ABSOLUTELY CLOSED SPACES

BY
CHEN-TUNG LIU()

Introduction. The class of Hausdorff absolutely closed spaces was first intro-
duced by Alexandroff and Urysohn [2]. A Hausdorff space X is said to be
absolutely closed if every homeomorphic image of X which is a subset of a Haus-
dorff space K, is a closed subspace of K. Thus absolute closedness is a slight weaken-
ing of compactness. We can find this notion and some extensive studies about it
in Alexandroff-Hopf [1] and M. H. Stone [14]. Katétov [10] proved that for any
Hausdorff space X, there exists a Hausdorff absolutely closed space «X in which X
is densely imbedded, and which also has the characteristic property: If f is a
continuous mapping from X to a Hausdorff space T such that f(X) is dense in 7,
then there exist a subspace M of «X and a continuous mapping F from M onto T
such that X< M and F|X=f.

In the present paper, we extend the definition of absolute closedness to non-
Hausdorff spaces, and study the corresponding properties of them. In §I, we present
a different characterization in terms of extension properties of continuous mappings
of X in such a way that «X is the largest absolute closure (see Definition 1.7) of X.
We also characterize « X completely in the later part of §I. In §II, we show that every
space can be imbedded as a closed subspace of an absolutely closed space. In
§§IIT and IV, we discuss the smallest absolute closure (see Definition 3.2) of a
Hausdorff space, and the products of «X’s. Finally, in §V, we characterize the
projective and injective spaces in the category of absolutely closed spaces (with
continuous maps).

0. Preliminaries. 0.1. Notations and definitions. The notations used here are
standard. For example, we denote the closure of a subset 4 of a topological space
X by 4 or by Cly A4, and the set of all neighborhoods of p € X by %(p). We use the
standard definitions for filter base, filter, and ultrafilter. An open filter base is a
filter base consisting exclusively of open sets. An open filter is a nonempty collection
of open sets say # satisfying the following properties:

(@) o¢%.

® IfU, Uye %, then U, N U, e%.

(¢) If Ue % and G is open, GO U, then G € %.

An open ultrafilter is an open filter which is maximal in the collection of open filters.
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0.2. LemMA. If % is an open ultrafilter on X, the following hold:

(@) If G is an open subset of X, then G N\ U# @ forall Ue % iff Ge %.
(b) If Gy, G, are open subsets of X and G, U G, € U, then G, € U or G, € U.
(©) If G, ¢ %, and G, is open, then G,=(X—G,) e %.

(d) If p is a cluster point of U, then % — p, that is, % converges to p.

Proof. (a), (b), (d) are obvious. For (c), see Obreanu [11]. In (d), note that %
may converge to other points too.

0.3. LeMMA. If ¢ is an open filter on X, and % is an open ultrafilter containing
9, the following hold:

(@) If p is a cluster point of U, then p is a cluster point of ¥.

(b) If ¢ — p, then U — p.

Proof. Obvious.

0.4. LEMMA. Suppose X is an open(®), dense subset of a topological space Y, and
% is an open ultraﬁl\ter on X.Let ' ={G : Gisopenin Y, GN XeU}. Then ' is
an open ultrafilter on Y. Moreover, % — p iff 4’ — p.

Proof. It is easy to see that o ¢ %’ and if Gy, G, € %', then G, N G, € %'. Also
if Ue% and A4 is open in Y, ADU’; then A N X2 U’ N X e %. Therefore
AN Xe% so Ae¥'. We have so far shown that %’ is an open filter on Y. Let
¢ be any open filter on Y such that #’'< %. We wish to show that %' =¥. Take
and fix 4 € 9. It suffices to prove that 4 e #’. Now forall Ue %, (AN X)N U
=ANU)Nn X# & since Ue #<¥, Ac ¥, and X is dense in Y. Since % is an
open ultrafilter on X, then 4 N X € %. It follows that 4 € %'.

Now suppose % — p. Since  is an open filter on Y and # < %', then from 0.3(b)
it follows that %’ — p.

Conversely, %' — p easily implies % — p.

0.5. LEMMA. Let X be an open, dense subspace of a topological space Y. If U’ is
an open ultrafilter on Y and U=%' N X={U' N X : U’ € U}, then U is an open
ultrafilter on X. Moreover % — p iff %' — p.

Proof. Since X is a dense, open subset of Y, by 0.2(c), X e %’. Hence %=
{Ue%' : U= X}. Clearly % is an open ultrafilter on X and %'={G : G open in
Y, G N X € %}. Hence the last part of the assertion follows from 0.4.

0.6. LeMMA [7, p. 5]. Let X be dense in each of the Hausdorff spaces S and T.
If the identity mapping on X has continuous extensions o from S into T, and = from
T into S, then o is a homeomorphism onto, and ¢~ =r.

0.7. DerFINITION. Let X be dense in each of the spaces S and 7. If f is a homeo-
morphism from § to T such that f'is the identity on X, we say S is essentially the
same as T relative to X.

(®) Lemmas 0.4 and 0.5 still hold without assuming that X is open in Y.
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0.8. LEMMA [7, p. 92]. Let E be a Hausdorff space, and suppose X is dense in E.
Let ¢ be a continuous mapping from a space E into a space Y such that ¢|X is a
homeomorphism; then ¢ maps E— X into Y —¢(X).

I. The largest absolute closure of a topological space.

1.1. DeFINITION. A Hausdorff space X is called absolutely closed if X is closed
in every Hausdorff space in which it is imbedded.

From this definition, a compact Hausdorff space is absolutely closed.

1.2. LEMMA. Let X be a Hausdorff space, then the following are equivalent:

(a) X is absolutely closed.

(b) Every open filter base on X has a cluster point.

(c) Every open cover of X has a finite dense subsystem (whose union is dense in
X).

(d) Every open ultrafilter on X converges.
Further, even if X is not Hausdorff, properties (b)—(d) remain equivalent.

Proof. The proof is straightforward. See Bourbaki [4, p. 160], or Scarborough-
Stone [13].

1.3. Example of an absolutely closed noncompact space (due to Urysohn [15]).

Let N*=N U {w} be the 1-point compactification of N, where N is the usual
space of the positive integer. Let K=(Nx N*) U {«}, where o ¢ Nx N*. The
topology on K is defined as follows: N x N* has the product topology. A basic
neighborhood of « is of the form U,(e)=izn Ujen {@i} Y {o} for n=1,2,3,...,
where a,, is the lattice point (i, /). Then K is easily seen to be absolutely closed
from Lemma 1.2(c). However K is not compact, because it has N x {w} as a closed
subset. This example will be very useful later.

1.4. ExampLE. We may ask, why, in Definition 1.1, we restrict our attention to
Hausdorff spaces. As we will observe below that for T, space X, “ X is closed in
every T, space in which it is imbedded” is true only when X is finite.

Let X be an infinite T, space; we can find an infinite sequence of distinct points,
say S={a;, as,...,a,,...}<X. Let p¢ X and Y= X U {p}, topologized as follows.
For x € X, neighborhoods of x are unchanged. We define a typical neighborhood
of p, say U(p), as follows: U(p)={p} U (Unzn, Un(as)), where U,(a,) are neigh-
borhoods of a, in X. Then Y is a T, topological space, and X is not closed in Y
since p € X.

1.5. DerINITION. Let X be a topological space, not necessarily Hausdorff; we
say X is generalized absolutely closed if X satisfies property (b) in 1.2, and hence
properties (c) and (d) also.

Scarborough-Stone [13] call such spaces H(i) spaces.

1.6. DerINITION. Let X, Y be Hausdorff spaces (respectively, arbitrary topolog-
ical spaces) such that

(a) Xis densein Y.

(b) Y is absolutely closed (respectively, generalized absolutely closed).
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We call Y an absolute closure (respectively, generalized absolute closure) of X.

1.7. DErINITION. Let Y be an absolute closure (respectively, generalized absolute
closure) of X. We say Y is a largest absolute closure (respectively, largest generalized
absolute closure) of X, if for any other absolute closure (respectively, generalized
absolute closure), say T of X, and if i: X — T is the injection, then there exists
i: Y — T (onto) such that i| X=i.

Such a Y (if one exists) is essentially unique, as will be shown later.

1.8. THEOREM [5). If X=I1, X,, where no X, is empty, then X is absolutely
closed iff each X, is absolutely closed.

1.9. THEOREM [13]. If X=[1. X,, where no X, is empty, then X is generalized
absolutely closed iff each X, is generalized absolutely closed.

1.10. ReMARK. It is well known and easy to see that the following hold:

(a) Every continuous image of an absolutely closed space is absolutely closed,
if it is Hausdorff.

(b) Finite unions of absolutely closed spaces are absolutely closed, if they are
Hausdorff spaces.«

(c) The intersection of two absolutely closed spaces may not be absolutely
closed.

For the same reasons, (a), (b), (c) hold for generalized absolutely closed spaces.

1.11. THEOREM [11]. Let X be a Hausdorff space; there exists at least one absolute
closure X of X.

We outline the construction of X, as it will be referred to later.

Let X~ ={% : % is an open nonconvergent ultrafilter on X}. Let £=X U X~
be the disjoint union, under the following topology: The basic open sets of X
are those of the form G=G U G~ where G"={# : % € X~, Ge %}. Then X is
a Hausdorff space such that X is dense in X. Moreover, X is absolutely closed.

1.12. THEOREM (KATETOV [10]). Let X be a Hausdorff space. Then there exists a
Hausdorff absolute closure Y of X satisfying the following property: If f: X — T is
continuous and T is Hausdorff such that Cl f(X)=T, then there exists a subspace
M of Y containing X and a continuous mapping F of M onto T such that F|X=f.

1.13. THEOREM. For any Hausdorff space X, there exists a Hausdorff space kX
which is a largest absolute closure of X. Moreover, kX is essentially unique in the
sense that if T is another largest absolute closure of X, then T is essentially the same
as kX (see Definition 0.7).

REMARK. «X is the same space as Katétov’s absolute closure of X in 1.12,
though described differently. The following proof is simpler than Katétov’s and
takes advantage of Obreanu’s construction of X in 1.11.

Proof. We define kX=X U X=X as a set as in 1.11. We define &, the basis
for the topology of «X, as follows: B e & iff either B=G U {#} where #Z e X~
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and G e 2, or B=G where G is open in X. It is easy to verify that if B;, B, € &,
then B, N B, € &. Clearly 4 is a basis on «X. It follows that X is open in «X.

We will now show that «X is Hausdorff.

Since X is Hausdorff and X is open in «X, then any two distinct points in X
have disjoint neighborhoods in «X.

Let x€ X and & € X*; then there exists an open neighborhood G of x in X
such that G ¢ &, for otherwise # would converge to x. Therefore there exists
He P such that HN G= @. We now have H U {#} and G as disjoint neighbor-
hoods of £ and x in «X.

Let 2,, &, be distinct points in X™; there there exist G, € £, and G, € Z, such
that G, N Go=@. Let W,=G, U {#}, and W,=G, U {#},, then W, and W, are
disjoint neighborhoods of 2, and 2 in «X.

Note that the subspace topology of X, as subspace of «JX, is precisely the given
topology of X.

«X is absolutely closed: Let % be an open ultrafilter on «X, we want to show %
converges. Put Z={UN X : Ue %}. Then by 0.5, Z={Ue% : U= X}, and &
is an open ultrafilter on X. If Z converges to a point x € X, then x is a cluster point
of %, hence % — x. If 2 is nonconvergent on X, then Z € X~. Let W=G U {#}
be a neighborhood of £ in «X; then G € #. Therefore G € %. Thus G meets every
member of %. All the more, so does W. Hence 2 is a cluster point of % in «X,
thus % — 2.

We want to prove that « X is a largest absolute closure of X. Let T be an absolute
closure of X and i: X — T be the inclusion. We want to extend i to i:«X — T
continuously. It will follow that if such i exists, i will be onto. For by 1.10(a),
i(xX) is absolutely closed, so it is closed in T, and contains a dense subset X of T;
thus i(xX)=T.

Let e XX =«xX—X. Let #={U : Uopenin T and UN X e Z}. By 04, Z is
an open ultrafilter on 7. Since T is absolutely closed, there exists p € T such that
% — p. By 0.4 again, we have Z —p in T. We now define for each Z e X,
i(#)=p; and for x € X, i(x)=x.

We shall now show that 7 is continuous.

Case 1. For x € X, let W be an open neighborhood of x in T’; then

i WyNnX=iW)=aG

is an open neighborhood of x in X, hence is open in «X, and i(G)< W.

Case 2. For e X, we have i(#)=p where # —p in T. Let W be an open
neighborhood of p in T; there exists G € 2 such that G= W. Thus G U {Z} will
be an open neighborhood of Z in «X such that

(GU{ZY =G Vi) =iG)V{pp=Guip=W

«X is essentially unique: For if Y is an absolute closure of X such that Y is a
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largest such in the sense of 1.7, then there exists i: Y — «X where i is a continuous
extension of the inclusion map i: X — «X. Also, there exists j: «kX — Y such that
J is also a continuous extension of the inclusion map i. Therefore by 0.6, <X is
essentially the same as Y.

1.14. DeriNiTION. If X is a subspace of a topological space Y, we say Y is
Hausdorff except for X if for any pair of distinct points a, b in Y, which are not
both in X, a, b have disjoint neighborhoods in Y.

1.15. THEOREM. For any topological space X, there exists « X which is a largest
generalized absolute closure of X, and which is Hausdorff except for X. Moreover,
kX is essentially unique.

Proof. We construct «X in exactly the same way as in 1.13. It is absolutely
closed by the same proof as above. As was shown in 1.13, it is clear that <X is
Hausdorff except for X.

For the second part of the proof, we want to construct i: kX — T, where T is
any other generalized absolute closure of X, which extends the inclusion i: X — T.
The same argument shows that every open ultrafilter # on X converges to some
p in T. Since now T is not necessarily Hausdorff, p may not be unique. We now
define i as follows: For x € X, we define i(x)=i(x)=x; for € X, choose pe T
such that Z — p, and define (#)=p. Exactly the same proof shows that i is
continuous.

The uniqueness of «X still holds, by the following lemma.

1.16. LEMMA. If X is dense in T, and T is Hausdor(f except for X, and if f: T — T
is continuous and f| X =identity on X, then f=identity on T.

Proof. If not, there exists y € T such that f(y)=z and z#y. Thus y ¢ X. Since
T is Hausdorff except for X, there exist U, V which are disjoint neighborhoods of
y and z in T. By continuity of fat y, y has a neighborhood W such that f(W)<V.
Consider the neighborhood U N W of y. Because X is dense in T, there exists
xeXNnUnN W, and f(x)=x. But f(x) e V since x € W, so x e V' n U, which is
impossible.

1.17. We proved that for a Hausdorff space X, if Y is any absolute closure of X,
there exists i: kX — Y which extends the inclusion i: X — Y continuously. By
analogy to the corresponding property of the Stone-Cech compactification, we ask:
If Y is any absolutely closed space and f: X — Y is continuous, can f always be
extended continuously to f: «X — Y? The answer is No, from the following
example.

Let X=N be the set of positive integers, which is not absolutely closed. Let
Y=NxN*U{e} as in 1.3. Then X is mapped homeomorphically into Y by
f(x)=(x, w) for x € X. Suppose there exists f: kX — Y such that f| X=f. Then by
0.8, we have f(kX—X)<Y—f(X)=Y—(Nx{w}). Choose Ze€«xX—X; then
f(P)=p’ € Y— N x {w}. Thus either p’ € Nx N or p’=c. In any case, there exists a
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neighborhood W of p’ which is disjoint from N x {w}. (In fact, from the topology
of Y, every basic neighborhood of p’ is disjoint from N x {w}.)
Let G U {#} be an open neighborhood of £ in «X, where G € £, then

fGU{ZY = f(G) Uf(P) = f(G) Y {p} = (Gx{w}) U {p}

Thus no neighborhood of £ is carried by finto W. Thus fis not continuous and
f has no continuous extension to «.X.

1.18. However, the following result does hold if we restrict attention to open
maps.

THEOREM. Let X, Y be topological spaces and suppose Y is generalized absolutely
closed. Let f: X — Y be a continuous, open map, then there exists f: kX — Y such
that f| X=f.

Proof. Let us define f: xX — Y as follows: for x € X, we define f(x)=/(x); for
PexX-X, let f(P)={f(G) : G € #}. Then clearly f(2) is an open filter base on
Y. Let % be the open filter on Y generated by f(£); we will show that % is an open
ultrafilter on Y. For if not, suppose Z U {A} where A ¢ % and A is open in Y, is con-
tained in some open filter; then f(G) N A+ @ forall Ge?. Thus f~Y(4) N G# &
for all G € 2, thus f~1(A4) € . Therefore f(f~1(A)) € f(P), and 4 € %, a contra-
diction. Thus we proved f(&) generates an open ultrafilter % on Y. Therefore
there exists p’ € Y such that % — p’. Notice that there may be more than one such
p'; choose one arbitrarily. Let us define f(#)=p’.

We check that fis continuous.

If Z € kX— X and f(#)=p’ as described above, let W be an open neighborhood
of p’ in Y. Then W e % because % — p'. Hence W>£(G) for some G € £Z. Thus
G v {2} will be an open neighborhood of £ in X such that

FGU{ZY) =fG)VfP) =G Vip}= W

Thus f'is continuous at 2.

If x € X, let f(x)=p’, and let W, an open neighborhood of p’ in Y, be given. Since
F(xX)=f(x)=p’, then G=f"1(W) will be an open neighborhood of x in X, hence
an open neighborhood of x in «X, such that f(G)=/(G)< W. Thus f is continuous
at x € X also.

1.19. LEMMA. Let X be a Hausdorff space and let T be an absolute closure of X.
Then (a) implies (b):

(a) For each p e T— X, and for each open subset G of X such that p € Cl; G,
GU{p}isopeninT.

(b) If G, H are open in X and G N H= &, then Cl; G N Cl; HS X.

Proof. If pe (T—X)N(Cl; GN Cl, H) where G, H are open in X and
G N H= @, then by (a), G U {p} and H U {p} are open neighborhoods of p in T.
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Hence (G v {p}) N (H Y {p})={p} will be open in T, but this is impossible since
X is dense in T.

1.20. LeMMA. Let X be a Hausdorff space, and let T be an absolute closure of X.
Then the following are equivalent:

(b) If G, Hare openin X and G " H= &, then Cl; G " Cl, HS X.

(b)" Distinct nonconvergent open ultrafilters on X converge to distinct points in
T-X.

Proof. (b) = (b)": Let #,, #, be two distinct nonconvergent open ultrafilters
on X. Then there exists G; € #, and G, € Z, such that G; N Go,= &. As is shown
in the proof of 1.13, there exist p,, p, € T— X such that #, — p, and #, — p,in T.
If p;=p,, then since p, € Cl; G; and p, € Cl; G,, it would follow that p,=p,
€ (Cly G, N Cl; Gy) N (T— X). This contradicts (b). Thus p, 5 p,.

(b) = (b): Let G, H be open sets in X such that G\ H= @ and suppose
pe(T—X) N (Cly G N Cly H). Let %(p) be the open filter base of all open neigh-
borhoods of p in T. Let # be the trace of %(p) on X. Then # U {G} has the finite
intersection property, so it is contained in an open ultrafilter on X, say ¥. We know
@ converges in T; since T is Hausdorff, we must have ¥ —p in T. Similarly
% U {H} has the finite intersection property, so it is contained in an open ultra-
filter on X, say ¢'. For the same reason, ¥’ — p. By (b)’, ¥=%’; but this is
impossible, since GN H=g and Ge 9, He ¥'.

1.21. THEOREM. If T is an absolute closure of a Hausdorff space X with the follow-
ing two properties:

(a) All sets of the form G U {p}, where G is open in X and p € Cl; G— X, are open
inT.

(b) XisopeninT.
Then T is essentially the same as kX (see Definition 0.7). Conversely, X is an
absolute closure of X with these properties.

Proof. It is known that X is open in «X. Also it is clear that in «X, if e X,
then # € Clx G iff G € 2 for G open in X. Therefore « X satisfies (a) and (b).

From Theorem 1.13, we know that there exists i: «kX — T (onto) such that
| X=1i, the inclusion map. We will show that i is one-one and open, then i will be
a homeomorphism which is the identity on X.

iis one-one: By 0.8, we have i(kX— X)=T— X. Thus we only have to show iis
one-one on «X— X. Recall i is defined by: For Z € X~ =«xX— X, i(?)=p where
P—->pinT;if P, P, e X are such that #, #P,, then Z, and 2, are two distinct
open nonconvergent ultrafilters on X. From 1.20 together with the assumption,
we conclude that &, and £, converge to distinct points in T—X. Thus if
i(#,)=p, and i(?,)=p,, we must have p, #p,.
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iis open:

Case 1. If x € X and G is an open neighborhood of x in X, then i(G)=i(G)=G
which is open in 7.

Case 2. If P e xX—X, let G U {#} be a basic open neighborhood of Z in «X;
thus Ge 2. Now, i(G U {#)=i(G) Y i(P)=i(G) Y {p}=G Y {p}. Since #Z—p
in T, thus p € Cl; G. Thus G U {p} is open in T by assumption.

II. The imbedding of a topological space as a closed subspace of an absolutely
closed space.

2.1. THEOREM. Let X be a Hausdorff space. Then X can be imbedded as a closed
subspace of an absolutely closed space K.

Proof. Let us define K as follows: K=(XxN*)U X~ as a set, where
N*=N U {w} is the 1-point compactification of N, and X~ =«X— X is the set of
all nonconvergent open ultrafilters on X.

We define a topology on K as follows: as usual, X x N * has the product topology;
i.e., for (x, n) € Xx N, a basic neighborhood of it is of the form G x {n} where G
is an open neighborhood of x in X. And for (x, w) € X x {w}, a basic neighborhood
of it is of the form G x [n, w] where G is an open neighborhood of x in X and [n, w]
denotes {n, n+1,..., w}.

Let Ze€ X~; Z is an open nonconvergent ultrafilter on X. We define a basic
neighborhood of 2 to be of the form U(#)=(G x N) U {#} where G € Z. Notice
that G is an open deleted neighborhood of Z in «xX.

We are going to prove the following:

1. This is a topology on K: We need only check that for Z € X, #(2)={U(%)}
forms an open neighborhood system at Z.

(a) B(P)+ & since Xe P. Also Z € B(P).

(b) Given (G, x N) U {#} and (G, x N) U {#}, two neighborhoods of &, where
Gy, Gy 2, then (Gyx N) U {Z) N (Gox N) U {P}) = (G, N G)x N) U {Z#} is
a basic neighborhood of & because G; N G, € 2.

(c) Given (GxN) U {#} e B(P), let ye(Gx N) U {#}; then either y=(x, n)
eGxNor y=2. If y=(x,n) then Gx{n} will be a basic neighborhood of y
contained in the given one. If y=2, then (G x N) U {#} will be a basic neighbor-
hood of y contained in the given one.

2. X can be imbedded as a closed subset of K: This ‘is clear, because we can
identify X with X x {w} by mapping f(x)=(x, w) for each x € X; f is a homeo-
morphism, and X x {w} is closed in K.

3. K is Hausdorff: For points in X x N*, it is clearly so, since X and N* are both
Hausdorff. Let (x, n) e Xx N and Z € X"; since «X is Hausdorff, there exists an
open neighborhood G, of x, and a basic open neighborhood of #, say G, U {#}
where G, € 2, in «X, such that G, N (G, Y {#})=2. Thus G, N Gy= 2. Now
G, x{n} and (G, x N) U {Z} will be two disjoint neighborhoods of (x, n) and £ in
K respectively. Let #,, #,€ X~ where #;#%,. Then there exists G, € 2, and
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G, € 2, such that G; N G,= . Thus (G; x N) U {#,} and (G, x N) U {Z,} will
be two disjoint neighborhoods of #; and £, in K.

4. K is absolutely closed. Let & be an open cover of K; we want to find a finite
dense subsystem of &. It is clear that we may assume & consists of basic open sets.

For each e X¥=«xX-X, pick W,e& such that Ze W,. We can write
W,=(G,x N) U {#} where G, € 2.

For each xe€ X, look at the sequence {x}x N*. Pick Wy(x)€e & such that
(x, w) € Wo(x). We can write Wo(x)=Uy(x)X [n,, @] where Uy(x) is an open
neighborhood of x in X and n, e N. For each k=1, 2,...,n,—1, there exists
Wi(x) € € such that (x, k) € W, (x). We can write W,(x)= U,(x) x {k} where U,(x)
is an open neighborhood of x in X.

Let Ux)=Uyx) N Uy(x) n--- N U, _1(x). Then U(x) is open in X for each
x € X. Thus U(x) is open in «X for each x € X.

Consider €¥={U(x) : xe X} U {G, U {#} : # € X}. This is an open cover of
xX. Since « X is absolutely closed, there exists a finite subsystem, say

9 = {U(xy), ..., Uxy), Gp; Ui{Z}..., Gpm V{2

satisfying Cl (U 9)=«X.
Let us define a family & as follows:

Gy, xN) V {24}
(Gpy X N) U (P2}

(G x M) U (22}
U(x,) x [nxla w], Ulx)) x{1}, ..., U(x,) x {nxl -1}
U(x2) X [nxg, w]’ U(x2) X {1}3 ey U(xz) X {nxg - 1}

U(xi) X [, @], Ulxi) {1}, . ..., Ulxi) x {n, —1}.

We claim that Cl (| #)=K.

Proof of the claim. First of all, it is clear that X x N is dense in K. Thus it is
enough to show that Cl () #)> X x N. For then Cl (| #)>Cl(Xx N)=K.

Let (x,n) e X x N, we want to prove that for each basic neighborhood W of
(x,n), Wn (U F)# 2. Since W is a basic neighborhood of (x, n), we can write
W =G x {n} where G is an open neighborhood of x in X, hence open in «X. Thus
G meets some member of ¢ because Cl (|_) ¥)=«X. Thus either G N U(x,)# @ for
some 1<i<k or GN G, # & for some 1<j<m.

Case 1. G N U(x;)# o where 1<i<k.

(@) If nzn,, then W=G x{n} meets U(x;) x [n,,, »] which is a member of %
In fact, (G x {n}) N (U(x;) X [ny,, @])=(G N U(x))) x {n}# .

(b) If n<n,, then 1 =n=<n, —1; thus W=G x{n} meets U(x,) x {n} which is a
member of £
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Case 2. G N G, # @ for some 1 <j<m, then W= G x{n} meets (G,, X N v {2}
which is a member of Z.
Thus we have proved that K is absolutely closed.

2.2. THEOREM. Let X be any topological space. Then X can be imbedded as a
closed subspace of a generalized absolutely closed space.

Proof. We know, by Theorem 1.15, that «X, which is the largest generalized
absolute closure of X, still exists and is constructed in the same way. The previous
construction of K in 2.1 still applies, and exactly the same proof shows that K is
generalized absolutely closed.

2.3. REMARK. Strecker (unpublished) has shown that every Hausdorff space can
be imbedded as a subspace of a minimal Hausdorff space. Combining this with 2.1,
we have the following stronger result: Every Hausdorff space can be imbedded
as a closed subspace of a minimal Hausdorff space.

III. Smallest absolute closure. For locally compact spaces X, we can construct
the 1-point compactification X* of X by adding one single point to X. It has been
shown [6] that if Y is a Hausdorff compactification of a noncompact Hausdorff
space X which is minimal (in a natural sense), then Y is essentially the same as X*,
and moreover, X has to be locally compact.

In this section, we will discuss the analogous theorems for locally absolutely
closed spaces. We restrict our attention to Hausdorff spaces in this section.

3.1. DErINITION. A Hausdorff space X is locally absolutely closed if for each
point in X, there exists a neighborhood of it which is absolutely closed. From this
definition, every absolutely closed space is locally absolutely closed.

3.2. DERINITION. Let T be an absolute closure of X; we say T is a smallest
absolute closure of X, if for any other absolute closure Y of X, thereexists i’: Y —T
such that i’ is a continuous extension of the inclusion i: X —T.

3.3. REMARK. If X has a smallest absolute closure 7, then T is essentially unique
in the sense of 0.7.

The following two theorems are quoted from Obreanu’s paper [12] about locally
absolutely closed spaces.

3.4. THEOREM. For every locally absolutely closed space X which is not absolutely
closed, we can construct an absolutely closed space X *-by adjoining one single point
w to X, in such a way that X is dense in X* and the trace on X of the open filter of
open neighborhoods of w is the open filter B, where & is the open filter generated by
the family of all complements of absolutely closed subspaces of X.

3.5. THEOREM. In order that we can imbed a space X which is not absolutely
closed, into an absolutely closed space from which it differs by only 1 point, it is
necessary and sufficient that X be locally absolutely closed.

We are now ready to prove the following theorem.
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3.6. THEOREM. (a) If X is locally absolutely closed, but not absolutely closed,
then X* constructed above (see 3.4) is the smallest absolute closure of X.

(b) If a space X has a smallest absolute closure say «(X), then X is locally abso-
lutely closed and w(X) is essentially the same as X*, or X.

Proof. For (a), let Y be any absolute closure of X; we want to show that there
exists i": ¥ — X* such that i’ is an extension of the inclusion i: X — X*.

Let us define i'(Y— X)=w and i’| X=i; then i’ is continuous. For let W be an
open neighborhood of w in X*; then W>G U {w} where G=X—V, where V is
absolutely closed in X. Thus

i W) D i G U W) = i G) Ui w) = GU(Y=X) = Y=V

which is open in Y, since V is absolutely closed and therefore closed in Y. Thus
i’ is continuous at each point of Y — X. Also, since X is locally absolutely closed in
Y, Xis open in Y [12]. Thus i’ is continuous at each point of X.

For (b), if w(X) is the smallest absolute closure of X, we want to show that
w(X)=X U {at most 1 point} and that X is locally absolutely closed. Suppose,
on the contrary, there exist a, b € w(X)— X such that a##b. Since w(X) is an
absolute closure of X, there exists /> kX — w(X) such that f is a continuous ex-
tension of the inclusion i: X — w(X). Now fis onto (because f(xX) is absolutely
closed in w(X), hence it is closed in w(X), and contains the dense subspace X of
w(X)). Thus there exist p, g € kX— X such that f(p)=a and f(g)=>. Of course
p#4q. We identify p, g in «X. Let Z be the quotient space of «X under this identi-
fication. Let g: «kX — Z be the quotient map. Thus g|X=identity on X, and
g(p)=g(@)=IpleZ.

We verify that Z is Hausdorff: If x, y are distinct points in Z such that x, y#[p],
then x, y € «X— {p, g} which is open in «X. There exist G;, G, which are disjoint
open neighborhoods of x, y in «X—{p, g}; hence G,, G, are disjoint open neigh-
borhoods of x, y in «X. Thus g(G,)=G, and g(G.)=G, will be disjoint neighbor-
hoods of x, y in Z. If x € Z is such that x# [p] € Z, let G, H be disjoint open sets
in «X such that G contains x, H contains p and q. Then g(G) and g(H) will be
disjoint open sets in Z such that x € g(G) and [p] € g(H).

X is a subspace of Z because G N X=g(G) N X for any open set G in «X.

Z is an absolute closure of X: Z is absolutely closed because it is a continuous
image of an absolutely closed space «X. Moreover, if G is open in Z, then
g Y G)=G<=kX if [p] ¢ G; and g~ (G)=G U {p,q}<«X if [p] € G. In any case,
G N X# @, since X is dense in «X.

By assumption, there exists #: Z — w(X) such that 4| X =i where i is the inclusion
map from X into w(X). Letf'=h o g, where X 2> Z %> w(X). Thus f': kX — w(X)
is continuous and f’| X=i. Since f agrees with /' on a dense subset X of «X, and
both X and w(X) are Hausdorff, f=f". But f(p)=a#b=f(q) while

f'(p) =hoglp) = hoglq) =f(q),



98 CHEN-TUNG LIU [January

a contradiction. Thus w(X)= X U {at most 1 point}. By Theorem 3.5, X is locally
absolutely closed. By the essential uniqueness of the smallest absolute closure of
X, we hence conclude that w(X) is essentially the same as X*, unless X is itself
absolutely closed, in which case obviously w(X)= X.

IV. Products of «X’s. Glicksberg [9] has proved that for completely regular
spaces X, supposing the set [],.q, X. is infinite for every oo, a necessary and
sufficient condition that 8([ ], X,)=11. BX.isthat] ], X, be pseudocompact. In this
section, we are going to investigate the analogous situation for the product of «X’s.
Before dealing with the general case, it is convenient to deal with the case of two
factors.

4.1. THEOREM. Let X, Y be nonempty spaces. Then k(X x Y)=«xX x « Y iff at least
one of the following statements is true:

(a) either X or Y is a finite Hausdorff space;

(b) kX=Xand ckY=7Y.

Proof. (If): Suppose (b) is true, then both X and Y are generalized absolutely
closed, therefore X' x Y is generalized absolutely closed [13]. Thus

k(XxY)=XxY =«Xx«kY.

If () is true, we may assume X is finite and Hausdorff, therefore absolutely closed,
s0 X=«kX. We will show X x«kY=«(Xx Y).

LEMMA. If X=X, U X,, where X,, X, are closed and disjoint subsets of X, then
kX2 kX, Y kX,

Proof of the lemma. We first establish a 1-1 correspondence between «X and
kX, U X, which is the identity on X= X; U X, by obtaining a 1-1 correspondence
between the nonconvergent open ultrafilters on X and those on X;, for i=1, 2.

Let &2 be a nonconvergent open ultrafilter on X; thus & € xkX— X. For each
Ge?, G=G, U G, where G;=G N X; is open in X; and G,=G N X, is open in
X,. Since X=X, U X, is a discr=te union, then G, N G;= &, and G,, G, are open
in X. By 0.2, we have either G, € £ or G, € Z, but not both. Suppose G, € Z.
We claim that for any H € £, writing as above H=H; U H, where H, is open in
X, and H, is open in X,, we have H, € Z. For since H, N G;=@ and G, € 2,
then H, ¢ #; hence by 0.2, H, € Z. Thus by 0.5, the trace of 2, say %, on X, will
be an open nonconvergent ultrafilter on X, and it will generate all of #; and
#exX,—X,.

Conversely, let Z € (X, — X,) U (kX,— X,); suppose & € «X;— X,. Thus # is
a nonconvergent open ultrafilter on X, and & is thus a base of an open filter #
on X since X, is open in X. One easily sees that 2 must be a nonconvergent open
ultrafilter on X. Thus £ € kX — X. If the process described in the previous para-
graph is applied to 2, it clearly yields # again. One also observes that

kXiNkXy =g
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Thus we have shown that the following function is a 1-1 correspondence of
kX; U kX, onto «X.

fx)=x forxeX =X,V X,
f(B)=P forBe(Xi—X)U (kX,—X;) and PexX-X.

We will show fis a homeomorphism.

Take %# € (kX;— X1) U (kX;— X;). Suppose & € (kX;—X;). Let Z=f(#) and
let W=G U {#} be an open neighborhood of #ZexX—X where Ge 2. Let
G=G, VU G, where G, and G, decompose G into disjoint open sets as described
above. By 0.2, suppose G, € Z. Thus G, U {#} will be a neighborhood of # such
that f(G, U {#})< G U {#}. Therefore f is continuous at each point of

(kX1 — X1) U (Xa— Xo).

Also f'is clearly continuous at each point of X=X, U X,, since X is open in «X.
We will now show fis also an open map on «X; U «X,. Since both «X; and «X,
are open in kX; U « X, it suffices to show f is open in «X; and xX,. Suppose
W=G, U {%#} is a basic open set of xX,. Then G, € #. Hence f(W)=G, U {#}.
Since #< 2, then G, € 2. Since G, is open in X, f(W)=G, U {#} is open in «X.
Now if W< X, then W is open in X since X, is open in X. Hence f(W)=W is
open in «X. Thus fis open on «X;. Similarly, f'is open on xXj.

Thus we have shown that kXX «X; U «X,, proving the lemma. By using finite
induction, we can easily show that if X=X; U---U X,, a discrete union, then
kXX, V- U kX,

Now we return to the proof of the theorem. Since X is finite, let

X = {x1, Xg, ..., Xp}.
Thus
XXxY=({x}xY)u---U({x,}xY).

Since X is finite Hausdorff, then by the lemma, we have

kK(XxY)x kY, U---U«kY,, a discrete union
T kYU---UkY, ntimes,
~ kX xkY.
Thus kX Xk Y=Xx kY2 x(X X Y).
(Only if): Assume (X x Y)=«xXx«Y and suppose (b) fails; say «Y# Y. Let
pexY—Y. Then
kXx{p} < kXx(kY—-Y) = (kX xkY)—(kXxY) < (kX xcY)—(Xx Y)
=k(XxY)—Xx7Y,
which we know is discrete in its relative topology. Hence « X, being homeomorphic

to « X x {p}, is discrete. Being generalized absolutely closed, it must be finite. Hence
X is finite Hausdorff.
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4.2. THEOREM. Let X, be nonempty spaces for all o«. Then «([ 1, X)=11o X, iff
at least one of the following two conditions is satisfied.

@) «X,=X, for all c.

(b) There exists X,, which is not generalized absolutely closed. X, is finite and
Hausdorff for all o+ ay. Moreover, all but finitely many X,’s have only one point.

Proof. (If): Suppose (a) is true; since X,=«X, for all o, then X, is generalized
absolutely closed for all «, hence [ ], X, is generalized absolutely closed (see [13]).
Therefore «([ [, X,)=11¢ Xo=11s «X,.

Suppose (b) is true: Let X=]T,+4, X, Then X is finite and Hausdorff. Thus
«X=X. By Theorem 4.1, we have «(X x X, )=rX xxX, =X x«X,, . Since each
X, is finite, «X,= X, for all «# «,. Thus

o1 Xo) = KX Xp) = XxiXe, = (I1 X,) Xy, = [T ke

a#ag 1
(Only if): Suppose «(I1. Xz)=[1. «X,. Suppose now (a) fails for «,, i.c.,
X, #xXy,. We want to show (b) holds. Clearly the index-set has more than one
member. Let X=[T,.q,, X,, then «(X x X, )=xX x «X,,. By Theorem 4.1, either
X or X,, is finite and Hausdorff. But X,  is not finite, since it is not generalized
absolutely closed. Hence X is finite, showing that (b) holds.

V. Projective and injective spaces in the category of absolutely closed spaces.
We know that in the category of compact Hausdorff spaces and continuous maps,
X is projective (see 5.1) iff X is extremally disconnected [8], and X is injective (see
5.2) iff X is a retract of a Tychnoff cube. In this section, we are going to investigate
the projective and injective spaces in the category of absolutely closed spaces (and
of generalized absolutely closed spaces) and continuous maps.

5.1. DErFINITION. Let € be a category of topological spaces and continuous
maps; we assume that all continuous maps are admissible; X € € is called pro-
Jjective if, whenever f: Y — Z and g: X — Z are admissible maps where Y, Z € €,
and f'is onto, then there exists admissible map g’': X — Y such that g=fo g’.

5.2. DEFINITION. Let € be as in 5.1. Xe % is called injective if, whenever
f:Z— Y and g: Z — X are admissible maps, where fis 1-1 and Y, Z €%, then
there exists g’: ¥ — X such that g=g’ o f.

5.3. THEOREM. In the category of Hausdorff absolutely closed spaces and con-
tinuous maps, X is projective iff X is finite.

Proof. If X is finite, then clearly it is projective.

Conversely, if X is projective, we will show that X is discrete. Since X is absolutely
closed and discrete, X must be finite.

Suppose, on the contrary, that X is not discrete. Then there exists a € X such
that a is not isolated, i.e., {a} is not open. Let Y= X—{a}, and let o be any point
not in Yx N*. We define 4=(Y x N*) U {} with the following topology:

Y x N* has the product topology.
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Basic neighborhoods of « are of the form (G x N) U {o} where G is an open
deleted neighborhood of a in X. (A deleted neighborhood of a has the form
W —{a}, where W is a usual neighborhood of a.) It is easily seen that this deter-
mines a topology on 4.

A is Hausdorff. For points in Y x N*, we can always separate them by disjoint
neighborhoods, since Y and N* are both Hausdorf.

Let (y, n) € Yx N. Since y+#a, there exist G;, G, which are disjoint open neigh-
borhoods of y and a in X. Then G, x {n} and (G2 x N) U {a}, where Go=G,—{a},
are disjoint neighborhoods of (y, n) and « in A.

Let (y, w) € Yx{w}; then again y#a. There exist G,, G, which are open
neighborhoods of y and a in X such that G, N G,=@. Then G, x [, ] and
(G2x N) U {a}, where n € N and G,= G, —{a}, will be disjoint open neighborhoods
of (y, w) and « in 4.

A is absolutely closed. The proof is exactly analogous to the one described in
Theorem 2.1 that K is absolutely closed.

Let us define B=(Y x N*) U {} under the following topology: Y x N* has the
product topology. Basic neighborhoods of « are of the form (G x N*) U {a} where
G is an open deleted neighborhood of @ in X. Let i: 4 — B be the identity map.
Then i is clearly continuous; thus B is absolutely closed because it is a continuous
image of A4 (see 1.10). Of course i is onto. Let j: X — B be defined by j(a)=« and
Jj(»)=(y, w) for each y e Y.

J is continuous. Let (y, w) € Y x{w}< B and let W be a basic open neighborhood
of (y, w) in B. We may write W=G x [n, w] where G is an open neighborhood of
yin Y and ne N. Thus j(G)=G x{w}<W. Let « € B; a=j*(«). Take W a basic
neighborhood of « in B. Then W=Gx N* U {«} where G is an open deleted
neighborhood of a in X. Thus G U {a} will be an open neighborhood of g in X
such that j(G U {a}) =j(G) U j(a)=(G x {w}) U {}<(G x N*) U {«}. Now, consider
the diagram:

Since X is projective, there exists j': X — A such that j’ is continuous and i o j' =j.
Therefore j'(Y)= Y x {w} and j'(a)=c. We will show that j’ is not continuous at a:
for if W is any basic open neighborhood of « in A, then W=(G x N) U {«} for
some G open in Y. But there exists no open neighborhood G’ of @ in X such that
J'(G"Y= W, because j'(G')=G' x {w}¢ W. Thus we reach a contradiction. Hence X
is discrete and thus finite.

5.4. THEOREM. In the category of generalized absolutely closed spaces and con-
tinuous maps, the projective spaces are precisely the finite Hausdorff spaces.



102 CHEN-TUNG LIU [January

Proof. If X is projective, generalized absolutely closed, we will show X is discrete.
Thus it follows X is finite and Hausdorff. We will sketch the proof and leave the
details to the reader.

Let A< X be any subset of X and B= X— 4. We will show 4, B are both closed
in X; it follows then that X is discrete. Let us construct Y as follows: Y=K, U Kj
as a discrete union, where K,=(4 x N*) U (x4 — A), disjoint union, under the
following topology: 4 x N* has the product topology. Let # € kA —A; a typical
neighborhood of Z is of the form (G x N) U {#} where G is open in 4 and G € 2.
Similarly we define K. By Theorem 2.2, K,, Ky are generalized absolutely closed,
and A x{w} is a closed subspace of K,, Bx{w} is a closed subspace of K. Thus
Y is generalized absolutely closed by 1.10.

Let us construct Z as follows: Z=(X x N*) U (k4 — A) U (xB— B), where these
sets are considered to be disjoint, under the following topology: X x N* has the
product topology. For # € kA— A, a typical basic neighborhood of £ is of the
form (G x N) U {#}, where G is open in X, and such that G N A= H € 2. Similarly
for points in «kB— B. It is easy to see that Z is a topological space. Let i: Y - Z
be the identity map. i is continuous (the proof is straightforward); therefore Z is
generalized absolutely closed. Consider j: X — Z defined by j(x)=(x, w) for each
x € X. j is clearly continuous. Now look at the following diagram:

Y——'—>Z

X

\ .

~ /)
AN
X

By assumption, X is projective; there exists g: X — Y, continuous and i . g=j.
Since i is the identity map, and j(4)=A4 x {w}, j(B)=B x{w}, we conclude that
g(A)=A x {w} and g(B) =B x {w}. Therefore g~ (4 x {w})=A and g~ (B x {w})=B.
We conclude that 4 and B are closed in X since 4 X {w} and B x {w} are closed in

Y. Thus X is discrete; therefore it is finite and Hausdorff.

5.5. THEOREM. In the category of absolutely closed spaces and continuous maps,
the injective spaces are those which consist of only a single point.

Proof. LetZ={a, by, ¢, o, B : i=1,2,...,j=1,2,...} where all these elements
are assumed to be distinct.

Define the following neighborhood system on Z: Each g;; is isolated and each
by, is isolated. We define the basic neighborhoods of ¢;, «, B as follows:

B(c) = {V"(c() = Jlanbpayin=12.. }
B(a) = {V"(a) ~ OOty a:n= 1,2,...},

n

-
[
-

3@ = {r® =0 06.8:n-12..}
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Then Z is minimal Hausdorff, hence absolutely closed (see [3]). (This example is
also due to Urysohn [15].)

Let Y={ay, ¢, o, B:i=1,2,...,j=1,2,...}, as a subspace of Z. Then Y is
absolutely closed because Y=A4 U B where A={a;;, ¢;, e : i=1,2,...,j=1,2,...}
and B={B} as subspaces of Z which are both absolutely closed.

Now, if X is absolutely closed and injective, suppose there exists a, b € X such
that a#b. Since X is Hausdorff, there exist G;, G, such that G, is an open neigh-
borhood of @ in X, G, is an open neighborhood of 4 in X, and G, N G, # &.

Now let us define /: Y — X as follows: f(4)=a and f(8) =b. Then fis continuous,
because A, B are open in Y. Let j: Y — Z be the injection; of course j is one-to-
one and continuous. Consider the following diagram:

Y———2Z
Lo
f /f
¥
b'¢

Now, since X is injective, there exists f': Z — X such that f’ is continuous and
f' o j=f. Thus f'(4)=a and f'(B)=f(B)=b. Hence f'~%(G,)>f"~(a)> 4,

f7HG) 27 b) > B and ['7HG) NS TGy = 2.

Thus f'~1(G,) and /" ~1(G,) are disjoint open sets containing A and B respectively.
But in Z, the sets 4, B do not have disjoint open neighborhoods. This is a contra-
diction. Thus X={a single point}. Obviously, if X={a single point}, then X is
injective.
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