ON THE ALTERNATING PROJECTIONS THEOREM AND
BIVARIATE STATIONARY STOCHASTIC PROCESSES
BY

HABIB SALEHIC)

Summary. In this paper we shall first use the theorem of von Neumann on
alternating projections to obtain an algorithm for finding the projection of an
element x in a Hubert space Jtf onto the subspace spanned by JP-valued orthogonally scattered measures £x and |2. We then specialize this algorithm to the case
that £x and |2 are the canonical measures of the components of a bivariate stationary
stochastic process (SP), and thereby get an algorithm for finding the best linear
predictor in the time domain.
1. Preliminary results. In this section we state some results which are used in
later sections.
The following theorem is due to J. von Neumann (cf. [7, p. 55]).

Theorem 1.1 (Alternating

Projections).

Let Px, P2, and T be projection

operators on a Hilbert space Jf onto the subspaces Mx, Ji2, and Jíx n Jí2. If Tn
is the nth term of either of the sequences
Fx, F2PX, PXP2PX, P2PXP2PX, • • •,

F2, PiP%, P<2.Pfi, P1P2P1P2, • • ■,
then Tn^T

strongly(2), as n -> 00.

This at once yields the following corollary, which we need later.
Corollary
1.2. With the notation of 1.1, if P is the projection operator on <#?
onto the subspace <S>(Jtx+J(2) which is spanned by J(x andJ¿2, then
P = PX+P2-PXP2-P2PX+PXP2PX+P2PXP2-

the convergence being in the strong sense.

The next theorem is due to A. S. Besicovitch (cf. [1, p. 9]).
Theorem 1.3. Let (i) p be a bounded, countably additive (ca.),
measure defined on the family 38 of Bor el subsets of the real line R.
(ii) v be a ca., complex-valued measure on 38.

nonnegative

(iii) D(X, h) = {v(X—h,X + h)/p(X—h,X + h)}xaW(X),where o(p) is the spectrum of
p, i.e., a(p) = {X:for each h>0, p(X—h, X+ h)>0}. Then (a) the limit D(X,h), as
h^yO, exists (finite) almost everywhere with respect to p (a.e. p).
Received by the editors June 15, 1966.
P) Publication supported by Public Health Service Research Grant No. NIH-GM-1313801 from the National Institute of General Medical Sciences.
(2) I.e., for each x in Jf, \Tnx—Px\ -* 0, as n -* 00, | | being the norm in Jf.
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(b) Ifv is absolutely continuous (a.c.) with respect to p and if the Radon-Nikodym
derivative ofv with respect to p. is dv\dp, then

(dv\dp)() = lim D(-,h), ash-^O, a.e. p..
We shall denote lim D(-, «), as « -* 0, by (Dv\Dp)() and shall call it the Besicovitch derivative of v with respect to p.
The following is an immediate consequence of 1.3.
Corollary

1.4. Let (i) M( (/=1, 2) be a a-finite, ca., nonnegative measure on

the family 38 of Borel subsets of the real line R.
(ii) 38i = {B: Beí%i and Mt(B) <oo}, M12 the product measure generated by M±
and M2, and38x2={B: B is a Bor el subset of the complex plane R2 and M12(B) <co}.
(iii) p be a c.a. measure on the ring 3812 which is a.c. with respect to M12.
(iv) dp.\dM12 be any version of the Radon-Nikodym derivative of p with respect to

M12, which is defined throughout R2.
(v) For each Be38x and each t e R,
p(B, t) = j (diM¡dM12)(s,t)Mx(ds).
Then (a) for each B e 38\, p.B(-) = p.(Bx ■) is a c.a. measure on 382 which is a.c. with
respect to M2.
(b) For each B e 38x, p(B, ■) is a version of dp,B/dM2, the domain of which is R.
(c) For each t e R,p(-, t) is a c.a. measure on 38\, which is a.c. with respect to Mx.
(d) Analogous results to (a), (b), and (c) hold for vB, where for each B e 382,
vB(-) = p(-xB).

2. Orthogonally scattered, Jf-valued measures. We first state a few results
concerning measures whose values are orthogonally scattered in a given Hilbert
space. These are special versions of more general results contained in [9], [10],

and [11].
Definition 2.1. Let (i) M be a o--finite, ca., nonnegative measure on the family
38 of Borel subsets of the real line R.
(ii) 38o={B : B e 38 and M(B) < oo}.
Then a function £ on 38Qinto a given Hilbert space ¿P such that for each pair of
B,Ce 380,

(Ç(B),ê(C)) = M(B n C)
is called an orthogonally scattered (o.s.) JP-valued measure over (R, 38). M is called
the spectral measure associated with £. It follows immediately that (£(B), Ç(C)) = 0

if B and C are disjoint sets in 380, and $({Jk Bk)= Jik Ç(Bk)if Bks are disjoint sets
in 38qwhose union \Jk Bk is in 380.
There is a well-established theory of integration with respect to an o.s. ^-valued
measure i whose associated spectral measure is a-finite (cf. [10] and [11]). We will
briefly state the main result.
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Theorem 2.2. If £P is the set of all stochastic integrals ¡R 9 d£ then
(a) \R <f>
# exists iff jB \9\2 dM< oo.
(b) JB (a<f>
+ bf) di; = a \R<I>dÇ+ b lRy d(¡, where a and b are complex numbers.
(c) if=the cyclic subspace spanned by Ç, i.e.,

£P = ^(B);Be380}.

(d)(ÍR9de,¡RVd?)=¡R94>dM.
(e) The correspondence <f>
-*- JB <f>
di is an isomorphism from L2(R, 38, M) onto if
such that (a) and (b) hold, and therefore

If ¿dt? = Jbf \9\2dM.

\Jb

Let x be in ^f and {£(m)} be an orthonormal basis for a subspace Jt ofJ*P. Then
2m \(x, f(m))|2<oo and the orthogonal projection of x onto JÍ is given by
2m (x, i(m))i(m). The following theorem generalizes this result.
Theorem 2.3. Let (i) x e 3t and | ¿»ean o.s. ¿tf-valued measure over (R, 38) whose
associated spectral measure M is a-finite.
(ii) F be the projection operator on ¿P onto the cyclic subspace M spanned by the
measure (, i.e., Jf=<S{ij(B) : B e 380},where 380={Be3$ & M(B) < co}.
Then (a) the complex-valued functions (x, £) and (Ç, x) defined by (x, £)(•)
= (x, £(•)) and (Ç, x)(•) = (£(•), x) are ca. measures over (R, 38) which are a.c with
respect to M.

(b) (x, Í) = (i, x)* andd(x, 0/dM={d({, x)¡dM}*.
(c) d(x, Ç)\dMand d(£, x)\dM e L2(R, 38,M), and

Px=\

Jb

{d(x,OldM}de.

Proof. Since the proof of (a) and (b) is trivial, we proceed to give the proof of
(c). By 2.2(c), there exists a complex-valued function <f>
such that

(1)

Px=í<t>dÍ

& <j>eL2(R,38,M).

Jb

Now by (1) and 2.2(d), for each Be@0

(x, 0(B) = (x, $(B)) = (Px, f(F))
= (jR9dt,jjBdij

= jjdM.

It immediately follows from the Besicovitch Theorem 1.3 that

(2)

d(x, i)\dM = <f>
a.e. M.

By (b), (1), and (2) the result follows. (Q.E.D.)
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Corollary
2.4. Let (i) | be an o.s. Jf-valued measure over (R, 38) whose associated spectral measure M is a-finite.

(ii) <f>
e L2(R,38,M).
Then (a) for each x e Jf, the complex-valued function (f, x) defined in 2.3 is a c.a.
measure over (R, 38) which is a.c. with respect to M.

(h) <peLx[R,38,(i,x)],and

(£ ¿(ojMdœ), x) = £ ¿H(£, x)(duS).
Proof. The proof of (a) follows from 2.3(a). Let F denote the projection operator
on Jf onto the cyclic subspace Jt spanned by the measure £. Since (f>e L2(R, 38, M)

and by 2.3(c),d(& x)\dM e L2(R,38,M), therefore <pd(x, Ç)\dMe Lx(R,38,M) or
equivalently <j>
eLx[R, 38, (f, x)]. To prove the second part of (c), we observe that

by 2.2(c), §B<f>di;eJt and therefore

(1)

(JB^'*) = [L*di'Px}

Now by 2.2(d), 2.3(b), and 2.3(c),

0>H ■(£■'*
W«) -J>t

ww

(2)

= JRft«) ^f

(<»)M(dw)
= £ <p(œ)(i,
x)(doS).

By (1) and (2) we get the result. (Q.E.D.)
3. The alternating projections theorem and Jf-valued measures. Let {f i(«i)} and
{Ç2(m)}be orthonormal bases for the subspaces Jtx and Jt2 of a given Hilbert
space Jf. Let Px, P2, and P be projection operators on Jf onto the subspaces
Jtx, Jt2, and <B(Jtx+Jt2). From 1.2 it follows that for each x in Jf

Px = 2 (x, èx(m))èx(m)+ 2 (*>è2(m))è2(m)
m

(A)

m

- 2 {2 (*>
um)xum)&m\m
- 2n (2
(*.w^xwwxfa(»))V2(«)
^m
J

Now an orthonormal basis is just an o.s. ^"-valued measure over (R, 38) which
is concentrated on the set of integers. In many situations it is more natural to think
of a subspace Jt as being spanned by such a measure than by some basis, and to
represent a vector in Jf by an integral rather than by a sum. (This happens, for
instance, in the theory of the Fourier integral.)
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We shall generalize equation (A) to the case in which J(x and Jt2 are spanned
by such measures t-x and f2. We shall show that under certain conditions we get
instead of (A) :

<B>

-/.{/.^w%?

fco**»»}«*»

where MX2, M2Xare the product measures Mx x M2, M2 x Mx, and d(

)/d denotes

the Radon-Nikodym derivative.
Notation 3.1. 38 will denote the family of Borel subsets of the real line F.
3^ will denote a fixed Hubert space. (t (i=l, 2) will denote an o.s. ^f-valued
measure over (F, J1) whose associated spectral measure M¡ (j"=1, 2) is a-finite. We
set

3St= {B : Be38 & Af((F)<oo},l^/^2,
38 x 38= the family of Borel subsets of the complex plane F2.

38iX38t= {BxC : Be38K & Cef,}, 1 ^i,j^2,
Siit = the ring generated by J', x J'y, 1 S /, j ¿ 2,
A/y = the product measure AT¡x M¡ on J x J, 1 ^ /, j S 2,

38it={B:Be38x38 & A/i;(F)<oo},l£i,j£2.
To be able to carry out our work we need to study the complex-valued measure
(ii, O) which is generated by f¡ and fy. Our definition of this measure will be given
in several steps.

Definition 3.2. We define (£„ fy) on J¡ x J; by:

(fi,|y)(FxC) = (fi(F),fy(C)).
A usual argument may be used to prove the following lemma.
Lemma 3.2. Let {Bk}k= x and{Ct}f=x be finite sequences of sets in 38\ x 38) such that

[J^xBk = \Jf=iCl.Then
m

n

2 (L t,m) = 2 &>&XC,).

k=l

1=1

Since every F e 0ti} is a finite, disjoint union of sets in J¡ x 0t¡ (cf. [3, p. 139]),
from 3.2 it follows that (£,, f,) can be defined on 0t{j in the following way.

Definition 3.3. Let F e 01^. Then we define

(f„fy)(5)= k2= l (ft'^W'
where the Ffc's are any finite sequence of disjoint sets in á?¡x 38¡ such that

F = U2=i^-
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The next lemma whose proof is easily seen shows that (f¡, f,) is finitely additive
on My.
Lemma 3.4. (a) (|(, $,) is finitely additive on 3ii} and is a.c. with respect to My
on Mi,.
(b) (ii, èj) is the unique finitely additive extension of the measure defined in 3.2 on

38iX38jtoSHi,.
To proceed further, some restriction has to be imposed on £i and £2.
Assumption 3.5. There exist functions <pi2and <p21on R2 such that

(1) <pa(-,t) eL2(R, a, Mi) a.e. t(M,),
Mj-ess.

lub.ieB \<pa(-, t)\2,Mt <co(3).

(2) For each B e38ih XB<Pa
eL\(R2, @*@, My).

(3) For each BxCe38tx38i

(UB),
UQ)= JJ 9iAß,
t)Mt,(d(s,
t)).
BxC

We will see later (cf. 4.5) that in many situations Assumption 3.5 is satisfied.
Lemma 3.6. Let if) f i and |2 be o.s. Jf-valued measures over (R, 38) satisfying
Assumption 3.5. Then (a) the measure (£t, f;) on 7?iy,introduced in 3.3, has a c.a.
extension /xi3to 381}such that for each B e 38\¡,

pLi,(B)
= JJViX*.
tWa(d(s,
t)).
B

(b) /xy is a.c. with respect to Mfj and dpa/dMa = <pya.e. My.

Definition 3.7. We define (£(, ¿¡})on 38^ to be the pa of the last lemma.
In the next theorem we state some consequences which occur when we have a
c.a. measure (£t, f,) as above. The proof is immediate from 1.4.
Theorem 3.8. With the notation of'3.1, i/(£¡, i¡) is any c.a. measure on 38\¡ which
is a.c. with respect to Afi; such that for each BxCe38xx38i,
(£¡, Ç})(Bx C)
= (ii(B), £j(C)). Then (a) for each B e 38,, (£,, |,(Z?)) is a c.a. measure on 3>\ which is
a.c. with respect to M¡.

(b) For each B e 38„ ¡B{</(&,^)/¿Mtí}(-, t)M,(dt) is a versionofd(Ç{,e¿B))¡dMt.
(c) For almost all s(M¡), {d(^u i,(-))¡dM^(s) is a c.a. measure on 38, which is a.c.
with respect to M,.
(d) For each Be 38¡ similar results hold for the measure (£(5), ¿7).

We shall now state the main theorem of this section.
(3) By definition

\Vi)(-, t)\2,M=

[fB \Vii(s, t)\2Mt(ds)]112.
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Theorem 3.9. With the notation of 3.1, if i¡ (i—I, 2) are o.s. J^-valued measures
over (R, 38) satisfying Assumption 3.5, and if (it, $,) 's me CM-measure on 38^ given

by 3.7, thenfor each x in ¿P
(a)

d(x,ii)¡dMieL2(R,38,Mi),

d^dM~(-)
^Èff {'t)£Ll(R'a-Mi)a'e-t(Mi)'

LÍLd-W
«W «•*>*«*>}
%7(?'■>***>e
L*(*
***••••
(b) If P¡ (i=l,

2) is the projection operator onto the cyclic subspaces Jii (i=l,

2)

which is spanned by £¡ (/= 1, 2), then

rf* - 5.ii. %? w%?<*•""<<*>}«<*>•
Proof. For simplicity let /=1 and 7= 2. By 2.3,

(1)

^¡^-eL2(R,3S,Mx)

and Ax = ¡f^

««*).

Replacing x by Pxx and £a by £2 in (1) we get

(2)

d{P^2)eL2(R,0!,M2)

and P^x

= J/(f¿/2)

(O&W

Let F e J2. Then we have
(Fxx, |2(F)) = (£ ^i-}

(3)

(s)ix(ds), UB))

by (1)

= J/§yp (*Xli(*),
&(*))

by2.4

.¿^„«¡¡gffl«,,^

by3,(a)

■ /, %T(s) {/. W<s'

•***>}»**>

o»3'8<>»

where in the last step, the change of order of integration can be justified as follows :
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By the Schwarz inequality, we have
|¿(x,¿ri),J|¿íii,£2)
dMx
)n\ dMx {)\

f P^

(s)\

(s,t) Mx(ds)

where by (1), C=[\R \(d(x, £x)ldMx)(s)\zMx(ds)]112
<oo, and by our hypothesis and
Assumption 3.5, K=M2-ess.
lub.ieB \(d(Çx, í2)¡dM12)(-, t)\2,Ml <oo. Then

J.W«*

¿(£i, fa)
0 A/2(<70^ á CKM2(B) < oo.
¿M, (*>

Hence Fubini's Theorem (cf. [3, p. 148]) can be applied.
Since M2 is a-finite, there exist countably many disjoint sets Nt such that
oM2= (J Ni, where oM2 is the spectrum of M2 (cf. 1.3(iii)), and M2(Nt)<œ. If
te Ni, taking in (3) B=Nt nA,t, where Ath={s: t-h<s<t+h)
we get

(Fix, Z/aWn A(>h))
= £

{£ ^A}

(5)%A}
dAF

(,, m)Mi(^))m2(^).

Hence by the Besicovitch Theorem 1.3

^^(0
dMo
(4)

= to%i^M

as,^0

M2(Ntn\h)

(x, (Ù ,. </(f1, &)
= L *mr{s)
dJäW is>t)MÁds)
a'e-'e Ni{M>}Since {Ay is a countable collection, and M2(R - oM2)= 0, (4) holds a.e. t(M2). By
(2), we see that the function on the right-hand side of (4) is in L2(R, 38, M2) and

that

***- Lif.d-W
»%~<*■
'>*.«*>}«*>■
This completes the proof of the first relation in (a) and the first two relations in (b).
To obtain the expression for P2PxX given by (b), we essentially made use of the

fact that
Mn —ess. lub.
tsR

d(x, fi)
dMx

dM12

(;')

< 00.
2,Mj

(■)eL2(R,38,Mx),
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Now since
A/i - ess. lub.

dM2

(•.«)

< oo,
2,M2

¿Vl* = JBf <¿#2,
therefore in exactly the same way as before we can obtain the expression for
PxP2Pxx given in (b). The rest of the proof may be completed by induction.

(Q.E.D.)
The following corollary is an immediate consequence of this theorem and 1.2.

Corollary

3.10. With the notation of 3.1, if f, (¡ = 1,2) are o.s. Jf-valued

measures satisfying Assumption 3.5 and if Pt (i=l,2)
and P are the projection
operators on JP onto the cyclic subspaces JtK = ©{^(F), B e 38t} (z'=l,2) and

<Z{<Àfx
+Jl2}, then for each x e ¿P,

"'/.^«(«^l^™*»
d^ë^W^M^

JB Ur

+

4. Application of the alternating projections theorem to bivariate stationary
stochastic processes. Let x(r) = (x¡(í))?=i e 38Pqbe a a-variate, stationary SP with
the shift group (Ut,te R). Here 3tiPqis the cartesian product of a complex Hubert
space ¿P with itself a-times, and (Ut,te R) is a strongly continuous group of
unitary operators on JP such that x¡(r+s) = Utxt(s) for all s, teR (l^i^q).
By
Stone's Theorem (cf. [8, p. 383]), there exists a spectral measure F on the family
J of Borel subsets of the real line F such that t/t=/"„ e'iaE(dX). The q xq nonnegative, hermitian matrix-valued function F(A)= 27r(E(-oo, A]x(0), x(0)) is called
the spectral distribution of the SP. If F is absolutely continuous with respect to
the Lebesgue measure (Leb), its derivative F' is called the spectral density of the

SP.
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Let Jt(t) be the past-present subspace of the SP (x(t), teR)up to time t in Jt",
i.e., Jf(t) = <B{x(s),s^t}. Let M(—oo) be its remote past subspace in Jf"1, i.e.,

M(-oS) = Ç\tioM(t).
An important result is that if Jt(—oo)={0}, then F is a.c. with respect to Leb,
and x(t)=jt_aa C(r—s)\(ds), where C()
function * on 7? such that

and F'(-) are related by a matrix-valued

*(À)**(À) = F'(A) a.e. A and *(A) = Í °°C(r)eiAidt e L2(R, 38,Leb),
and if *+ denotes the holomorphic extension of * to the upper half-plane, * +(i)
is nonnegative hermitian, and

1 r°°
d\
dX_
det *+(i) = exp ^log det F'(A) -¡-^■A2
¿TT J - a,

l+i

The function * is called the generating function of the SP. It is not hard to show

(cf. [5, p. 1372] and [11, p. 33]) that for each bounded interval (a, b]
Co

\(a, b] = 2-1,2jh(Z>)-h(a)+ f h(s) ds
where (h(t), t e R) is the weakly Markovian SP which is associated with the SP
(x(t), t e R).
We will need the following theorem, the proof of which is omitted and may be

found in [11].
Theorem 4.1. Let (x(t), t e R) be a q-variate, stationary SP with spectral distribution F. Then (a) (x(i), t e R) is purely nondeterministic, i.e., Jt( —oo) = {0} iff F is
absolutely continuous with respect to the Lebesgue measure. If (a) holds, then

(b) ®{Ç(a,b], -s<a^b<t}

= <B{x(u):s<u<t}.

(c) \ can be uniquely extended to the family 38 of Borel subsets of the real line R.

If the SP is of rank q, or equivalently log det F'(A)/(1 + A2)e Lx(R, 38, Leb), then for
each Borel set B of finite Lebesgue measure this extension has the representation

\(B) = (27T)1'2f"

xb(A)*-1(A)E(í7A)x(0),

J — CO

where xB(A)= O) "1/2 JB e "iAtdt.
(d) The extension % is an o.s. Jfq-valued measure over (R, 38), whose associated
spectral measure is Leb( •)I„ where Z, is the identity matrix of order q.

Definition 4.2. \ as defined in 4.1(c) is called the canonical measure of the SP

(x(0, t e R).
Now let (x(t), t e R) be a bivariate, purely nondeterministic SP. Let T be the
projection operator on Jf2 onto the subspace J((0), and P be the projection
operator on Jf onto the subspace <&{Jtx(0)+Jt2(0)}, where ^i(0) and ^2(0) are
the past-present subspaces of the component processes xAj) and x2(t). It is easy
to see (cf. [12, I, p. 131]) that the components of Tx(t) are precisely Pxj(i) and
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Px2(t). Applying the results of §3 we will be able to obtain convergent infinite
series expressions for Pxx(t) and Px2(t), and hence the best linear prediction Tx(r)
is determinable.
Since (\(t), t e R) is purely nondeterministic, so are its component processes
(xx(t), t e R) and (x2(i), t e R) (cf. [11, p. 79]). Accordingly £x and £2 will denote
the canonical measures of the processes (x^r), t e R) and (x2(t), t e R). Also
J(x(t) and J(2(t) will denote the past-present subspaces of (xx(t), t e R) and
(x2(t), t e R) up to time t in Jf.
We will be able to effect our algorithm under the following assumption.
Assumption 4.3. The spectral density F' = [Fy], l¿i, j¿2, of the bivariate,
purely nondeterministic SP (x(i), t e F) satisfies the condition
FÍ2¡(F'xxy>2(F22r2 eLx(R, 38, Leb)(4).

Remark 4.4. We assert that the SP has rank 2. For if its rank were less than 2,
then F'XXF22
- F[2F2X= det F' = 0a.e. on F (cf. [11, p. 36]). Hence F[2l(Flx)ll2(F22)112

= 1 <£LX(R,38, Leb) which contradicts Assumption 4.3.
The component processes (x^r), t e R) and (x2(t), t e R) are purely nondeterministic, and hence have the generating function 9x, <j>2.
We also note that since
det F'^0, F'l(Fix)ll2(F22)112^ 1. Hence by Assumption 4.3,
Fi2l(F'xx)ll2(F22)1'2eL0(R, J, Leb),

1 ^ S ^ oo.

Theorem 4.5. Let (i) the SP (x(t), t e R) satisfy Assumption 4.3.
(ii) ii (i= 1,2) be the canonical measure of the component process (xt(t), t e R)
(/= 1, 2). Then Assumption 3.5 is satisfied, i.e., there exist Borel measurable functions
<pX2
and <p2Xon R2 such that

<Pi,(-,t)eL2(R, 38, Leb) a.e. t,
ess. lub.|9Piy(-, /)|2,Lei> < °oteil

(2) For each B e 38^, xB9ue LX(R2,38x38, Leb x Leb).
(3) For each BxCe38iX38¡,

(ÜB), it(C)) = jj 9il(s,t)dsdt.
BxC

In fact if

then
9u(s,t) = y¡t(s-t),
where <f>¡
(/= 1, 2) is the generating function of the component process (x¡(r), t e R)

0=1,2).
(4) By Cramer's Theorem (cf. [2, p. 221]) it is easy to see that this assumption is not void.

(5) Since |^|a=Fá (/=1, 2), by 4.4, F'//M is in LÔ(R,®, Leb), lgSgoo.
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Proof. Let Yl0)=(l¡2ir) füa e~ÜÁ(Fy(A)/&(À)&(A))
dX.We define 9ij on R2 by
<Pa(s,0 = 7a(s-t).
Since |^i|2 = F/j, by (i) and 4.4, F[,\^, e L2(R, 38, Leb). Hence by Plancherel's
Theorem we have J-^ |<py(i,t)\2 ds=j!œ |yy(í-r)|2 <fc= (l/2ir)|F¿/MI2.i,.,«»,
so that ess. lub.ieB 1^/-,

0|2,Leb = (F/2'r)|Fy/^;,|2>Leb<oo.

Hence (1) is proved.

Also by (i) and 4.4, <pye Lm(R2, 38x38, Leb x Leb) and hence (2) is satisfied.
By 4.1, for each Be38i(i=l,2)
we have

UB) = (2ny>2 r

XBW<f>r1WE(dX)x(0)
(i = 1,2).

J — CO

From (i) it follows that F¡,l<pif,e LX(R,38, Leb), so that by Fubini's Theorem for
each B x C e 38{x38„

(UB),UQ) = 2ir(J"a)
uWrWEWMO), J^ xcyx)<pT
\x)E(dX)Xi(0))
= 2n f

U^W<Pi--1W^W)(E(dX)Xi(0),
x,(0))

J — CO

= f_x MMcTX)
■M^A) dX (cf.[11,p. 82])

= J_ if IT e-«»-»*f»(A) dxXdsdt
BxC

= JJ 7i,(s,t)dsdt.

(Q.E.D.)

BxC

We now state the main theorem of this section.

Main Theorem 4.6. Let (i) the bivariate SP (x(i), t e R) satisfy Assumption 4.3.
(ii) ^#¡(0) (i'=l,2)
be the past-present subspace of the component process
(x¡(t), t e R) (i= 1, 2), and let Fj, F2, andP be the projection operators on Jf(e) onto
the subspaces Jtx(0), Jt2(0), and <B{Jtx(0)+ Jt2(0)).

(iii) ^(A)=J-0°e^ci(0^,

^>-¿J>-A*
w«ere <f>t
(/'= 1, 2) is the generating function of the component process (x¡(í), t e R),

Hi^2.
(iv) <fj(i'= 1, 2) be the canonical measure of the component process (x¡(t), t e R)

(i'=l,2).
(6) ¿f is a Hubert space such that x¡(t) e Jf for all t e R, i= 1, 2.
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Thenfor each r 2:0,
Fx¡(r) = f

Ci(r+s)ii(-ds)+

-J

if

|J

j

j f

ci(T+5)yiXr-j)d'i|^(-a'j)

ci(T+s)yit(t-s)ds\yti(u-t)dt\ii(-du)+---.

Proof. By the third paragraph of §4 and 4.1(b),
/» CO

Xi(r) = I

(1)

Ci(r+ s)Íi(-ds),

Jlifi) = <5{ii(B),B £ (-00, 0] and Be JJ.

By 4.5(c), (í/(li, i,)¡dMit)(s, t)=y¡t(s—t) and Assumption 3.5 is satisfied. Hence by

(i) and 3.9, we have
/•CO

PiXi(r)= J

Ci(T+ s)Íi(-ds),

PiXi(r) = jo |J ^Ci(r+ s)yit(t-s)dsjit(-dt),

PiPtXi(r)
= jj |Jo |J" Ct(T+i)y<Xr-j)<feWyJ(M-0]"li(-A),

FjFíxXt)
= Jo |Jo c,(T+í)yfXf-5)
díj-ÍX-*)Hence, after some simplification, we have the result by 3.10.
The following is an immediate corollary to this theorem.

(Q.E.D.)

Corollary
4.7. With the notation of 4.6, if Q is the projection operator on J*P
onto the orthogonal complement of &{JÍX(0) + Jï2(0)} in JP then for each t S:0

Qxt(r)= J"^Ci(r+s)Íi(ds)-j" IJ^ a(r +s)yit(t-s)dsjs^-dt)

+ So{SoH_/í(í+AW'-'S)*jyí¡("-0^|fi(-^")-•
Acknowledgement. The author wishes to thank Professor P. R. Masani for
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