A FIBER HOMOTOPY EXTENSION THEOREM

BY
GUY ALLAUD AND EDWARD FADELL()

1. Introduction. Our objective in this paper is to set forth a simple but
very useful fiber homotopy extension theorem in the category of fiber spaces
in the sense of Hurewicz [5]. We will give several applications of the theorem
as well as point out that a related theorem used by A. T. Lundell in [7] is
false. Fortunately, the theorem as we give it is strong enough to imply the
validity of Lundell's techniques. Throughout this paper all fiber spaces
§=(E, p, B) will denote Hurewicz fiber spaces with total space E, base space
B, and fiber map p: E—>B. Fy=p~1(b) will denote the fiber over b& B. B will
will also be assumed 0-connected so that all fibers are of the same homotopy
type [1].

Finally, all fiber spaces and lifting functions [5] will be assumed to be
regular, i.e., if Q,={(e, w)|p(e)=w(0)} CEXBI, then the lifting functions
A: Q,—E! will have the additional property that A(e, p(e)) =e, where p(e) is
identified with the constant path at the point p(e) €B. Regularity is no re-
striction if B is metric or if § is locally trivial and B is paracompact [5].

2. A fiber homotopy extension theorem.

TueoreM (2.1) (FHET). Let = (E, p, B) be a fiber space and let (X, A)
be a metric pair (A closed in X). Suppose there exists a map G: (X X {0})
(4 XI)—E such that pG(x, t) =pG(x, 0), xEA, 0=t <1, Then if either E is
an ANR(?) or (X, A) is an ANR pair, G can be extended to a map H: X XI—E
such that pH(x, t)=pH(x, 0), xEX, 05t =1,

Proof. Using a suitable homotopy extension theorem G can be extended
to a map G': X XI—E. G’ can be regarded as a map X—E! For aE€E!,
t&1, let a; € ET be the path given by

ai(s) = a((1 — 9)b), 0<s=1.
Then, ao(s) =a(0), ou(s) =a(1 —s), a:(0) =a(t), a;(1) =a(0). Let A be a lifting
function for § and define a homotopy H: X XI—E by

H(x, t) = MG (2)(®), p(G'(2)))(1).
H(x, 0)=A(G'(x)(0), p(G'(x))0) (1) =G’ (x)(0) =G(x, 0), since A is regular. If
xEA, then p((G’'(x)):) (s) =pG(x, 0) and again by regularity H(x, t) =G(x, ?).
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(3) We consider here only separable metric ANR’s.

239



240 GUY ALLAUD AND EDWARD FADELL [August

Finally, pH(x, t) =p((G'(x)):) (1) =pG(x, 0) =pH(x, 0), and H is the required
map.

Let §=(E, p, B) be a fiber space and let X be an arbitrary topological
space. Two maps &, g: X—E such that pg=ph are said to be fiber homotopic
(h~yg) if there is a map H: X XI—E such that H(x, 0) =h(x), H(x, 1) = g(x)
and pH(x, t)=h(x)=g(x), 0=t=<1.

In terms of the above notation the FHET can be restated as follows:

(2.2) FHET. Let $=(E, p, B) be a fiber space and let (X, A) be a metric
pair. Suppose that either E is an ANR or (X, 4) is an ANR pair. Further-
more, suppose h~yg: A—E and k is extendable to a map h': X—E. Then g is
extendable to a map g': X—E such that k' ~;g’'.

The theorem should be compared with Theorem 2.1 of [2].

In [7, Theorem 2.1] A. T. Lundell states the following theorem and indi-
cates that the proof is a slight modification of the proof of a suitable covering
homotopy theorem.

THEOREM (2.3). Let $=(E, p, B) be a locally trivial fiber space, let X be
locally compact and paracompact, and let A be a closed subset of X. Suppose
f: X—E and h: X XI—B are such that pf =h|X X1{0}. Suppose further that
there is a “partial lifting” of h on A, i.e., a map h': A XI—E such that ph'
=h|AXI, and 1| AX {0} =f| A. Then there exists a map h: X XI—E such
that ph=h, B| XX {0} =f and k| AXI=MH'.

It is easy to see that such a theorem implies that all spaces have the
homotopy extension property with respect to locally compact, paracompact
pairs (X, A4) as follows. Let E denote any topological space, B a single point
and p: E—B the constant map. (E, p, B) is clearly a locally trivial fiber space.
Now if #:(XX{0})U(4XI)>E is given, ph’ is clearly extendable to
h: X XI—B. Applying the above theorem, %’ is extendable to %: X X I—E.
Hence, E has the homotopy extension property with respect to (X, 4). This
is clearly false since there are numerous examples of spaces which do not have
the homotopy extension property with respect to compact pairs. We see
here also that conditioning the base B in the above theorem is of no conse-
quence. We can, however, prove the following theorem which follows easily
from FHET and which is sufficient for the material in [7].

THEOREM (2.4). Let §=(E, p, B) be a fiber space and (X, A) a metric pair.
Suppose that E is an ANR or that (X, A) is an ANR pair. Suppose further
that there are maps f: (XX {0})U(A XI)—E and h: XXI—B such that
pf=h| (XX {0})U(A XI). Then, there exists a map f: X X I-E which is an
extension of f and such that pf=h.

Proof. Let 2, E B! and f.€ E! be the paths defined by

B = h(x,8), xEX,05t=1,
f=(t) = f(=, 9), xrE 4,011,
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Let A be a lifting function for § and define a map b': X X I—E by
B (x,t) = A(f(x, 0), k) (2).

Then, b'(x, 0)=f(x, 0), and if xEA4, h'(x, t) =A(fz(0), pf:)(t) so that by
Proposition 1, [1], there is a homotopy H: (4 X I) X I—E with the following
properties:

1) H(x, ¢t 0) = b (x, 1),

(2 H(x,t, 1) = f(x, 9),

A3) H(x,0,s) = ¥'(x, 0) = f(x, 0),
4) pH(x, b, s) = pH(x, 1),

Define a map H': (4 XI) XIU(X X {0}) XI—E by
H'(x,t,5) = H(x, 1, 5), *xrE A4, 0=t s=21,
H'(x,0,s) = f(x, 0), rE 4,0s= 1.

Applying the FHET using the pair (X XI, (4 XI)\U(X X {0})), we obtain
a map f: X XI—E, which is an extension of f, and which satisfies the relation
pf(x, ty=ph'(x, t) =h(x, t). This proves the theorem.

Let us recall also the definition of a locally trivial fiber subspace. Let
§=(E, p, B, F) and ¥ = (E', p’, B, F') be locally trivial fiber spaces over the
same base B. §' is called a locally trivial fiber subspace of § provided E' CE,
P’ =p| E and for each x& B there is an open set U and a homeomorphism of
pairs ¢u: (UXF, UXF)—(p~(U), p'~*(U)) such that péy(d, 2)=b, (b, 2)
E€UXF.

ExaMmpLE. Let §=(E, p, B, F) denote a locally trivial fiber space with
fiber F a manifold. Suppose ¥ admits a cross section ¢ and E’'=E—¢a(B).
Then, if p'= pIE’ , ¥'=(E, p', B, F') is a locally trivial fiber subspace of &,
where F’ is F minus a point.

An immediate consequence of the proof of the Uniformization Theorem of
Hurewicz [5] gives the following.

TuEOREM (2.5). If §'=(E', p', B, F') is a locally trivial subspace of
§=(E, p, B, F), then if B is paracompact F possesses a (regular) lifting function
A with the additional property that A(e', w) CE'!, whenever ¢ CE', i.e., A re-
stricted to §' serves as a (regular) lifting function for &'.

The following corollary is an immediate consequence of Theorem (2.5).
It should be compared with Corollary 2.2 of Lundell [7] which was “proven”
using the false Theorem (2.3).

COROLLARY (2.6). Let §' = (E’, p', B, F') denotea locally trivial fiber subspace
of §=(E, p, B, F) with B paracompact. Let (X, A) denote a pair of topological
spaces (A need not be closed in X), f: (X, A)—(E, E') and h: X XI—B maps
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such that pf=h|X X {0}. Then, there exists a map h: (X XI, AXI)—(E, E')
such that k| X X {0} =f and ph=h.

Theorem (2.5) suggests the following definition.

DEerFINITION (2.6). If §=(E, p, B), ¥ =(E’, p’, B) are (Hurewicz) fiber
spaces over the same base B, then, &' is called a fiber subspace of § provided
E'CE, p'= pl E’ and § admits a lifting function A with the additional prop-
erty that A(¢/, w) is a path in E’ whenever ¢'EE’,

Thus, Theorem (2.5), states that if §' is a locally trivial fiber subspace of
F with common paracompact base B, then §' is a fiber subspace of &.

THEOREM (2.6). If = (E, p, B) and §' = (E', p', B) are fiber spaces (Hure-
wicz) over the same base B with E' CE and p'=p| E’, then & is a fiber subspace
of & whenever E is an ANR, B is metric and E’' is closed in E.

Proof. Let Q,={ (¢, w)| p(e) =w(0)} CEXB!, Q= { (¢, w)| p'(¢') =w(0) }
CE'XB!, and A: Q,—E! A': Q,—E'! (regular) lifting functions for ¥ and
¥, respectively. Furthermore, let W= { (e, w) EQ,,| w=constant path at p(e) } .
Then, if X=Q,XI, A=(Q,,X{0})U(WXI)U(Q,,’ XI), (X, A) is a metric
pair with 4 closed in X. Define H: X—E by H(e, w, t)=A(e, w)(t) and
g: A—E by

g(e,a w, t) = A,(e” w) (1), if (¢, 0) € 2, 0=t 1,
g(ex w, t) =, if (37 ‘*’) € W, 0st=1,
g(e) w, 0) =, if (e’ w) € Q.

Then, if h=H| A, we have by Proposition 1 of [1], g~sk: A—E. Thus, by
FHET (2.2), g is extendable to a map G: X—E, such that G~H. Hence, if
we define

A”(e’ w)(t) = G(e’ @, t): (e’ w, e Q X1,

A" is the required lifting function and ¥’ is a fiber subspace of &.

REeMARK. Thus, Corollary (2.6), which is valid for ¥ a fiber subspace of
&, is valid when &, § are locally trivial fiber spaces over the same metric space
B, provided E'CE and p’ =p| E and if further E’ is a closed subset of the
ANR E. There need not be in this situation, therefore, any connection be-
tween the local product structures of § and §', respectively.

It may be of interest to mention that the existence of a lifting function
which applies simultaneously to § and §' as in Theorem (2.6) provides sim-
pler proofs in many situations. For example:

THEOREM (2.7). Let §' = (E’, p’, B) denote a fiber subspace of §=(E, p, B),
with respective fibers F' and F. Then, there is a spectral sequence associated with
a filtration of the singular G-chains, C«(E, E', G) whose Es-term is naturally iso-
morphic to H(B; H(F, F', G)) (local coefficients).
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Proof. Essentially word-for-word the argument given for the Leray-Serre
Theorem in [3] or [6].

CoRrOLLARY (2.8) (THoM). Let §=(E, p, B, F=R"), denote an n-plane
bundle over a paracompact base B and let E'=E — (0-section), F'=F— {O},
p’=p|E’, then §'=(E’', p’, B, F') is a fiber subspace of §. Hence, there is a
natural isomorphism

Hﬂ-}-’c(E’ E,; G) =~ Hk(Br Hn(F’ FI; G))) kz —n

where local coefficients appear on the right. Hence, if w1(B) operates trivially on
H(F, F'; G), we have

H.w(E, E';G) =~ Hi(B;G), kz —n
e.g. if G=Z and we have an oriented bundle or if G=Z,.

REMARK. Theorem (2.7) is, of course, valid when § and §’ are fiber spaces
in the sense of Serre [8], provided the base B is common to both § and &,
E'CE and p’ =p| E'. The proof in this case is more cumbersome,

3. Applications. As an immediate consequence of the FHET and its proof
we have the classical result:

COROLLARY (3.1). Let §= (E, p, B) be a fiber space and assume that E is an
ANR. Let A be a closed subset of B. Suppose o, ': A—>E are partial cross sec-
tions which are homotopic in the sense of [9, p. 167]. Then if ¢ is extendable to a
full cross section, o’ is also extendable.

REMARK. The same result holds if (B, 4) is an ANR pair.
The following Corollary is also immediate.

COROLLARY (3.2). Let = (E, p, B) be a fiber space and let (X, A) be an arbi-
trary pair of spaces. If E has the homotopy extension property with respect to
(X, A) so does the fiber F, for every b& B.

Let by be a base point in B and let 2(B) be the space of loops based at
bo. If §=(E, p, B) is a fiber space over B, any lifting function A induces a
map ¢: Q(B) X Fy,— Fy, given by

¢(ﬁ) x) = A(x; B)(l)} BE Q(B)’ S FbO‘

¢ is called the loop action induced by A and is uniquely determined up to a
homotopy class. Since A is regular, then ¢(bo, x) =x, where b, denotes the
constant loop at by. Our next theorem has to do with the realization of loop
actions via lifting functions.

THEOREM (3.3). Let $=(E, p, B) be a fiber space over a metric base B, with
fiber F=p=(bo), and suppose that ¢ is a loop action induced by a lifting func-
tion A, Let ¢': Q(B) X F—F be a map which is homotopic to ¢ and such that
&' (bo, x) =%, x € F. Then, if E is an ANR there is a (regular) lifting function A’
for § which induces ¢'.
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Proof. By hypothesis there is a homotopy H: Q(B) X FXI—F such that
H0=¢; H1=¢,' _
We first show that we can assume H(by, x, {)=x, 05t<1, xEF. Let

A= (2B)XFX{0))U (@B XFX{1)hU @B X F XI)

and define a homotopy G: 4 XI—F as follows.

G(8, %,0,s5) = H(B, x, 0) = ¢(8, x),

G(I;O’ %8, S) = H(i’O’ X, (1 - s)t)o

G(ﬂ, X, 1} S) = H(B) H(EO’ X, 1 - S), 1)

= d’,(B’ H(EO) X, 1- 3))’

BEQ(B), xEF,0=s, t<1. Note that Gi(by, x, {) =x and that G, has an exten-
sion to all of Q(B) X FXI, namely H. By Corollary (3.2), F has the homotopy
extension property with respect to metric pairs, and therefore, Gy can be ex-
tended to all of Q(B) X FXI, giving a new homotopy with the required
property.

Now, let QF = {(w, e)l (e, w)EQp}, let B be the set of constant paths in B
and let K= (QB)XF)J(BXE)NQ;. K is a closed subset of Q. Define a
homotopy H': K XI—E as follows.

H'(ﬂ, X, t) = H(B’ X, t)a B e Q(B)’ x € F,
H'(b,e,t) =e¢, eEE, ple) =b.
H' is well-defined and continuous and the map Ho: @ —E given byl
Hy(w, ) = Ale, 0)(1)
is an extension of H¢. By the FHET, H{ is extendable to all of Q} giving a
map H;: @—E such that:
H\| 9B) X F = ¢,
Hib,e) =e¢,  ple) = b,
pHi(w, €) = w(1).
If wE B!, for every 0 <s <1 define a new path w,E B! by w,(t) =w(st), 0=t =1.
Finally, the required (regular) lifting function A’ which induces ¢’ is

given by _
A(e, 0)(s) = Hi(wy €), 0=s=1, (6,0) €D,

4. Further results. In [1, p. 7] the following question was raised:

QuesTioN. If (E, p, B) is a fiber space in which E is separable metric and
B as well as all the fibers are separable metric ANR’s, is E an ANR?

In this section we will show that the answer is affirmative if E is finite
dimensional (Theorem 4.13), and more generally will consider the following
problem. Let (E, p, B) be a fiber space. If E is an ANR what can be said
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about B and the fibers? Conversely, if B, and one or all the fibers are ANR’s,
what conclusions can be shown about E?

DEFINITION (4.1). A space B is weakly locally contractible (w.l.c.), if for
every b& B, there is an open set U, containing b which is contractible to b in B.

Weak local contractibility is a homotopy type invariant, and in fact a
dominance invariant, [1, p. 1]. Hence, if (E, p, B) is a fiber space over a 0-
connected base, then if one fiber is w.l.c., every fiber is w.l.c. We also have the
following lemma whose proof is left to the reader.

LEmMMA (4.2). Let (E, p, B) be a fiber space. Suppose B is 0-connected and
w.l.c. Then, if Fy, is w.l.c. for some by&EB, E is w.l.c.

It might be pointed out that it is possible for E and all the fibers to be
w.l.c. without B being w.l.c., and for E and B to be w.l.c. without any of the
fibers being w.l.c. (§5 and §4 of [1]).

THEOREM (4.3). Let (E, p, B) be a fiber space in which E is an ANR and
B is 0-connected. Then if Fe, is w.l.c. for some by& B, F; is an ANR for every
bEB.

Proof. First, let X be any separable metric space which is w.l.c.-and which
has the homotopy extension property with respect to metric pairs. Let (Z, 4)
be such a pair. For any x,& X, let U be an open set containing xo, which is
contractible in X to x,; and let f: A— U be a given map. If f is considered as
a map into X it is homotopically trivial, and can be extended to a map Z—X.
F-1(U) is an open set of Z containing 4 and F ] F-1(U) is an extension of f with
valuesin U. Hence X is a local ANR and consequently an ANR by a theorem
of Hanner [3].

Now, by Corollary (3.2), each fiber F, has the homotopy extension prop-
erty with respect to metric pairs and since each Fy is w.l.c. the result follows.

The lemma is false without the w.l.c. condition on Fy, as will be seen in the
next section.

We introduce now some notation. Let X and Y be topological spaces and
f: X—Y a given map. To the triple (X, f, V) we associate a fiber space defined
in the following way.

Let Q,CX X Y7 be given by

2 = {(x, )| w(0) = f(x)}.

(s is given the relative topology. If we set p;(x, w) =w (1) it is easily seen that
the triple (@, #y, ¥) is a fiber space. If yoisa base point in ¥, let 4;=p; (y),
and let 7(x, w) =%, (x, w) EA;. The triple (4;, 7, X) is also a fiber space and
7 (x0) = Q(Y, 30), if yo=F(x0). If we had started with a fiber space (E, p, B),
then as is well known, E and @, are fiber homotopy equivalent; and in par-
ticular, choosing a base point b in B, p~'(be)=F and A4, are of the same
homotopy type.
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Also, if (E, F, x,) is an arbitrary pair with base point, let I'(E, F, x,) be
the subset of E! defined by

I'(E, F, %) = {w: I = E| w(0) = %, (1) € F}.

This subset is to be given the relative topology.

Our first objective is to prove that if E and Fare ANR’s I'(E, F, x,) is an
ANR, and similarly, that if X and ¥ are ANR’s @, is an ANR. We will need
the following simple lemma.

LEMMA (4.4). Let Z be an ANR and (X, A) a metric pair. Let f: X—Z" and
g: A—ZT be maps such that f~g on A, keeping end points fixed, that is, there is
a homotopy H:AXI—Z' such that H, =f| A, Hy=g, H(x, 5)(0)=f(x)(0)
=g(x)(0), H(x, s)(1) =f(x) (1) =g(x)(1). Then g has an extension g’ to all of X
such that g'(x)(0) =£(x)(0), g'(x)(1) =f(x)(1).

Proof. The triple (ZI, ¥ Xvy, ZXZ), where vy Xv(w) = (w(0), w(1)) is a fiber
space. By hypothesis f~;g on A and the FHET implies the existence of g’.

LeEmMmA (4.5). If (E, F) is an ANR pair, then T'(E, F, x) s an ANR,

LemMA (4.6). If (X, f, Y) is a triple such that X and Y are ANR's then
is an ANR.

We will prove Lemma (4.5), the proof of Lemma (4.6) being essentially the
same except for some obvious modifications.

Proof of Lemma (4.5). By Hanner[4] it is sufficient to prove that I'(E, F, x,)
is a local ANR. Let w, be any point in I'(E, F, x,). Since E is an ANR, it is
U.L.C. [8], therefore there exists a neighborhood U of wo(1) and a map
¢: UX U—E! such that:

1) oz, »(0) =2  (r,y)€UXU,
@) o, (1) =y, (»EUXTU,
©)) o(x, 2)(s) = =, 0=s=1,zc€U.

If we let M= {w: I—>E[w(0)=xo, w(l)e U}, then M is an ANR since it is
an open subset of P(E, x,). Hence,

K=MNT(EF,x) = {0: 1> E|w(0) = 2, «(1) € FN\ U}

is an open subset of I'(E, F, x,) and wo& K. We will show that K is an ANR,

Let (Z, A) be a metric pair, and f: A—K a given map. FN\U is an open
subset of F and hence an ANR. It follows that considering f as a map A—M
there is an open set V224 and two maps

h:V—>M, k|l A =f,
g VoFNU, g|4=f=Q1),:zE 4.
Define a map v: V—K by
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v(2) = h(z) 0 p[h(z)(1), g(2)], 2 EV

where o denotes the usual path multiplication. Then if &4

v(2) = f(z) 0 ¢[f(2) (1), f(z)(1)]

so that:
_ {f(=2)(29), 0<t=1/2
e = {f(Z)(l), 2t

7 is then homotopic to f keeping end points fixed. By Lemma (4.4) there exists
a map f': V—E! such that f'|4 =f,

f@0) =v()(0) =%, [f(DA) =vEN)EFNUT.
f'isa map V—K and it follows that K is an ANR.

THEOREM (4.7). Let (E, p, B) be a fiber space such that E is an ANR, B is
0-connected and Fy,is w.l.c. for some by B. Then for every bE B, Fy, and Q(B, b)
are ANR’s.

Proof. By Theorem (4.3), F, is an ANR for every b€ B, and by Lemma
(4.5) T(E, Fs, x0) is an ANR for any x¢& Fy. Let A be a lifting function and
define a map u: Q(B, b)—>T(E, F, x0) by

/‘(ﬁ) = A(xo, ﬂ)y ﬂ e Q(B) b)'
Now, p induces a map $: I'(E, F, x,)—Q(B, b) given by
B(a)(®) = pa(®)), «& TI(E,F, i),

and pu=1. It follows that Q(B, b) isan ANR since it is imbedded in T'(E, F, x,)
as a retract.
Theorem (4.7) has a converse, in the following sense:

THEOREM (4.8). Let (E, p, B) be a fiber space such that E is an ANR and
Q(B, bo) is w.l.c. for some boy& B. Then if E is O-connected, F, and Q(B, b) are
ANR'’s for every b& B.

Proof. Recall the notation introduced after Theorem (4.3) and consider
the fiber space (4,, 7, E) associated with the map p: E—B. If x(E Fy,, then
7 (x0) = (B, bo). Lemma (4.2) tells us that 4, is w.l.c. But since F;, and
A, have the same homotopy type, Fs, is w.l.c. and Theorem (4.7) applies to
complete the argument,

THEOREM (4.9). Let (E, p, B) be a fiber space such that for some byE B,
Q(B, bo) and Fy, are dominated by ANR’s. Then Q(E, xo) is dominated by an
ANR, for any xoE Fy,.

We will need the following lemmas.
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LEMMA (4.10). Let f: X— Y denote a map and suppose ¢p: X2Z:§ are maps
such that Yyp~1 (i.e., Z dominates X). Then, if g=f, there is induced a fiber-

wise dominance
’

Q =] Q,
?J\‘p / Po

Y
1:.8., 1[/'¢'~/1.

Proof. Since y¢~1, there is a map k: X—X7 such that k(x)(0) =¢¢(x)
and k(x)(1) =x. Define

¢’ (x, w) = (¢(x), f(k(x)) o w), (x, 0) € Q
and

\V(Z, ‘*’) = (IP(Z), w), (Z) w) € Q.
It is obvious that /¢’ ~,1,

LeMMA (4.11). Let f: X—Y denote a map and suppose a: Y2W:  are maps
such that Ba~1 (i.e., W dominates Y). Then, if h=of, A; based at y, is dom:-
nated by Ay based at wo=a(yo).

Proof. The proof here is similar to (4.10) and is omitted.

LeEMMA (4.12). Let f: X—Y denote a map. If X and Y are dominated by
ANR's, A, is dominated by an ANR.

Proof. Consider the diagram
X :‘% Z
fl
a
Yaw
B

where y¢p~1, Ba~1 and Z and W are ANR’s. Applying the previous lemmas
Aosy dominates A,; (based at wo=a(y,)), and 4., dominates A, (based at y,).
But, since Quyy is an ANR (Lemma (4.6)) fibered over the ANR W, we may
conclude that the fiber here, which is 44y, is also an ANR by [1, p. 7].

Proof of Theorem (4.9). Let A denote a lifting function for the fiber space
(E, p, B) and define a map f: Q(B, bo)— F3, by

f("") = A(, w)(1), w € QB, bo).

Consider the fiber space (2, py, F»,) associated with this map and correspond-
ing fiber 4, based at xoE Fy,. By Lemma (4.12) 4, is dominated by an ANR
and hence we only have to show that 4, dominates Q(E, x,). As shown in Prop-
osition 1 of [1], there is a homotopy H: E! X I—E! with the properties
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@D Ho(e) = AM(0), p(e)), Hila) =a, a € E!
(i) p(H(e,9)) = pla), 0=s=1, a€E.
Define k: Q(E, xo)——>F,fo by
hw)(s) = H(w, s)(1), 0=s=1, w € QE, ).
Then h(w) is a path which starts at f(pw) and ends at xo. Note here that the
map k: Q(E, x,)—>Q(E, xo) given by
b(w) = A(xo, p(w)) 0 h(w)
is homotopic to the identity. Now, define u: 4,—Q(E, x,) by
k(B @) = A(xo, f)oe, (B,a) € 4
and v: Q(E, x¢)—4; by
v(@) = (p(w), k(w), © & UE, x0).
Then,
pY(©) = A(xo, p()) 0 h(w) = h(w)

and hence yy~1 and A, dominates Q(E, x,).

REMARK. Theorem (4.9) cannot be strengthened by assuming that F, and
Q(B, bo) are ANR’s and concluding that Q(E, x,) is an ANR. That this is
false will be shown by the first example of the next section.

THEOREM (4.13). Let (E, p, B) be a fiber space in which B and all the fibers
are ANR'’s. Then E is locally contractible. Hence, if in addition E is separable
metric and finite dimensional, E is an ANR,

Proof. Let x, be a point of E and F;, the fiber containing xo. Let U; be an
open subset of E containing xo. Vi= UiNFy, is open in F, and by the local
contractibility of F, there is an open set V,C Fy,, such that xe& Vo C V1, and
a map ¥: Vo XI—V; such that

¥(x, 0) = , CASH 2R

¥(x, 1) = o, € Ve

Y (%0, 5) = %o, 0=s=1.
There is also an open subset U: of E such that xo& U, UsN\ Fy,= V,. We can
assume that p(Uy) = M is contractible in B to b keeping b, fixed, so that there
is a map y: M— B! with the properties

v(6)(0) = b, be M,

v(®)(1) = bo, be M,

¥(bo)(s) = by, 0s=1.
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Now, if A is a (regular) lifting function for (E, p, B), A induces a map u: Uy
—ET given by
“(x) = A(xr 7(?(‘”)))) x e Ulo

In particular, p(xo) is the constant path at xo. Let L= {w: I>E I w(I) CU.}.
L is an open subset of Ef and u(x,) €L. Since p is continuous, there is an open
set Us; of E containing xo such that u(Us) CL and U; C Uy If xE Us, then

(1) #(x)(0) = x,
(2 ﬂ(x)(l) e U.N Fo, = V3 C Vy,
3 p@)() €U, CU,, 0=t=1.

We can now define a contraction u’: Us X I— U, keeping x, fixed by:
w(x)(2), 0=:=1/2
Y(ux)(1),2t—-1), 1/2=t=1.
Thus E is locally contractible at xo. The second part of the theorem follows
from the classical result that a separable metric space which is finite dimen-
sional and locally contractible is an ANR.

5. Two examples.

(5.1). A fiber space over the interval [0, 1] in which only one fiber is an
ANR.

Let X be a subset of Euclidean n-space E*. The cone over X, C(X), is the
subset of E»t! defined by

CX)=(tr), 0=t=1 xE€X.
Let C*(X)=C[C(X)], i.e., CXX) is the subset of E**? given by
C:(X) = (s, st, stx), 0<t<1,0=ss=1,zxE€X.
Let w: C?(X)—1I be the projection

w0 = {

w(s, st, stx) = s.
TrEOREM (5.2). (C*(X), 7, I) is a fiber space.

Proof. Suppose (E, p, B) is a fiber space and X is a subset of E which is a
fiber retract of E, that is, there is a map ®: E—X such that ®(x) =x, xEX;
p®(x) =p(x), xEE. Then, (X, p, B) is a fiber space. To see this, let (x, w)
be a pair such that p(x) =w(0), xEX, wEB?, and set

A o)) = 2(A(x, 0)(1), O0=t=1,

where A is a lifting function for (E, p, B). A’ is a lifting function for (X, p, B).

Now C(X)XI= { (s, ¢, tx)[xEX, 0=<t<1,0=s= 1} is a fiber space over I
using the projection (s, ¢, tx) =s. Clearly C*(X) CC(X)XI. Define a fiber
retraction ®: C(X) XI—-C*X) as follows:
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(s, s, sx) ift=s,
(s, t, tx) ift<s.

&(s, t, tx) = {

® is well defined and continuous, and if 2& C*(X), z= (s, s't/, s't'x) = (s, t, tx)
where t=1t's’, s’=s, so that ®(z) =2. (C*(X), m, I) is then a fiber space such
that 771(s) = C(X), s%0, 71(0) =a single point.

If, for instance, we let X = {0} + { 1/2"}, n=1,2,-- -, ie.,a convergent
sequence of reals, C(X) is not an ANR and we have the required example.
C*(X) is not locally contractible, showing that the requirement in Theorem
(4.13) that all the fibers be ANR’s, is crucial. [C*(X), v], where v is the ver-
tex of the double cone, is not an ANR, so that, as remarked after the proof of
Theorem (4.9), it is possible to have a fiber space such that Q(B, b) and F,
are ANR’s, but Q(E, x¢) is not an ANR, where x,E F,.

(5.3). A fiber space in which the total space is an ANR but none of the
fibers are ANR’s,

Let X,= ][, SP be a countable cartesian product of n-spheres. Choose a
base point x¢ in X, and let E,=P(X,, xo) be the space of paths in X, which
start at xo. The triple (E,, v, X.), where y(w) =w(1), wEE,, is a fiber space.
It is clear that Q(X,)=v"'(x¢) is not w.l.c. since any neighborhood of x,
contains a countable product of n-spheres. Hence, 2(X,) is not an ANR,
and neither is y~!(x) for any x&€X,. On the other hand, E, is an ANR, in
fact an AR. To see this we need only observe that X, has the homotopy ex-
tension property with respect to metric pairs since S* does, and this property
is a product invariant. This implies that if (Z, 4) is a metric pair, and
f:t A—>E, is a given map, it can be extended to all of Z. Therefore, E, isan AR.

This shows that Theorem (4.3) and Theorem (4.7) are false without the
w.l.c. condition on F;,.
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