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It has been conjectured that a closed convex subset C of a Banach

space B is weakly compact if and only if each continuous linear func-

tional on B attains a maximum on C [5]. This reduces easily to the case

in which C is bounded, and will be answered in the affirmative [Theorem 4]

after some preliminary results are established. Following suggestions by Nami-

oka and Peck, the result is then generalized, first to weakly closed subsets

of Banach spaces and then to weakly closed subsets of complete locally convex

linear spaces.

The original motivation for this conjecture was the knowledge that it is true

when C is the unit sphere of a separable Banach space [2], which was later extended

to arbitrary Banach spaces [3, Theorem 5]. Additional support was given the

conjecture when V. L. Klee [5] proved a seemingly related theorem—namely,

that if C is a bounded closed non-weakly-compact convex subset of a Banach

space, then there is a decreasing sequence {K¡} of nonempty closed convex subsets

of C such that, for each xeC and each me[0,1), the set x + m(C — x) meets

only finitely many of the sets {K¡}. Iff is a continuous linear functional whose

sup on C is M and if there is no x in C for which f(x) = M, then a suitable choice

for Klee's sequence {K¡} is to let K„ = C n {x:f(x) ^ M — 1/n} for each n.

It is interesting to note that the conjecture can be verified easily for a bounded

closed convex set that is symmetric about an interior point x, since if x is trans-

lated to 0, then the convex set as a unit sphere induces a norm for which the new

Banach space is isomorphic to the original space. More generally, if 0 is an in-

terior point of a bounded convex set C and K is the closed convex span

of C\j ( — C), then K is symmetric about 0 and the sup on K of a continuous

linear functional is the larger of its sups on C and — C. Therefore for convex

bodies the conjecture can be established by using the known theorem for unit

spheres [3, Theorem 5, p. 215].

The following theorem is a generalization of a characterization of weak com-

pactness of the unit sphere that was useful in [2]. In the proof of this theorem

and thereafter, we shall use the convention that a sequence of nonoverlapping
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members of conv {yn} is a sequence {x„} for which there is an increasing sequence

of integers {p¡} such that x„ belongs to conv {yPr, ■■■, yPn+t-i} for all n.

Theorem 1. A bounded closed convex subset C of a Banach space is not

weakly compact if and only if there exist positive numbers p and o such that if

ô and A are any numbers with ô < p < A, then there exists a sequence

{zj of members of C for which the following are true for all positive inte-

gers n :

(i)  ô < || f || < A for all f e conv {zj ;

(i¡) d(conv{z¡,---,zn},conv{zn + 1,---}) ;> a.

Proof. It is known that a closed convex subset C of a Banach space is weakly

compact if and only if each decreasing sequence {K,} of closed convex sets

contained in C has a nonempty intersection [1; 6]. If {z¡}, ô, A, and a exist for

which (i) and (ii) are satisfied, we can let K„ he cl [conv {z„, zn+1, •••}] for each n.

If w e K„ for all n, then there are nonoverlapping members n and £ of conv {z¡}

such that

|| w - n I < iff and || w — C || < %a.

Then || n - £ ¡| < a. But it follows from (ii) that ¡j n - Ç || j> a. Therefore the

sequence {K¡} has an empty intersection and C is not weakly compact.

Now suppose that C is bounded, closed, convex, and not weakly compact.

Then there is a decreasing sequence {T¡} of closed convex subsets of C that have

an empty intersection. Choose a sequence {r„} for which t„ e T„ for each n. We

shall show first that if it is not possible to satisfy (ii) with a =| and {z¡} some

sequence of nonoverlapping members of conv {i(}, then there is a member t\ of

conv {i,} for which there is a sequence {t)} of nonoverlapping members of

conv {f,} such that

(1) II'í-«ÍII < ¿ for all n> 1.

To show this, we can suppose that no such t[ exists. Then we let zi = ty. There is

then an nt such that || zt - w || ^ |for all w in conv {tni, t„1 + 1, •••}. Let z2

= tai. For any finite set M of members of conv (z1; z2}, we can choose n2

large enough that || z - w || ^ \ for all z in M and all w in conv {t„2+l,t„2+2,---}.

Therefore we can choose n2 so that || z — w | Si \ for all z in conv {z1; z2} and

all w in conv {f„2+1, tttl+2, •••}. Continuing in this way, we could satisfy (ii) with

a =\. If it is not true that (ii) can be satisfied for some a > 0 and some sequence

of nonoverlapping members of conv {t„}, then an argument similar to that just

completed can be used inductively to obtain sequences {t*}, k = 1,2, •••, such

that {f¡í} is a sequence of nonoverlapping members of conv {f^-1, t*-1, •••} and

'I ** " f" Il < fcTî  fora11"'
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Then || t\ - t[ || < l/(k + 1) for all p > k, so {t*} is a Cauchy sequence. Its limit

is in the intersection of the sets {T„}, contrary to assumption. Therefore we can

conclude that there is a positive number o, and a sequence {z*} of nonoverlapping

members of conv {(„}, for which (ii) is satisfied.

Now let p - lim„_o0inf { || x ||:xeconv {zn*,z„*+1, ■■■}}. Since 0 is not in the

intersection of the sets {T,}, we have p > 0. If ô < p < A, we can choose N so that

ô < inf { || x || : x econv {z£, z£+1, ■••}}.

Now choose {z¡} so that for each n we have || z„ | < A and {z¡} is a sequence of

nonoverlapping members of conv {z* , z* + 1 ,-••}. If ^econv{zJ, then ô < || £, ||

< A, so that (i) is now satisfied. Also, (ii) is satisfied by {z(} since (ii) was satisfied

by{z*}.

It is possible to strengthen Theorem 1 by replacing conv {zlt •••, zB} in (ii) by the

linear span of {z1( •••, z„}, denoted by lin {z,, ••-, z„}. This is a consequence of the

following theorem.

Theorem 2. Suppose that for a sequence {z,} and positive numbers ô and o,

we have

(i)  ô< \ ^\ forain econv {z,},

(ii) d(conv{z!, •■■,z¿\, conv{z,1+1, •••}) _ a/or all n.

If 0 < \o, then there is a subsequence {z*} of {z,} such that

(ii)' d(lin {z*, -, z*}, conv {z*+1, •••}) = 0/or a// n.

Proof. Suppose that 0 < \a. We shall use induction to show the existence of

the subsequence {z*}. Suppose that a positive integer pk and a finite set

{z*, z2* •■-, z*} have been chosen so that (ii)' is valid for n ^ k if we use for

{zf} the sequence consisting of {z* , ■■-, zf} and all z¡ with i > pk. If the analogous

statement is not true for n ^ k + 1 when z*+ y = zPk and pk+y is sufficiently large,

then for any p there are members u and z of lin {zf, •••, z*+1} and

conv {zp, zp+1, •••} such that

|«-z||<0.

Since v can be arbitrarily large, there are an infinite number of nonoverlapping

choices for z. It follows from this and k being fixed that for any positive number e

there are members ux and u2 of lin {z*, ■■■, z*+1}, and nonoverlapping members

n and C of conv {z?+2 ,•••}, for which

\\uy-n\\< e,  Iu2-rI <0,

and

I «! - «2 I  < £•

Then || n ~ C || < 20 + e. It follows from this and (ii) that
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29 + e> o and 9 > \a - &.

Since £ was arbitrary, we have 9 S: \a. This contradicts the assumption that

9 < \o, so we conclude that the induction can be completed.

The next theorem is the particular consequence of Theorems 1 and 2 that will be

used in proving Theorem 4. It is a generalization of a similar theorem about

nonreflexive Banach spaces—Theorem 1 of [3].

Theorem 3. A bounded closed convex subset Cofa Banach space is not weakly

compact if and only if there is a positive number r for which there exists a

sequence {z,} of members of C, and a sequence {/¡} of linear functionals with

unit norms, such thatfn(z¡) > r if n ^ i andf„(z,) = 0 if n > i.

Proof. Suppose first that such sequences {z¡} and {/¡} exist. Let Kn be

cl [conv {z„,zn+1, •••}]. Then the decreasing sequence {Kj of closed convex

subsets of C has an empty intersection, since if w belongs to the intersection, then

f„(w) 2ï r for all n and limn^œ f„(w) — 0. Therefore C is not weakly compact.

Suppose now that C is bounded, closed, convex, and not weakly compact.

Then it follows from Theorems 1 and 2 that there is a sequence {z,} of members

of C, and positive numbers ô, A, and r, such that

(i)*  ô < || f I < A for all f e conv {z,} ;

(ii)* d(lin{z¡, — ,zB}, conv{z„+1 ,•••}) ;> r for all w.

As a first step toward defining the desired continuous linear functional /„ for a

particular n, let us define a new norm on lin {z¡} as follows: Let S„_! denote

lin {zj, •••, zn_Y} and, when z = Za^, let

|||z|||=maxid(Z,S„_1),||Z1a;z1||j.

If zeSB_1; then |||z||| = ||z||. If |||z||| = 0, then we must have d(z,S„_1) = 0

and zeSn-t, so that ||| z ||| = || z ||. Therefore ||| z ||| # Oifz ^ 0. The triangle

inequality is satisfied by 111 111, since it is satisfied by p if either d(z, S„ _ «,) is used

for p(z) or || Zi"~ latz¡ || is used for p(z) when z = Z a¡z¡. Now let

j = inf {||| z|||:zeconv{z„,zn+1, ■•■}}.

It follows from the definition of |J     ||| and (ii)* that

(2) -g = d(Sn_1, com {zn , zn+1, -}) ^ r.

The definition of 9 implies that conv{öz„, 0zn+1, •••} contains no points x of

lin {z„ , zn+1, •••} for which ||| x ||| < 1. Therefore [7], there is a linear functional

/„* whose domain is cl [lin {z„, z,+1, •••}] and for which
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(3) /*(z) = 1 for all zeconv {0z„, 0zn+1 , •••},

and

/„*(u) = lif|||u||| = l.

Let/** be defined by /„**(*) =/*(x) when x is in the domain of/*, and

f**(z¡) = 0 if / < n. Then

\fraaiZi)\ = \f^i m=|||2 a¡2

Since Ill^aiZilH = d(i;„aizi,Sn_I) ^ || £a;zf ||, we have

l/rda^l^llIa^H.
Therefore |/** || = 1. Also, if n = i, it follows from (3) that/*(0z¡) = 1, and

from this and (2) that

fT(z^f*n(z^lzr.

Now we can define/,, as a norm-preserving extension of/**/ ||/** || to the entire

space.

The second of the following lemmas is similar to the lemma used in [3] to prove

that if a Banach space is nonreflexive then there is a continuous linear functional

that does not attain its sup on the unit sphere. However, that lemma and the

associated theorem were constructed by analogy with Theorem 2 of [3], which

states that there is a continuous linear functional g on Z(1) which has the property

that, if /(1)is a subspace of a Banach space B, then there is a norm-preserving

extension of g that does not attain its sup on the unit sphere of B. Lemma 2 and

Theorem 4 use an analogy to continuous linear functionals of type E/Lx¡ defined

on (c0), where ßt > 0 for each i and Eft < + co. Such a functional does not

attain its sup on the unit sphere of (c0).

lfB is separable, then the following lemmas and theorem can be simplified as

follows. First choose a subsequence {/p.} of {/¡} for which lim fPi(x) exists for

each x of B, and let/,,* be defined as hj || h„ ||, where

hn(x)=fPn(x)-iim[fPl(x)]

for each x of B. Then for the sequences {/¡} and {zj of Theorem 3, there is a

subsequence {z?} of {zj such that/*(z*)> \r if n^i and/„*(z¡*) = 0 if n> i.

If {f*}, {zf}, and \r are used instead of {/¡}, {zj and r, then Lemma 1 can be

discarded and every lim inf and lim sup used in the proofs of Lenmma 2 and

Theorem 4 is equal to zero.

Lemma 1. Let C be a bounded convex subset of a Banach space B and let g

and Gy, G2, ••• be continuous linear functionals on B. Ifß, y, and e are nonnegative

numbers, then there exists a sequence {G¡} of nonoverlapping members of

conv {G¡} such that
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sup [g(x) + ßhx(x) - y lim inf/z;(x)]
xeC

< s + sup [g(x) + ßht(x) - y lim sup n¡(x)]
xeC

for all sequences {h¡} of nonoverlapping members of conv {G¡}.

Proof. Let us first arrange all members of conv {G¡} that have rational co-

efficients in a sequence {cb¡}. Choose {F¡} and an element xx of C so that {F¡} is a

sequence of nonoverlapping members with rational coefficients of conv {G¡} which

has the property that

g(Xi) + ß<t>i(xL) - y lim inf F^)

is within $e of being as large as possible for all such sequences and elements xx.

Then let {F¡} be a subsequence of {Fj for which limF^x^ exists and equals

liminfF^Xj). Now use this process inductively to choose for each k a sequence

{F*} and an element xk of C with the following properties:

(a) {F*} is a sequence of nonoverlapping members with rational coefficients

of conv{F\-\Ft1,-};

(b) lg(xk) + ß<t>k(xk) - y liminf..,«, F?(xk)] is within \t of being as large as

possible for all choices of {F?} as a sequence of nonoverlapping members of

conv{F2_1,F3_1, •••} and all choices of xk from C;

(c) lim^K, F%xk) exists.

Now let Gk = F i for each k. For any c\>k in conv {G¡}, the expression

g(xk) + ß<pk(xk) - y Um inf G¡(xk) = g(xk) + ßcbk(xk) - y lim Ff(xk),
¡-»00 ¡-»00

and this expression cannot be increased by more than \z by replacing {G¡} by

some sequence {n,} of nonoverlapping members of conv {G,} and x* by some

member of C. Also, lim inf^œ hfxk) = lim sup;.,«, h¡(xk) for any such sequence.

Now for a choice of {n,}, we can choose cbk so that | n^x) - ^(x) | < Jeif xe C

and use cj)k and the corresponding xk to show that it is impossible to have

sup [g(x) + ßh^x) - y lim inf n¡(x)]
xeC

^ e + sup [g(x) + ßh^x) - y lim sup h¡(x)] ,
xeC

since we could then replace hl by cbk and obtain

[X**) + ß4>k(xk) - y Um sup h¿x¿\ > sup [^(x) + ßcbk(x) - y lim sup h¡(x)].
i-»oo xeC

Lemma 2. Suppose that C is a bounded convex subset of a Banach space B,

risa positive number, {z¡}is a sequence of members of C, and {/¡} is a sequence

of linear functionals with unit norms such thatf„(z¡) > r if n ^ i andfn(z¡) = 0

if n > i. If {/?;} is a sequence of positive numbers, then there is a sequence {g¡}

of nonoverlapping members o/conv {/¡} which has the following property K:
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If gk(0 - lim inf gi(0 ^ (i + 2 ~k)r for some k and some ÇeC, then there is a

y in C such that

ZftftGO- (Zft)limsuPftO0]

(4)

2-«+2>rßk + [ Î ßigi(0 - ( ¿ft) lim mfgtf)] .

Proof. We shall show first that {g¡} has property K when k = 1, if {g¡} is any

sequence of nonoverlapping members of conv {/,}. To do this, we suppose that

{g,} has been chosen and that a member £ of C has the property that

Si«)-liminfft(Oá*r.

We have

0i£i(z.,) - ft limsupft(z.) = ßygy(z,) > rßy

if n is large enough. Therefore there is an n large enough that we can satisfy (4)

with k = 1 and y =z„ if it is true that

rßy>\rßy+ßylgy(0-hminfgi(0].

This inequality is true, since g¡(0 — lim inf gt(0 ^ |r.

Now suppose that {gy, g2,---,g„-i ,F„,Fn+1 ,■■•} has been chosen as a

sequence of nonoverlapping members of conv {/¡} and that, for each sequence

{gn, gn+1> ' '-} °f nonoverlapping members of conv {F„, F„ + y, ■ ■ ■} , property K is

satisfied when k g n. Let

(5) 0„ = inf   sup fz ßigi(x) + ßnGn(x)  - ( t ft) lim inf G;(x)l ,
{G;}       xeC    [    1 \   1 / J

where {G¡} denotes a sequence {G„, Gn+1, •••} of nonoverlapping members of

conv {F„, Fn+1, •••}. Choose a particular {Gf} so that

sup [Ï ft&M + ftA*(x) - ( t ft) liminf G*(x)] < 0„ + 2-,B+3Vft+1.

If G* = G* and {G*+1,---} is a sequence of nonoverlapping members of

conv{G"*+1,---}, then for all sequences {hn+1,---} of nonoverlapping members

of conv{G*+1, •••} we have liminf/i¡(x) ^ liminfGf(x) for all x in B. Therefore

it follows from Lemma 1 that we can let G* = G* and choose {G*+1, •••} so that

rn-i

(6)   sup
xeC

S ßalx) + ßnG*n (x) -(î ft)liminf fc,(x)] < 0„ + 2-(n+3)rft+1,
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sup ^ißigi(x) + ßnG:(x) + ßn+lhn+1(x) - CZßlj liminfn,(x)]

(7) <2-(n+3V,3„+1

+»'ïc   [ï ß'8i(x) + ß„Gt(x) + ß„+lhn+1(x)  - fZft) lim sup A^)] ,

for all sequences {n„+1,---} of nonoverlapping members of conv{G„* u •••}.

Now suppose there exists a G** in conv{G*+1,---} and a sequence {nn+1,--}

of nonoverlapping members of conv {G*+15 •••} for which

sup
xeC

"ißigJ(x) + ßnG:(x) + ßH+iG**(x)- (ï'ft) liminfn^j

(8) <ön+a + 2->^n+1.

Let H = (AG„* + ßn+1G**)/(ßn + ßH+1). Then

sup fZ ßigi(x) + (ßn + ßn+1)H(x) -   ( Z ß) lim inf/¡¿x)]
(m        «c L i \ i     / J

<i9n4-(i + 2-n)r^+l.

We know that property K is valid for k = n with ht substituted for g¡ when

i > n and H substituted for g„. Therefore if f e C is such that the expres-

sion S,

S = "| /Jigi(x) + ß„H(x) - ( Z ft) liminf nf(x),

is within 2"(B+2) ry?„ of its sup when x = f, then

H(f) - lim inf /¡¡(f) > (i + 2~")r

and S is increased by more than (\ + 2~")rß„+i if the quantity

/^[tf^-liminfn.i.f)]

is added, so it follows from (9) that

rn-l

sup    Z ßigi(x) + ß„H(x) -  (iß) liminfn^x)
xeC L   1 \   1       /

< 0„ + (i 4- 2-)rß.+1 - (i + 2-)rßn+1 = 9„.

This contradicts (5), so we can conclude that (8) is false for all G** and all

sequences {nn+1,---} of nonoverlapping members of conv{G*+1,---}. It follows

from this and (6) that
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supíl ßigi(x) + ßnG:(x) + ß„+yG**(x) - ("l ft) liminf*,(*)]

(10) > [l + 2-B-2-<"+3)jrft+1

+ sup fl ßigl(x) + ßnGn*(x) -  (Ï ft) lim inf fcf(x)] ,

whatever  the choice of G**  and {«„+!,•••}  as nonoverlapping members of

conv{G*+1,---}. Now let G* = gn. It then follows from (7) and (10) that

sup    I ftg¡W + ft+1nn+1(x) - I I ft) limsup h¡(x)\

>-2-<B+3Vft,+1

(ID
+ sup

xeC
t ßtgfc) +ßn+1hn+y(x) - Çl ft) liminfÄl(x)]

> [-1 + 2-" - 2-("+2J]rft+1 + sup [ I ßigi(x) - ( ¿ ft) liminfW*)]-

Now we are prepared to attack property K when k = n +1. Suppose that

ÍA+i»-"} is a sequence of nonoverlapping members of conv{G*+ !,•••} and

that ¿ belongs to C and is such that ftB+1(0-liminfn((OáO + 2"(n+1)]r.

Then it is easy to verify directly that

[l + 2-<"+»]r/L.+1

(12) ^ [t fts,(£) + ft,+A+i(0- (Ï ft) ümsuph^)]

-  [Sj8,ft(«- (t ft) liminfnf(0] •

From (11), it follows that there is a y in C such that

[£ AftGO + A+A+iO» - (S ftjlimsuph^j

(13) > [| + 2-n-2-^+2)]rftH.1

+ sup i t ftgi(x) - ( i ft) lim inf ft((x)j.

It follows from  (12), (13), and  the equality  of [i + 2"" - 2"(n+2)]  and

2-(B+2) + [i + 2-(',+1)],that
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[ißigi(y) + ßn+ih„+i(y) -   (Z ft)limsup«i(v)]

>2 ~(n+2)rßn + 1 + [Z ßüSfä + ßn+ihn+itt)- ("Z ft) limsupn^f)].

Therefore property K is valid when k = n 4- 1, for all choices of {g,I+i,---} as a

sequence of nonoverlapping members of conv{G*+1,G„*+2,---}.

Theorem 4. Let C be a bounded, closed, non-weakly-compact, convex subset

of a Banach space B. Then there is a continuous linear functional defined on B

that does not attain its sup on C.

Proof. It follows from Theorem 3 that the number r and the sequences {zj

and {/¡} hypothesized for Lemma 2 actually exist. For the resulting sequence

{g,}, it will be convenient to have

I Z ßlgi(y)  -  (Êft) limsupg,(30  +    Z ftg¡(f ) - (Z ß,) gi(0
U+i u+i    / t+i u+i    /

(14) ^2'{k + 2)rßk,

for all k and all y and f in C. For this, it is sufficient to have

4 ( Z äW ^ 2-^>rÄ  or  Zft^^vJ,
U+l     / k+l L        m

where M is an upper bound for {|| x || :x e C). This will be satisfied if we let ßt = 1

and require that ß„+l ^ 2~(n+5)rßJM and ßn + 1 ̂  ift, for all n. Now let O be a

linear functional of unit norm defined on the space (m) of bounded sequences

and such that

liminfx; :g $(x1,x2,-") íí limsupx,-.

For example, we can let <£> be any linear functional of unit norm such that

3>(x1;x2, •••) = lim„^œxB whenever this limit exists (or we could let <E> be a "Banach

limit"—but we do not need the "translation invariance" of a Banach limit).

Now for the sequence {g¡} of the lemma, define a continuous linear functional g

on B by letting g(z) = <ï>[g«,(z), g2(z), •••]. Then || g || ^ 1 and we also have

(15) liminfgXz) ^ g(z) ^ limsupg,(z)

for all z in B. Let G be defined by

G(x) = Z ßigi(x) -   ( Z ft)g(x).

It follows from property K of the lemma that, if
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gk(0-\iminfgi(0úa + 2-k)r

for some £ e C and some k, then there is a y in C such that

[z Ä&O0 - (Zft)iimsup^)

ißigi(0- (lft)liminfg;(0].>2-(t+2)rft +

From this and (14) we have

[ | AftOO -  l Z ft) lim sup gi(y)   >    I ftgi(0 - ( £ ft)liminfgi(0  ,

and

CO /   CO \ CO /    ^ \

Z fts.Cv) - ( Z ft)s(y) > Z &&(£) - ( Z ß^g(0,

or G(y) > G(0- Therefore if G attains its sup on C at «, then

£*(") > (t + 2~k \r + liminfg¡(u)     for all k.

This implies that lim inf g¡(u) = \r + lim inf g¡(u), a clear contradiction.

The first of the following generalizations of Theorem 4 was suggested by

Isaac Namioka, the second by N. T. Peck.

Theorem 5. A weakly closed subset S of a Banach space B is weakly compact

if and only if each continuous linear functional on B attains its sup on S.

Proof. For any subset S of B and any continuous linear functional/, the supof /

on S is equal to the sup off on the closed convex span of S. Therefore if S is

weakly closed and each continuous linear functional on B attains its sup on S,

then the closed convex span of S is weakly compact [Theorem 4] and S is weakly

compact. It follows directly from the definition of weak sequential compactness

that if a subset S is weakly compact, then each continuous linear functional

attains its sup on S.

Theorem 6. // a subset S of a complete locally convex space E is such tha

every continuous linear functional on E attains its sup on S, then the weak

closure of S is weakly compact.

Proof. The weak closure of a set S will be denoted by wcl(S). Note that the

sup of a continuous linear functional on wcl(S) is equal to its sup on S. As is

well known [4, pp. 46-47], there is a family [Ba: a e A} of Banach spaces and a
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linear homeomorphism h that carries E onto a closed linear subspace F'of the

product space P = [Xie^a- If w indicates the weak topology, then (E',w) is a

closed subspace of (P, w) and (P, w) = []„ eyt(ßfl, w).

For each a c A, let 7ca denote the canonical projection of P onto Ba. If /fl is

continuous linear functional on Ba, then fanah is a continuous linear functional

on E. Since fanah attains its sup on S, /„ attains its sup on 7tanS. From Theorem 5

it follows that vicl(nahS) is weakly compact, whence of course the set

[]a^wcl(7tanS) is a weakly compact subset of P and its weakly closed subset

wcl (hS) is also weakly compact. But then wcl(S) is weakly compact and the

proof is complete.
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