ON A CONSTRUCTIVE DEFINITION OF THE
RESTRICTED DENJOY INTEGRAL
BY

DONALD W. SOLOMON

1. Introduction. Let Z= [a, b] and F be a function of the closed subintervals of I.
One says that F has Burkill integral j} F over the closed interval /£ I if

[ F=

lim 2 F(I')>

where & is the set of partitions of / and | P | is the norm of P. The Burkill integral
has been employed in a more general setting [1] to give a descriptive definition of
the restricted Denjoy integral of point functions / In this paper we show how this
integral can be used to give a constructive definition of the restricted Denjoy
integral and compare the classical construction with ours. We adopt the convention that I and J, with or without subscripts or superscripts, always denote a
closed interval.
Before we begin our discussion, let us recall the classical constructive definition

([2], 255-259) of the restricted Denjoy integral.
Let F be a real-valued function whose domain, dorn T, is a set of ordered pairs
{(/> ^)}> where / is a real-valued point function defined on /. The set

{f: (fij)e

dorn T}

will be denoted by domy T.
T is called an integral if
(i) fedomjT
implies fedomr
T for all closed subintervals J'^J,
and
T(fi J') is an additive, continuous function of/';
(ii) if fe dorn,, T, i =1,2, where 7Xand 72 are abutting, then fe dom/iU/2 T;

(iii) if fi=0 on 7, then/E dorn, T and T(fi 7) = 0.
One says that / is F-integrable on 7 if (/ 7) £ dorn T.
Two integrals Fj and T2 are compatible if Tx(f, I') = T2(f, 7') whenever they both
exist. We say Fj s T2 if Fx and T2 are compatible and dorn Fi £ dorn T2.
Given a function / defined on 7' £7 and an integral T, one says that a point
jce7'

is a T-singular point of/in

7' if there exists {7n},with 7ns7',

|7n|->-0, xeln,

such that (/ In) $ dorn T.
If if is the set of F-singular points in 7, clearly S? is closed and (/, 7') e dorn T

for all F £ 7 such that 7' n Sf = 0.
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Let T be an integral. One defines dorn/ Tc by the following conditions:
(Ci) & n 7 is finite or void;
(c2) there exists a continuous, additive F such that F(I') = T(f, I') whenever

(/,/') e domr, /'£/.
Define Fc(/ I) = F(I). It is clear that Fc is an integral.
Let £^7. Lety^=7xB, where xe is the characteristic function of E. One says/is

F-integrable on E if fE is F-integrable on 7.
One defines dorn, T" by the following conditions :
(hi) / is F-integrable on Sf and on each of the intervals Ik contiguous to

Sf u {a, b}.
(ha) 2 0(T;f; Ik)<ao, where 0(T;f;J) = suor^ \T(fJ')\.
Define FH(/, 7) = F(/, Sf) + 1 T(f Ik). Clearly F" is also an integral.
Let {Ta} be a sequence of integrals, in general transfinite, such that Ta^T(l
whenever a<ß. Define dorn 2a <« Tß = {Jß<a dorn Te and if (/ I') e dorn J,ß<a F",
define (Ie<aTe)(f
I') = Teo(f, I'), where ß0 is the least ordinal such that

(/ I') e dorn FV
Write tch = (Tc)h. We define a transfinite sequence {77a}of integrals as follows:

let SCbe the Lebesgue integral,

77°= se,
Da = ( 2 Dß)c"
if a>0. Let £2 be the first uncountable ordinal. Then it is well known ([2], 258)
that if 77* is the restricted Denjoy integral,

77*= 2 Da2. A constructive definition using the Burkill integral. We define dorn, TH* by
the following conditions :
(h*) there exists a closed set IFs7 such that / is F-integrable on W and on

each 7's 7 with 7' n W= 0 ;
(h*) if we define

4>(T)= T(f,r)
= 0

if I'nW=

0,

if I' r\W ± ®,

then J, i/<exists and J ^ is continuous (note that if J, F exists, then f;, F exists for all

7' s 7 and Jr F is additive).
Define FH,(/ I) = T(fw, I)+ J",0. We note that TH' is an integral. For suppose
that fe dom¡ TH'. Let /'£/.
If J' n W=0, then /e dorn,. F so that, taking
IF'=7' in the definition of dorn,. T"\ we see that/e dorn,. rH\ If J' r\W*0,
then since /w e dorn, T and F is an integral, fw e dorn,. F. Now, since f, </rexists,
so does jj. t/j ([1], p. 70). Recall that continuity of J"^ is assumed in the definition
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of dom; T"'. Therefore, in either case fe dorn.,- T"'. Since T is an integral,
T(fw,J') is an additive, continuous function of the /'£/;
it is known ([1], p. 70)
that J <Ais additive. Therefore T"'(f J') is an additive, continuous function of the
J'^J, and condition (i) is satisfied. Now suppose fe dom7l T"\ i'=l,2, where
7i and 72 are abutting. With no loss in generality we may assume 7i is to the left
of 72. Choose IFjC7¡, /= 1, 2, closed sets satisfying the requirements of the defini-

tion of fe dom/.r"*, and let 0, be the functions corresponding to T"', f and IF¡,
i'=l, 2, in this definition. Set Ö!= sup Wx, ¿?a= inf IF2. If ax —bx, choose
W = WxU W2.

Then IF is closed and, since T is an integral, by condition (iï), fw e domIiKJ¡2T.
Let e>0 and choose 7)¡=t¡í(e)>0, i =1,2, so that if P¡ is a partition of Iu ¡=1,2,
with \Pi\<7)i, then |2rep¡ W) — iil4'i\<£ß, and also so that if {Jlt ...,JP} is
any finite sequence of nonoverlapping subintervals of Ix with Max |yfc|<ij¡, then

2ï ¡'/'¡(•Ik)—¡jk<Ai|<Eß (see [1]> P- 70). Also, since J"0¡ is additive and continuous
on Ik, 1=1,2,

we may choose r¡, 0<-q<min(r¡x,r¡2),

so that J^IU

\J\<y

imply

that \jj i/fil<e/8. Now let P be any partition of 7j u 72 with \P\<r¡. Then

2"W)-(fV/i >Px+
f *a)
<e.
J/2
/

7-6P

It therefore follows that J, yJ ^ = J7 ^í + J"/ ^>2.It is immediate that J «Ais continuous on 7! u 72. If í?i < ¿?i, choose W= IFt u IF2 u [alt ¿J. A similar argument
shows that, again, condition (ii) is satisfied. Finally, if/=0 on 7, then since Fis an
integral, / e dorn, T and T(fil)=0.
Choosing IF=7, we see that fe dorn, T"'
and T"'(f I) = 0. Therefore T"' is an integral. By a known result ([1], 90), if

T=D*, then T"'zD*.
Romanovski ([1], 91) has defined the following sequence {ZQ of classes of
Z)*-integrable functions defined on I. Put feK0 if/is Lebesgue integrable on 7.
Let a>0. Then we putfe Ka if one of the following four conditions is satisfied:
(1) there is a partition P such that/is in a class Kß, with ß<a, on each member

ofP;
(2) /can

be extended to a function which belongs to a class Kß, with /3<a, on

some 7'2 7;
(3) /belongs to a class Kß, with ¿3<a, on each closed sub-interval of I° = (a, b);
(4) there is a closed set IF such that/v is Lebesgue integrable on 7, and such that,
on each 7'£/ with 7' n IF= 0,/belongs
to a class Kß, with j3<a; in addition, if

tp(I')= (Z)*)f fdx if F n IF = 0,
= 0

if/'n

W + 0,

then J, 0 exists and J </iis continuous. It is known ([1], 91) that if/is
then / belongs to some class Ka.
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We define a transfinite sequence {D%}of integrals as follows:
Djf = •£,

\ß<a

I

ifa>0.
Theorem 1. T^çdom, 77*+1.
Proof. Clearly dorn, D%= KQ. Suppose the theorem is true for all ß<a, for some
a>0 and that/E Ka. If condition (1) of the definition of Ka is satisfied, then there
is a partition P of 7 such that/E domr 77*+1for all 7' e P, where ß < a. By condition

(ii) for an integral, fe dorn, 77*+1.Since ß+l <a+l,fe
dorn, 77*+1.If condition
(2) of the definition of Ka is satisfied, then there exists 7' 2 7 such that/s Kß on 7',
/3<a. But then by the induction hypothesis, fe dorn,- 7)*+1 and by condition (i)
for integrals, fe dorn, 77*+1. Since ß+Ka+l,
again fe dorn, T)",*l. Now suppose condition (4) of the definition of Ka is satisfied. Then there is a closed set
IFs I such that fw e dorn, .S?, and such that, on each 7' £ 7 with 7' n IF= 0,
/e domr 77*+1, where /3<a; in addition, §,$ exists and ftp is continuous. It
follows that/s dorn, D%+1.
We finally show that if condition (3) of the definition is satisfied, then / is

D%+^integrable. Now/edomr

D%, with j8<«+1, for all I'ç(a,b).

Let

= (77*)jfdx.
Then Fis continuous on I. In (h*) and (hf) choose F= D%.Note that F(7') = T(f, I')
for all 7'£7°. Let W={a,b} and £>0. Choose S>0 such that 7's7, |7-7'|< 8 imply
|F(7)-F(7')| <£. Let P be any partition of 7 with \P\ < 8/2. Then

2W)-F(I)\ = \ZF(n-F(I)
I'eP'

< e,

1'eP

where P' is the set of those members of P which contain neither a nor b. It follows
that jj ip= F(I). Clearly J </>is continuous. Therefore
Ka £ dom77*+1.

Theorem 2. 77*= 2a<nF»*.
Proof. Let/be 7)*-integrable on 7. Define/=0 outside of 7. Let Sa denote the
set of 77*-singular points off in 7. Then {Sa} is decreasing and, thus, stationary
(i.e., there is an a0<£i such that Stt=Sa° for all a>a0; see, e.g., [2], 258). However, feKß for some ß and, therefore, fedom¡Dl+1.
Thus Se +1=0, which
implies S"°= 0 and/sdom;
77".°.We have observed above that T^D* implies

FH,ç77*. To show that 77*2 2a<£»D% it is easy to see that if 77*£77* for all
ß < a, then 2i <« 77*£ 77*,and that therefore (2„ <a Di)"' £ 77*.Since D%= JSfs 77*,
we have the desired containment relation by applying transfinite induction.
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3. Comparison of our construction with the classical construction. In the following theorem we restrict our attention to those integrals F which have the property
that/E dorn, T whenever I n {f¥=0} is finite.

Theorem 3. TC^T"\
Proof. Let/be Fc-integrable on I. Let if he the set of F-singular points in I and
{Z1(..., Ik) be the set of intervals contiguous to if u {a, b} = E. Let F(I') = Tc(f I')

for all 7'ç7. Let £>0. Choose S>0 such that for each i, /'sZj and |7,-7'| <S
imply \F(Ii)-F(I')\<E¡k.
Let S, = {Jx,. ..,Jm} be any partition of/with \S,\ <S/2.
Define

4,(1') = F(I')

= 0
for all I' Ql.lfS^S,

iff r\E = 0,

if/'nl?^

0,

is the subset of S, consisting of those /( such that J,nE=0,

we see that, since F is additive,

f^)-F(/) = 2m)-2to

< e.

JteS

It followsthat J*;0= F(Z).
We shall show below that the containment guaranteed by Theorem 3 is proper
in general, i.e., there are FH*-integrable functions which are not Fc-integrable.
We note that (hï) and (hf) do not require that/be F-integrable on the intervals
I, contiguous to IF. Since f; <\>exists, J <Ais continuous, and T(fi T) is an additive
function of the closed subintervals of If for all/ it follows that jr <\>=T(f, T) for
all such I', and therefore / is reintegrable on I, for all / Moreover,

f 4>=\i,-r\->o
Hm T(fil').

Ji,

The following theorem will immediately establish the inclusion relationships
between T", T"\ and TCH.
Theorem 4. Suppose E^I is closed. Let {Ik} be the sequence of intervals contiguous to E\J {a, b). Consider the following two conditions:
(1) for every k, fedomrT
for all I'^I°
and fedomIlcTc;
moreover,

2 0(TC ; f;Ik)< co;
(2) fis T-integrable on all I'^ I such that I' n E= 0 ; moreover, if

4>(i')= T(f,r) i//'nz?=
=0

ifil' r\E+

0,
0,

then J; if1exists and J </<
is continuous. Then (1) and (2) are equivalent.
Corollary

5. TH^TH'.

Corollary

6. T»'sTCH.
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These corollaries follow from a comparison of the conditions in the definitions
of T", TH\ and TCHwith conditions (1) and (2) of Theorem 4.
Proof of Theorem 4. We show first that (1) implies (2).

Let e > 0. Choose

N=N(e) suchthat
CO

2 0(T°;f;Ik)<Eß.

N+ l

Let Ik=[ak, bk] for all k. Consider I, with ./aTV. By continuity of Tc(f T) there is a
8, = 8,(e)> 0 such that for 7'£I„ \Tc(f I,)-Tc(f I')\ < £/6TV
whenever \I,-I'\< 8,.
In particular, then, if J' = [a,, b'] and J" = [a",b,] are contained in J,, and if
b' - a, < 8, and b, - a" < 8,, then

|Fc(/y')|

+ |Fc(/,7")|<£/3TV.

Note, also, that since Tc(f I) is additive, if/'£7,

and {J'x,..., J'v} is a partition of

J', then 2 Tc(f,J¡) = Tc(f,J').
Now choose S = min; =1.N 8,. Suppose S={JX,..., Jp} is a partition of 7 with
151< S. The only members 7¡ of -Sfor which it is possible that <p(J)# 0 are those for
which Ji n E= 0. Consider Ik with k ^ TV.Let {7Ï,..., Jk{k)}be those 7¡ which are
contained in Ik, such that J„ n E= 0. Then by the above discussion we see that
n(fc)

2 >KJk)-Tc(f,Ik) <*/3TV.
m= l

>rk>N, clearly ISA»,>f>(Jk)\
^ 0(TC;f; Ik). Thus,

2^(4)- 2 rc(/'«
k=l

k=l
co

n(fc)

TV

k= l m = l

fc = l

co

2 ¿wan- 2rc(/'«TV

r n(fc)

2 ^wïï-T^ff)
fc-1 Lm-1

2 TC(f'^
fc = 7V+ l

"1

J

00

Ti(fc)

co

+ fc=W+lm=l
2 2 -AW)
+ k=N+l
2 iw,4)i

<NeßN+2 J 0(Tc;f;Ik)<E.
N+l

Thus J, ^ exists and j, </»
= 2T Fc(/ 4)- The continuity of J"0 is clear.

We now show that (2) implies (1). Let S= S(1)>0 be such that

2 r<n- i A<

/'es,

1

JI

whenever 5, is a partition of 7 with \S,\ < 8, and also such that

2 w)- 2 f A<l

/'eS

/'eS •"'

I

whenever S is a finite family of nonoverlapping subintervals of 7 with suprsS |7'| < 8

(see [1], 70).
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Choose N=N(8) such that 2£+1 |Zfe|<8/2. We shall divide {Ik}S+xinto two
classes, <f+ and J~,

as follows: put Ik in J+

if there exists {Ik}, with Zís7fc,

such that Tc(f, If) -> 0(Tc;f; Ik) and put Ik in J~ otherwise. Write ^+ ={7nJ

={/,}. Choose j; with J¡CJ,°, such that 0(Tc;f;Jl)-Tc(fiJl)<

1/2*.We shall

show that 2 0(Tc;f;Ji)<co.
A similar argument yields the same inequality for
the sum of the oscillations over the members of J ~. The choice of J[ induces a

partition of /,, {J[, J", J"}. Append to the family {/} the family {/i,..., /„}. For
each k = 1,..., TV,choose a partition {Ik,..., Ik(k)}(enumerated from left to right)
of Ik such that \Ik\ < 8 for all/' and such that

Tc(f,Ik)- f

TC(f>If)< 1/2TV.

This can be done since Tc(f I) is additive and continuous on Ik for all k. For any
positive integer /?, consider

*- '-[(("-)u(04
If 77 is nonvoid, it consists of a finite number of intervals. We shall now form a

partition S of 7. Put {/,', /", J"}Ux u {'Í, ■••,/««}*-1 into 5. Suppose 7' = [a', ¿?']
and 7" = [a", Z?"]are two of these intervals with b' < a" such that none of the above
intervals intersects (b', a"). Then, since the sum of the lengths of the contiguous
intervals contained in 77 is < S/2, it follows that we can partition (b', a") by a
sequence of intervals all of whose end-points are in E, and all of which have
length < S/2. We put this partition into S. We do this for all pairs 7' and 7" satisfying the above conditions. We thereby obtain a partition S of 7 such that l^l < 8.
Then

If 4- res2 W)\I < l-

\JI

But

2 W)= 2 "If T(f>
w+2 T(f>-®-

I'eS

/»l

It» 2

i=l

Thus
P

I N

nO)-l

i ,.

i

ZT(fj;)i |; 2= 1 Jc2= 2 ra/¿) +1+|J/ i I
i=l
£ 1+1f J +7V/2TV+2
|3"c(/4)|< 2+1f J+ 2 |rc(/4)|.
17/ I

Since 0(Tc;f;Ji)-T(f,J¡)<

i

Mi I

i

1/2' for all /',

2 0(T°;f;Ji)
ï i=i
2 1/2'
+2+1
f J+ fi TO 4)1
\Ji I

i =i

<3+IH+í IW,/*>|.
\jl

1
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Since 3 + |J";<A|+ 2? \Tc(f, Ik)\ is an absolute finite constant and /» was arbitrary,
2" 0(Tc;f;Ji)<oD.
As we noted above, a similar argument can be used to
establish the result for J~. Thus (2) implies (1).
The following example illustrates the fact that
TH £ TH' and Tc % TH\

Let

«w-{t¿r3}--i.2.....
Define
f(x) = x2 sin —2

= (|sin4)(l-x)

if 0 < x ï£ £>

if | ^ x ^ 1.

Extend /by the formula
/(x + «)=/(x)

for all integers «. Define

AW = 2?rn/("(" + i)■*) if x e A.
= 0

ifjc#/„,

and

F(x) = 2/n(x)
i
for all x e 7. F(x) is clearly continuous on 7 and differentiable a.e. Let g(x) = F'(x).
Let £={0} u {1/«},« = 2, 3,.... Clearly g is .^-integrable on In for all «. By Theorem 4, to show g is ^"'-integrable on I we need only show that 2 0(F; Ik)<<x>.
Since 0(F; Ik)< lßk, this is immediate. Thus g is i?H'-integrable. However, since
E is the set of ^-singular points of g, and since g is not i?-integrable on In for any
n, it follows that g is not J*?H-integrable. It is clear that g is not .^-integrable.
Finally we shall show that TH'%TCH. Let Ebe the Cantor set. Let {In}= {[an, bn]}
be the sequence of intervals contiguous to E. Let/(x) be as in the previous example

and

= 0

«=1,2,....

otherwise,

Define

F(x) = 2 Fn(x).

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use

256

D. W. SOLOMON

Clearly g(x) = F'(x) exists a.e. Moreover, each point of F is an JS?c-singular point
of g, and no other point is singular. In addition, 0(F; In)< 1/2". Thus 2 0(F; In)
<oo, implying that g is JS?Ci/-integrable. However, 7n contains 2n + 1+ 1 ¿^-singular
points, namely {an+7(|7n|/2n + 1)}y=0, 1,..., 2n + 1. In addition,

o(f; [an+j+ß-x, an+ (j+ 1)JM]) = ^
for ally and n. Then, if 77=Fu

0(f; [0, 1])

[U"-i UT=V {an+J(\Tn\ßn+1)}l we note that 77 is

closed and that 2 0(F; Jk) = oo, where {Jk} is the sequence of intervals contiguous
to 77. Moreover, if P£7 is a closed set such that g is ^-integrable on P and on all
7'£7 with 7' n P= 0, then 2 0(F; I',) = <x>,where {7J}is the sequence of intervals
contiguous to P. For, let

hi = [an+j(\In\ßn+1), fl„+(7+lX|/»l/2B+1)],
7=0,

1,...,

2n + 1-l,

and write an, = an+j(\In\ßn+1).

Let cn, be the midpoint

of

Inj. Note that F is monotone increasing on [cnj, anJ +x] and that g is positive on
[cm, ttn.i +i]- Let {Ik,} be the sequence of intervals contiguous to P u {cn/, an,; +i}
in [cnj, fln,/+i]. Then either

g*7x ï: | |sin 4|
Jí''1[í|i),«n.<

+ ll

or

2 W£)

^ i |sin4|.

k

If
/,Pr>[cní,a„,í

g dx > i |sin 4|
+ 1]

for infinitely many pairs n,j, then Jp |g| dx = <x>contradicting the assumption that
g is ^f-integrable on P. Thus, assuming that g is ^-integrable on P,

20(F;Ik,)

ä |sin4|/8

k

for infinitely many pairs n,j, implying 2 0(F; 7;')= oo. Thus g is not ^"'-integrable

although it is .^"-integrable.
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