COHOMOLOGY OF ALGEBRAS OVER HOPF ALGEBRAS

BY
MOSS EISENBERG SWEEDLER

We present a cohomology theory for algebras which are modules over a given
Hopf algebra. The algebras are commutative, the Hopf algebra cocommutative and
under the module action the underlying coalgebra of the Hopf algebra “respects”
the multiplication and unit in the algebras.

The cohomology is defined by means of an explicit complex. Whenever C is a
coalgebra and A an algebra Hom (C, A) has a certain natural algebra structure.
The groups in our complex consist of the multiplicative group of invertible ele-
ments in Hom (C, A) where C is the underlying coalgebra of the Hopf algebra
tensored with itself a number of times. The complex arises as the chain complex
associated with a semi-cosimplicial complex whose face operators are induced
by maps of the form Q"*''H—>Q"H, hy® - Qhn—>hy ®-- @ hihy .,
®---® h,. Under Hom (*, A) these maps become coface operators.

Familiar examples of Hopf algebras are the group algebra kG of the group G
and the universal enveloping algebra UL of the Lie algebra L. If the commutative
algebra A is an admissible kG-module then the Hopf algebra cohomology H'(kG, A)
is canonically isomorphic to H(G, 4"), the group cohomology of G in the multi-
plicative group of invertible elements of A. If A4 is an admissible UL-module, then
for i>1 the Hopf cohomology H(UL, A) is canonically isomorphic to H{(L, A*),
the Lie cohomology of L in the underlying vector space of A. If 4 has enough
nilpotent elements then H*(UL, A)~ H*(L, A*). All the preceding isomorphisms
arise from isomorphisms on the complex level.

We consider relative cohomology and show how an injective (surjective) algebra
morphism A4 — A4 can give rise to a long exact cohomology sequence relating
H*(H, A), H*(H, A) and the relative cohomology groups. Using relative co-
homology one can completely recover the usual group (Lie) cohomology theory
for modules. One considers the module as a trivial algebra and adjoins a unit to
form A. The injection of the ground field into A gives rise to relative cohomology
groups which are precisely the classical cohomology groups of the group (Lie
algebra) with coefficients in the module.

The last comparison is that of H*(H, A) with the Amitsur cohomology of A.
First we show that there always is a natural transformation from the Amitsur
cohomology of A to H*(H, A). We then specialize to the case that A is a finite
field extension and give conditions on 4 and H which imply the natural trans-
formation is an isomorphism. We also show that many field extensions 4 can

Received by the editors April 11, 1967.
205



206 M. E. SWEEDLER [August

satisfy these conditions; such as, separable normal extensions, purely inseparable
extensions which are the tensor product of primitively generated extensions, etc.

The last half of the paper is devoted to studying extensions. An extension of an
algebra by a Hopf algebra is itself an algebra and has further properties. We
describe equivalence and product of extensions and arrive at the usual result that
H?(H, A) is isomorphic to the group of equivalence classes of extensions. Part of
the theory involves the definition of certain algebras which we call crossed products.
They generalize existing instances of crossed products.

The extension theory is particularly interesting for field extensions A4, where 4
and H satisfy certain conditions. (These conditions imply that the Amitsur co-
homology is isomorphic to H*(H, A).) When the conditions are satisfied any
crossed product of A by H is a central simple algebra (over the ground field) with
splitting field 4. This leads to an isomorphism between H2(H, A) and the subgroup
of the Brauer group over k consisting of classes split by 4. One of the key results
needed to give the isomorphism is the existence of *“inner” coalgebra actions. This
result generalizes known results about inner automorphisms and derivations.

1. Preliminaries. All vector spaces are over the ground field k, which has
characteristic p. A coalgebra is a vector space C equipped with mapsA: C -~ C ® C
and ¢: C — k satisfying (/ @ A)A=(A ® NA and (¢ ® NA=I=(I ® ¢)A. The first
identity is called coassociativity, A is called the diagonal map and ¢ is called the
counit or augmentation. If C is a coalgebra the structure morphisms pertaining to
C may be denoted A; and ¢, to avoid confusion. Similarly, if A is an algebra the
structure morphisms may be denoted m,: 4 ® A — A and p,: k — 4, (A — Al).
When no confusion can arise we omit the subscripts C and 4.

For ¢ € C we write 3, cq, ® ¢, to denote A(c), > ca) ® ¢e @ c¢@s) to denote
(A ® I)A(c), etc. An n-linear map f: C@®---@ C— V induces a linear map
FiC®--®@C—>V;let 3 f(cay- - -» w) denote (S cay @ - ® ¢w). In this
notation the identity relating ¢ and A becomes >, &(c1))Ca=C= Dy C1ye(C(2))-

If V and W are vector spaces we use ¢ to denote the twist map ¢: V @ W —
W®V,v @w—>wQ® . A coalgebra C is called cocommutative if A=A or for
all ceC, 3 cay ® ca=2 ¢ O cq)- If C is a cocommutative coalgebra we
can permute the numerical subscripts arbitrarily in any computation involving
206w @ .

If C and D are coalgebras then C ® D is a coalgebra where Acgp=(I Rt QI)
‘(Ac ®Ap) and  ecop=ec ®ep.  Thus  Acgp(c ® d)=20).@ (Cy ® diy)
® (¢ @ dizy)-

A Hopf algebra H is an algebra and a coalgebra where the coalgebra structure
morphisms Ay, e, are algebra homomorphisms. Thus for example, Ay(gh)=
Sonm &uvlay  gaha), & he H. If V is a left H-module then V' @ V is naturally
a left H ® H-module. By pull back alongA: H—~ H ® H, V ® V becomes a left
H-module. Specifically, 4 (v ® 8)=2 hay v ® ho 5. The augmentation
e: H— k gives k the structure of a left H-module.
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DEFINITION. An algebra 4 which is a left H-module is called a (left) H-module
algebra if m, and p, are H-module morphisms. A coalgebra C which is a left
H-module is called an H-module coalgebra if A; and e; are H-module morphisms.
(A ® A4,k, C ® C each have the H-module structure indicated in the preceding
paragraph.)

If A is an H-module algebra then h-(ad)=2>, (hy, a)(ho-d) and h-1=e(h)l.
If C is an H-module coalgebra then Aq(h-c)= 2. (A €ay) ® (B ce) and
eclh- ¢)=en(h)ec(c).

ExaMpLE 1.1. Let C be the underlying coalgebra of H and let C have the left
H-module structure induced by multiplication. The fact that A, is an algebra
morphism implies that A is an H-module morphism. The fact that ¢ is an algebra
morphism implies that ¢; is an H-module morphism. Thus C is an H-module
coalgebra.

ExaMpPLE 1.2. We generalize the above example. For a vector space ¥ and
O<gezlet XV denote V ®---® V g-times. (X° H has the coalgebra structure
on the tensor product of coalgebras. ?H is a left H-module where
h-(hy ®---Q hy) is defined to be (hh;) @ h; ® - ® h,. Then the induced H-
module structure on (R* H) ® (X H) is given by

hl(h @ - Qh) ®(hy ® - ® k)]
N Z) [t @ by @+ ® kel @ [(hphy) @ by @+ - Q ).
[

For the same reasons as in Example 1.1, @* H is an H-module coalgebra.

We let X° V denote k for any vector space V. If X)° H has the H-module struc-
ture induced by ¢ and the usual trivial coalgebra structure it is an H-module
coalgebra. (It also is an H-module algebra.)

ExaMpLE 1.3. If G is a semigroup, by which we mean that G is associative has
a unit but may lack inverses, then the (semi)group algebra kG has a Hopf algebra
structure where A(g)=¢g ® g, ¢«(g)=1, for g € G. Suppose G is a semigroup of unit
preserving homomorphisms of an algebra 4. The induced kG-module structure on
A gives A a kG-module algebra structure.

ExAMPLE 1.4. Suppose L is a Lie algebra with universal enveloping algebra
UL. Then UL has a Hopf algebra structure where A(/)=1 ® I+7/ ® 1, «(/)=0 for
le L, [12, p. 152, Theorem 1]. If L is a Lie algebra of derivations on an algebra 4,
there is induced a UL-module structure on A with respect to which 4 is a UL-
module algebra.

If C is a coalgebra and 4 an algebra then Hom (C, A4) has an algebra structure.
For f, g € Hom (C, A) the product f* g is m,(f ® g) Ac. Thus for c € C, f* g(c)
=2 f(c1)g(ce). The unit of Hom (C, A4) is p.ec. This product of functions is
called convolution. If C is a cocommutative coalgebra and A is a commutative
algebra then it is clear that Hom (C, A) is a commutative algebra.
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DErINITION. If A is an algebra 4" denotes the multiplicative group of invertible-
regular-elements of 4. If C is a coalgebra and A4 an algebra Reg (C, 4) denotes
Hom (C, A)'.

Observe Reg (C, 4) is a multiplicative abelian group when C is cocommutative
and A4 is commutative.

Suppose C is an H-module coalgebra and 4 an H-module algebra. Homy, (C, 4)
denotes the H-module morphisms from C to A. Clearly p,ec € Homy (C, A).
Suppose f, g € Homy (C, A) then

h-[f*g(c)] = Z h-[f(ca)glca)l= (n;> (hay - f(caNhez f(cm)
= Z)f(hm'C(l))g(h(z)‘c<2>)=f* g(h-o),

(h).(c

for he H, c € C. Thus Homy (C, A) is a subalgebra of Hom (C, 4) and we define
Regy (C, A) to be Homy, (C, A)". This is the subgroup of Reg (C, A)° consisting
of all H-module morphisms.

2. Definition of the cohomology. Throughout the paper H will denote a co-
commutative Hopf algebra; i.e., where the underlying coalgebra is cocommutative
and A will denote a commutative algebra.

We form a semisimplicial complex [7, p. 55], [8, p. 56], whose objects are the
H-module coalgebras {Q?** H},>, of Example 1.2. The object of g-degree is
&+ H for g=0, 1,.... The face operators are given by d;: X*** H - Q" H,
(xo® + ® x) &> (X - ® x %47 - ® x,) for i=0,...,¢9—1 and
0, R H— R H, (xo @+ ® Xxq-1)e(x,).

The degeneracy operators are given by s;: Q' H—> Q2 H, (xo - - ® x,)
>R QxR Qx+1 ® - Qxp)fori=0,...,q. All the face and degeneracy
operators are H-module coalgebra morphisms; i.e., H-module morphisms and
coalgebra morphisms. We omit the calculations verifying the face-degeneracy
operator identities.

Suppose 4 is an H-module algebra. We have the contravariant functor
Regy (¥, A) from cocommutative H-module coalgebras to abelian groups. We
apply this functor to the above semisimplicial complex to obtain a semi-cosimplicial
complex whose objects are {Regy (R?*! H, A)}4zo. We denote the coface op-
erators, Regy (9;, A): Regu(RQ°® H, A) — Regy (R*! H, A4), by & for i=0,...,q.
The homology of the semi-cosimplicial complex is defined by means of the differ-
ential d?-!: Regy (R H, A) — Regy (R*! H, A) where d?"1=(2°) % (0")~* *
- % (09*!. Thus we have

0 1 dn—l n

d
RegH (®1 H» A)_> RegH (®2 Ha A) —_> > RegH (®n+1 H9 A) —> .

The cohomology of H in A is defined to be the homology of the above complex
and the qth group—Ker d?%/Im d?~* for ¢>0 and Ker d° for §=0—is denoted
H4(H, A).
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(In [17, p. 235] the homology of a semisimplicial complex is defined. Our complex
is obtained from a contravariant functor applied to a semisimplicial complex;
hence, is a semi-cosimplicial complex. By dualizing the theory in [17, p. 235] one
obtains the above homology of {Regy (X?** H, A)}.)

REMARK. Since Q' H=H and we have ¢: H — k it seems as if

— — —
: : —_ — .
2 RMH= - = QH—H—k
: : <

<« «—

is a semisimplicial resolution of k to which we are applying the functor Regy (*, A)
and taking homology. In this sense the cohomology seems similar to the right

derived functors of Regy (*, A).
There is a normal subcomplex of our simplicial complex

{chli (®q+1 H’ A)’ d"}qzm
For ¢>0 let
s' = Regy (51, A): Regy (X*2 H, A) > Regy (X** H, A4), i=0,...,q.

Let Ne*'=Kers®n---NKers?% For ¢g=0 let N°=Regy (X' H, 4). Then
{N9, dN %z, is a subcomplex of {Regy (R*** H, A), d%},z0. The injection map
induces an isomorphism of homology. (The dual result and proof can be found in
[17, p. 236, Theorem 6.1].)

We now present realizations of the complexes

{Regy (R** H, A), d%zo and {N? d|N%ez,.

There is a natural algebra isomorphism Homy () H, 4) — Hom (X)?~* H, A4)

induced by X! H— X H, x - 1 ® x. This induces an isomorphism
u: Regy (X7 H, A) — Reg (R*~! H, A).
Let y: HQ A—> A, h ® a— h-a; then with respect to ¢ the coface operator
9°: Regy (R H, A) — Regy (Y*** H, A) corresponds to the map
8%: Reg (X! H, A) > Reg (R%H, 4), f— I Qf).

For i=1,...,q9—1 the coface operator &' corresponds to &: Reg (R*~* H, A)
—>Reg (R H, A, f>fU® - QIQ@mIR® - I), where m is in the ith
position. The coface operator &° corresponds to the map 8%: Reg (R?~! H, A)
— Reg (X H, A), f— f ® e. Thus if we define the differential

D1: Reg (R~ H, A) — Reg (X" H, A),
D) =[WIRNI*fM(mBIB - Q)]
*[fUIMAI® - QD]x - *[[*(Q - QT Qm)]
* [T @e),
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the simplicial complex {Reg (X)? H, A), D%z, is isomorphic to the simplicial
complex {Regy (X?** H, A), d%},z, which definés the cohomology H%(H, A), ¢=0.

Letl: QT H—> Q" Hohy Q@ Q@ hg—h @ - Qh @1 Qhyyy @ - by,
i=0,...,q9. With respect to « the codegeneracy operator s': Regy (X)?*?2 H, A)
— Regy (X*** H, A) corresponds to the map o': Reg(R*! H, 4) >
Reg (R H, A), f— f1,. We define (for g=0)

Regi*! (H, A) = Ker1; n---NnKerl,

and Reg% (H, A)=Reg (X° H, A). Then {Reg? (H, 4), D%, = D°|Reg’ (H, A)}ez0
is a subcomplex of {Reg (X! H, A), D%,z which is isomorphic to {N %, d?|N %z,
under the restriction of .. Thus {Reg% (H, A), D%}z, is a normal subcomplex and
the inclusion map induces an isomorphism of homology.

Note that if ¢g>0 and fe Reg’ (H, A) then f(h, @ --Q h))=e(h,)- - -e(h,) if
some k, € k; in particular f(1 ®- - - ® 1)=1. We introduce the notation Reg? (H, A4)
to denote Reg(X)* H, A). Thus the simplicial complex {Reg (X H, 4), D%,z0
will be denoted {Reg? (H, A), D%,z0, and referred to as the standard complex to
compute H(H, A).

We briefly look at H'(H, A) for i=0, 1. Reg® (H, A) ~ A" and if a € H%(H, A)
then (h-a)a~'=e(h) for all h e H. Thus h-a=e(h)a for all h € H. We denote by 4%
the set {a € A|h-a=e(h)a for all he H}. This is a subalgebra of A since A4 is an
H-module algebra. Suppose ae A" N A¥. For all he H, ¢(h)=h-1=h-(aa™?)
=2Zm (hay A)hay-a™ )= e(hay)alhay-a-*)=a(h-a~*) which implies a~* e 4"
N A". Thus H°(H, A)=A"". Note, A¥ is just the “invariants” with respect to the
Hochschild theory, [6, p. 170].

If f: H— A is a 1-cocycle then u(e ® e)=D'(f) = Q) * [f ‘m] * [f ® ¢]
or fm=[Y(I ® f)] * [f ® ¢]. This implies for all g, h € H that

fgh) = Z() (8w f ()X f(8)elhay)) = Z B f)f(8a)-

In case A=A" this reduces further to f(gh)=f(h)f(g) so that f is a homomor-
phism. In general f is a “crossed” homomorphism and H'(H, A) is the group of
regular crossed homomorphisms modulo the subgroup of regular inner crossed
homomorphisms. An inner crossed homomorphism is one of the form D!(a) for
ac€ A. For he H, D(a)(h)=(h-a)a=*.

We point out that there is a dual theory to the preceding for cocommutative
coalgebras which are comodules over commutative Hopf algebras. They must be
comodule coalgebras—the dual notion to ‘“ H-module algebra”. The functor is the
group (under convolution) of invertible comodule morphisms from the coalgebra
to the objects, which are algebras, in the semi-cosimplicial complex. The algebras,
which are the objects, consist of the Hopf algebra tensored with itself a number of
times. The coface operators are maps of theform /I Q@ - Q@ IQAs QI Q--- Q1
and pz; ® I ®---® I, (where H is the commutative Hopf algebra). The co-
degeneracy operators are maps of the form /@ - @ I® ¢ @I Q- --® I. This
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theory may be useful in the area of affine algebraic groups where the commutative
Hopf algebra is taken to be the coordinate ring of the algebraic group. Rational
modules for the group correspond to the comodules for the Hopf algebra.

3. Comparison with group cohomology. Suppose G is a group and kG is the
group algebra Hopf algebra as in Example 1.3, (which is cocommutative). Let A4
be a kG-module algebra. The elements of G act as automorphisms of 4 so they
carry A" into itself. By restricting the module action the multiplicative abelian
group A" becomes a G-module and we can consider the group cohomology
HY(G, A").

THEOREM 3.1. HY kG, A) and H%G, A") are canonically isomorphic for all q.
The isomorphism is induced by a canonical isomorphism between the standard
complex to compute H kG, A) and the *‘ standard complex” to compute H(G, A"),
[20, p. 121, (**)].

Proof. For g,,...,g,€ G theelement g, ® - - ® g, € kG ®- - - ® kG diagonal-
izes A(g; @ Qg)=(8:1 ®  ® &) V(g1 ® - ®g,) Thus (g, @ -- ®gy)
=[f(g: ® - ®g)l tand f(g; ® - ® g,) € A" for all f€ Reg? (kG, A). The map
Gx - xG>kG® - QKkG, g1 x---%xg,—>8 X R g, induces the group
homomorphism Reg? (kG, A) > Hom, (GX --- x G, A") which is a group
isomorphism since {g, ® --® g, |8 % - -xg,€Gx---xG} is a basis for
kG ®--- @ kG. When g=0, Reg®(kG, A)=Reg (k, A) which is canonically
isomorphic to A" the Oth group in the standard group cohomology complex. The
group isomorphisms Reg? (kG, 4) — Homge, (GX - -+ x G, 4’) and Reg® (kG, 4)
— A" form a morphism of complexes. Q.E.D.

ExampLE 3.1. If A4 is a field which is a finite Galois extension of k, G is the
Galois group of 4 over k and the action of kG on A4 is induced by the action of G,
it follows from Theorem 3.1 that H%(kG, A) is precisely the Galois cohomology.
By [19, p. 330, Theorem 1] this is the Amitsur cohomology of 4. In §5 we relate
Amitsur’s cohomology to the Hopf algebra cohomology. This will give a simple
direct proof that H kG, A) is isomorphic to the Amitsur cohomology.

ExampPLE 3.2. Suppose Gisa group and V is a vector space which is a G-
module; hence, a kG-module. We consider V' to have trivial multiplication and let
A=k @ V, V with a unit adjoined. Thus (), v)(A, #)=(M, v+ ). 4 has a kG-
module algebra structure where we define g-(A, v) to be (A, g-v) for ge G. A" is
naturally isomorphic to the direct sum of the multiplicative group k" and the
additive group V, where an isomorphism is given by k" x ¥V — A", (Axv) — (A, v).
Thus H'(kG, A)=H'G, k'x V). We shall show in §6 that HYG, V) can be
recovered from H'(kG, A) as a relative cohomology group. It will be a direct
summand of H'(kG, A).

4. Comparison with Lie cohomology. Although we give a proof of our main
result which is independent of characteristic we first give a proof for characteristic
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zero. In this case the proof is much simpler but contains the main technique of the
general proof.

Suppose L is a Lie algebra and UL is the universal enveloping Hopf algebra
as in Example 1.4. (UL is cocommutative since UL is generated by L as an algebra
and A)=1Q® I+!/® 1 forall /e L.) Let A be a UL-module algebra and let 4*
denote the underlying vector space structure of A. By restricting the module action
A* becomes an L-module and we can consider the Lie cohomology HYL, 4*).

THEOREM 4.1. Suppose p (the characteristic of k) is zero. H(UL, A) and
HY(L, A*) are canonically isomorphic for g=2. The isomorphism is induced by a
canonical isomorphism of complexes between the rth groups of the normal complex
to compute the Hopf cohomology of HUL, A) and the rth groups of the normal
complex [6, p. 175-176] to compute the Hochschild cohomology of H(UL, A*) for
r1.

Proof. In [6, p. 175-176] the normal complex to compute HYUL, A*) has
groups C,={f€ Hom (R" UL, 4) | f(A, ®- - ® A,)=0 if some A €k} for n>0
and C,=A"*. The differential is given by

an(f)(’\l ®--Q® /\nu) = )‘lf()‘2 R Q® )‘n+1)
13 0 ® @My @ ® M)
DYy @ ® M)

for n>0, and for n=0, ae€ A*, §°(a)(A)=Aa—as(A).

We now give a group isomorphism from C, to Reg (UL, A) for n= 1; we do this
by means of an exponential map. Suppose f€ C, and g € Hom (X" UL, 4), then
f*geC,since A(1)=1 ® 1. Thus C, is an ideal in Hom (X" UL, A).

Hom (UL, A) is a left UL-module if we define u— f by setting (¥ — f)(v)

=f(vu) for fe Hom (UL, A) u, ve UL. The identity of Hom (UL, 4) is pe and
(u — pe)(v) = pe(vu) = pu(e(v)e(w)). Thus u — pe=e(u)ue. For f, g€ Hom (UL, 4)

[u—(f*))v) = (f*g)(u) = ( g) F0artar) 8(Oatca)
= Z (uy = f) * (u2) — 8)v).

)
Thus Hom (UL, A) is a left UL-module algebra. In particular since A(/)=1 @ /
+1 ® 1 for I € L, the elements of L act as derivations on Hom (UL, A).

Suppose f e C,, we shall show by induction that for any g e Hom (UL, 4) and
L,...,l,eL then f** g(l,---I,)=n'f(l,)- - -f({,)g(1). The result is clear for n=1
since f* g(I)=f(l)g(1)+f(1)g(l)=f(1)g(1). Suppose the result has been proved
for n—1.

fragl- by =nfrrxh—=f) gl b))+ x (=) lay)
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By the induction the first term on the right hand side equals n(n—1)!f(l,)- - -
SU N —= ) *g)1=nlf{y)- - -f(,)g(1). Also, by the induction the second term
on the right equals (n—1)!f(h)- - -f(n-)[f * (., — g)(1)]=0 since f* (I, — g)(1)
=0. This concludes the induction.

The main two implications of the preceding paragraph are that f*(};---l,)
=n!f(l}) - -f(l,) and for n>r f*(ly---L)=f"xf*~"(l;- - -1,)=0, for fe Cy, L,...,
I, € L. It is well known, [12, p. 152, Theorem 1], that UL is spanned by monomials
of elements of L. Thus if x € UL, f™(x)=0 for large n.

By [6, p. 268, Proposition 1.2] X" UL is isomorphic to the universal enveloping
algebra of L @- - - @ L (n times). One easily checks this is an isomorphism of Hopf
algebras. Clearly for fe C,, f(1 ®---® 1)=0 so that by the preceding paragraph
with L replaced by L @- - - @ L it follows that if x € Q" UL, f™(x)=0 for large m.
Let e=u(e ®- - ® ¢) the unit of Hom (R UL, 4). For fe C, we define exp f
=e+3y f'[i!. This is a well-defined element of Hom ()" UL, 4) since for
xe@" UL, (exp f)(x)=e(x)+ 27 fi(x)/i! and the sum is actually finite. If x=2,
®---® A, and some A €k then fi(x)=0 since f'e C,; thus, (exp f)(x)=
u(e(Ay)- - -&(A,)), which implies (exp f) € Reg”. (UL, A). By formal considerations
exp (f+g)=(expf) * (exp g) for f, g € C,, so that exp is a group homomorphism
from the additive group C, to the multiplicative group Reg® (UL, A). To show that
exp is an isomorphism we construct the inverse, log.

For fe Reg" (UL, A), f—e € C,. Thus if we define log f=27 (—1)'"(f—e)/i,
log f'is a well-defined element of C,. By formal considerations log is a group homo-
morphism from Reg”. (UL, A) to C, which is the inverse to exp. Next we show that
the group isomorphism exp forms an isomorphism of complexes (in positive
degree).

The maps Hom (R UL, 4) > Hom (X)"** UL, 4)

S ® 1),

f=fmRIR --QI,

AR - QIR m),

f>f®e
are algebra morphisms, (y: UL ® A — A, u ® a — ua). Let F be one of the above
maps, then F(f")=F(f)" for all fe Hom(QR" UL, 4). If fe C, this implies
F(exp f)=exp F(f). This shows exp is an isomorphism of complexes (in positive
degree). By [6, p. 282, Theorem 8] the Hochschild cohomology of HYUL, A*) is
equivalent to the Lie cohomology HYL, A*). Q.E.D.

We briefly investigate the relationship between H(UL, A) and H'(L, A*) for
i=0,1. HY(L, A*)={ae A* | la=0 for all /e L}, [6, p. 270, §2]. The elements of
HO(L, A*) are called the invariants of 4. H°(L, A*) is a subalgebra of 4 since the
elements of L act as derivations. Since UL is generated by L it follows that
HO(L, A*)=AVt. Thus HY(UL, A)=A""=H"L, A*)'.
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PROPOSITION 4.2. Suppose p=0 and A=H°(L, A*)+1 where I is the ideal
consisting of all nilpotent elements of A. Then, H (UL, Ay~ HY(L, A*) and the
isomorphism is induced by the isomorphism of complexes (in positive degree) given
in Theorem 4.1.

Proof. Since exp is an isomorphism of complexes in positive degree it carries the
1-cocycles of C, isomorphically onto the 1-cocycles of Reg’ (UL, A). It suffices to
show that exp is an isomorphism between the 1-coboundaries.

Suppose 8%a) is a 1-coboundary in C;. Since A=H%L, A*)+ I we may assume
ael Thus expa=1+37 a'/i! is defined since a is nilpotent. Then exp 8%(a)
= DY (exp a) so that exp carries the 1-coboundaries of C, into the 1-coboundaries
of Regl (UL, A).

Suppose D% (a) is a 1-coboundary in Reg’ (UL, 4) where a € A". By hypothesis
a=b+x where be H(L, A*),xel. Since b=a—x it has inverse a~'+a"2x
+a 3x%2+a"*x*+a5x*+--- which is well defined since x is nilpotent. Let z
=14b"1x, then a=bz and z is invertible. D%(a)(/,---L)=[(l;---1,)-bz]/bz
=[(ly---1,)-z)/zsince be H(L, A*). Since L generates UL it follows that D% (a)=
D% (z). We have z—1=b"'x eI so that log z=3p (—1)'"1(b~'x)!/i is defined and
lies in 7. Clearly z=exp log z and D% (z)=exp 8°(log z). Thus exp carries the 1-co-
boundaries of C, surjectively to the 1-coboundaries of Reg (UL, 4). Q.E.D.

We now prove Theorem 4.1 for arbitrary characteristic. The proof is substantial-
ly the same, the main technique being the use of the group isomorphism exp and
its inverse log. However, the definition of exp and log and verifying that they are
morphisms of complexes is more difficult than before.

THEOREM 4.3 For arbitrary characteristic HY(UL, A) and HYL, A*) are canon-
ically isomorphic for q=2. The isomorphism is induced by a canonical isomorphism
of complexes between the rth groups of the normal complex to compute the Hopf
cohomology of H(UL, A) and the rth groups of the normal complex to compute the
Hochschild cohomology of HY(UL, A*) for r=1.

Proof. The normal complex to compute the Hochschild cohomology of
HY(UL, A*) is the complex {C,, 8"} which is exhibited in the proof of Theorem 4.1.
C, is an ideal in Hom ()" UL, A) and Hom (UL, A) is a left UL-module algebra
as indicated in the second and third paragraphs of the proof of Theorem 4.1.

By restricting the action Hom (UL, A) is a left L-module and the elements of L
act as derivations. For fe C, we define a sequence of elements °f, 'f, %f, ... in-
ductively, (*f should be thought of as f*/i!). Let °%f=pue the unit of Hom (UL, 4)
and let f=f. Suppose "~!f has been defined where /—‘f=!"1fx(I—f) for
leL, 1<isn—1. Let X be a one-dimensional vector space with basis x.
Hom (UL, A) @ X has an L-module structure where / — (1, Ax) is defined to be
I—=u+ X))+ (—f) for ue Hom (UL, A), A€k,leL. Hom(UL,A) ® X
has a natural left UL-module structure induced by the L-module structure [5, p. 39].
Hom (UL, A) is a submodule, and the module structure is that which was given



1968] COHOMOLOGY OF ALGEBRAS OVER HOPF ALGEBRAS 215

originally. If u lies in the kernel of the augmentation of UL—known as the aug-
mentation ideal—then u is the sum of monomials of L, [12, p. 159, Theorem 3], so
that u — x € Hom (UL, A). "f(u) is defined to be (u — x)(1) and *f(1) is defined
to be 0; since UL is the direct sum of k and the augmentation ideal "f is well
defined. By construction

© [="f=""fx(—=f), leL
and {° Yf, ...} is the unique sequence of elements of Hom (UL, A) satisfying (0)
(for all positive n), °f=1, f=f and *f(1)=0 (for all positive n).

Using the uniqueness property and induction one obtains the following:

M) o) = 2 () ),

@ nen = ("))

©) mC() = () 1 (1)),

@ H*xh(ly---1,)=0 ifr <n,

=f(h)- - -fUh(1) ifr=n,
where f, g€ C,, he Hom (UL, A), l,,... I, e L. (Note, in (4) the induction is on
n+r)

Since UL is generated by L, by (4), >¢ ‘f=expf and >¢ i'(=1)'(¢*Y)
=log (f+pe) are well-defined elements of Hom (UL, A) when fe C,. By the
identities (1)~(3) exp is an isomorphism from the additive group C, to the multi-
plicative group Reg’ (UL, A) with log being the inverse isomorphism.

Suppose M and N are Lie algebras by [6, p. 268, Proposition 1.2], the tensor
product of universal enveloping algebras is (isomorphic to) a universal enveloping
algebra. Let y: UL ® A — A, u @ a — u-a. We have the following identities:

®) exp (W1 ® 1)) = (I ® expf) e Hom (UL @ UM, 4)

for fe Hom (UM, A) where f(1) = 0,
exp(fUR®m®I) =(expf)I ®m ®I)e Hom (UL ® UM ® UM ® UN, A)
6) for fe Hom (UL @ UM ® UN) where f1 ® 1 ® 1) = 0,

exp(f®e¢) = (expf) ® e€ Hom (UL ® UM, A)

M for fe Hom (UL, A) where f(1) = 0.

Since the proofs of these are similar we only present the proof of (5). It suffices
to show for all n that

® "Y1 Q) = I Q7).

Suppose this has been shown for 0 <n— 1. UL ® UM—as the universal enveloping
algebra of L @ M—contains L in the space L ® k and M in the space £k ® M.
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By the uniqueness property (0), it suffices to show the derivation / ® 1 gives the
same element applied to either side of (8) and the derivation 1 & r gives the same
element applied to either side of (8), /e L, re M.

D" RN =""WIRN*U1)—¥I®[)]
=RUI " NI*HUI QLN =4I Q'+ (-f))]
=yl RIf1=01Q1—=¢¥I®"),
where for all g€ Hom (UM, A) l-g is the function u — /- g(u), u € UM. The first
equality above follows from (0), the second by induction, the third since 4 is a
UL-module algebra. The fifth equality is clear. For the fourth equality we must
show I-f=(*~f) % (I-f). Say this is true for n—1. It is clear [-"f(1)=(""'f) *
(I-f)(1)=0. Since UM is spanned by elements of the form 1 and ur, ue UM, re M
it suffices to show /-*f(ur)=""f % (I-f)(ur) or that r — (I-*f)=r — (*~f * (I.f)).
We have
r={)=1=")=1-CC (=) =" NN+ fxU-(r =)
=) xNHx—=N)+" (= f) =r—=("*U-f)).
AN—="WIRN)=""WIMN*[(1Qr) =¥l ]f)] )
=RHI"NI*YUISr—=NI =4I f*(r—[))
=yIRr—=")=>10Qr)— I ").
Here, all the equalities are clear.

The last fact we need to verify before showing that exp gives an isomorphism of
complexes in positive degree is that:

) (expNHu @1 ®v) = pe@e(®), log(f+ult®@eQ@e)u®@1Q0) =0,

for fe Hom (UL ® UM ® UN, A) where f(u ® 1 Q v)=0, ue UL, ve UN. It
suffices to show "f(u ® 1 ® v)=0 for positive n. Assume by induction the result
is true for 0<n—1. UN is spanned by 1 and elements of the form vr where r € N,

YTuR1Qur)=[(191QrN-Yu®l Qv
="+ ((1Q1rN—-Hu®1 )

which is equal to zero by the induction and the fact A(1)=1 ® 1. We must consider
“f(u ®1 ®1). UL is spanned by 1 and elements of the form u/ where /€ L.

T R1N=[(R1N—="lu®111)
="xUQ1N—=HuR1®])

which is equal to zero by the induction and the fact A(1)=1 @ 1. Finally,
(1 ® 1 ® 1)=0 by definition of *f.

We have exp: C, — Reg" (UL, A) is a group homomorphism and by (9) exp: C,
— Reg (UL, A) is a group isomorphism with inverse log. That exp is a mor-
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phism of complexes (in positive degree) follows from the form of the differential
in the two complexes and (5), (6) and (7). By [6, p. 282, §8] the Hochschild co-
homology is equivalent to the Lie cohomology. Q.E.D.

ProposiTION 4.4. Suppose p>0 and A=H°(L, A*)+1 where I is an ideal in A
which is a UL submodule and 0=1-1- - - - - I (p times); then HY (UL, A)~ H(L, A*)
and the isomorphism is induced by the isomorphism of complexes (in positive degree)
given in Theorem 4.3.

Proof. Suppose fe C, then for n<p *f=f"/n!. This follows from the uniqueness
property (0) in the proof of Theorem 4.3. We must now prove that if fis of the form
Sf()=ua—e(u)a for u e UL, a € I then *f=0 for n=p. Suppose {f;}<Hom (UL, A4)
and each f; is of the form fj(u)=ua;, a; € I. We shall show that *f* f; - - -x f,,=0
if n+mz=p. We consider *f*f, *---* f,,(I;- - -1,) and proceed by induction on
n+r. If n+r=0then *f* f, x- - -x f,(1)=a, - - -a,, and m = p. By the p-nilpotence of
I this is zero. Suppose the result has been proved for values less than n+r. Then

oafrweoxfully o b) = (b= Cf % fixe xRl Loy)
= n-lf* (lr _\f) *fl ¥ '*fm(ll’ : 'Ir-l)

+[$'y'*fl **(Ir“"f;)**fm:'(lllr—l)

As a function (I, — f) has the form (/, — f)(®)=u(/,a) and (/, — f;) has the form
(I, — f)u)=u(l.a,). Since I is a UL submodule, /a, la,, ..., la,Iand the above
equation is zero by the induction.

As a consequence of *f=0 for n2p it follows that exp f=335"! f!/i!..

If g denotes the function UL — A4, u — u-a and h denotes the function UL — A4,
u— —e(u)a then f=g+h. Also, since ae I we have 0=g?=h"; and thus, exp f
=(exp g)(exp h) where exp g is defined to be >3~! g'/i! and exp 4 is defined to be
>2-1 hi/il. Since a € I we have exp a=>5"1a'/i! € A" and it follows that exp 8°a)
= D% (exp a). Since A=H(L, A*)+1I any 1-coboundary in C, is of the form 8°(a)
for ae I. Thus exp carries the 1-coboundaries of C, into the 1-coboundaries of
Reg’ (UL, A).

Suppose D% (c) is a 1-coboundary in Reg? (UL, 4) where c € A". By hypothesis
c=b+x where be HY(L, A*),xe l. Since c?=b"+x?=>b" it follows that b is
invertible and letting z=1+b"'x we have c¢=bz, so that z is invertible.
DS.(e)h - B)=[(h- L) - b)bz=[(}y - - I)-z)/z= D% (2)(}y- - -I,). Since L gen-
erates UL it follows that D% (c)= D%(z). Since z—1=b"1x €I we have a=log z
=37"1(=1)'"Y(b~'x){/i is defined, a € I and exp a=z. In the preceding paragraph
we have shown exp 8%a)= D% (exp a)= D% (z). Thus exp carries the 1-coboundaries
of C, surjectively onto the 1-coboundaries of Reg’ (UL, 4). Since exp is an iso-
morphism of complexes in positive degree it carries the 1-cocycles of C; isomor-
phically onto the 1-cocycles of Regh (UL, 4). Q.E.D.
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ExaMPLE 4.1. Suppose L is a Lie algebra and V an L-module; hence, a UL-
module. As in Example 3.2 we consider V to have trivial multiplication and let
A=k @ V, V with a unit adjoined. 4 has a UL-module algebra structure where we
define ¢-(A, v)=(e(t)A, t-v) for te UL, ek,veV, H°(UL, A)= A which is
isomorphic to the direct product of the groups k" and the additive group V..
Since V is a 2-nilpotent ideal (V'V'=0) and k+ V=4 it follows from Propositions
4.2 and 4.4 that HY(UL, A)~HY(L, A*). For ¢=2 it follows from Theorem 4.3
that HYUL, A)=HYL, A*). We shall show in §6 that H%(L, V') can be recovered
from HYUL, A) as a relative cohomology group. It will be a direct summand
of HY(UL, A).

5. Comparison with Amitsur cohomology. For a commutative algebra 4 we let
X)? 4" denote (R 4)". For i=0,...,q there is the algebra morphism e;: X 4
>R 4, 4,0  ®a—+>a,®  -®a®1Qa,., ® - ®a, There is the
differential E,_;: @ A" — R+ 4", x — ey(x)e;(x)~*- - -e(x)**. The Amitsur
complex of A is the complex {X?*! 4", E;};z0 and the gth homology group
Ker E,/Im E, _, is denoted H%A), [19, p. 327]. Note, that the gth group in the
Amitsur complex is Q?+* A4".

Let H be a cocommutative Hopf algebra and 4 be a commutative H-module
algebra. We have a map M: Q?*! 4 -~ Hom (R H, A). This is given by

M@, ® - ®as_ 1) ® - ®hy) = arhy-(azhg (- - -ag_1hg-1-(ahy ag41)- - +)).

M is an algebra morphism—because A4 is an H-module algebra—and induces a
morphism of complexes M": {R*! 4", E;} — {Reg? (H, A), D}. We present a
verification for the case g=1 which contains all of the aspects of the most general
case.

M(a, ® az) * M(b, ® by)(h) = g (ash) a)(bihes, - bg)

= z a;by(hq,- az)(hay - bg) = a1bih-(azb,)

[

= M(a,b; ® azby)(h).
MO Q1)h) = 1h-1 = e(h)-1 = pe(h).

Thus M is an algebra homomorphism.
Y(I @ M(a, @ ax))(h, ® hg) = hy-(a1hs-a5)

= M(I'® a;, ® az)(h, ® hg) = M(eo(a, @ ag))(hy  hy).
M(a, ® ax)m(h, ® hy) = ayhyhy-a; = ashy-(1hy-ay)

=M@, ®1® a))(h ® hy) = M(ey(a; @ az))(h, ® hy).
(M(a;, ® a)) @ el(hy ® hy) = a1h,-aze(hy) = ah,-(azhs-1)

= M(a ®a; Q 1)(h @ hy) = M(ea(a, @ ax))(h, @ hy). -
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Thus M"=M | RX)? A" is a morphism of complexes. This leads to a natural map
Q: HY(A) — H%H, A) for ¢=0. In the setting of Example 3.1 this gives a map of
the Amitsur cohomology of the field extension 4 to the Galois cohomology.

THEOREM 5.1. If A is a field and H°(H, A)=k'—equivalently, A" =k—then the
morphism of complexes M™:{Q*! A", E;} — {Reg® (H, A), D% is injective. If in
addition A is a finite extension of k and [A:k]=dim, H then M" is an isomorphism
of complexes; thus, Q: HY(A) — H%H, A) is an isomorphism.

Proof. For clarity we denote the map M: RQ?** 4 — Hom (R H, 4) by M,. To
prove the first statement it suffices to show all M, are injective for g=0. For g=0
My(a)(A)=Aa for ek, ae A. Thus M, is injective.

We next prove M, is injective and then *“go up” by induction. Suppose M; is not
injective. Let a;, ® b, + - - - +a, ® b, be a nonzero element in Ker M, where n is
minimal. Suppose n>1. Since M, is an algebra morphism it follows (a; ® b,
+:--+a, ® b)(1 ® b;!)e Ker M,. (By minimality of n, b,#0.) Thus we can
assume b, =1. By minimality of »n not all b, lie in k so we can assume b, ¢ k. Thus
there is h € H where h-b, #&(h)b,. Since h-1==(h)1 it follows that,

0#a, @hby+ +a @ h-by—(a, @ e(W)by+ - - +a, @ e(h)by)
=a; @ [h—e(W)] b1+ - +a,_, ® [h—e(h)] by, _,.

This is a nonzero element of shorter length and for any g € H,
n-1 n-1 n
Ml(g a® [h—e(h)]~bf)(g) = > a(glh—e(h)]-b) = Z a|(glh—«(h)]-b)
1
= MI(Z a® b,)g[h—e(h)] =0.

This contradiction implies n=1. But if a; ® b, € Ker M, then a, ® 1 € Ker M,
and M,(a; ® 1) is not zero on the unit of H. Thus M, is injective.

Suppose we have shown M,_, is injective where g—12>1. Let 0#x e @+! 4,
we can write x=2 a; ® x; where {a;} is a linearly independent set of elements of 4
and {x}<®? 4. Since x is nonzero some x; is nonzero, say x;. Note that for
hy,...,h € H,

M, @+ @ h) = aihy [My-r(x)hs @ - - ® hy)]
i
= 13 00 @ (Me-s(3)hs ©-+-© 1) ).
i
By the induction there exist h,, . .., h, € H so that M,_,(x;)(h; ®--- ® h))#0

and > a; @ [M,_1(x)(h: ®- - - ® h,)] is a nonzero element of 4 ® A. Again by the
induction there is h, € H where M (x)(h; ®- - - ® hg)#0. This gives the injectivity.
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Suppose [4:k]=dim, H=n<c0o. Then both X?*! 4 and Hom (X* H, A) have
k-dimension n?**. M, being injective implies it is an isomorphism. This gives the
last statement. Q.E.D.

If A is a Galois extension of k and H=kG the group algebra of the Galois group,
then all the hypotheses of Theorem 5.1 are satisfied and this shows the Amitsur
cohomology agrees with the Hopf algebra cohomology (agrees with the Galois
cohomology).

The next lemma allows us to apply Theorem 5.1 to a large collection of fields.

Suppose H, and H, are cocommutative Hopf algebras and 4; are commutative
algebras which are H;-module algebras for i=1, 2. Then 4, ® A, is an H; ® H,-
module algebra where (h; ® h,)-(a; ® a,) is defined to be (h;-a;, Q h-a,).

LEmMMA 5.2. (Al ® Az)k®Hz =A]_ ® Agﬁ and (Al ® /12)”‘-85,2 =A{{1 ® Agﬁ,

Proof. Let f,: Ay —> A;,, a—[h—e(h)]-a for all he H,, Then A¥:=
Mren, Ker £, and (4, ® 45)*®H2=(pen, Ker (I ® fo) =Nnen, 4, ® (Ker f3)
=A, ® A¥2. This is the first result.

Similarly (4; ® A;)"1®* =A% ® 4,. The second result follows from
AT @ Af2c(4; ® A)1®H2c(d; @ Al)"1®% N (4 @ A)®%2 =411 ® Af-.
Q.E.D.

EXAMPLE 5.1. Suppose A4 is a purely inseparable field extension of & and 4
=k[x] where x*" € k and x*" " ¢ k. We define a commutative cocommutative Hopf
algebra H with basis Dy, ..., D,»_,. Multiplication is given by

Dng = ( ) D{.,.j

1
so that D, is the unit. The coalgebra structure is given by &(D;)=1 if i=0 and 0
otherwise and A(D,))=2%.o D; ® D,_;. A is an H-module algebra where D;(x’) is
defined as C;; x’~!; then A¥ =k, [14, p. 195]. Also, [4:k]=p"=dim, H so that by
Theorem 5.1 HY(H, A)=H%A) for all q.

EXAMPLE 5.2. Suppose A is a finite normal and modular extension of k,
[23, §2, Definition above Corollary 8). Then as an algebra A~ 4, ® 4, ®--- R A4,
where A4, is a Galois extension of k and each 4, is an extension of k of the form in
Example 5.2 for i=2,...,n, [23, §2, Remark after Corollary 8]. Let H, be the
Galois group algebra Hopf algebra and H; a Hopf algebra associated as in Example
5.2, with each 4, for i=2,...,n Then if H=H, ®---® H, A is naturally an
H-module algebra and by Lemma 5.2 it follows A#=k. Also, [4:k]=dim, H so
that by Theorem 5.1 the Amitsur cohomology of A4 is the same as the cohomology
HYH, A).

6. Relative cohomology. Suppose 4 and B are commutative algebras which
are H-module algebras and f: A — B is a morphism of H-module algebras; i.e., an
algebra morphism and H-module morphism. The map f™: Reg?(H, A)
— Reg? (H, B), g — fg is a group homomorphism since f is an algebra morphism
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and is a morphism of complexes since fis an H-module morphism. This gives rise
to two simplicial complexes Ker /™ a subcomplex of {Reg? (H, A), D'} and Coker f*
a quotient complex of {Reg? (H, B), D'}. Taking homology we have natural maps
HYKer f7) — HYH, A) and H%(H, B) — HCoker f").

DErFINITION. When f is injective—so that 4 may be considered an H submodule
algebra of B—the group H%Coker f7) will be denoted H%H, A <> B). When f is
surjective—so that B may be considered an H quotient module algebra of 4—the
group HKer f) will be denoted H%H, A - B).

Suppose f'is injective, Reg is a left exact functor so there is an exact sequence of
complexes:

T

*) 0 —{Reg? (H, A), D"} I——> {Reg? (H, B), D'} — Coker f* —0.
This gives rise to the long exact cohomology sequence:

0 — H(H, A) — H(H, B)— H°(H, A — B) — H'(H, A) —- - -
— H™(H, B)— H™(H, A — B) — H"*Y(H, A) —> H"*'(H, B) —>- - -.

In addition suppose there is an H-module algebra morphism g: B — 4 such that
gf=1,. In other words B=f(A4) @ Ker g. Then the exact sequence (*) splits, the
splitting induced by g". The morphisms f'and g give rise to the relative cohomology
groups H%H, A B), HY(H, B—> A) respectively. The splitting implies these
groups are naturally isomorphic and for all g,

HH, B) = HY(H, A) ® H(H, A — B).
In the notation of Example 3.2 and for ¢ 20 we have the commutative diagram,

0 —> HYkG, k) —> HYKG, A)

l l

0 — H%G, k') — HYG, A",

where the vertical maps are isomorphisms and the horizontal sequences exact.
HY(G, A") is naturally isomorphic to a direct sum of (the image of) H%(G, k") and
HYG, V). Thus H%G, V) is naturally isomorphic to H%kG, k — A4) and
HY(kG, A—>> k).

Similar reasoning applied to Example 4.1 shows that HYL, V) is naturally
isomorphic to HYUL, k — A) and HYUL, A —> k) forg2 1.

Next we consider the situation f: 4 — B is surjective. Since Reg? (H, *) is not
generally right exact, we have no long exact sequence but only the natural mor-
phism HY(H, A —> B)— H%H, A), for all q. We discuss two situations where
exact sequences arise.

LeEMMA 6.1. If f: A — B is a surjective algebra morphism whose kernel consists of
nilpotent elements, then f: Reg® (H, A) — Reg® (H, B) is surjective for all q.
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Proof. It suffices to prove that f": Reg! (H, 4) — Reg® (H, B) is surjective since
Reg? (H, ¥)=Reg' (X H, *) for ¢=0. Let we Reg' (H, B). We can find u,ve
Hom (H, A) satisfying fu=w and fo=w~!. We shall show that u € Reg! (H, A)
and be done.

S *v)=_fu) * (fo)=w* w™l=pge, the unit. Thus u*v=p,e—x for some
x € Hom (H, A) where fx=0 and hence Im x<Ker f. To prove u is invertible it
suffices to show that p,e— x is invertible. Let # € H, by [16, Proposition 2.5] there
is a finite dimensional coalgebra C< H where h e C. The space x(C) is a finite
dimensional subspace of Ker f so that there is large N where x(C)"=x(C)---
x(C)=0. Then for m= N, x™(h)= 2, x(ha))- - - X(hem,) € X(C)™=0. This shows that
pae+x+x2+x34+ - - - is a well defined element of Hom (H, A) and this element is
the inverse—with respect to convolution—of p,e—x. Q.E.D.

As a result of Lemma 6.1 if f satisfies the hypothesis, there is a short exact
sequence of complexes,

0 — Ker f* — {Reg? (H, A), D'} — {Reg? (H, B), D'} — 0,
which gives rise to the long exact sequence,

0> H(H, A —> B)—> H(H, A) — H°(H, B) = H(H, A —> B) —- - -
— HY(H, A)— H(H, B) - H"*(H, A —> B) — H"*}(H, A) —- - -.

We now consider another situation leading to a long exact sequence. This time
we put a restriction on H.

DEFINITION. A cocommutative coalgebra is called connected if it has a unique
minimal nonzero subcoalgebra, which is 1-dimensional. A Hopf algebra is called
connected if the underlying coalgebra is connected. In this case k1 is the unique
minimal subcoalgebra.

Such Hopf algebras are studied in [22]. The universal enveloping algebra of a Lie
algebra and the restricted universal enveloping algebra of a restricted Lie algebra
are connected Hopf algebras. The tensor product of connected Hopf algebras is
again connected. This follows from the coalgebra considerations in [10, §3].

LeMMA 6.2, If H is a connected Hopf algebra then the functor Reg®, (H, *) is right
exact for g2 1.

Proof. Suppose f: B — B is a surjective algebra morphism and g € Reg, (H, B).
If I=Ker fwe can find a linear complement ¥ to I where 1 € V. Thus B=1 @ V and
fIV:V— B is a linear isomorphism where (f|V)(1)=1. Let n: B— V be the
inverse linear isomorphism and let e be the composite B2, V' _5 A. Then §=
egeHom (R H, B), fi=g and §(h, ® - ® h)=pse(hy---hy) if any hek.
Thus we are done when we show that g is invertible in Hom (X)? H, B). This follows
from the next lemma, since the tensor product of connected Hopf algebras is
connected.
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LemMMa 6.3. Let C be a connected coalgebra with C, being the unique minimal
1-dimensional subcoalgebra. Let D be an arbitrary algebra—not necessarily com-
mutative. If h € Hom (C, D) and h carries the nonzero elements of C, into D' then
h is invertible; i.e., h € Reg (C, D).

Proof. The following proof is a generalization to ungraded coalgebras of
[18, p. 259, Proposition 8.2]. By [22, §1], C has a filtration by subcoalgebras
Co=Ci<--- where C=|J C; and A(C,)=33 C; ® C,_y. C, contains a unique
element g where ¢(g)=1 and A(g)=g ® g. One can deduce that if x€ C, and n>0
then

)] Ax) =g x+x®g+Y, where YeC,_, ® C,_,.

We define the left inverse to 4 by induction on the filtration. Define A~*(g)
=(h(g))~*. Suppose h~! has been defined on C,_, for n—120, let xe C,. We
diagonalize x as in (1) and define A~*(x) to be

@ [e(x)—h~H(@h(x)—mp(h~* @ h)(Y))(h(g) .

Then we automatically have A~ * h(x)=«(x). Thus A~* is defined on C, and by
induction we have A~! defined on C, a left inverse to A. Similarly A4 has a right
inverse; thus, the two inverses are equal and 4 is invertible. Q.E.D.

We shall use this lemma again in later sections.

If f: A— B is surjective then the morphism of complexes f]: Reg% (H, A)
— Reg% (H, B) is surjective in positive degree. The kernel is denoted Ker f and
the homology of Ker /7 is denoted H%(H, A —> B). By Lemma 6.2 we have the
short exact sequence of complexes in positive degree

0 — Ker f] — {Reg’, (H, 4), D', }¢z1 — {Reg% (H, B), D}z, —0,
which as usual gives rise to a long exact sequence,
0—>Zi(H,A—> B)—>Zi(H, A)—~Z}(H, B)— H%(H, A —> B)
— H*(H, A)—~ H%H, B)— H3(H, A—> B) - H*(H, A) - - -
—~ H“(H, By - H}*'(H, A—> B)—~> H"*(H, A) — H"*'(H, B) —- - -,
where Z} is the group of cocycles in the indicated complex.

PROPOSITION 6.4. The natural map of complexes Ker f1 — Ker f* induces an
injective morphism .: H$(H, A —> B) - H%H, A —> B) for all q.

Proof. For g=0 . is actually an isomorphism since Reg’ (H, *)=Reg% (H, *);
this also implies « is injective when g=1.

Suppose g=2. There is a natural inclusion map from Z}(H, A) - Z'(H, A)
which we wish to show is surjective. Say g € Z'(H, A) then D'(g)=u(e ® &) which
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implies 1=D'(g)(1 ® 1)=(1g(1))g~*(1)g(1)=g(1). Thus ge Z}(H, A). Im f" is a

subcomplex of {Reg? (H, B), D'}. From the commutative diagram with exact rows,
{Reg? (H, B), D"}

I

0 —> Kerf™ —> {Reg?(H, A), D"} Im f7 0

T T I

0— Kerf-: - {Reg‘-lb (H’ A)’ -D':l-} —_> {Reg?l- (Ha B)’ Dtl-} — 0,

we have induced a long commutative diagram with exact rows and the vertical
composites identity maps,

ZY(H, A) — Z¥(Im f7) — H*(H, A —> B) — H*(H, A) —>- - -

1 4 1 A
Z1(H, A)—> Z\(H, B) - H2(H, A —> B) — H*(H, A) — - - -

H™"(H, B)
T
-++—>HYH, A) > H"(Im f7) > H**Y(H, A—>> B) - H"*Y(H, A) —>- - -

) ) 0 0
<+ = H™(H, A) — H™(H, B) — H™'(H, A—> B) — H"*}(H, A) - - -.

By the 5 Lemma, [6, p. 5, Proposition 1.1], it follows that H¢(H, A —> B) —
H%H, A —> B) is injective for g=2. Q.E.D.

7. Extensions. Let M be a vector space and C a coalgebra. We say ¢: M
— M ® C gives M the structure of a right C-comodule if (/ ® e)yy=1and (I @ Ay
=(¢ ® Iy. For example if C is a coalgebra then A: C — C ® C gives C the struc-
ture of a right C-comodule. In keeping with our previous notation for all me M
we denote (m) by > me, @ my, € M @ C. We denote (I ® Ayp(m) by >y Mo,
Qmy, @mueM ® C Q® C, etc. We use the same convention as in §1 regarding
n-linear maps. Thus for example > ., me(my,)=m and if C is cocommutative
2m Mgy @ My @ Migy=2m) Moy @ Mz @ M),

Let A be a commutative algebra, B an arbitrary algebra which contains 4, and H
a cocommutative Hopf algebra for which A is an H-module algebra.

DEerFNITION. We say that an algebra homomorphism ¢:B—>B ® H is an
extension of 4 by H if:

(1) A=y~' B )={beB|¥b)=bQ 1},

(2) ¢ gives B the structure of a right H-comodule (with respect to the under-
lying coalgebra structure of H),

) ba=73, (by)-a)be, for allbe B, ac A.

ExaMmPLE 7.1. Let G5 be a group. Let G, be an abelian group which is a G,-
module and on which G3 operates as automorphisms. An extension of G, by Gj
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is an exact sequence of group morphisms:

| — G, 25 6, 15 6, — 1,

where g(x-a)=wg(@w™1, for a€ G,, w e Gy, x=f(w) € G3, [6, p. 299]. By means
of g we consider G, as a subgroup of G,, and we consider A=kG, as a subalgebra
of B=kG,. Let H=kG,. Since G5 acts as automorphisms of G,, A has induced an
H-module algebra structure which extends the given action of G; on G,. The map f
induces a Hopf algebra morphism kf: B— H, Aw — M(w), for we G, Aek. Let
Y: B— B ® H be the composite BA, B ® B_ 18 . B ® H. It is easily shown
that (¢, B) is an extension of 4 by H.

EXAMPLE 7.2. Let L; be a Lie algebra. Let L, be an abelian Lie algebra which
is an Ls-module and on which L; operates as derivations. An extension of L, by L;
is an exact sequerce of Lie algebra morphisms:

0—L 21,1, — 0,
where
™ g(x-a) = [w, g(a)]

forae L,, we Ly, x=f(w) € L3, [6, p. 304]. By means of g we consider L, as a sub
Lie algebra of L, and we consider 4= UL, asa subalgebra of B=UL,. Let H=UL,.
Since L; acts as derivations of L,, 4 has induced an H-module algebra structure
which extends the given action of L; on L,. The map f induces a Hopf algebra
morphism Uf : B— H, induced by w — f(w) for we L,. Let : B— B ® H be the
composite B2, B ® B 18U/ , B ® H. Clearly ¢ is an algebra morphism which
gives B the structure of a right H-comodule. By (*), (3) is satisfied for elements in
the Lie algebras. By induction one shows that (3) is satisfied for monomials of
elements in the Lie algebras. Since Lie algebras generate their universal enveloping
algebras, (3) is satisfied. A<y ~!(B ® 1), and by an application of the Birkhoff-Witt
theorem one can prove that A=y~1(B @ 1). Thus (¢, B) is an extension of 4 by H.

EXAMPLE 7.3 THE SMASH PRODUCT. Let 4 be an H-module algebra. We define
the algebra 4 # H to be A ® H as a vector space. (We write a # h for a ® h when
thought of as an element of A # H, a€ A, h € H.) Multiplication is defined by
setting

@#E)b#K) = 2 a(ga)b)#8ah, forabed, g heH.

@

One easily checks 4 # H is an associative algebra with unit 1# 1 and subalgebra
A # k= A. (Here and in following sections the notation X, 841, ® &) is especially
good because it makes formulas look like known formulas for groups. Thus
multiplication in A # H looks like multiplication in the semidirect product of
groups. A proof that multiplication is associative in the semidirect product of
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groups could be changed into a proof that multiplication is associative in. 4 # H
simply by adding the summation signs and parenthesized subscripts.) A # H is
called the smash product of 4 by H.

Let B=A # H, identify A with A#k and let y:B—>B QH, a# h—
S @# hay ® heoy (=1# A). Then one can easily check that (i, B) is an extension of
A by H.

DEFINITION. Let (;, B,) be extensions of A by H for i=1, 2 and let T: B; — B,.
T is called a morphism of extensions if':

(1) T(A)< A and T|A considered as a map from A4 to A is the identity map.

(2) T is an algebra morphism.

(3) T is a morphism of H-comodules; i.e., (T’ ® I)$; =4,T, which is equivalent
to Y. T(B)=Sw T(bwy) ® by, for all b e B,. A bijective morphism of extensions is
called an isomorphism of extensions. Of course the inverse map is a morphism of
extensions.

In Example 7.1 (7.2) a morphism of group (Lie-algebra) extensions gives rise
to an isomorphism of the associated algebra-by-Hopf algebra extensions.

We now describe the “product” of extensions. Let (¢, B;) be extensions of A
by H for i=1, 2. Since (I ® ¢3): B, B, —~B; ® B, ® H and (I Q t)(y, ® I):
B, ® B,— B, ® B, ® H are both algebra morphisms K=Ker (I @ t)(}; ® I)
—(I ® ¢,)) is a subalgebra of B, ® B,. One easily shows (/ ® $,)(K)=K ® H by
showing ([(/ @ )%, ® - ® ¥2)] ® N @ Y3)(K)=0. Thus I ® ¢, (or (/ @ ¢)
-(; ® I)) induces an H-comodule structure on K. Note 4 @ k and k ® A4 are
subalgebras of K, let ¥ be the subspace of K, {a ® 1—1 ® a|ae A}. Then
(I @ ¢)(V)<V ® H. Since (I ® §,) is an algebra homomorphism, if J is the
2-sided ideal in K generated by V then (I ® ¢,)(J)=J @ H. Thus J is a sub-
comodule of K and (I ® ¥,) induces an H-comodule structure ¢s;: K/J — (K/J) @ H.
We let B, denote K/J. Since J is an ideal, B, is an algebra and i; is an algebra
morphism. Thus (3, B;) satisfies (2) in the definition of extension.

We now assume there exist maps P: B, — 4 and y: H — B, such that

M B,—~A4QH, b")ZP(b(O)) ® b

®
@ AQ® H—By,a ®h—ayh)

are inverse linear isomorphisms. One can deduce that y 1s a morphism of right
H-comodules, P is a morphism of left A-modules, P|4=1, and Py=p,¢e. Such P
and y always exist for the “cleft” extensions discussed later. In fact the existence
of a suitable y implies the existence of P. We shall show that under these additional
assumptions (3, B;) is an extension.

If B, ® B; and A ® B, have the H-comodule structure induced by (I ® ¥5)
then PR I: B, ® B,—~ A ® B, is a morphism of right H-comodules and
(PRI |K:K— A® B, is a morphism of right H-comodules. B; ® B, has a
natural left 4 ® A-module structure (left-multiplication in each factor) under
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which K and 4 ® B, are submodules. Observe (P @ I)|K is a morphism of left
A ® A-modules. Let M=Ker(4 ® A, A); as an ideal M is generated by
{a®1-1Qal|ac A4}

By (4) in the definition of an extension it follows that J, the 2-sided ideal gen-
erated by V, is equal to the right ideal generated by V and thus /=M K. We have
(P ® I)|K induces P: K/J — (A ® B,)/M-(A ® B,)~B,, or P: B, > B, and is a
morphism of right H-comodules. There is a natural map ¢: 4 — B3, a — the coset
of (1 ® a), (or (a ® 1)). Since P|A=1, it follows that P.=1, and . is an injective
algebra morphism. We identify 4 with its image under .. Then P is also a morphism
of left A-modules.

The image of the map Q: B, — B; ® By, b — 2, v(bay)) ® by, lies in K because
y is a comodule morphism. Thus § the composite B, 2, K — K/J=B; is a mor-
phism of right H-comodules (and left A-modules). Using Py=p, e one easily
verifies PQ =I;, and using the fact the linear isomorphisms (1) and (2) are inverse
one can verify with some calculation that 0P =1, . This implies A={b € B | $:5(b)
=b ® 1} and (¢, B,) satisfies (1) in the definition of extension.

Let B; ® B, have the comodule structure induced by (I ® ¢). Then for x € B,
® B, and a€ 4, x(1 ® a)=>,, (X1, a)x, since B, is an extension and satisfies
(4). This implies (5, B;) satisfies (3) in the definition of extension; thus is an
extension of 4 by H.

We remark that if T: B, — B, is a morphism of extensions 7 induces a morphism
of extensions from the product of B, with B, to the product of B, with B,. If
suitable P and y exist for B, instead of B, a similar argument shows that the product
of B, and B, is an extension. The product of B, and B, is naturally isomorphic
as an extension to the product of B, and B;.

8. Crossed products, cleft extensions, equivalence classes and H?(H, A). We
now introduce crossed products. Suppose o: H @ H — A where A is a commutative
H-module algebra. Recall in 4 # H the multiplication is given by (a # g)(b # h)
> a(gay - b) # goh. We alter this multiplication by ¢ which will usually be a
2-cocycle in Reg.’ (H, A).

DEFINITION. A #, H is the vector space 4 ® H with multiplication defined by
setting

(@#:8)b# ) = D a(gay b)o(ga ® hay) #e8ahar

@) (h)
Note that when o=p,(¢ ® ) then 4 #, H is precisely 4 # H.

LemMmA 8.1. (a) The multiplication in A #,H is associative if and only if
(I @ o)] * [o(I @ m)]=[o(m ® D] * [0 ® e].

(b) 1 #,1 is the unit in A#,H if and only if o(g @ h)=p,e(gh) whenever g
or h lie in k.
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Proof. (a) Suppose A #, H is associative, let f, g, h€ H. Then ((1 £.)(1 #.8))
QA #h =1 #)(1 #,8)(1 #,h)). The left hand side equals,

( Z o(f» ® &) #oﬂz)&z))(l #sh)

N9

* = Z o(f ® ga)o(fn&@ ® hw) #o fi 8l

()4(9)s(R)

= Z [o(fay ® gw)elha)llo(fi282r ® hez))] #o fior8arhicar-

(N)n(9)s(h)

Similarly the right hand side equals,
** z Vn-o(gn ® ha)llo(fiey ® garha)] #aﬁa)g(a)h(a)-

(Ne(9)s(R)

Applying I ® & (or I #,¢) to (*) and (**) and equating shows o satisfies the identity
in (a). Similar calculations which we leave to the reader show that if o satisfies the
identity in (a) then 4 #, H is associative.

(b) Suppose 1 #,1 is the identity of 4 #, H and h € H. Then

1#ah = (14 D1 #oh) = (Z) o(1 ® hay) #oheay
Applying I #,e shows pse(h)=0o(1 ® h). Similarly o(h ® 1)=p,e(h). Conversely,
if o satisfies the identity in (b) then one easily verifies that 1 #,1 is the identity of
A#,H Q.E.D.

Yoo A#f H—> A#,HQH, a#,h—Jn a#.hq Qhg gives A#,H the
structure of a right H-comodule and is a morphism of multiplicative systems. We
identify A4 with A#,k<A#,H The map (I#, e QIW,.: A#,H—>A R H,
a#,h—a ®h can be used to show that A={be A#,H|y,b)=bR1}. If o
satisfies the conditions of Lemma 8.1 then A #, H satisfies conditions (1) and (2)
in the definition of an extension. One easily verifies condition (3). Thus (,, 4 #, H)
is an extension of 4 by H. Whenever we consider (y,, A #, H) as an extension of
A by H we always mean it has the structure just presented. Thus the copy of 4 in
A #,H—as an extension—is always A #,k. We call A#,H a crossed product
(extension) when o satisfies the conditions of Lemma 8.1.

DEFINITION. A map S € End H is called an antipode for H if S is the 2-sided
inverse to I € End H with respect to convolution (*).

S is necessarily unique being defined as an inverse. When such S exists H is called
a Hopf algebra with antipode. H being a Hopf algebra with antipode is equivalent
to I € Reg (H, H).

ExampLE 8.1. Suppose G is a group. Then S: kG — kG, g — g~! is an anti-
pode.

ExaMPLE 8.2. Suppose K is a connected Hopf algebra, (see §6). By Lemma 6.3
Ie Reg (K, K) so that K is a Hopf algebra with antipode. Since (restricted) universal
enveloping algebras of (restricted) Lie algebras are connected they have antipodes.
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In this case the antipode applied to an element of the (restricted) Lie algebra is
negative-the-element.

For general Hopf algebras an antipode is an algebra antimorphism, a coalgebra
antimorphism and has period 2 if the Hopf algebra is commutative or cocommuta-
tive, [10, §1, Lemma 1].

DEFINITION. An extension (¥, B) of A by H is called cleft if there is a comodule
morphism in Reg (H, B) and H has an antipode.

ExampLE 8.3. H is a right H-comodule and contains a copy of £ and may be
viewed as an extension of k by H. I: H— H is a comodule morphism which is
invertible if H has an antipode. In this case H is a cleft extension of k by H.

LeMMA 8.2. Suppose H has an antipode S, A is an H-module algebra and (4;, B))
are extensions of A by H, for i=1, 2.

(@) If T: B, — B, is a morphism of extensions and (,, B,) is cleft then so is
('/'2’ Bz)

(b) If y € Reg (H, B,) is a comodule morphism then ,y~*=(y~* ® S)A.

() If Y,y A#,H) is a crossed product extension then the comodule morphism
Yo' H—> A#,H, h— 1 #,h is invertible if o € Reg? (H, A). The inverse is given by
h— 2a 0™ (S(hw) ® k) #sS(hes)-

(d) S is a coalgebra morphism.

Proof. (a) If y € Reg (H, B,) is a comodule morphism then Ty € Reg (H, B,)—
has inverse 7y ~'—and is a comodule morphism. Thus (., B,) is cleft.

(b) Since y is a comodule morphism it satisfies ;7=(y ® I)A. One easily
verifies that ¢,y and ¢,7~1 are inverse in Reg (H, B ® H) as are (y ® I)A and
(y~! ® S)A. By uniqueness of inverses we are done.

(c), (d) By (b) and Example 8.3 S is a coalgebra morphism. Using this fact one
easily computes that the map given in (c) is the left inverse to y,. Using the fact that
2m hay-(S(hg)-a)=afor all ae A, h € H and that S is a coalgebra morphism one
easily computes that H-—> A #, H, h — >, S(hay-0 " (hey @ S(hay) #oS(hay) is
aright inverse to y,. Thus the two inverses are equal and y, is invertible. Q.E.D.

LemMA 8.3. Let (¢, B) be a cleft extension of A by H and y€ Reg (H, B) a
comodule morphism.
(@) The map

A ® H— B, a ® h— ay(h)

is a linear isomorphism.
(b) If P, is the map B — B, b — 3, by ~(by)) then Im P,< A and the map

B—>A®H, b— Pfbo) ® by,
®

is the inverse isomorphism to the isomorphism given in (a).



230 M. E. SWEEDLER [August

Proof. In the proof we never need use that (4, B) satisfies the 3rd condition in the
definition of an extension.

YPb) = ¢(§) b@y-*(bu,)) = > Wby b
( )
= Z by 1(b2) & by)S(ba,) by cocommutativity

)
=D boy (by) ® 1, forallbe B.
()
Thus Im P,= A4. Similar types of calculation show the linear maps in (a) and (b)
are inverse; hence, are isomorphisms. Q.E.D.
The above lemma is similar in spirit to [18, p. 221, Proposition 2.6).

LemMA 8.4. Let (4, B) be a cleft extension of A by H and y€ Reg (H, B) a
comodule morphism.

(a) The image of the map o(y)=[m(y @ y)] * [y 'm]}: H ® H — B lies in A and
o(y) is a 2-cocycle in Reg? (H, A).

(b) T,: A #oyH, a#s h — ay(h) is an isomorphism of extensions.

Proof. The map o(y) is given by g ® h— 3w Y(€u)¥(ha)y  (8h@)- A
calculation shows ¥(o(y)(g ® h))=[o(y)(g ® )] ® 1 which implies Imo(y)< A.

A further calculation—involving the 3rd condition in the definition of extension
—shows that T, is a multiplicative morphism; i.e., T)(xy)=T,(x)T,(y). Lemma 8.3
implies T, is bijective and thus A4 #,,, H is an associative algebra with unit 1 #,.,,1.
Thus o(y) satisfies the conditions of Lemma 8.1. o(y) has inverse [ym] *
[mt(y~* ® y~1)]. As with o(y) one checks that Im o(y) ~* < 4. Now o(y) € Reg? (H, A)
and satisfies the conditions of Lemma 8.1 is equivalent to o(y) being a 2-cocycle in
Reg? (H, A).

We have already pointed out that T, is an algebra isomorphism. Clearly T,|4 =1,
and 7, is a morphism of right H-comodules. Thus it is an isomorphism of exten-
sions. Q.E.D.

LemMA 8.5. Let (;, B,) be extensions of A by H for i=1, 2 and let T: B, — B, be
a morphism of extensions. T is an isomorphism if (,, B,) is cleft.

Proof. Suppose (,, B,) is cleft and y € Reg (H, B,) is a comodule morphism.
Then Ty € Reg (H, B;) is a comodule morphism and o(y)=o(Ty). Clearly the
diagram,

T,
A #oyH—> B,
Tn|_—7
B,

is commutative. By Lemma 8.4 the horizontal and vertical maps are isomorphisms
which imply T is an isomorphism. Q.E.D.
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DEerINITION. If (4, B;) are extensions of 4 by H for i=1, 2, we write (¢, B;)
~ (2, B,) (or simply B, ~ B, where i, and y, are implicit) if there is a morphism of
extensions from B, to B,.

By Lemma 8.5 ““ ~ ” is an equivalence relation amongst cleft extensions and by
Lemma 8.4 every cleft extension ““ ~ > a crossed product extension.

THEOREM 8.6. If H has an antipode there is a bijective correspondence between the
equivalence classes of cleft extensions of A by H and H*(H, A). The correspondence
is gotten by choosing a crossed product from the equivalence class and passing to the

- homology class of the 2-cocycle determining the crossed product.

Proof. As mentioned above each cleft extension ““ ~ ** a crossed product so that
a crossed product lies in each equivalence class. The next lemma implies the
theorem.

LemMA 8.7. A#,H~ A #,H if and only if ¢ and 7 are homologous 2-cocycles in
Reg? (H, A); i.e., o x 7~2= D (e) for e € Reg} (H, A).

Proof. If o x 7='= D} (e) for ec Reg} (H, A) we define T: A#,H— A #, H,
a#.h— S ae(hy) #.he. A calculation shows that this is a morphism of
extensions so that 4 #, H~ A # H.

Conversely, suppose T: 4 #,H — A #,H is a morphism of extensions. Define
e.: H— A to be the composite (I#,e)Ty,. (Recall y,: H—> A#,H, h— 1 #,h.)
One easily checks that T(a #,h) = 2, ae(ha) #: he)- Thus

TI(1 #&)(1 #,h)] = T( S olgw ® k) #og(mh(z))

@ik
*
= Z (8w ® hu)e(gaha) #:8aha

@(h)

(Z e(8w) #zgm)) (Z e(hay) #. h(g))

() (h)

T(1 #,8)T(1 #.h)
**
= (gg;n e(81) (8o e(h)) (8@ ® hea) #:8whea)
Equating (*) and (**) and applying I #; e implies o * [em]=[e ® ] * [Y(I Q e)]r.
Also e(1)=1. Thus if we show e € Reg (H, A4) it follows e Regl (H, A) and
Di(e)=0ox 771,

Since T(1 #,hB) =2, e(hy)) #:ha we have thit Ty,=e xy, or [Ty,] * y; *=e.
Thus e~1=vy, » [Ty;']. A calculation shows y,e~*(h)=h ® 1 so that Ime-1c 4.
Q.E.D.

In §7 the product of extensions is defined. This induces a product structure on the
equivalence elasses of cleft extensions. One can show that the product of the
extensions A #,H and A # H is isomorphic to A4 #,., H so the correspondence
given in Theorem 8.6 is a group isomorphism. The equivalence class of 4 # H
corresponds to the identity of H3(H, A).
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9. The Brauer group over k. Let H be a cocommutative Hopf algebra. An
element h € H is called grouplike if A(h)=h ® h and h#0. For such A, e(h)=1 and if
H has an antipode S then I * S=¢=.5 * I implies S(h)=h"1. Let G(H) denote the
set of grouplike elements of H. If g, he G(H) then ghe G(H); also, 1 € G(H).
If A is an H-module algebra the map =(g): 4 — A, a — g-a is a homomorphism
when g € G(H).

THEOREM 9.1. Let A be a finite normal field extension of k which is an H-module
algebra. If A¥=k, [A:k]=dim, H and {n(g): A— A | g€ G(H)} includes all
automorphisms of A over k then A #,H is a central simple k-algebra for any 2-
cocycle o in Reg? (H, A). The unit in A#,H is 1#,1, A#,k>A is a maximal
commutative subalgebra and A #, H has splitting field A.

Proof. Since o is a 2-cocycle in Reg2 (H, A) it follows from Lemma 8.1 that
A #, H is associative with unit 1 #,1.

Since 4 is an H-module there is the associated representation =: H — End 4.
A is a left A-module under left translation which gives a representation ¢: 4 —
End 4. Weclaim 7: 4 # H — End A4, a # h — (a)=(h) is an algebra isomorphism.

(@ym(h)ubym(R) = 3 walhy,: b)yr(hah)

(h)

for a,be A,h,he H and thus = is an algebra morphism. Since dim, A4 #H
=[A:k}*=dim, End 4 it suffices to show that r is surjective. This is implied by
[14, p. 22, Theorem 2] whose hypotheses we show are satisfied. Im 7 is a subring
of End 4 since 7 is an algebra morphism. «: 4 — End 4 gives End 4 a vector
space structure over 4, where a-f=(a)f. Im 7 is a finite dimensional 4 subspace.
Finally {xe€ 4 | f(xy)=xf(y) for all ye 4, feIm r}=k; in fact, {xe 4 | f(x)
=xf(1) for all fe Im 7} =k because A¥=k.

In particular =: H — End A is an injective algebra morphism and the elements
{n(g) | g € G(H)} are distinct homomorphisms of 4 which are automorphisms
since 4 is a finite field extension. Since automorphisms of a finite field extension
have finite period, if g € G(H) then =(g)*==(g)~* for some 0<n e Z. Since = is
injective and G(H) is closed under multiplication, g"=g~! and G(H) is a group.

The elements 1 #,g where g e G(H) have left inverse o~ (g7 ! ® g) #,871;
thus to show that 4 #,H is simple it suffices to show that any nonzero 2-sided
ideal of A #, H contains an element of the form 1 #,g, for g € G(H).

A #, H has a left A ® A-module structure where (¢ ® b)-(c #, h) is defined to be
(@#, D(c#h)(b #:1)=2n ac(hyy-b) #,h,, for a,b,ce A, he H. Any 2-sided
ideal in A #,H is an A ® 4 submodule. Thus showing that the simple 4 ® 4
submodules are of the form A #,kg for g € G(H) implies that A #, H is simple.

We consider both 4 #,H and 4 ® A as vector spaces over 4 by having A4 act
on the left factor. Then 4 ® 4 is an A4-algebra (the scalar extension of 4 from & to
A) and A #,H is a module for 4 ® A over A; that is, the elements of 4 ® A act
A-linearly. We have the A-linear map o: A #,H— Hom, (4 ® A, A) where
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{a#.h), b ® c)=ab(h-c). The fact that = is injective implies o is injective and
thus by dimension « is an A-linear isomorphism. By means of a we identify
A#,H with Hom, (4 ® A4, A). Under this identification the given module
structure on A #, H corresponds to the contragredient structure to 4 ® A4 acting
on itself by left translation. Indeed,

(a @b)(cHM,d® e = ; <acthay-b) #ohay d @ €)
)

= > acd(hay ) -€) = acd(h- (be))

(h)
= {c #,h, ad Q be),
for a,b,c,d,ec A, he H. Thus the simple submodules of A #,H are the an-
nihilators (considering A4 #, H=Hom, (4 ® A4, A)) of the maximal ideals of
AR® A

For ge G(H), (a ® b)(1 #,8)=a(g-b) #,g and thus A #, kg has A-dimension
1 and is a simple 4 ® A submodule. By [14, p. 25, Theorem 3] {n(g) | g € G(H)} is
k-linearly independent in End 4 and thus G(H) is a k-linearly independent set.
This implies {4 #,kg | g € G(H)} consists of distinct simple submodules. To show
this set contains all the 4 ® A4 simple submodules it suffices to show that 4 @ 4
contains not more maximal ideals than the cardinality of G(H).

Let M be a maximal ideal in 4 ® 4 and let Q be an algebraic closure of A4.
Since 4 ® A is an A-algebra (4 ® A)/M is an extension field of 4 and there is an
A-linear algebra morphism y: 4 ® 4 — Q with kernel M. This shows that there
are not more maximal ideals in 4 ® A than there are A-linear algebra morphisms
fromA @ Ato Q. A— A ® A, a— 1 ® a induces a bijection Hom, (4 ® 4, Q)
— Hom (4, Q) and thus there are not more maximal ideals in 4 ® A then there are
k-linear algebra morphisms from 4 to Q. 4 is a normal extension implies any
algebra morphism from 4 to Q has image in 4 and thus corresponds to an auto-
morphism of A. By hypothesis every k-automorphism of 4 can be realized as =(g)
for some g € G(H). Thus 4 #, H is simple.

The above also implies 4 #,k is a maximal commutative subalgebra in 4 #, H.
Since if N=Ker(4 ® A™, A) then the centralizer of A#,k in A#,H is
the submodule S of A4 #,H on which the maximal ideal acts trivially. By the
“contragredience” of the module, S is the annihilator of N (considering 4 #, H=
Hom, (A® A, A)). Thus S is a simple submodule and must equal A4 #,k since
it contains 4 #,k.

The preceding paragraph implies that the center of A #,H lies in A #,k. If
a#,1€ A#,k and a ¢ k we can choose h € H where h-a#e(h)a. Then

(1 #:h)a#1) = Z) (hoy-@) #ohey and  (a#, 1)1 #oh) = aFoh.
Applying I #,¢ to the right-hand sides yields h-a#z(h)a and thus a #,1 does not
lie in the center of 4 #, H. Thus the center of 4 #, H is k #,k=k.

By what we have already shown that A #,H is central simple over k with
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maximal commutative subalgebra A #,k= A4 it follows from [4, p. 119, Proposition
7] that A is a splitting field. Q.E.D.

COROLLARY 9.2 (TO THE PROOF OF THEOREM 9.1). Under the hypothesis of
Theorem 9.1 except that ¢ need not be a 2-cocycle, (but still o € Reg? (H, A)), then
A #, H is a nonassociative algebra which contains no nontrivial 2-sided ideals.

Proof. As before the elements 1#,g have left inverse o~ (g™ ! Q g) #,g7*
for g € G(H) and it suffices to show any nontrivial 2-sided ideal in 4 #, H contains
1 #,g for some g e G(H). For a,b,c€ A, he H we have ((a#,1)(c #, )b #,1)
=(a #, 1)(c #,h)(b #,1)) and thus A #,H is an A ® A-module as before. The
rest of the proof goes exactly as before. Q.E.D.

COROLLARY 9.3 (TO THE PROOF OF THEOREM 9.1). Let A be a finite normal field
extension of k which is an H-module algebra and assume A" =k, [4:k]=dim, H and
{m(g): A — A | g € G(H)} includes all automorphisms of A over k. Then the minimal
nonzero subcoalgebras of H are of the form kg where g € G(H).

Proof. Let o be any 2-cocycle in Reg2 (H, A). If C is a subcoalgebra of H then
A#,Cis an A ® A submodule of A #,H. Thus A #,C contains 4 #,kg for
some g € G(H) which implies kg<=C. Q.E.D.

Corollary 9.3 implies that the simple subcoalgebras of H are 1-dimensional. By
the remarks preceding Theorem 8 in [10, §3] it follows that H=Pccu D, Where
each D, is a connected subcoalgebra of H whose grouplike element is g. If B is an
algebra then Hom (H, B) is naturally isomorphic as an algebra to the direct
product of {Hom (D,, B)};ccu)- Thus an element fe Hom (H, B) is invertible if
and only if f|D, € Hom (D,, B) is invertible for all g € G(H). By Lemma 6.3 we
have that f is invertible if and only if f(G(H))< B". In the proof of Theorem 9.1
we observed G(H) is a group. Thus I € Reg (H, H) and H has an antipode.

DEerINITION. If A is a finite normal field extension of k& which is an H-module
algebra, A" =k, [A:k]=dim, H and {n(g): A — A | g € G(H)} includes all auto-
morphisms of 4 over k then we call H a Galois-Hopf algebra (G-H algebra) of the
extension 4 over k.

In general there is not a unique G-H algebra of A over k. When 4 is separable
and normal the G-H algebra of the extension is unique and is the group algebra of
the Galois group. (In other words H=kG(H).)

DEFINITION. Let B be an arbitrary algebra containing D which is an H-module
algebra. We say that the action of H on D is B-inner if there is f€ Reg (H, B)
where h-d=32, f(hq)) df "*(h) for all he H,de D. We say such f gives the
B-inner action.

If there were f, g € Hom (H, B) such that h-d=3, f(ha,) dg(he,) then letting
d=1 and using h-1=¢(h)1 shows that g is a right inverse to f.

Suppose the action of H on D is B-inner and given by f' € Reg (H, B). Then

(hz) (hery- ) f(hea) = %f (hew) df (o) f(heay) = f(h) d.
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Conversely if fe€ Reg (H, B) where for all he H, de D, f(h)yd=3 ,, (hy, - d)f(hs)
then
h-d= Z (hay d) f(ha))f ~Hhay) = gf(h(n) df ~'(he).
® )

Note that if g € G(H) then g-d=f(g) df ~*(g) and it is easily shown that f~1(g)
is just the inverse to f(g) in B". Thus g acts as a classical inner automorphism. If
le Hand A(/)=1 ® I+1 ® | then / acts as a derivation on B. One easily checks
that £(/)=0 and that if f(1)=1 then f~ (/)= —f (/). In this case I-d=f(I) d—df(l)
so that / acts as a classical inner derivation. If 1=ho, h,---h, € H and A(h,)=
2 h ® h,_; then f(h,) d=3 (h;-d)f(h,-;) for n=0,...,t. Thus fis inner in the
sense of [13, p. 224].

ExaMmPLE 9.1. Let 4 be a commutative algebra which is an H-module and let
o€ Reg? (H, A). Recall we have y,: H— A#,H, h— 1 #,h. For ac A

vo)a#,1) = (1 #.h)a#,1) = %(hm-a#ahm)
= (Z) (hay-a #o 1)yo(hesy).

If we identify A with A #,k this becomes y,(h)a= 3, (hq,- a)y,(hs). Thus when
H has an antipode the action of H on A4 is A #, H—inner as given by y,, since
v, € Reg (H, A #,H) by Lemma 8.2. '

PROPOSITION 9.4. Let H be a G-H algebra of the extension A over k and let
o, B € Reg? (H, A) be 2-cocycles. There is a homomorphism T: A #,H — A#,H
which is the identity restricted to A if and only if o and B are homologous 2-cocycles;
i.e., o x f~1= D3 (e) for e € Reg’ (H, A).

Proof. By Lemma 8.7 it suffices to show that any such T is a morphism of ex-
tensions. Since T is an algebra morphism and T'|4 =1, it suffices to show that T'is a
morphism of right H-comodules.

Consider e: H—> A #;H, e=(Ty,) * y;'. We shall show Im ec 4 by showing
Im e centralizes the maximal commutative subring 4 (=4 #4k). In the following
computation we shall use the fact that >, v, 1(hq))ay,(he)=S(h)-a, a € A where S
is the antipode for H. This can be computed directly using the expression for y; *
given in Lemma 8.2. Forae 4, he H

aeh) = > alTy.(ha)lys (hen)

B Z T(@ralhaoNlys *ha) = 2 1T Grallrrs e)aroboDlyi (o)
= (Z) [T (o (ha)[S (he)- aDlys (hsy) = (Eh): Tyo(ha)[S(hay) - aly; ()
= Z [Trolha)lys “(hear)ysChes)[S (hesy)- alys *Chesy)

= g [Trolhay)ly s (hea) sy [S (he) - al]

= % Ty (ha)ys '(ha)a = e(h)a.
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Thus Ime<A and Ty,=e*y, This implies T(1 # k)=, e(hy,) #she and
thus T(a #,h) =D n ae(hy,) #she for all ae A, he H. This implies T is a right
H-comodule morphism. Q.E.D.

The next result guarantees that often an action is inner.

THEOREM 9.5. Let H be a Hopf algebra whose simple subcoalgebras are of the
form kg for g € G(H). Let B be a finite dimensional central simple k algebra which
has a semisimple subalgebra D which is an H-module algebra. Then the action of H
on D is B-inner. f: H— B giving the inner action can be chosen to satisfy f(1)=1.

Proof. The following proof is a generalization of the proof of [11, p. 480,
Theorem 3); thus, the theorem generalizes a result of Jacobson on inner derivations.

We consider B ® H as a right D-module where (@ ® k) d=3, a(ha,-d) ® hg,
and a left B-module where a(b ® h)=ab ® h, for a,be B,de D, he H. Thus
B ® H becomes a left B ® D*-module where D* is the opposite algebra to D.
As follows from the standard results B ® D* is a semisimple algebra. Thus the
submodule B ® k(G(H)) has a complement and there is a B @ D*-module
projection C: B @ H—> B @ k(G(H)).

For g € G(H) the map D — D, d— g-d is an automorphism of D with inverse
d—g~'.d. By [4, p. 111, Corollary] there is N(g) € B" where g-d=N(g)dN(g)~ .
We choose N(1) to be equal to 1. As follows from the remarks following
Corollary 9.3, the elements of G(H) are linearly independent in H and thus N
extends to a linear map N: k(G(H)) — B. B has a natural left B-module and right
D-module structure induced by multiplication and thus is naturally a left B ® D*-
module. Using the fact that N(g) d=(g-d)N(g) one easily verifies that M: B
® k(G(H))— B, b ® g— bN(g) is a morphism of B ® D*-modules.

Let f: H — B be the composite H — B @ H ¢, Bwhere h — 1 ® h is the first
map. Using the fact MC is a B ® D*-module morphism we have for h € H,de D,

SWd =(1 ® d*)-MC(1 ® k) = > MC(hay-d ® he)

h)

= Z (hay d @ 1 )MC(1 ® hez) = Eh: (hery- ) f(ha)-
(h) [()
For ge G(H) we have f(g)=MC(l ® g)=N(g) since C is a projection. Thus
f(1)=1 and f(G(H))< B'. By the remarks following Corollary 9.3, f(G(H))< B’
implies that € Reg (H, B). Thus the action of H on D is B-inner and given by f.
Q.E.D.

LEMMA 9.6. Let H be a G-H algebra of the extension A over k and let B be a central
simple k algebra with maximal commutative subalgebra A. Assume the action of H on
A is B-inner given by fe Reg (H, B) where f(1)=1. If o=[mg(f ® )] * [f ~*mul:
H ® H—> B then Im 0< A and o is a 2-cocycle in Reg? (H, A). Themap T: A #, H
— B, a #,h — af (h) is an injective algebra morphism.

Proof. We first must show that Im o< 4. This involves much calculation.
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We deﬁne h —a= Z(n)f— l(h(l))af(h(z)) fot h € H, ae A. Clearly Z(h) h(l) N (h(g) "Aa)
=a. We must first show that h— ae 4. If b € 4 then

bh—a) = % bf ~*(hayaf (ha) = %f “Yhwy) f(ha)bf ~H(hsy)af (hay)
= ; hay = (- b)a) = (Z) ha, = (alhey- b))
o) D
= hZf “Y(hayaf (ha)bf ~ (k) f(hey) = (h— a)b.
o)

The fact that 4 is a maximal commutative subalgebra now implies that A — g € 4.
Again using the same technique if b, he H, ae A

acth @ h) = (h;m af () f () f ™ (heohieay)
= > flha)ha— O)fha)f ~(hahia)

), (h)

= (h%) Shay)f (h-u))[h-(a) = (hg — a)lf - l(h(a)h.(s))
= <ngh)f (hw)f (h) f ~ b)) b [hay — (hay — @)D
= . S fhay)f ~ (hoha)a.

(h),(

Thus Im o< 4 since A4 is a maximal commutative subalgebra. o has inverse fin,, *
[mgpt(f~* ® f~1)] and a similar calculation to the above shows that Im c~1< 4.
Thus o€ Reg? (H, A). Using f(1)=1 one easily verifies that o € Reg2 (H, A).

One easily checks that T is a multiplicative morphism; i.e. T(xy)=T(x)T(y) for
x,y€ A#,H. T is not zero since T|A=1,. Thus by Corollary 9.2 T is injective.
Since B is associative T being injective implies 4 #, H is associative and thus by
Lemma 8.1 (a) o is a 2-cocycle. Q.E.D.

THEOREM 9.7. Let H be a G-H algebra of the extension A over k. In the Brauer
group over k let N be the normal subgroup consisting of the similarity classes of
algebras which are split by A. There is a natural group isomorphism N — H%(H, A).

Proof. This proof follows the pattern found in the remarks in [11, pp. 486-487].

From each class in N choose an algebra which contains 4 as a maximal com-
mutative subalgebra. Any two such representatives are isomorphic by an isomor-
phism leaving A fixed. By Lemma 9.6 each representative has a subalgebra
isomorphic to 4 #, H for a 2-cocycle o € Reg? (H, A) and the isomorphism leaves
the elements of A fixed. By Theorem 9.1 A #,H has A=A #,k as maximal
commutative subalgebra and thus the representative algebra is isomorphic to
A #, H. (This implies all the representatives have dimension [4:k]%.) We map the
similarity class of the representative algebra to the homology class of o. By Prop-
osition 9.4 this map from N to H?(H, A) is well defined and injective. Clearly it is
surjective since for any 2-cocycle o in Reg% (H, A) the similarity class of A4 #, H
maps to the homology class of .



238 M. E. SWEEDLER [August

We must show that the correspondence is a group morphism. Let o, = be two
2-cocycles in Reg? (H, A). We consider 4 #,H as a vector space over 4 by
a(b #,h)=ab #,h. Similarly for A # H. The right translation action of A #,H,
(A #.H), on itself is A-linear and thus (4 #, H) ®, (4 #,H) has a natural right
(A #,H) ®, (A #. H)-module structure. The ring of endomorphisms of (4 #, H)
®4 (A #.H) which commutes with the action of (A#,H) Q,(A#H) is a
representative—with 4 as maximal commutative subalgebra—of the similarity
class of (4 #,H) . (4 #.H), which is the product of the similarity classes of
A#,H and A #,H. The left module action of A4 #,.,H on (A#,H) @4(4#H)
given by

(a #U“th) : [(b #aﬁ) ®A (C #15)]
= > (@ #:ha)b #:)] R4 [(1 #:ho)c #.7),

™
imbeds A4 #,.. H in the representative of the product of the similarity classes; i.e.
the commuting ring of endomorphisms. Thus the product of the classes maps to the
homology class of o * = which is the product of the homology class of o with the
homology class of 7. Q.E.D.

As we mentioned in Example 5.2 if 4 is a finite normal and modular extension of
k then there exists a G-H algebra of the extension. It is shown in [23] that for any
finite extension 4 over k there is a unique minimal extension 4 over 4 where A is
finite normal and modular over k. Thus every central simple k algebra has a finite
normal modular splitting field 4 over k. Thus the union of the subgroups N—as in
Theorem 9.7—is the entire Brauer group over k.

Theorem 9.7 and Theorem 5.1 combine to give a group isomorphism between N
and H?(A), the second Amitsur cohomology group.
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