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Let G be a locally compact abelian group with dual group Y. Let M(G) be the

algebra of bounded regular Borel measures on G under convolution multiplication,

and let L(G) be the subalgebra of M(G) consisting of all absolutely continuous

measures in M(G). By an L-subalgebra of M(G) we mean a closed subalgebra N,

with the property that if p. e N and v e M(G), with v absolutely continuous with

respect to p, then v e N. Clearly L(G) is an L-subalgebra of M(G).

Let N be an L-subalgebra of M(G). If y e T and hv(p)=j" y dp for p e N, then

hy is a multiplicative linear functional on N. Hence, if A is the space of all multi-

plicative linear functionals on N, then y^hy maps Y into A. If this map is one to

one and onto, then we shall say that the maximal ideal space of N is Y.

Note that the maximal ideal space of L(G) is Y (cf. [5, Chapter 1]), but L(G)

is not unique in this respect. If we define (L(G))112 to be the intersection of all

maximal ideals of M(G) containing L(G), then (L(G))112 is also an L-subalgebra

of M (G) with maximal ideal space Y (cf. [7, Lemma 1 and Theorem 1]). If p e M(G)

and pn e L(G) for some «, then p e (L(G))112. Hewitt and Zuckerman have recently

shown in [3], that for every nondiscrete l.c.a. group G, there is a singular measure

P e M(G) such that p2 e L(G). This shows that L(G)=£(L(G))112 if G is nondiscrete.

Our main theorem (Theorem 1) characterizes completely those L-subalgebras

of M (G) that have maximal ideal space Y. This result was conjectured in [7] and

proved there for a special case. The missing ingredient for a proof in the general

case is supplied by one of the results of [8].

Theorem 1. If N is an L-subalgebra of M(G), then the maximal ideal space of

N is Y if and only ifL(G)cN<=(L(G))112.

Proof. That L(G)^N^(L(G))112 implies that Y is the maximal ideal space of

N, is proved in [7].

According to Lemma 4 of [7], to prove the converse it is sufficient to show that

if the maximal ideal space of N is Y, then L(G) n N¥=(0). It follows from the

proof of Theorem 2 of [7], that this problem can be reduced to the case where

G = Rn x H with H compact. If n=0 or 1, Lemma 5 and Theorem 2 of [7] show

how to construct a nonzero measure in N n L(G). The existence of such a measure

for general «, is just the corollary to Theorem 6.2 of [8].
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Of course, the key to the proof of Theorem 1 is the result that N n L(G) contains

a nonzero measure if the maximal ideal space of N is V (Theorem 6.2 of [8]).

The proof of this result is somewhat involved. For those who do not wish to beat

through [8], we present, in §1 of this paper, an outline of the process by which the

above result is obtained in the case G=Rn.

In §2 we study the implications of Theorem 1 for the structure theory of M(G)

and other convolution measure algebras.

1. Constructing a smooth measure in N. In this section, we assume that G=Rn

and N is an F-subalgebra of M(G) with maximal ideal space T = Rn. We set

Ne={p+ze : p e N, z e C}, where e is the point mass at zero in G. The algebra

Ne is an L-subalgebra of M(G) with maximal ideal space T' = T u {oo}, the one-

point compactification of T = Rn.

Definition 1.1. (a) If A is a compact convex subset of Rn, we set

«PaOO = supe-*'";
xeA

(b) if p is a measure on Rn, we set ||HU = JçuO0^H(y);

(c) we denote by $le(A) the collection of all measures p on Rn for which ||ju.||i4<co

and the restriction of p to each compact set is in Ne.

Note that if p e %le(A), then the Laplace transform /x~(z) = J e~zx dp(x). exists

for z e Cn with Re z e A.

In §2 of [8] we show that for each compact convex set A c= Rn, the space $te(A)

is a Banach algebra with identity under the norm || \\A and convolution multi-

plication. If í> ̂  A <= B, then the identity map is a norm decreasing isomorphism of

9îe(5) into 3ie(A). Theorem 6.1 of [8] implies:

Lemma 1.1. The maximal ideal space ofHle(A) is A(A) = {zeCn : Re z e A} u {oo},

where the Gelfand transform of pe 9îeL4) coincides with the natural extension of the

Laplace transform, p~(z) = § e~zx dp(x), to A(A).

Let A be an «-simplex in Rn, and let A0, Ax,..., An he the («— l)-faces of A.

Let px,..., pn e %le(A) he measures such that p?,..., ¡£ do not vanish simul-

taneously at co or on {z e C" : Re z e BA). Consider the equation

(*) Px^i+-- -+pnyn = e.

Since the functions px,..., p„ do not vanish simultaneously on

A(At) = {zeCn :RezeAi}u {oo},

it follows from Lemma 1.1 that (*) has a solution in %le(Ai) for each i. Hence, we

can choose measures vu (/=0, ...,«;/= 1,..., «) such that pxviX+ ■ ■ ■ +pnvin=e

for j = 0, 1,..., «, and vu e ÍSte(At). Let pk be the determinant of the matrix obtained

from (vu) by deleting the Ath row. Note that pk e yte(A0 n ■ • • n Âkr\ ■ ■ ■ n An),

and A0 n • • • n Âkn- ■ ■ n An is the vertex of A opposite the face Ak. We set
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/°=2!5=o (— Yfpk- Note that p is a (possibly nonfinite) measure such that the

restriction of p to each compact set is in Ne; i.e., p is locally in Ne.

We call p the residue measure for the equation (*) on the simplex A. The signif-

icance of this measure is indicated by the following lemma, which restates a portion

ofTheorem4.2of [8]:

Lemma 1.2. The equation (*) has a solution in ^te(A) if and only if p = 0.

In §5 of [8] we use the inverse Laplace transform and analytic function theory

to prove the following:

Lemma 1.3. The measure p is absolutely continuous. In fact, its Radon-Nikodym

derivative hp has the form h0(y)=^k = xPk(y)ez^y for polynomials Px,...,Pm and

n-tuples zx,...,zme Cn.

To prove that Nr\L(G)^(0), it now suffices to choose pi,...,pneNe such

that pi,..., pn have compact support, ^(co)^0, and pÇ~,..., p„ have a non-

empty discrete set of common zeros. In fact, we may then choose a simplex A

such'that {z e Cn : Re z e A} contains a common zero of px,...,Pn but

{z eC : Re z e 8A} u {oo} does not. The residue measure p for equation (*) on

A is nonzero, by Lemma 1.2, and absolutely continuous, by Lemma 1.3. Since

p is locally in Ne, it follows that Ne n L(G)^(0).

2. Applications of Theorem 1. In this section we shall use the terminology and

concepts introduced in [10]. In [10] we defined the concept of convolution measure

algebra. In particular, any L-subalgebra of M(G) is a convolution measure algebra.

If M is a semisimple convolution measure algebra, then there exists a compact

topological semigroup S and an order preserving isomorphism-isometry /* -»■ ps

of M into M(S), such that

(1) the image of M in M(S) is weak-* dense;

(2) each multiplicative linear functional h on M has the form h(fx)=\fdps

for some semicharacter/on S; and

(3) there are enough nonzero semicharacters on S to separate points (cf. [10, §2]).

We call S the structure semigroup of M. The space of nonzero semicharacters on

S is denoted by ST. Conditions (1), (2), and (3) characterize the structure semigroup

S and the embedding p -» ps to within equivalence. We may consider S~ to be the

maximal ideal space of M if we define the Gelfand transform p-> p~ by p.~(f)

= ¡fdps for fe S~ and peM, and give S~ the weakest topology under which

all of the functions p." for pe M are continuous. We call this topology the

(S~, M) topology.

If p is an idempotent of S, let Kp denote the maximal group of S containing p.

Let K denote the union of all maximal groups of S. Note that A^ is a compact

sub-semigroup of 5 and each of the groups Kp is a compact topological group.
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Definition 2.1. (a) If p=p2 e S let Np={p e M : ps is concentrated on Kp}, and

setMx = ZP = p*eS®Np.

(h) Let M2={p e M : ps is concentrated on K but \ps\(Kp) = 0 for each p}.

(c) Let M3 = {p e M : ps is concentrated on S\K}.

Each of the spaces Mx, M2, and M3 is an F-subspace of M, and M=Mi © M2

® M3. Also, Mx and M2 are F-subalgebras of M. This decomposition of M illu-

strates that there are three basically different kinds of measures in a convolution

measure algebra. Theorem 1 allows us to completely describe the nature of

measures that lie in the space Mx. We do this in Theorem 3. The nature of the

measures in M2 and M3 is less well understood. In Lemma 2.2 and 2.3 we give

some information concerning these spaces which can easily be inferred from the

definitions. Combining these results in the case M=M(G), we obtain an existence

theorem (Theorem 4) for "strange" multiplicative linear functionals on M(G).

By an embedding of one convolution measure algebra in another, we mean an

isomorphism which is order and norm preserving and has an F-subalgebra as its

range.

Theorem 2. Let N be a semisimple convolution measure algebra with structure

semigroup S. We have that S is a group if and only if there is an l.c.a. group G andan

embedding p -> pG, of N as an L-subalgebra Na of M(G), such that L(G) <=■ N¿

<= (L(G))112. In this case, S is the Bohr compactification of G, S" with the (S"\ N)

topology is the dual group ofG, and the map p-> ps is the map p -> pa followed by

the natural embedding of M(G) in M(S).

Proof. Note that if S is a group, then each element of S~ is a character of S,

and S~ is also a group. In fact, with the (S"\ N) topology, S~ is an l.c.a. group.

Let G be its dual group. It follows that S is the Bohr compactification of G, since

S is compact and has dual group S~ (cf. [5, Chapter 1]).

For each pe N, the function p~(f) = \fdps is continuous on S~ in the (5", N)

topology. Furthermore, if p = 0 then ps^0 and so p~ is a positive definite function

on the group ST. It follows from 1.4.3 of [5] that for each peN, there exists

paeM(G) such that p~(f) = ¡sfdps = l0fdpa = Pa(f), where we consider G as

embedded in S. The map p-> pG embeds A as a subalgebra Na of M(G), and the

map p -> ps is just /i ->■ pa followed by the natural embedding of M(G) in M(S).

Since Ns = {ps : p e N} is an F-subalgebra of M(S) (cf. Theorem 2.3 of [10]),

it follows that NG is an F-subalgebra of M(G).

Note that the maximal ideal space of NG is the dual group Y of G, since T is

just S~ with the (S"\ N) topology. Hence, Theorem 1 implies that

L(G) c Na c (F(G))1'2.

Conversely, if N can be embedded as an F-subalgebra NG of M(G) for some G,

and F(G)<=/VGc(L(G))1/2, then Theorem 1 implies that the dual group F of G
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is the maximal ideal space of N. It follows that the Bohr compactification of

G is the structure semigroup for N. This completes the proof.

Recall from §1 of [10] that the notation p±y means p. and v are mutually singular.

If N is an L-subspace of a convolution measure algebra M, then N1 = {pe M : p±_v

for every v e N}, and M= N © N1.

Let M be a semisimple convolution measure algebra with structure semigroup

S, and let Kp and Np be as in Definition 2.1.

Lemma 2.1. If p is an idempotent of S for which Nv^(0), then

(a) there is an open-compact prime ideal Jp^S such that Kp is the kernel (minimal

ideal) ofS\Ip;

(b) if Mp={pe M : ps is concentrated on S\IP}, then Np is an ideal of Mp and

Mp is an ideal of M.

(c) The structure semigroup ofNp is Kp.

Proof. If Np t¿ (0) then we can choose a nonnegative measure p e Np with

\\p\\ = l. Let Ap={feS~ : p~(f) = l}. Clearly Ap is compact in the (S"\ M)

topology. Furthermore, fe Ap if and only if fe S~ and /= 1 on carrier (fj.s). It

follows that Ap is closed under pointwise multiplication. Pointwise multiplication

is a separately continuous operation on S~ in the (S~, M) topology (cf. [10, §3]).

Thus, Ap is a compact topological semigroup with a separately continuous opera-

tion. This is enough to imply the existence of the kernel for Ap and an idempotent

■n in this kernel (cf. [4, Theorem 2.3]). If/e Ap then/is in the kernel of Ap if and

only if l/l =ir. It follows that forfe Ap, \f\tr= \fr\ =n.

If Jp = {s e S : 77(í) = 0}, then Jp is an open-compact prime ideal of S (cf. [10,

Theorem 3.2]). Since p is concentrated on Kp and p~(tt) = 1, it follows that Kp <= S\JP.

Let q be the idempotent in the kernel of S\JP. Since p e KP<=S\JP, we have pq=q.

If pj=q then there exists feS~ such that f(p)¥=f(q). This implies that f(p)=\ and

f(q) = 0. However, iff(p)= 1 then |/| = 1 on Kp and \f\eAp. Hence, |/|i7 = 77.

This is impossible since i7(<jr)=l. Hence, p = q and Kp is the kernel of S\JP. This

completes the proof of Part (a).

Part (b) follows immediately from Part (a). In fact, if p e Np and v e Mp, then

ps is concentrated on Kp, vs is concentrated on S\JP, and ps ■ vs = (p. ■ v)s is concen-

trated on Kp since Kp is an ideal of S\JP. Thus, p-ve Np, and Np is an ideal of Mp.

Clearly, Mp = {p e M : p.s is concentrated on Jp}. It follows that Mp is an ideal

of M.

To prove that Kp is the structure semigroup of Np, we must verify that conditions

(1), (2), and (3), listed at the beginning of this section, are satisfied. Since S~

separates points in S, the restrictions of elements of S~ to Kv separate points in

Kp. Hence (3) is satisfied. Let « be a multiplicative linear functional on Np. We can

extend « to a m.l.f. «' on Mp by setting h'(v) = h(p-v)/h(p) for some p e Np with

h(p)^0. If v e M we can write v uniquely in the form p+w, where p e Mp and

cu e Mp. We set h"(v) = h'(p). It follows that h" is a m.l.f. on M which agrees with
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A on Np. Since S is the structure semigroup of M, there exists feS~ such that

h"(v)=tfdvs for every v e M. The restriction off to Kp is an element of Kp which

yields the m.l.f. A on Np. Hence, condition (2) is satisfied.

To complete the proof of (c), we must show that (1) is satisfied, i.e., that

(Np)s = {ps : p e Np} is weak-* dense in M(KP). We have that Ms is weak-* dense

in M (S). Since S\JP is both open and closed, it follows that (Mp)s is weak-* dense

in M(S\JP). Let K'p he the smallest closed subset of Kp on which every element of

(Np)s is concentrated. We must show that K'P = KP. Note that K'p is a compact

semigroup, since Np is an algebra. It follows that K'p is a compact subgroup of Kp.

If A = {seS : sK'pcK'p}, then A is a compact subset of S\JP. If K'P^KP then

A^S\JP. However, since Np is an ideal of Mp and every element of (Np)s is con-

centrated on K'p it follows that every element of (Mp)s is concentrated on A.

Hence A = S\JP and K'P = KP. This completes the proof.

In combination with Theorem 2, the above result yields the following:

Theorem 3. Let M be a semisimple convolution measure algebra with structure

semigroup S. Let p be an idempotent of S and let Kp and Np be as in Definition 2.1.

If Np^(f)), there is an l.c.a. group Gp, having Kp as Bohr compactification, such

that Np can be embedded in M(GP) so that L(GP)<=NP<=(L(GP))112.

Theorem 3 gives a fairly good picture of the space Mx = ~2,p = p2eS ® Np. We do

not have satisfactory descriptions of the spaces M2 and M3, however. The charac-

terizations given in the next two lemmas are almost restatements of the definitions

of M2 and M3.

Let / be a semicharacter in S"\ If pe M, then there is a function fu eLx'(p)

such that f(v)=( fdvs = \fu dv for every measure v which is absolutely continuous

with respect to p. If M=M(G) then, since / determines a multiplicative linear

functional on M, {fu}ueM is a generalized character in the terminology of Sreïder

in [6]. The properties of/, as a function in Lx(p) are determined by the properties

off as a continuous function on carrier (ps)^S. In fact, it follows from Theorem

1.2 of [10], that the map/^/w preserves pointwise multiplication and conjugation.

Furthermore, ||/«|U = sup {|/(i)| : s e carrier (ps)}.

Lemma 2.2. Ifp e M then pe M2 if and only if

(1) for every fe S", \fß\2 = |/„| ; and

(2) if E is any p-measurable set which is not a set of p-measure zero, then there

exists fe S~ such that {x e E : \fu(x)\ = 1} and {xe E : \fu(x)\ =0} are both sets of

nonzero p-measure.

Proof. By Lemma 3.4 of [10], s e Kif and only if |/(í)|2 = |/(i)| for every fe S~.

It follows that condition (1) of the lemma is equivalent to p being concentrated

onl

Similarly, if s, t e K then s and / are in different maximal groups if and only if

there exists fe S~ such that/is one at one of these points and zero at the other.



1969] L-SUBALGEBRAS OF M (G) 111

It follows that condition (2) of the lemma is equivalent to the statement that no

measure absolutely continuous with respect to p. is concentrated on a single maximal

group. This, in turn, is equivalent to \ps\(Kp) = 0 for each/?. The proof is complete,

in view of the definition of M2 (Definition 2.1).

Lemma 2.3. If p e M then p e M3 if and only if given any p-measurable set E,

not of p-measure zero, there exists feS~ such that {xeE : 0< |/„(x)|< 1} has

nonzero ^-measure.

Proof. This follows immediately if we note that, for s e S, s e S\K if and only

if there exists fe S" such that 0 < \f(s)\ < 1.

If fe ST, /£ 0, and peM, then the function z -> pT(f*) = ¡p dps = J (ff dp

is analytic for Rez>0 (cf. [10, §3]). This function is nonconstant provided

{x : 0</B(x)< 1} has nonzero ¿i-measure. Thus, Lemma 2.3 illustrates that, for a

measure p in M, p~ behaves like a nonconstant analytic function on a portion of

S~ provided p has a nonzero projection on M3.

We now interpret the preceding results in the case where M=M(G) for some

l.c.a. group G.

Lemma 2.4. Let S be the structure semigroup of M(G) and let p be an idempotent

of S. If Np=/=(0) then there exists an l.c.a. group Gp and a continuous isomorphism

ß ofGp onto G, such that Np=ß(L(Gp))112, where ßp(E)=p(ß - \E))for p e (L(GP))112.

Proof. By Theorem 3, we may embed L(GP) in Np through an isomorphism ß

which is order and norm preserving. Furthermore, ßL(Gp) is an L-subalgebra of

Np and, hence, of M(G).

Recall from Lemma 2.1 that Np is an ideal of an L-subalgebra Mp, with Mp

an ideal of M(G). It follows that Mp must contain all discrete measures in M(G).

From this it follows that Nv is a translation invariant subspace of M(G). However,

ßL(Gp) is an ideal of Np and so ßL(Gp) is also translation invariant. However, any

nonzero-translation invariant L-subspace of M(G) is weak-* dense in M(G). Hence,

ßL(Gp) is weak-* dense in M(G).

By the results of §4.6 of [5], the map ß has an extension to an isomorphism

ß: M(GP) -*■ M(G) which is also norm and order preserving. It follows that there

is a continuous isomorphism ß: Gp-^ G such that ßp(E) = p(ß~ 1(E)) for p e M(GP).

Since ßL(Gp) is translation invariant in M(G), we have that ß is onto.

By Theorem 3, we have that ßL(Gp)^Np^ß(L(Gp))v2. However, recall that

Np = {p.e M(G) : ps is concentrated on Kp}. It follows from Theorem 3 and

[7, Lemma 1], that if p. e ß(L(Gp))m, then ps is concentrated on Kp and, hence,

p e Np. Thus, Np=ß(L(Gp)Y12. This completes the proof.

Since the map ß: Gp-> G, of the above lemma, is a continuous isomorphism

onto, the group Gp differs from the group G only in that it possess a possibly

stronger topology. Let ff be any topology on G such that (G, ¿F) is an l.c.a. group

and the identity map i:(G,iT)-^G is continuous. Note that M(G,3~) and
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L(G, 3~) may be considered F-subalgebras of M(G). Also, the space M(G, 9~)1

consists of all measures in M (G) which are zero on every ^"-compact set in G,

and is an ideal of M(G). Note that L(G, F) is an ideal of M(G, F). Let (L(G, 3T))112

denote the intersection of all maximal ideals of M (G, 3P) containing L(G, J~).

In view of Lemma 2.4, the decomposition given in Lemma 2.1 (b) may be described

as follows : Let p be an idempotent of S for which Np ̂  (0). There exists a topology

<T on G, of the above type, such that MP = M(G, 3~), NP = (L(G,3T))112, and

M^ = M(G, Fy = {p e M(G) : p(A) = 0 for every ^-compact set A}.

A great deal of work has gone into the problem of constructing "strange"

multiplicative linear functionals on M(G); i.e., multiplicative linear functional

which behave differently than group characters (cf. [1], [2], [6], and [9]). These

results usually involve constructing special kinds of measures on special kinds of

subsets of G. Our final theorem is a general existence theorem for "strange"

multiplicative linear functionals on M(G).

Theorem 4. Let Mx(G) = Jisr(L(G,3r))112, where 3~ ranges over all topologies

for which (G, 9~) is an l.c.a. group and i: (G, .T) -> G is continuous. If pe M(G)

and p_\_Mx(G), then, for each Bor el set E^G with |f¿|(F)^0, there exists a multi-

plicative linear functional f on M(G)for which

{geE: |/„(g)| > 0}   and   {g e E : \fu(g)\ < 1}

both have nonzero \p\-measure.

Proof. This follows directly from Lemmas 2.2, 2.3, and 2.4 and the fact that

M(G) = MX®M2®M3.

Let $~ he a topology of the above type on G. By Lemma 1 of [7], we have

pl_(L(G, 3~)y2 if and only if pn_\_L(G, 3~) for every «. Hence, the conclusion of

Theorem 4 holds provided pn\_L(G, ¿7~) for every « and every 9~.

Note that for many groups G, there are very few topologies 5" on G of the type

described in Theorem 4. For G = R there are only two—the ordinary topology and

the discrete topology. Thus, we might interpret Theorem 4 as indicating that

"strange" multiplicative linear functionals are the rule rather than the exception.

For a study of varying topologies on a group G, we refer the reader to [11].

We close this discussion by posing a question.

Question: Are there l.c.a. groups G for which M2(G)^(0)? (Cf. Definition 2.1.)

It follows from the work of Hewitt and Kakutani in [1], that M3(G)^(0) for

every nondiscrete group G.
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