SOME ASYMPTOTIC FORMULAS
IN THE THEORY OF NUMBERS()

BY
ECKFORD COHEN

1. Introduction. It is the aim of this paper to generalize, unify, and refine a
number of related but scattered results in asymptotic number theory. Special
cases of the main theorems of the paper yield estimates due to Cesaro [2], Feller
and Tornier [10], Kanold [12], Rényi [13], and the present author [4]. The
method of proof is elementary and is essentially a variant of a method used in an
earlier note [7].

Clearly, every positive integer n has a unique representation of the form

(1.1) n=d%, esquare-free, d > 0.

If in this relation we place d = Q(n), then Q%(n) is the largest square divisor of n.
Let o« denote an arbitrary non-negative real number and let S be any nonvacuous
subset of the set J of positive integers. In Theorem 2.1 we obtain approximations
to the sum

n a
(1.2) Ba(x’ S) _n§x-§n)eS(Q2(n)) ’ * ; 1,
with numerous special results deduced as corollaries.

We shall say that a divisor d of n is unitary, written d n nord+«d=n,ifdé=n,
(d,0) =1. In §3 we consider the sum By(x, S) arising from (1.2) if, in the sum-
mation, Q?(n) is required to be a unitary divisor of n. The main result is con-
tained in Theorem 3.1.

Let the distinct prime factors of n be denoted p,, ---, p,, and place

(1.3) n=p --pf" (r=0if n=1).

The set of integers n for which ¢; 22 (i =1, .- ,r), that is, the integers with no
simple prime factors, will be denoted by L. Evidently, n is uniquely representable
in the form

(1.4 n=de, delL, esquare-free, (d,e)=1.

The factor d defined by (1.4) is the largest divisor Q*(n) of n contained in L. If T
is a nonvacuous subset of L, then one may define, analogous to (1.2),
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* n \*
(13) Ba(x.T) ngx;ogn)eT(Q*(")) )
An estimate for BY(x, T) is proved in Theorem 4.1.

Known results which are deduced as special cases of the theorems discussed
above are listed as follows: Corollaries 2.1.2., 2.3.2, 2.4.2, 2.7.2, 2.8.2, 3.24,
4.1.1, 4.2.1, 4.2.2. It will be observed that in the case « =0, the sums B,(x,S),
B.(x,S), and BY¥(x,T) become enumerative functions of certain sequences of
integers. This special case is given particular emphasis in each of the three problems
considered.

We confine our description of specific results of the paper to a single type that
has recently stimulated interest [1; 11; 13; 16]. Referring to (1.3), let us place
w(n) =r and Q(n) = e, + -+ + e¢,. Further, place

(1.6) A(n) =Q(n) — w(n) = A(Q*(n)).

Rényi has proved [13,(3)] that if d};, is the asymptotic density of the sequence
of integers n for which A(n) = m, then d;} exists for each integer m =0, and

2 1 1
1.7 T diz" = (1 - —) (1 + ———), z| <2,
( ) m=0 l;[ p p—z I I
where the product is extended over the primes p. A new proof of this result is
given in §4.

We also prove two analogues of (1.7). In particular, let d,, denote the density
of the set of integers n such that A(Q*(n)) = m; then, by §2, each d,, exists and

< m 1 z
(18) m§o dmZ =];[ 1—? (1 + 'I"E—_—Z'E s |ZI<2.

Moreover, it is shown (§3) that if d,, represents the density of the set of n for
which A(Q*(n)) = m, where Q*(n) | n, then

E Vm 1 1 z 5
(19) m=0dm2 =];[ 1—; 1+?+p—2_.-?2 N |Z|< .
ReMARrRk 1.1. With z = 1 in (1.8) we note that

0

(1.10) d,=1;

by (1.7) the corresponding result for d}} is also valid (Rényi [13]).
2. Problem 1. Estimates for B,(x,S). Let I'(n,S) be defined by

(@’z—n)) if Q(n) €S,
0 if O(n) ¢ S.

2.1) I,nS) =
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216 ECKFORD COHEN [August

In particular, I'g(n, S) is the characteristic function of the set of integers such that
O(n)eS.

With u(n) denoting the M6bius function, we have the following relation which
is basic for this section.

LeMMA 2.1.

(2:2) L) = X o

d2e=n;de S

This formula is merely a restatement of the uniqueness of the representation
(1.1). The following known estimate is also required.

LEMMA 2.2 [4, LemMA 4.2, r=1]. If s =20, then for x 2 1,

s 6 xs+l .
2.3) U,(x) E'Ex n*ud(n) = 7?( . ) + 012,

Define {4(s) to be the sum of the series,
< 1
(2.4) (s)= X =,
n=1;neS n

for those sequences S and real numbers s for which the series converges. Note that
¢{;(s) is the zeta-function {(s), provided s > 1.
We are now ready to prove the main theorem of this section.

THEOREM 2.1. If 0 = 0, then for x = 2,

a+1
@9 BS) = (5 )Fs2e 2 4 0 R ),
uniformly in S, where
(2.6) R,(x,S) = Yy np it

nSyx;neS

provided this sum is nonvacuous; otherwise R,(x,S) = 1.

ReEMARK 2.1. Evidently, Ry(x,S) = O(1) for those S for which {(1) is finite.
Moreover, for arbitrary S,

_ [ oM if >0,
2.7 R,(*,8) = { O(logx) ifa=0.

In particular, the estimate, R,(x,S) = O(logx), is always valid.
Proof. By (1.2), (2.1), (2.3), and Lemma 2.1,

28) B(,S=LTmS= I W)= I U(g;)

n<x d2es<x:de S nSyxnesS
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Then by Lemma 2.2

at1

B,(x,S) = %(—’i—-) Y nTE 240"tV R(x,S))

a+1 nSyxneS

6 ( xa“) +1 —2a-2 +1/2
= —|—— )t +2) +o(x" X n )+O(x" R(x,8)).
n2\ o +1)°5 o

But the summation in the middle term is O(x ~*~/? ) and therefore (2.5) results.
We now specialize the theorem to some special sets of integers S. Let H denote
the set of integral squares.

COROLLARY 2.1. If « =0, then

xa+l

6 at+1/2
(2.9) B(x,H) = (a " 1) {(4a +4) + O(x ).
Place By(x, S) = B(x, S) for all S. Since {(4) = n*/90, one obtains
COROLLARY 2.1.1 (o = 0).
(2.10) B(x,H) = LA 0(+/x).

COROLLARY 2.1.2 (CESARO [2, §17]). The asymptotic density of the integers n
for which Q(n) is a square is n2/15.

Suppose that S, is the set of all n divisible by the fixed positive integer d.

COROLLARY 2.2. If a > 0, then

6 (X1 {2 +2 .
(210 B, 84 = n? (a + 1) (d2a+2 )"' O(x**17%),
Noting that S; = J, we have

COROLLARY 2.2.1 (d=1). If a >0, then

xa+1

2.12) Bx, )= O ( X l)c(za +2) + O(x*+112),

We say that an arithmetical function f(n) has average order E(x) if its summatory
function F(x) ~ xE(x) as x — co. Note that B,(x,J) is the summatory function
of I'y(n, J).

COROLLARY 2.2.2. If a >0, then the ath power of the divisor of n conjugate
to the greatest square divisor of n has average order (6x*[n*)({(2« + 2)/(a + 1)).

COROLLARY 2.2.3 (d =a=1). The conjugate divisor of the greatest square
divisor of n has average order n*x/30.
Next we consider the case in which S consists of a single positive integerr, S = r.
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218 ECKFORD COHEN [August

COROLLARY 2.2. For alla =20,

6 xa+1 —2a—2 xa+l/2
(2.13) B(xn) = 7z_2(a 7 1)' * 0(m-)’
uniformly in r £ |/x.
COROLLARY 2.3.1 (o =0).
6x
(2.14) B(x,r) = i 0({/x).

COROLLARY 2.3.2 (KANOLD [12, (13)]; ALSO CF. SCHERK [14, (3)]). The asymp-
totic density of the set of integers n with Q(n) > r is 1 — (6/n%) Z,,é,a"z.

Let D denote the sequence of square-free integers. Since the generating function
of D, T2,y (m)[n® = {(s)/{(2s), s > 1, we have

COROLLARY 2.4. Foralla=0,x =2,

6 (X {2e +2) o(x**1/?) if a>0,
(2.15)  Byx,D) —n—z(a n 1) (4o + 4) {O(\/x logx) if a=0.

COROLLARY 2.4.1 (¢ =0). If x = 2, then

(2.16) B(x,D) = % + 0({/xlogx).
COROLLARY 2.4.2 (CESARO[2, §21]). The asymptotic density of the set of those
n for which Q(n) is square-free is 90/r*.

Let P denote the set of the primes. Since

2.17) z %= O(loglogx), x=3,

PEX
we have
COROLLARY 2.5. If x = 3, then
6 [ x**! 1 o(x'%**) if a>0,
(2.18) Ba(x,P) - 7—!'2‘ (a T 1) % p2a+2 + {O(\/xloglogx) l:f a=0.

COROLLARY 2.5.1 (a« = 0). The asymptotic density of the integers for which
Q(n) is prime is equal to

6 1
‘x Ll
7'[2 ppz

Let {a,,---,a,} denote an ordered set of s fixed positive integers, s = 0, and let
N = Ny(a) denote the set of all n of the form n = pi*... p;*, where the p; are
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1964] SOME ASYMPTOTIC FORMULAS IN THE THEORY OF NUMBERS 219
distinct primes. In case s = 0, it is understood that N = (1). Then by(2.17)and the

above theorem,

COROLLARY 2.6. If x =3,

_ 6 [ x* 0(x**11%) if a>0,
(2.19) Ba(x, N) = ?(m) (N0 +2) + {O(Jx(loglogx)') if a=0,

where t = t(a) denotes the number of 1’s in the set, a,, -, a,.

COROLLARY 2.6.1 (a¢=0). The asymptotic density of the integers n for which
Q(n)e N(a) is given by
6 1
(2.20 63 a) = — E —_—,
) ( ) nz Plyeoos Ds (p:l“.p:’)z

where the summation is over all s-tuples of distinct primes, py,---,ps, for which
the numbers, pi'---p;* are distinct; if s=0, the sum is understood to have

the value 1.

Note that Corollary 2.6.1 reduces to Corollary 2.5.1 in case s=1, a, = 1. We
now prove (1.8) as a consequence of (2.20).

COROLLARY 2.6.2. If d,, is defined as in the introduction, then for |z| <2,

(2.21) > d,,,z"'=;62-];[ (1 +—5—-) .

Proof. By definition of d,, and (2.20)
b= ¥ £ !

YAV EERRVEY) b
n? P1yoessPs;S20  ay,...,ag (pfl"'p:')z

where for each set of s distinct primes, py,--, p,, the numbers a,,---,a, range
over all s-tuples of positive integers such that (2a; — 1) + -+ + (2a,— 1) =m.

Equivalently,

-5 3 1 1

2 ’
Pirpeisz0 P17 Ps by, bibodd PBie Pl

a

where the numbers by, -+, b, for each s = 0, range over all s-tuples of odd positive
integers such that b, + -+ + b, = m. It then follows that

d 6 1/z 2% 25
X dz" == (l+~—(—+—+——+~-)),
m=0 n21;[ p\p p* p’

from which (2.21) results.
The formula (1.8) follows from (2.21) by virtue of the relation {(2) = 6/n* and

the Euler product representation of {(s).
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220 ECKFORD COHEN [August

Let E denote the set of all n such that w(n) is even, that is, those n with an even
number of distinct prime factors.

COROLLARY 2.7. If x = 2, then

— 3{(2& + 2)Ca+ at O(xa+l/2) ifa > 0’
(2.22) B,x,E) = (—nz(a+1) ! )x 1oy {0(\/xlogx) oz,

where

(2.23) c,=1+1‘[(1-%), ¢> L.
b p 2

z

Proof. It remains to evaluate {g(s), s > 1. We have
t 1 1
wo= T -

1 0 -1 w(n)
1,y _(__)_}
n=1:0(n) even ns o oa= ns

%‘C(s)ﬂ;[(l—élp'“)’ - %{c(s)ﬂ;[ (2—#)}
o) 3] 2(son(1-3)

This proves (2.22).
COROLLARY 2.7.1 («=0). If x = 2, then

1

p~*

2.24) B(x,E) = 52-’5 +0(/xlogx),

where C = C,, as defined by (2.23).

COROLLARY 2.7.2 (FELLER AND TORNIER [10, §12]; ALSO CF. SCHOENBERG
[15, §10]). The asymptotic density of the sequence of n for which (Q(n)) is
even is

2.25) (1+ H( 1__))
Finally, we consider the case in which S is the set F of those n for which Q(n) is
even. One obtains in this case
CoROLLARY 2.8. If x =2, then
_ (30Qx +2)cury | at1 o(x**1/%) if a>0,
(2.26)  Bx,F) = ( wa+l) ) + O(/xlogx) if a=0,
where

{4)

(2.27) a=1+pay 12
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The proof is similar to that of Corollary 2.7.

COROLLARY 2.8.1 (¢ =0). If x = 2, then
Tx
(2.28) B(x,F) = ot 0(4/xlogx).

COROLLARY 2.8.2 (CESARO [2, §207]). The asymptotic density of the set of n for
which Q(Q(n)) is even is equal to 7/10.

3. Problem II. Estimates for B,(x,S). Corresponding to (2.1) we define

(3.1) Tn,S) = (ﬁ) if Q(n)€ S, Q(n) | n,
0 otherwise.

In case a =0, T'y(n,S) reduces to the characteristic function of the sequence
of n for which Q(n) is a unitary divisor of n and Q(n) € S. From (1.1) one obtains

LemMMA 3.1.
(3.2) [y(n,S) = X (o).

d218=n'd €S

We shall also need the following generalization of Lemma 2.2,

LemMMA 3.2 [4, LemMA 4.2]. If s =20 and r is a fixed positive integer, then

63 Bm= T = s (T) 0eme)

' e B n<x;(nr)=1 nz'//(r) s+ 1 ’
where 0(r) denotes the number of square-free divisors of r and Y(r) is Dedekind’s
Y-function,

1
(3.4) v =rI] (1 + —) = X p}d)s.
plr p as=r

REMARK 3.1. Note that r/y(r) = O(1).

THEOREM 3.1. If o = 0, then for x = 2,

, 6 xa'l'l , « ,
69 BiS) = g 34) Lse + )+ 0GRS,
where
< 1
3.6 W= X — >0,
( ) CS() n=1;nesns'//(n)
and where
. 6(n)
3.7 R, (x,S) = sz; esm,
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unless the sum is vacuous, in which case R)(x,S) = 1. The O-constant is inde-
pendent of the set S.

REMARK 3.2. Since X, 0(n)/n = O(log®x) (cf. [5, 3.9)]),
, _{oQ) if >0,
(3.8) Rix.8) = | olog?%)  if a=0.
In addition, if 6(n) is bounded on S, Rg(x,S) = O(logx), while, if S is finite,

Ry(x,8) = 0(1).
Proof. By the definition of B,(x,S) and Lemma 2.1,

39 BxS=EILmS= T o= I vn.( )

n<x d24e<x;deS nsSyx;neS

so that by Lemma 3.2 and Remark 3.1,

at+1

Bl(x,8) = = (:+ 1) T 4 0RYx,S))

nsyx;neS n2a+1.//(n)

6 [ x**1 wtl 1 a+1/2p
= ‘7(&7—1) (sRa +1) + O(x "Ex W) + O(x**'?RY(x,S)),
from which the theorem results.
1t is easily verified that for s > 0, ¢t > 0,
, 5 p’’
@1 0= T =l DA A= T1(1- ).
g ON SR 1S s

COROLLARY 3.1 (S=1J). If x =2 2, then

xa+1 O(xu+l/2) l:fa>0,

6
(3.11) By(x,J) = F(?ﬁ) {Qo +2)Brgsa + {O(\/xlogzx) ifa=0.
Place B'(x,S) = By(x, S). Then
COROLLARY 3.1.1 (2 =0).
(3.12) B'(x,J) = B'x + O( /xlog’x) (B’ =B).

Letting J' denote the set of integers n whose greatest square divisor is unitary,
one obtains

COROLLARY# 3.1.2. The sequence J' has asymptotic density f3,.

Next we consider the set S consisting of the single integer r.
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CoRrOLLARY 3.2. Forall « 20,

o +1 rzeti

) o+ o),

, 6
(3.13) By(x,1) =7 (
uniformly in r < /x.

CoROLLARY 3.2.1 (x=0). The asymptotic density of the subset of J' consisting
of those n for which Q(n) = r is 6/ry(r)n>.

Let S, denote the set of kth powers of the primes, k = 1, k fixed. Then
COROLLARY 3.2.2. For x = 3,
, _ 6x 1 0(/x) ifk>1,
a1 By = 5 L e 5) + o oglosny Thoi
Proof. This is a consequence of the theorem, in connection with (2.17).

COROLLARY 3.2.3. The asymptotic density of the set of integers all of whose
prime divisors are simple, with the exception of a single divisor of multiplicity
2k, is

by 1
n2 ;) p*-i(p +1)°
The case k = 1 yields

CoROLLARY 3.2.4 (RENYI [13, (6)]; ALsO cF. [7, (1.1)]). The set of integers
whose prime divisors are all simple, with the exception of a single double
divisor, has asymptotic density,

6 1
225 pp +1)
Let N (a) be defined as in §2.

COROLLARY 3.3. The asymptotic density of the integers n of J' for which
Q(n) € Ny(a), is determined by

1
E 2a1—-1 1 2a,—-1 1 ?
Prosls prit T (py + 1) pi® T (ps + 1)

(3.15) da) = %
where the summation satisfies the conditions described in Corollary 2.6.1.

Note that the case s = 1 of this result yields a second proof o iCorollary 3.2.3.
Let now d,, have the same significance as in the introduction. By Corollary 3.3,
one finds that
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CorOLLARY 3.3.1. If|z| <2,

(3.16) S dame % 11 (1 pz )

o A R TSV [ I=rD)

The proof is analogous to that of Corollary 2.6.2 and is therefore omitted.

Let E denote the set of n with w(n) even.

CoROLLARY 3.4. The asymptotic density of the set of n contained in J', such
that w(Q(n)) is even, is given by

Lo o g . 2p +1 )
— + , = f,, = {1 - — s
(B +7), B'=p> v I,,l ( 2+ 1)
where B, is defined by (3.10).

The proof is similar to that of Corollary 2.7.2.
As in §2, let F denote the sequence of n such that Q(n) is even. Analogous to
Corollary 3.4, one may prove

COROLLARY 3.5. The asymptotic density of the sequence of n for which neJ’
and Q(Q(n)) is even is (58’ + 256')/10, where

, 1 , 1
=1t ggn)s = (1 +5gem):

ReMArk 3.3. Corollary 3.1.2 also results from the case z=1 in (1.9), or
equivalently (3.16), by virtue of (1.10) in connection with the following principle:
Let G, G,,-- be mutually disjoint sets of integers with densities D(G;), i = 1, such
that J =|J2,G, and Z¥D(G)=1; if J*<J and T = |J;¢s+G;, then D(I)
exists and

DI) = X D(G).

ieJ*

4, Problem III. Estimates for BY(x, T). Let L have the meaning of §1 and
suppose that T is a nonvacuous subset of L. We define

n @ . .
4.1) *n,T) = ( 0*(n) ) if Q*(n)eT,
0 otherwise.

Evidently, T's(n, T) is the characteristic function of the sequence of n for which
Q*(n) € T. The uniqueness of the factorization (1.4) leads to

LEMMA 4.1.

4.2) T¥n,T)= X  e*ue).

dse =n;deT
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Let L(x) denote the enumerative function of L, representing the number of
n < x contained in L. It is an elementary fact (cf. [8, §1]) that

4.3) R(x) = O(/x).
We now prove
THEOREM 4.1. If 2 0, then for x = 2,

e+l
o B T) = 2 (357 ) 1) + 06+ 2 RE(, )

where {3(0) = {1(), as defined by (3.6), and
.5) R¥x,T)= ¥ X0

nsx;neT nat1/2 ’

if this sum is nonvacuous; otherwise, R}(x,T) = 1. The O-constant in (4.4) is
not dependent upon the set T; moreover, Remark 3.2 is valid here if S is replaced
by T and R,(x,S) by R¥(x, T).

Proof. By Lemma 3.1
46 BxT)= L T*nT= T  ex)= X Un,,(i),

nsx de<x;deT;(d,e)=1 n<x;neT h

where U, ; is defined as in Lemma 3.2. Application of (3.3) gives

B¥x,T) = & i“_) T L 4 ot V2RY:, TY)
a -V w2 \a +1 n<yxineT n“ll/(n) a\""s

7 _ i(""“)mm o(x™t T o)+ 00 R, ).

n2\a+1 n>x;neT netl

That {3(«) is finite for « > 0 is evident from the identity [9]

1
y
neL ‘p(n)
By partial summation and (4.3),

r L. 0( r ! )=0(Z‘ M")) +0(L("))

n>x;neT nati n>x;nel netl n>x na+2 xa+1

1 1 1
Z i+ O m) = v )

and (4.4) results from (4.7).

The final statement of the theorem concerning R¥(x,T) is a consequence of the
same type of argument carried out in detail in [5, §3] and will not be reproduced
here.

(4.8)

T2
._z-.
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Observe that I'¥(n,L) is y{(n) where y,(n) is the greatest unitary square-free
divisor of n.

COROLLARY 4.1 (IN CASE « = 1, cF. [4, COROLLARY 4.1.3]). If a > 0, then

49  Bxl)= T =

nsx n2

at+1
(;‘+ l)c(a + D)k, + O(x*+1/2),

where k, is defined by

a+1 a
pr+pt-1
4. = el I
(4.10) s I.l (1 (p+1)p2““)
The case o = 1 gives

COROLLARY 4.1.1 (CoHEN [4, COROLLARY 4.1.4]).

(4.11) 2z y(n) = kl—z"z +0(x3?).

Let N = N,(a) be defined as in §2 and place By(x, T) = B*(x, T).
COROLLARY 4.2. Let ay,---,a; be an s-tuple of integers, each > 1. Then for
x=3,

“.12) B ) = () G0 + O(x log log 9,

where t is the number of 2’s in the set ay, -+ ,a,.
Proof. By (2.17) and the fact that 6(n) is bounded on N (a).

COROLLARY 4.2.1 (RENYI [13, (17)]). The asymptotic density of the integers n
for which Q*(n) € N(a), where a,,--,ag are all > 1, is given by

1

(4.13) 5 L ’
PlseeesPs paln-l(Pl + 1)...p‘;'_1(ps + 1)

where the summation satisfies the conditions of Corollary 2.6.1.
CoROLLARY 4.2.2 (RENYI [13, (3")]).

- 6 z
4.14 X diz"=— (l+————).
@19 m=0 n? I,,I (r+D(p-2)
The proof is similar to that of Corollary 2.6.2.
One may observe that w(Q(n)) = w(Q*(n)); hence Theorem 3 yields no new
result analogous to Corollary 2.7.2. The corresponding prc blem for the Q-func-
tion, however, has the following solution,
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COROLLARY 4.3. The set of integers n for which Q(Q*(n)) is even has asymptotic

density,
1 1 pPP+p+1
4, — + — —).
(4.15) 273 I,:I(l+p3(p+l))
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