a Malcev algebra such that for every nEN,
P„ = 0. Then D is an inner derivation if and only if D= Z« 7?(xf, y,-).
We shall now consider relationships between A(.4, A) and derivations.
The linear transformations
A(x, y) = (RxRy) —Rxy and the derivations D(x, y)

= (Rx, Ry) +Rxy yield equations

(8.12)

D(x, y) + A(x, y) = 2(PX, Ry),

(8.13)

D(x, y) - A(x, y) = 2Rxy.

First we have
Proposition

8.14. Let 3Dbe the derivation algebra of a Malcev algebra A.

Then (A(A, A), T>)CA(A,A).
Proof. Let A(x, y) be in A(4, A) and D be a derivation, then (A(x, y), D)

= (D(x, y)-2Rxy, P) = (P(x, y), D)-2(Rxy,

D)=D(xD,

-2R(xy)D = D(xD, y)-2RxD.y+D(x, yD)-2Rx.yD=A(xD,
linearity we obtain (A(A, A), 2D)CA(.4, A).

y)+D(x,

yD)

y)+A(x, yD). By

Theorem
8.15. If A is a simple, non-Lie, Malcev algebra, then A(A, A)
= $@R(A), where this is a vector space direct sum.

Proof. This follows from (8.13), A =A2 is simple and Theorem 8.5.
Theorem

8.16. Let x,-, y¿ (i= 1, • • • , w) be elements of a Malcev algebra A.

Then A= Z"=i A(x,-,y, is a derivation of A if and only if Zí-i x,yi is in N.
Proof. This follows from an extension of (8.13) and Theorem 8.5.

Corollary
8.17. Let x, y be elements of a simple, non-Lie, Malcev algebra;
then A(x, y) is a derivation of A if and only if xy = 0, that is, if and only if
A(x,y)=D(x,y).
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Corollary

8.18. Let x, y be elements of a simple Malcev algebra A with

RxyA0; then A(x, y) is a derivation of A if and only if A= N.
Corollary
8.19. Let A be a Malcev algebra such that for every x, y in A,
A(x, y) is a derivation. Then J2(A) = 0.
We shall conclude this section with a discussion of derivations of the A *
algebra given in Example 3.2. A somewhat lengthy but straightforward
calculation reveals that every derivation of A * has the matrix form (relative to

the e, basis),

• 0

(8.20)

D=

2dt

-2d,

da

dio

0

¿n

du

du

du

¿16

"¿8 — ¿12

2d2

2d3

¿i

ds

d,
¿7

—d2

0

-d7

-d3

¿7

-d,

, —di

-2d,
¿4

-¿4

d3

-2¿7
-¿3

0

¿2

— ¿2

0

¿6

-¿8

— ¿ii

— ¿14

0

-db

— ¿9

— ¿12

— ¿16

dh

0

— ¿10

-¿13 ¿8 + ¿12 J

From the definitions, every derivation of an algebra A is a derivation of
Al~\ It follows from the work of Schäfer [8] that the derivation Lie algebra
of A* is the exceptional Lie algebra G2. This might certainly be suspected
from the 14 parameter form of D in (8.20). Now using Theorem 8.9 and the
fact that G2 is a simple Lie algebra, every derivation of A* is inner and every
D(x, y) has the form (8.20). A somewhat lengthy calculation yields that
A(A*, A*) is a simple Lie algebra of dimension 21.
If we compute Rx for an element x= XX i *>e¿ °f A*, we have

r

o

2x2

x6 —2xi

(8.21)

Rx =

x,

0

X7

0

-x2
-x3

_—x4

0
— 2x7

2x3

2x4

0

0

—2xi
0

0

2x6 -2x6

0 -2x4
2x4
0

-2x72x3

-2x2

■2x3

2x2

0

2xi

0

0

2x6

0

2xi

0

0

0

0

2xi.

-2xi

2x7 —2x,
0

— 2X6 -2x6

If we let y = XX i y>e>>then we may consider Ry as (8.21) with x,- replaced
by y,-. A straightforward
computation
reveals that D(x, y) has the form
(8.20) as noted above. If we let R(i, j) =x,-y,-—x3y,-,then the parameters for

D(x, y) in (8.20) are
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d2 = - 4P(2,1) - 2P(7, 6),

d, =
¿4 =
d„ =
dt =
¿, =
ds =
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¿, = 6R(5,3),

- 4P(3,1) - 2P(5, 7),
- 4P(4,1) - 2P(6, 5),
4P(5, 1) + 2P(4, 3),
4P(6,l)-r-2P(2,4),
4P(7,1) + 2P(3, 2),
2P(4, 7) + 2P(3, 6) + 4P(5, 2),

¿io = 6P(5,4),
¿ii = 6P(6, 2),

¿is = 2P(4, 7) + 2P(2, 5) + 4P(6, 3),
¿iS = 6P(6,4),

¿i4 = 6P(7, 2),
¿iS = 6P(7,3).

As a specific example we take x = e2+2e3+e4+eb—e« and y = e3+e4 and find

r 0
-2
(8.22)

D(x, y) =

2
-2
0
0

0

0

0

0

4 -4
0
0
0
0
0
0
-2
0
-6
4

6
2
6
0 -4 -6
0
0
2
2
0
2
-2
0
2
-2 -2
0 -6

The root spaces for the derivation
Lo = {d + 2e6 — 2ee + 2e-¡\,
L-i

= {es — et + e7, e%+ e4 + eB\,

L-i

= {e3 + e4}.

4H

0
0
0
0
0
-2
6

(8.22) are
Li = {e2 + e3, ex — et + e6 — et + e?},
L4 = {e2 + es + eb + e6\,

We note that in this example the root spaces are not one-dimensional.
Thus, it appears that the decomposition of a Malcev algebra relative to a
derivation does yot yield a theory analogous to that of Lie algebras. A complete investigation
of this possibility has not been carried out.
Finally we note that the invariant form /(x, y) =trace(PxPv)
is given by
f(x,y) = 6(4xiyi+2x2y6+2x3y6+2x4y7+2xsy2+2x6y3+2x7y4).
We
see that
/(x, y) is nondegenerate on A* lor characteristic not 2 or 3.

9. The holomorph of a Malcev algebra. The holomorph oí a Lie algebra
A is the linear space 3C= A ©£>= {a+P:aG^4 and P£l>} where 3Dis the
derivation

algebra of A and multiplication

* is defined by

(a + Pi) * (6 + D2) = ab + aD2 - bDi + (Dh D2).
This now makes 3C into a Lie algebra.
We use similar definitions to form the holomorph of a Malcev algebra A.
However, the following theorem indicates that the concept has limitations in
the study of Malcev algebras.
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Theorem 9.1. The holomorph of a Malcev algebra is a Malcev algebra if and
only if for all x, y, z in A and D in 3), /(x, y, z)D = /(x, y, Dz) where we define

Dz<=-zD.
Proof. It is clear that the holomorph of the Malcev algebra A will be a

Malcev algebra if and only if the identity
(2.7)

J(x, y, wz) + J(w, y, xz) = J(x, y, z)w + J(w, y, z)x

is satisfied when any or all of the parameters

x, y, z, w are replaced by deriva-

tions of the algebra.
If P and S are derivations, we note that J(R, S, z) = J(R, y, S) = J(x, R, 5)
= 0. Also J(R, y, z) = /(x, P, z) = /(x, y, R) =0. Thus it is clear that if 2, 3,
or 4 of the parameters

x, y, z, w in (2.7) are derivations,

the identity is satis-

fied.
Now we consider the case when only one parameter is a derivation.
y = P, the identity (2.7) is again satisfied. If x = P, we have

(9.2)

If

J(w, y, Rz) = J(w, y, z)R,

and a similar identity

holds for w = R. If z = R, we have the identity

(9.3)

J(x, y, wR) + J(w, y, xR) = 0.

Since (9.2) implies (9.3), the proof is complete.
In a manner similar to that for the holomorph, the linear space A ®A(A ,A)

can be made into an algebra by defining (vl+Ai) * (6+A2) =o6+aA2—6Ai
+ (Ai, Au) where a, b in A, Ai, A2in A04, A). Now note that if 3Dis replaced
by â in Theorem 9.1 we obtain A ®d is a Malcev algebra if and only if

(9.4)

J(x,y,z)D

= J(x,y,Dz)

lor every D in d and every x, y, z in A. Also note that if A —J(A),

then

i CA(i4, A). We use these facts in the following

Theorem 9.5. If A is a Malcevalgebra such that A = J(A) and if A ©A04,^4)
is-a Malcev algebra, then A(x, y)2 = 0/or every x,y in A.

Proof. Suppose A ®A(A, A) is a Malcev algebra, then by (8.13), (9.4) and
the preceding remarks, we have for all x, y, z in A

J(x, y, z)(A(x, y) + 2Rxy) = - J(x, y, z(A(x, y) + 2PJ);
that is, A(x, y)!+2A(xy)PIV= -A(x, y)2-2Px,A(x, y). Thus we have A(x, y)2
= -A(x, y)Rxv-RxuA(x, y). But from (2.33) we have A(x, y)2= -3A(x,y)RXy
and therefore 2A(x, y)PIV = P¡nA(x, y). This identity together with (2.26)
yield 2/(z, x, y) -xy = J(z-xy, x, y) =zJ(xy, x, y) + J(z, x, y) -xy-2J(xy,
z, xy),
and therefore J(z, x, y)-xy = zJ(xy, x, y) = 0. Thus 0 = J(z, x, y)-xy = zA(x, y)Rxy

and therefore A (x, y)2 = 0.
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