GAUGES AND THEIR DENSITIES
BY

GERALD FREILICH

1. Introduction. The method of constructing measures from gauges in a metric
space is particularly important in measure theory. Examples of such include
the family of Hausdorff measures in a general metric space, and the integralgeometric (Favard) measures in Euclidean space. The original idea is due to
Caratheodory [2]. In generating a measure from a gauge, one considers countable
coverings of a given set by elements in the domain of the gauge and only considers
the sum of the corresponding values of the gauge. The main object of this paper
is to investigate the relationship of the individual terms in the sum to the set that
is covered. In particular, one can ask how well the gauge value of a single element
of the covering approximates the measure of that part of the covered set within
the given element. This leads naturally to the definition of upper and lower gauge
densities to be found in §3. In this paper, results are only obtained for upper
densities.
In §3, under rather general conditions, it is proved that the upper gauge density
is not less than unity for almost all points of a given set (Theorems 3.2, 3.3, 3.4).
Here as in the remainder of the paper, measurability of the set is not assumed.
In §4, more conditions are imposed on both the gauge and the metric space,
leading to the definition of diametric gauges, However, the concept is still general
enough to include sphere and Hausdorff measure in Euclidean space or in sufficiently well-behaved manifolds. For diametric gauges and for sets of finite (outer)
measure, it is proved that the upper density is unity almost everywhere in the set
(Theorem 4.4). Theorem 4.2 appeared in the special case of Hausdorff measure
on the real line in a paper of Besicovitch and Moran [1]. Finally, Theorem 4.5
states that for diametric gauges and sets of finite measure, one can use the gauge
to approximate simultaneously in the large and in the small; thus one can cover
with sets, for most of which the gauge value approximates the measure covered, and
such that the sum of the gauge values approximates the measure of the whole set.
A good summary of earlier and related results can be found in Fédérer [3,
especially §3].

2. Preliminaries. Throughout this paper, the following will be assumed:

0 denotes the null set.
oo/a = co if a > 0.
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If (R, p) is a metric space, x e R, O < r < co, then U(x,r) will denote
{y e R | p(x, y) < r}. Also, for A <=R.,diam 4 will denote the diameter of the set A.
Definition 2.1. Let (R,p) be a metric space. We shall say that g is;a gauge
over R if g is a nonnegative real-valued function defined over a class M of subsets
of R, 0 e M and g(0) —0. We shall say that the (outer) measure m is generated
by the gauge g if for all Ac R,
(00

CO

\

2 g(Mi)\A<= [JM¡, diam M¡ < r, M¡eM\.

¡=i

i=i

I

As usual, a set ^4 e=R is said to be m-measurable

if for all B cz R,

m(B) = m(BC\A) + m(B - A).
Lemma 2.2. Let (R,p) be a metric space, g be a gauge over R with domain M,
m the outer measure generated by g, A c R, m(A) < oo. Then for e >0, there

exists a «5> 0 such that

( M0 = (J My, M¡ e M, M0 is m-measurable, diam M¡ < ô

=>( 2 g(M¡) > m(A n M0) - e )
Proof. Given e > 0, choose ô > O so that
(CO

\

/ 00

\

Acz (J N„ diamNi< 5,N¡eM I => I 2 £(JV,-)
> m(i4)-1 I.
Let

M¡ e M,

diam M¡ < ô,

M0 = [J™ yM,

be

m-measurable. Then

m(A) = m(A n M0) + m(A —M0). Choose Pt e M so that
CO

diam F, < Ô, A-M0cz\J

00

Ph 2 g(P,) < m(A - M0) + -.
i= 1

i= 1

Then since {M,} U {P¡} covers A and each set in the covering has diameter less

than ô, it follows that

2 g(Mi)+ 2 g(Pi)> m(A)-S-

¡= i

i= i

z

= m(AriM0) + m(A-M0)-^
00

> m(AnM0)+

2 g(Pi)-s,
t =i

CO

2 g(M¡) > m(A n M0) - e.
¡=i
Remark.

In Lemma 2.2, the condition that M0 be m-measurable is usually
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superfluous in application. This is because the outer measure m has the property
of being additive on two sets a positive distance apart, so that Borel sets are mmeasurable. In many applications, M consists of Borel sets only.

3. Gauge densities.
Definition 3.1. Let g be a gauge over R with domain M, and let m be the generated outer measure. For xeR,

Aezz R, we define the upper and lower gauge

densities of A at x by
n. / •»= hm
r
D*gAÍx)
sup

m(AC\N)
v
—,

B-»oo/VeM„

n* r \ = rhm mf
• c
D*gA(x)

öVv )

m(A
K C. N) ,

n-»ooiVeM„

SV* ->

where M„ = {TV6 M | x e N, diamN g 1/n, g(JV)ï 0}. If D*gx(x) = D*gAix), we
define />g¿(x) to be their common value.
Theorem 3.2. Let g be a gauge over R such that every element of M is mmeasurable, A <zzR, miA) < co. Then D* gA(x)^l for all points of A except for
a set of m-measure zero.
Proof. Let 1 > e > 0 and define e„ = s2/22n+4 for each positive integer n. By

Lemma 2.2, choose 0 < ô„ < 1/n so that if M0 =\<J¡Z1Mi, M¡eM, diamM¡ < <5„,
then

Z,™yg(M¡) > m(A nM0) —e„. Next choose a sequence of sets N¡eM such

that icQï,

N„ diamN¡ < <5„,and Z,* ig(N) < m(A)+ e„.

Relabel those N¡ such that giN) > (1 + s¡2")miA nN)>0

by the symbols Q,;

relabel those N¡ such that giN) = 0 by the symbols Rj-, relabel those N¡ such that

giN) > 0 = miA n N) by the symbols T}; and relabel the remaining N¡ by
the symbols V¡. For each Qj choose a sequence of sets Wj¡keM

AnQj = \JkWj,k, diam WJ¡k<o„ and

such that

S,g(HA,t) < (1 + £/2"+1)• miA r\Qf).

Since {H7,-,!;}U {Rj} U {T;} U {Fy} cover A by sets of diameter less than <5„,

Z g(^..)+
j.k

Z g(R;)+ Z ,?(3})+ S giVj)>miA)-en.
j

j

j

Also

Z Ä(ßj)+ 2 g(Ry)+ S g(T,.)+ Z g(IA)< m(A)+ e„.
j
j
j
j
Hence

2e„ >

z g(e,)- z giw)tk)=z (g(ô,)- z giWjj)
Z ( 14- ~-1

- ~)

• miAnQj) -JL-

so that

Zm(^n«2i)< —
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An application of Lemma 2.2 shows that

mLnljRj)<
\

J

2 g(Rj) + En= Bn< -Î-.

I

j

2

Also

0 ^ m ( A n[JTj ) = 2 m(AnTj) = 0.
Hence if we define Bn= [JjVj,

then since A—B„ is covered by the sets {Qj},

{Rj}, {Tj}, it follows that

m(A - Bn)^ 2 niL4nß,.) + m^nljR;)

+ m^nU

Ï}) <-£-.

Also, if x e Bn,then x e F) for some j, and g( Vf)5=0, m(^ n F,-)/g(IA)=(1 + e/2") "'.
If we next define B = f]„°°=,Bn,then m(y4- B) ^ 2"= 1m(A - B„) < e. It is obvious
that if xeB,

then D* gA(x) S: 1. Since e was arbitrary, the proof is complete.

Theorem 3.3. Let g be a gauge over R such that if 0 ¥=N eM, then g(N) > 0.
If Acz R, m(A) < 00, then D* gA(x)— 1 for all points of A except for a set of
m-measure zero.

Proof. Let 1 > e > 0 and define e„ = e2/22"+4 for each positive integer

n.

From the definition of m(^4),choose 0 < <5„< 1/n so that if M¡eM, Acz [JfLlMt,
diamM¡<¿„,

then

2™ yg(M¡) > m(A) —e„. Next choose a sequence of sets

N¡eM such that Aczf]f=l Nt, diamJV,<5B and 2™ 1g(N¡)< m(A)+ s„. The
proof of Theorem 3.2 now carries over if one observes that the class {Rj} is either
empty or consists of 0 alone and hence no application of Lemma 2.2 is required

Theorem 3.4. Let
(1) g be a gauge over R,

(2) Acz R be arbitrary,
(3) R be separable,
(4) there exist a ô>0
g(U(x,r))>0,

such that if xeR,

0<r<o,

then U(x,r)eM

and

(5) every element of M be m-measurable.
Then D*gA(x) = lfor all points of A except for a set of m-measure zero.

Proof. We first note that because of condition (5), every set is contained in an
m-measurable set of the same measure. Hence for any sequence of sets A¡,

ni(U"i^)

= lim"-oom(lJ?=i^)-

Let Y be a countable set of points dense in R. Let B = {xeA\D*gA(x) < 1}
and assume m(B) > 0. For each xeB, choose a sphere Ux = U(y, r)eM with
yeY, xeUx, r a positive rational number, and m(Ux P\A) < g(Ux). Since the
collection {Ux\xe B} is countable, order them as Uy, U2, ■■•.Choose the integer
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n so that m(Bn (J,"„yU¿ > 0. Let Ay= AnlJ^yUi, Bt =Bn lj?=11/;. Then
By cz Ay, m(By) > 0, m(Ay) < co and for xeBy, D* gA(x) ^ D*gA1(x) < 1. Since
Theorem 3.2 is contradicted, the proof is complete.
Remark. In Theorems 3.2 and 3.4, the condition that every element of M
be m-measurable is usually satisfied in applications, as has been already remarked.
We now give an example of a gauge g such that no nonnull element of M is mmeasurable. If My is the set of open intervals in Euclidean 1-space El, and
gy(I) = diamf for an open interval /, then the generated measure is Lebesgue
1-dimensional measure, Ly. Let M be the set of all subsets of E1 of the form 0
or (a, b) U C, where C is Ly nonmeasurable,
C cz(b,b + (b — a)2), a <b.
Again let g(N) = diam N for NeM. Then g generates Lx and no nonnull member
of M is Lpmeasurable.
4. Diametric gauges. We now fix the metric space (R,p) and the gauge g.
Throughout the remainder of this paper, we shall make certain assumptions
on the gauge and the metric space which we formalize in the following definition.
Definition 4.1. g is a diametric gauge over R with domain M if
(i) g is a gauge over R with m the generated outer measure,
(ii) there exists a ô > 0 such that if x e R, 0 < r :£ o, then l/(x, r)eM and
diam U(x, r) > r.
(iii) every member of M is m-measurable,
(iv) there exist nondecreasing functions fy and f2 on the nonnegative real
numbers and a positive constant k such that fy(2r)i%k-f2(r)
and if NeM,

diam N = r, then f2(r) = g(N) = fy(r),
(v) there exists a positive integer L such that any open sphere of radius
6r can be covered by L open spheres of radius r (L independent of r).
Remark. In Definition 4.1 (iv) one can replace 2 ■r by p ■r where p is any
fixed number greater than one, and similarly in 4.1 (v) the radius 6- r can be
replaced by p • r. It is obvious that the definition is then unchanged. In what
follows, condition 4.1(v) can be weakened so that it holds only for r sufficiently
small.
Theorem 4.2. Let g be a diametric gauge over R, AczR, m(A)<oo.
every p > 1, e > 0, there exists a ö > 0 and sets C and B = A — C such that:
(i) C is the union of elements of M,

(ii) m(A r\C) = e, m(B) ^ m(A) - e,
(iii) if x <£C, xeNeM, diam M ^ Ô, then m(A r\N)^p(iv) for all NeM with diam N=ô, m(B n AT)^ p • g(N).

For

g(N),

Proof. We exclude the trivial case m(A) = 0. Let L be an integer such that
for all 0 < r < oo, an arbitrary sphere in R of radius 6r can be covered by L
open spheres of radius r. Choose a constant k > 1 such that fy(2r) ^ k • f2(r),
where fy and f2 are the functions of 4.1 (iv).
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Let u = e(p — l)(p/cL)_1, and apply Lemma 2.2 to choose ô > 0 so that
U(x, r) e M, diam C/(x, r)> r for xeR, 0 < r = Ô, and

(m0 = Q M¡, M¡eM, diamMi^ ô W ( Z g(M) > m(Ar,M0)- u \ .
Next, define C = {x e R \ for some N eM, xeN,
= P ' giN)}i anc- for each nonnegative integer t, define

D, = ÍNeM\-ô—<diamN^-^,

diam N ^ ô,

m(A r, N)

m(A n N) = p ■g(N)j ,

00

(=0

so that C = U-védNFor each NeD„

we associate a sphere F(N) by choosing xeN

and taking

K(/V)= L/(x,3¿/2').
If D0 # 0,

choose N0>1eD0 so that
m(/l O AT0f ,) > — sup m(A n TV).
k NeDo

Then ^(JVo^) can be covered by L open spheres of radius <5/2;call them Vy,---,VL.

If FeD0,
then mL4 O K¡)< fe • m iA n N0>1). If V¡$D0, then since
diamF|<2-diam/Vo,,,
it follows that miAr,V¡) < p ■gCV) ^ p • feg(JV01)
^ fc • m(yl n/V01). Hence
i
m(¿ O F(/V0, O) ^ Z m^nFj) -g fc • L • miA O N0il).
i= l

Let D01 = {NeD0\Nr.N0tl
DOfl¥=0,

= 0}.

If j90,i = 0,

the procedure stops. If

choose JV0>2eD0>1 so that m(/4 n/V0>2)> (l^sup^eDo^m^

n/v7).

Then F(JV0>2)can be covered by L open spheres of radius »5/2;call them Wi,—, IFt.

If W,r\NOty^0,

then Wjc F(/V0>1).If Wir\NOty = 0 and W^D0, then

m(,4 C.W)<p-

giW) = p-k-

If (y¡eD0il, then miA nW¡)<k-

mL4 n(F(/V0,2) - ViN0,y))) =.

g(/V0>2)^ fc ■m(^l n JV0>2).

miA OJV0>2). Hence

Z

m(,4 nlf,)) = kLmiA nN0 f),

so that
miAr,iViN0,y)yJViN0,2)))

:g miAr.ViN0A))
+ miAr,iViN0t2)-ViN0¡y)))

i% k ■LimiAr,N0>y)

+ miA nJV0,2))

= fc • L-m(^n(7V0>1UJV0,2)).
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Since m(A) < co, the above procedure can be continued only a finite number
of times, say q(0) (with q(0) possibly 0), to obtain ÍV0f1, N0¡2, •••,N0>q(0-)with the
properties :
(i) N0tieD0fot
l = i^q(0),
(ii) JVOjinA/OjJ. = 0 for iftj,

(iii) m(An{J^V(N0ti))

z%k-L-m(An \Jf™N0tl),

^)\J^DoN^\Jf=¡nNo,i).
The last condition is explained by the fact that when the procedure cannot be
continued, an arbitrary N eD0 must intersect some N0tt and then N cz V(N0¿).
Next, let
/

«(."i
4(0)

Dy,0=\NeDy\Nn

\

\jNOti=0\

\

¡= 1

We shall only consider the nontrivial case when D1>0 # 0. Choose JVlpl eDi0
so that m(AnNyty)>(llk)supNeDyt0m(Ar\N).
Then V(Nl>y) can be covered

by L spheres of radius <5/4,to be denoted by Zy,Z2, ■■-, ZL.If Z¡ n {Jiqí°yN0p,# 0,
then Z. c [jf°¡V(N0ii). If Ztr\\Jj£?N9,t0, Z,^DU0, then Z^Dy, so that
m(A r\Z¡)< p ■ g(Z¡) %%p■ k • g(Nlfl) = km(A n NM).
m(A HZ,) < /cmL4 ONyA).Hence

¿nj^iV^)-

U/(^o.i)))

If ZteDi¿a,

then

¿ /cLm^OA/^),

The above procedure can be applied only a finite number of times to the class Dlt
and a similar procedure can be carried on to all D¡ to finally obtain a collection of

sets NitJ (i 2: 0, tg} á <2(0)with the properties:

(i) 'NtjeDtfot ièO, láJá«(0,
(ii) N¡ jC\Nr s = 0 if either ¡ # r or ; ^ s,

(iii)m(kn Ui-oUA W.,)) ^ fcL• m(¿n U" oil A Ni.i>>
(iv) C = U,EDNc |J» 0IJ/ =1V(NitJ).
By the choice of ô and the fact that diam TV,j ^ <5for all i and 7, it follows that
00

2

q(i)

2 m^n^j)

1

00

g(0

\

co

= m[An \J \JN,j)<

i=0 j =1

\
1

i=0 j =1
00

/

2

m(Ar\N, ¡) + u,

P 1-0 y=i

so that
œ

2

?(i)

2 m(AnNij)^

;=o j = i

2 g{NtJ + u

i=0 j = 1

g(i)

^—22

q(i)

du

-^-.
P-

1

Hence
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4(0

\

An M yJviNij)
¡=0 j = l

' I

(00

4(i)

An\J
i=0

g HL-

\

\JNtJ)
j=l

co

a(>)

Z

Z miAr.N¡j)

/

¡=o /«i

p • fc• L • M
= -ï-=
p- 1

£-

Let B = ,4 - C. Then
m(A) ^ m(,4 - C) + miA nQz^, miß) + s.
Also, from the definition of C, it follows that if x$C, xe N eM, diamJV ^ «5,
then miAr,N)<p- giN). Finally, if NeM, diam JVg (5and miBC\N)>p- giN),
then miA r,N)> p- giN). Hence NeD and therefore N c C, JVOB = 0,
contradicting

m(JV O B) > 0. The proof is complete.

Corollary
4.3. Let g be a diametric gauge over R, AcR, miA) < co. For e>0
there exist sets C and B = A — C such that
(i) C is the union of elements of M,

(ii) miA r,C) = s, miß) = miA) - e,
(iii) for each p > 1 there is a ô > 0 such that if x$C, xeN eM, diam N ¿Í Ô,
then miA C,N) = p- giN),
(iv) for each p > 1, there is a ô > 0 such that miB n N) ^ p • g(JV) /or a/2

N eM with diamN = ó.
Proof. For Pj = 1 4-1//, use Theorem 4.2 to choose C,-, a union of elements

of M, and «5,> 0 such that:

(i) miAnCf)z%s¡2J,
(ii) if x £ C;, x e N e M, diam JV^ fy, then m(4 O N) ^ p,-• g(JV),
(iii) miiA - Cj) r.N)z^ pj ■giN) for all N e M with diam N ^ Sj.
Define C = (J™=i C¡ and B = A —C. The remaining details of the proof
are easily checked.
Remark. In a sense, Theorem 4.2 and Corollary 4.3 represent the best possible
result. For let R be the Euclidean plane, M the set of all subsets of the plane,
g(JV) = diamN for NeM, so that g generates Hausdorff linear measure. Let
¿ = {(x,y)|x2 + y2 = l}U{(x,y)|x

U{(x,y)|y

= 0, -lz%y£l}

= 0, -lrgxgl}.

Then for the conclusions of either the theorem or corollary to hold, a set of positive
measure must be taken away from A.
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Theorem 4.4. Let g be a diametric gauge over R, A<zzR, miA) < oo.
Then D* gA(x) = I for all points of A except for a set of m-measure zero.

Proof. Apply Theorem 3.2 and Corollary 4.3.
Theorem 4.5. Let g be a diametric gauge over R, A<zzR, m(A) < oo. For each
e > 0, p > 1, there exist two sequences of sets {N¡} <=M, {Qt} c M such that:

(i) ¿cU./V.ulJft,
(ii) diam N¡ = e, diam Q¡ ^ efor each i,

(iii) miA)-e£ H,giN,)+ YigiQ)z%miA) + e,
(iv) ZigiQ) = e,
(v) P~1 ■giN) ^ miA n N) g pgiN)for

each i.

Proof. We exclude the trivial case miA) = 0. Without loss of generality, we
assume (p —1)e < miA) and p < 2. Apply Theorem 4.2 and Lemma 2.2 to choose
a set C and a <3,0 < ô < e, such that :

(i) (M,-e M, diamM, g S) •»( 2t-1 g(M,)= miAn \J,™»M) - e/4),
(ii) miA r\C)< e/4,

(iii) (x£C, xeNelM,

diamJV

.m(,4njV)gp-g(JV).
Let B = y4— C. Choose a sequence {T;} such that each TJeM, diam T¡á¿,

T¡nB^0,
BczU^i, Z¡g(T;.)g m(B) -f (p - l)e/16. Denote by {Fj those
T¡ for which g(T¡) > p • ?n(Bn T¡) and denote the remaining T¡ by {JVJ. Then.
fl = (l-(p-l)£/16m(^))-1,

m(B)4-^-}-

^ Z g(T;)- Z giV) + Z giNy)
^ p Z miBCsV) + - Z m(,4 n2V()
i

= (p-l)Z

H i

m(Bnl/) + i»i(B),

so that

(«nUK,)S|.
Hence
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2Zg(Ni)= m(An\jN,}

-¿ = m(ß-UK)

= m(B)-mÍBrt\JV^

I gim-

-|

-

= m(B)-~,

£ g(Ti)- 2 g(Ni)= m(B)
e

/

,„

3e\

e

(-(«-#)
Finally, choose a sequence {R,} such that for each i, R¡ e M, diam R¡ g S,

AnCcUiRi,

2,g(R,) g e/2. The proof is completed by denoting {R¡}U {V¡}

by {Si}.
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