CHARACTERISTIC CLASSES FOR
MODULES OVER GROUPS. I

BY
L. S. CHARLAP AND A. T. VASQUEZ(?)

Suppose @ is a group and M is a module over the integral group ring of ®. Then
the homology groups, H(M), are also ®-modules. The usual method of seeing
this is to use the standard resolution, S, of Z for M because the summands, S,
are ®-modules themselves, and the boundary map is a ®-homomorphism. How-
ever, this complex is a very cumbersome one, and one would like to see if the
action of ® on H,(M) can be obtained from an arbitrary resolution.

Let D, be any resolution of Z for M. The obvious question to ask is whether one
can make D, into a @-module in any natural way. One of the results of this paper is
to show that this can not be done in general. It is the obstructions to this which
give rise to the characteristic classes of the title.

The first section develops the notion of a ®-system for D, which is an approxima-
tion to an action of ® on D;. One part of a ®-system is, for each i and 0 € ®, a
Z-homomorphism A4,(¢): D; — D; which is a chain map and satisfies an appropriate
semilinearity condition. The point is that A4,(c) o 4,(7)# A,(e7) in general. It is
easily seen, however, that they are chain homotopic, and it is such a chain homo-
topy Ui(o, 7) between A4(c) o Ai(7) and A,(or) which is the other part of a ®-system
and measures the obstruction to the existence of an action of ® on D;.

If the complex D, is reasonable, these obstructions can be described as follows:
For each o, 7 € @, U(o, ) € Hom (D,, D, ,) defines an element in

Hom (H(M), H,, (M))

which is H{(M, H,,,(M)) if the final (unwritten) coefficients are nice enough. This
can be thought of as defining a nonhomogeneous 2-cochain w!*! for ® with
coefficients in H(M, H;,,(M)), »'*! turns out to be a cocycle and its cohomology
class

o+ H(M) € HY(®, H(M, H,,,(M)))
is what we call the ith characteristic class of M. v'(M) depends only on ®, M, and
the action of ® on M.
These algebraic characteristic classes satisfy a naturality condition similar to the

one satisfied by topological (e.g. Stiefel-Whitney) ones, and if M is Z-free, there is
an analogue to the Whitney sum theorem.
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Although the original approach to characteristic classes in topology was via
obstructions, another method is to use the spectral sequence of a fibration. The
algebraic characteristic classes admit a similar interpretation. In §3 we show that if
E? is the Hochschild-Serre spectral sequence for the split extension of M by @,
then the map d5? is simply obtained by forming the cup product with the class
v'(M). In [3] we have shown that d, for an arbitrary extension can be computed by
adding the cohomology class of the extension to v?(M), and then taking cup
products. ‘

A good part of the paper is devoted to computing characteristic classes in
particular cases. We exhibit some cases for which these classes are nonzero,
including cases in which M is Z-free.

Our main general theorems are that if M is Z-free, then 20 (M)=0 and if
v¥(M)=0, then v'(M)=0 for all i.

In later papers we hope to examine the case where M is finite and to investigate
higher order characteristic classes.

PART I. THE GENERAL CASE

1. Our starting point is a pair of groups ® and M and a homomorphism
¢: ® — the group of automorphisms of M. For notational convenience, as is
customary, we will suppress ¢, denoting ¢(o)(m) by the simpler - m.

Let R denote the group ring, Z[M ], of M. Let (D, 04) be a projective resolution
of the trivial M-module Z.

7 €

Dn Dn-l e Do Z 0

Recall that if I' is an R-module, then H*(Homy (D,, I")) is denoted by H*(M, R).
DEFINITION. A ®-system for (D,, 9,) consists of two sequences of functions as
follows:

A,: ® > Hom; (D,, D,) and U,: ®x®— Homz (Dy, Dy.,)

subject to the conditions listed below:
(l) anAn(a)=An—l(a) am nz 1’
(i) edo(o)=¢,
(iii) “A,(o) is o-linear™, i.e.

A(o)(r-d) = o(r)- A,(0)(d) forde D,andreR = Z[M],

(i") On41Un(o, 1)+ Upnyi(o, 7) Op= An(o7)— Ap(0) © An(7), n21,
(ii") 9,Uq(0, 7)=Ao(07)— Ao(0) ° Ao(7),
(iii") Uy(o, 7) is or-linear.
REMARKS. 1. A4, is not a homomorphism, i.e. A,(a7)# A,(0)+ Au(7).
2. Intuitively we would like to think of A4, as defining an action of ® on D,. This
is not what happens in general, i.e. 4,(o7)# A4,(0) o Ax(7).
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3. The homomorphisms A4,(¢) € Hom; (D,, D,) are Z-homomorphisms and not
R-homomorphisms. Rather they satisfy the semilinear condition (iii). Similarly for
U,.

ExAMPLE 1. Let (S,, 2,) be the standard resolution, i.e. S,=the free abelian
group generated by the set M x --- x M (n+1 times). Then a ®-system cen be
defined by the equations

A (o)(m, ..., my) = (a(my), . .., o(m,)).

In this case, of course, A,(o7)=A,(c)4,(7) so we can take U,=0. We should
remark that in many cases the U,’s are more significant than the A4,’s. One can
think of the U,’s as representing the obstruction to finding an action of ® on D,.

Note that if Dj denotes D, with a new R module structure given by m o x,
=o(m)x,, then A,(¢) € Homg (D,, D3). This observation reduces the proof of
the following proposition to the standard ones.

PROPOSITION 1. ®-systems exist for any such (Dy, 0y).

EXAMPLE 2. LetZ, act on Z; by o- =17 where ¢"=1 modulo s. Here o and ¢ are
generators of multiplicative groups Z, and Z; of orders r and s respectively.

LetA=1—-te R=Z[Z), N=1+t+---+t"'eR,and a=1+t+---+19-1 ¢ R.
Then it is well known that there is a resolution of Z as follows:

81 &
D, D, zZ 0

where D;=R, &(t)=1, 03, 1(1)=A and dy(1)=N. It is trivial to verify that A,(o)
may be chosen such that

Aa(0)(1) = o, Ageia(0)(1) = o¥*1,
Define A,(o’)=i-fold iteration of 4,(c) for 0= i<r. It is convenient to let p=g"~/s.
LemMA. Let U, € Homy (D, D, ,) be defined by
Uy =0

rk+1_1
Usiesr(1) = _'—(q) R € R.

Then 0, U, + U, _, 0,=A,(0) —identity (n21) and 8,U,=0.
Proof. This reduces to establishing
k-1 .
@1y - (ao)-iaD)

Now A3(0)*(1) = Azi(0)(e*) = Aai(0)(@* - 1) = 0(a*) Az (0)(1) = o(e*)a¥, etc. Thus
(Azi(o) —id)(1)={0" (&) - - o(ax)a}*—1; thus we must show that

B—1 = ((9)—1-N)s,
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where B=0""Ya) - -0(a)-a € R. But ¢,8=0,4,(c)(1)=A(0) 0,(1)=0,(1), i.e.
AB=A. So AB¥=A. Thus A(B*—1)=0, or p*—1eKerd,=Im d,={nN|neZ}.
But then 8¥—1=n.N for some integer n,. Applying the ring homomorphism
e: R — Z we conclude that

eB)—e(l) = n,e(N) or (¢Y—1=ns.

This completes the proof of the lemma.
It is easy now to see how to choose U,(o', o). In fact we may choose

Uy d',d’) =0 ifi+j<r

(1) i o
= A,(c'*)o U (1) fi+j2r.

Returning to the general theory we suppose that I' is both an M-module and a
®-module such that

a(m-y) = o(m)-oly) Voe ®,me MandyeT.

Then we can extend A, to Hompg (Dy, I') by (A4.(0)-f)(xn)=0(f(Au(0c™)x,)).
The following is readily verified.

PROPOSITION 2. The above map induces an action of ® on H"(M ; T'). This action
is independent of the ®-system and of the particular resolution (Dy, 0y).

Of course there is entirely analogously an action of ® on H,(M, T') (i.e. on the
homology of D, ®; I'). We will denote by o,(x) this action of o on x € H,(M, T").
This action is usually defined via the complex (S, 04) of Example 1 (see e.g.

[4D).

2. Characteristic classes. Let k be a principal ideal domain on which M acts
trivially and assume further that H,(M, k) is k-projective. (It seems likely that this
assumption is unduly restrictive but it is convenient.) Thus from the universal
coefficient sequence we know that H"(M, A)~Hom, (H,(M, k), A) where A is a
k-module on which M acts trivially.

We remark that these assumptions are automatically satisfied in two important
cases:

(a) k is a field,

(b) M is a finitely generated free abelian group and k=Z.

We will omit specific references to k in much of what follows.

Let f* € Homg (D,, H,(M, k)) be a cocycle representing the cohomology class
corresponding to the identity map in Hom, (H,(M, k),H.(M, k)). 1t is clear that
A,(o)-f™ represents the same cohomology class, so for each o € @, there is some
Fr-1eHomg (D,_,, H(M)), such that A,(o)-f"—f"=F}"19,. Define u*(o, 7)
€ HomR (Dn-ls Hn(M)) by

Q) w0, 7) = Ap-r(0) FF T = F3T 4+ F3 7 (0, D)alf"Un-a(r7%, 07 1))
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LEMMA. u™(o, 7) is a cocycle and hence defines an element w"(o, ), of
H*~Y(M, H,(M, k)).
Proof.
8" 1y™(o, 7) = u(o, 7) 0,
op F? 14, _1(07Y) 0, +F* 1 0,+Fr1o0,
F(@D)af (= 0xUn(772, 07 ) = Au(r7 ) A(07 ) + Au(r7107Y))
ox(An(7) " —fM)A(0™ )= F3 0, + 31 0,
H{=(0n)af"An(77 ) Anl0 ™) + Ap(o7) -/}
= 0y Tyf"Au(7 ") An(07 1) = Au(0) f* —{An(07) -f* 1"}
+H{Au(0) f* ="} +{ = (07)S"An(r ™) An(0 ™) + Ap(07) -/}
= 0.

THEOREM 1. The function w": ® x ® — H*~X(M, H,(M, k)) is a ®-cocycle and
represents therefore an element v* € H¥(®, H"~ (M, H, (M, k))).

Proof. (8w™)(a, 7, p)=A.(0)o-w™(7, p)—w™(oT, p)+w™(o, Tp) —w™(0, 7). We work
of course with a representative cocycle. Such a one is obtained by replacing w by u.
After expanding and cancelling many pairs of terms we obtain the expression

oTF} Y (An-1(r" ) Ap-1(07 ) = Ay _1(v7 07 Y))
+01pf " (Un-1(p™!, 77N An-1(0™) = Up_a(p™, 7710 7)
| +Up_s(p~ 171, 0~ —01f U, _y(v72, 0™ Y)).
Using property (i') of ®-systems the first term becomes
—0TF; M0 Upn-1(77 0™ )+ Up_o(r71, 071 9,_1)
= —or{pf"A(p™")—f"}U,_1(r"*, o~ })+a coboundary.
Thus except for a coboundary the whole expression becomes, except for sign,
+orpf ™M An(p ™ YUn-1(77 07 ) = Up_a(p ™, 77D Ap_a(07Y)
+Una(p™ 170" ) = Up_s(p~ 771, 07}
If we rewrite this as o7pw" (o, 7p), a direct computation shows that
Opy 0" '+w""29,_;, =0 and 9,0° =0.
Since D, is a projective resolution it follows that for some (a7p)~!-linear functions
B, e Hom (D,, D,,,) wehave d,, :B,+ B, _; 9,=w"and 0,B,= °. Taking account

of the fact that /™ is a cocycle, this shows that the whole expression is a coboundary
and thus (8w")(o, 7, p)=0€ H"~}(M, H,(M, k)) which was to be proved.

THEOREM 2. The cohomology class of w" depends only on the homomorphism
¢: ® — Aut (M). More particularly, it is independent of the choice of f*, F*~1, the
®-system and the particular resolution D,.
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We omit the proof since it is even more tedious than the previous ones, and no
more difficult. We suggest however that the effect of the various choices be
considered one-by-one.

DEFINITION. The cohomology class of w™ in H%(®, H*~YM, H,(M, k))) is called
the nth characteristic class. It is denoted v"(M) or sometimes simply v".

Naturality. Let h: ® — ® be any homomorphism. Then @’ acts on M via 4 and
the action of ® on M. For notational convenience we denote by M’, M with this
action of @'. Thus v®(M')e H¥(®', H*~Y(M', H,(M', k))) are defined. It is trivial to
see that 4 induces a homomorphism.

h*: H¥(®, H"~Y(M, H(M))) - H¥®', H*"Y(M', H,(M")))
and to prove the following proposition.
THEOREM 3 (NATURALITY). A*(v"(M))=v"(M").

EXAMPLE 2 (Continued). Wechoose k=Z,. Thus D, ® Z;=R Qp Z,~Z and
0, ® 1=0. Thus H(Z,, Z,)~ D, Qg Z;=~Z, for n=1. It is clear that y,=1 ® 1
€Z, ®Z, is a generator and that o,(ys)=A(0)(1) @ l1=c* R 1=0*"1 Q¢q
=---=1 ®¢"=¢*1 ® 1=¢*ys. Similarly ou(yaes1)=9"*'y2ks1. Now f"e
Homg (D,, H,) is characterized by f"(1)=y,. By definition Ag(o~1)-fF* =0y
o f2* o Ay,(0) and so its value on 1 is o5 f2(o*- 1) =05 (" yar) =Yar; i-6. Ag(0™?)
fP=f2%_ Similarly A4,(c¢")-f"=f" so FF~'=0 is legitimate. Thus u"(c!, /)=
—attifro U, (07!, 077). Thus we conclude that v***'=0 (since Uy=0). To
compute further however we must determine the ®-module structure of
H""Y(M, H(M))=Hom (H,_,, H,) in this case. It is easy from the above to see
that for even n, o acts trivially while for odd n, o, is multiplication by ¢. The next
task is to describe H%(®, H*~Y(M, H,(M))). Since ® is cyclic in this case we may
make use of the fact that H%(®, 4)=A%/Z- A, i.e. the quotient of the fixed elements
by the image of £ where E=1+0+0?+ - +0" "L If w®x®d—> 4 is a two-
cocycle representing an element {w}e H%(®, A) then it is readily verified that
S>123 w(o, o) € A® and represents the corresponding class in A®/ZA. Our attention
is therefore focused on

rofok 2%k g =1 5
U*f U2k-1=f Uge—r = s f .

Putting everything together
vzk € H2((I), H2k_ I(Ma H2k(M)))=Zs/r'Zs

and corresponds to —(¢g™ —1)/s. Now it is easy to see that if (¢"—1)/s=p then
(g*=1)/s=k-p mod s.

Summarizing. 1f Z, acts on Z, by o(t)=1t* where g"— 1 =ps then v**!=0 and
v2* € h¥(Z,, H¥*~Y(Z,, Hy(Z,)))~Z,|r-Z, corresponds to —k-p.

In the special case r=2, s=8, g=5 we conclude that v*"*2#£0 for any m while
all others are zero.
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We remark that this shows that one cannot find a ®-system A;, for the complex of
the example satisfying Ap(or)=As(c) o Ax(r). For then U,_,=0 would be
permissible and then v*=0 would be a consequence.

3. The second differential. Let G =the semidirect product of M and ®. Thus M
is a normal subgroup of G with quotient ®. Indeed we can represent each element,
g, of G uniquely as a pair (m, 0) € M x ®. The multiplication in G is then

(my, 61)(my, 05) = (my+01(my), 010,).

Hochschild and Serre have shown in [4], that if B is some appropriate coefficient
group, there is a spectral sequence
EP%(B) = H"(G; B),

where EZ'%(B)= H?(®, HY(M, B)).

In [2] and [3], the present authors found an interpretation of the second differ-
ential in this spectral sequence (actually the emphasis there is the comparison of
this spectral sequence with those of other extensions of ® by M). We wish to recall
that proposition and to relate the characteristic classes with the differential.

First fix an integer n. The universal coefficient theorem gives

HY(M, k) ~ Hom, (H(M, k), k).
Thus H*(M, k) and H,(M, k) are paired to k. This induces a cup-product pairing of
spectral sequences as follows:
E}"q ® E,’."""" — E,"‘”""“'"

where

Epe = EP(HY(M, k)

Epe = EP(Hy(M, k)
and

E?* = EP(k).

In particular E9-¥ ~ Ho(®, Hom, (Hx(M, k), Hy(M, k))). This group contains an
element f¥, which corresponds to the identity in Hom, (Hy(M, k), Hy(M, k)).
Note also that E3-°= H?(®, HY(M, H¥(M, k))) is isomorphic to H*(®, H¥(M, k))
=EZ'¥. Calling this isomorphism 6, Proposition 2.2 of [3] can be stated as follows.

PROPOSITION 2. Let y € E3'N then

©) dy(x) = (=1)"0(x) Y do( ™).

We should remark that this is not at all deep; it is confusing due to the super-
abundance of notation. The significance of it is that it “reduces” the computation
of d, to that of dy(f¥) e H¥(®, HY (M, Hy(M, k))). The following proposition
can be interpreted as giving a computational hold on dy(f").



540 L. S. CHARLAP AND A. T. VASQUEZ [March
THEOREM 4. v¥(M)=dy(f").

Proof. The proof of Theorem 6.1 of [3] shows that, using the standard complex
(S, 04), do(f™) is represented by the cocycle

Y™o, ) = Ap_1(0)- F7 ' = F}7 '+ F3~* € Homg (Sy -1, Hy(M)).

For this complex U, =0 is permissible. Thus { YV} ={u"}.

We remark that our interest in the classes vV stems from this theorem. One
would hope that it would give some information about H*(G, k) (which it does).
However, the proposition can be turned around to give us information about v".
The proposition below is such a situation.

ProrosITION 3. v!}(M)=0.

Proof. Since d,: E3'* — E%°is such that v'(M)=d,(f') we see that v* #0 implies
E2°#£E2° But E%°(B)=E%}°(B)/dy(E3Y(B)). Also EY-°(B)=H"(®,, H(M,B))
~ H™(®, B). Under this identification indeed

*

E™9(B) ~ Tmage (H"(®, B)——> H™G, B))

where = is the canonical projection from G to ®=G/M. Since there is a homo-
morphism p: ® — G such that mp=1,, it follows that #* is a monomorphism and
hence that E%%(B)=E%°(B). Thus we conclude that d,E2-*(B) — E2'°(B) is zero.
For appropriate choice of B this gives dy=0.

PARrT II. THE FREE ABELIAN CASE

1. We assume throughout Part II that M is a free abelian group. We will special-
ize the preceding by choosing k£ =Z although that is not strictly necessary for much
of what we do.

Our first task is to describe a particular resolution (D, 04). Let {m;} i € J be an
indexed free basis for M. Let N=a free (R=Z[M]) module on symbols {X;} i € J.
It is well known that there is an acyclic resolution of Z via R-free modules as
follows:

(4a) D,=AEN, n=0.

(4b) : Do=R —> Z satisfies e(m)=1 Yme M.

(4c) 0,: D, — D, satisfies 0,x;,=m;—1 € RVieJ.

(4d) O (XA Y)=0, XA Y+(—1)"XA0O,Y for Xe D, and Y e D,,.

Clearly 0 ® id=0and so H,(M, Z)~ D, Q@ Z=A"(D; ®; Z)= A"M. The multi-
plication in D, corresponds to Pontrjagin multiplication in H,(M). We will
exploit this multiplicative structure below.

THEOREM 5. 20%(M)=0 for free abelian groups M.

Proof. Consider fe Homg (S;, Ho(M)) where f(1, my, my)=m; Amg € A°M
~ H,(M). The lemma below shows that fand —2f* are cohomologous, i.c., there



1969] CHARACTERISTIC CLASSES FOR MODULES OVER GROUPS. I 541

is an h € Homy (S,, H,) such that f= —2f2+ 8h. According to equation (2), in this
case, v? is given up to sign by o F!— F},+ F} where 8F}=o-f2—f2. Since o-f=f
we conclude that 0= —28F!+8(c-h—h). Thus we may define g, € H(M, Hy(M))
by g,=the cohomology class of —2F}+o-h—h. Now it is clear that

(%g)(o, 7) = 0-gr—gor+go = —2{e- F}—F},+ F3}.
Thus 20%(M)=0.

LEMMA. f represents the class in H%(M, Hy(M))~Hom (HyM), Hy(M)) corre-
sponding to twice the identity map.

Proof. We construct part of a chain transformation ¢: D, — S,. Choose
$o()=(1), $:1(X))=+(1, m) € S;, and
¢2(’Yi1 A ‘Xiz) = +(1’ mip miz)_(mip mi2’ mip mig)

for i, <i, relative to some ordering of J. It is readily verified that 0,4,=¢,0,,
0,41 =¢0,, and ep,=e. It is also trivial that fis in fact a cocycle. Thus the co-
homology class is determined by fé.e : Homg (D,, Hy(M)). Now (féo)(Xi, A X,)
= +my, Amy,—(mi;'my,) Am,= +2m; Am;,, then +f$, represents twice the
identity.

We will see later that this implies 2v™(m)=0 for all n.

For the moment we record the following trivial facts.

PROPOSITION 3. Let A,, U, be any ®-system for (D, 94). Then we may choose
F,=0 for all o € I and consequently

wn(o, T) = +{0*1.*fn Un— 1(7_19 0_1)}

is a representative for v™(M). Since f*: ARD, — H,(M) is R-linear and M acts
trivially on H,(M), f™ actually factors through the canonical projection

Ale — Ale ®R Z = An(Dl ®R Z) = AnM = Hn(M).

So does A,(o)-f™ and in fact they both correspond after the canonical projection to
the identity map. Hence they are equal, and so F,=0 is appropriate.

PROPOSITION 4. There is a ©-system {A,} for the above complex satisfying
(4e) Ao(o)m=0(m), me McR=D, and o € I, and
) Ay ()WY, AY,)=A(0)Y, AAy(0)Y, for Y, € D, and Y, € D,

Proof. Choose A, as prescribed by (4e). Choose A4,(o) so that A4 is o-linear and
such that 0,4,(6)=A(c) ;. Then define A (o)} X1 A - - AXp)=A4:1(0)XA---
AAi(0) X,

Slightly less trivial is the following: Choose an ordering of the index set J.

PROPOSITION. There is a collection of U,(o, 7) satisfying

(4g) Uy(o, 7)=0 and

(@h) Un(o, X A - - AX)=Un_s(o, X A - - A XG, 2 ) A Ay (0)Ai(7) X,
+(—1)n_1An_1(U, T)(A’tl A A X‘n-l)/\ Ul(o', T)X;nfor i1<i2< e <in.
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Proof. Choose U, as specified and let U,(o, 7) be any or-linear function satis-
fying 0,U(o, 7)=A,(0, 7)— Ay(0)- A;(7). Define U, for n=2 by the formula
above. We now inductively verify that 0,,,U.(o, 1)+ U,_1(0, 7) On=A4,(0, 7)
— A(0)Ax(7).

For convenience we omit most of the complication in the subscripts.

(an+1Un+ Un—l an)(Xl AR Xn)

= Oy (= D" A(o, )X A - - A X)) A UL(XD)
+Una(Xy Ao A Xy 1)Ay(0)A1(7)(X5)
+ Un—l(an—l(Xl A A Xn—l)Xn+(_l)n_l(X1 AN Xn—l) aIXn)
= (=" Opya(Ao, T)(X1 A~ - A Xpog) A Ui(X3))
+anUn-—1(X1 AR Xn-l)Al(o)(Al(T)Xn)
F(=D"Un_1(Xy A= A Xy 1) (Ao(0)Ao(7) 01 X3)
+(—'1)n_2An—2(0’ T) On_1(Xy A2 A Xn—l)Uan
FH[Un_20n_1(X1 A--- A Xy20)]
(A1) Ax(N) X)) + (= 1) Un-o( X1 A -+ A Xpo1)Ao(07)01 X,).
Here we have made use of the fact that the 0,_,(X; A --- A X,_1)A X, is an al-
ternating sum of R-basis elements for which our formula defining U, _, is defined
and of the fact U, _, is or-linear.
Thus the expression becomes:
(=11 0n_s(A(o, WXy A -+ A Xuoy) A ULKG)
+(6U+ Ua)(Xl AN+ A Xn—l) A AI(U)(AI(T)X,,,)
+(_1)n_2’4n—2(0’ T)(an—l(Xl AN A Xn-l))Ul(Xn)

= (=140, 7) O r(Xy A+ A Xp1) A Uy X+ An_1(o7)(X1 A Xpoy)
-0,Us X,

+{An—1(°9 T)_An—l(o)An—l(T)}(Xl AN Xno1) A Al(a)(Al(T)Xn)
+(—l)n_2An—2(o9 T) an—l(‘Xl A A Xn-l) A UIXn
= An-1(0, Xy A+ A Xoo)(As(o, T) X5 — A1(0)(A2(7) X2))
+[An-1(0, 7) = An-1(0) A 1(DIX1 A - A Xy 1)Ai(0)(A1(7) Xy)
= An(o9 T)(Xl A A Xn)_An—l(a)(An-l(T)(Xl Ao A Xn-l))
- A:(0)(Ax(7) X,)
= A0, )Xy A A Xp)— An(0)(An_a(T)(Xy A A Xng) A Ay(7)Xn)
= {Au(0, 7)— An(0) © An(T)}(Xl Ao A X).

We remark that the above proposition depends crucially on the ordering of the
index set. Le., the formulae defining U, do not hold for an arbitrary product
YiA--- AY, where Y, € D,.

We use the following algebraic fact.
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PROPOSITION S. There are natural maps

J.: Hom (A*M, A2M) — Hom (A"~ M, A"M)

satisfying
Jn(F)er Ao A Xnz) = 2 (=1 g Aves A Xiog A F(0) A Xigy Ao A Xpoy,

Proof. It is clear that a similar map

J(F): Hom (A'M, A2M) — Hom (®"~ M, A*M)
exists. We need only verify that J,(F) annihilates elements of the form
X ®...®xi®x ®X ®)’1 ®®yk

where i+k+2=n—1.

It is clear since x A x=0 that all terms except perhaps two are separately zero and
since F(x) e A2M we have x A F(x)= F(x) A x.

Via canonical isomorphisms we may view J, as a homomorphism of ®-modules

Jo: H(M, H(M)) — H*~Y(M, H(M)).
THEOREM 6. (J,,1)+(v3(M))=0v"*{(M).
Proof. Using the ®-system as above and expanding on — we see that
—u** o, )Xy, Ao A X))
=2 (=11 Xy Ao A Xy A (f2Use, DX, )A -+ A Xy

Untangling the definitions gives the theorem.
We have the remarkable corollaries.

COROLLARY. v*(M)=0 iff v/(M)=0 for all n.
COROLLARY. 20™(M)=0.

COROLLARY. If @ is a finite group with an odd number of elements, then v*(M)=0
Sfor all n.

This last corollary gives a much more satisfactory explanation of the facts
alluded to in [2] concerning the integral representations of Z,,.

We remark, lest the reader become too optimistic, that v*(M)#0 in general.
An example is given below.

Together with the results of [3], these corollaries give a fair hold on the 2nd
differential in the Hochschild-Serre spectral sequence for any extension of a free
abelian group.

2. The direct sum theorem. We suppose, in this section, that a ®-module
M=M’@D M". We wish to express v'(M) in terms of /(M’) and v"(M"). In view
of Theorem 6 of the preceding section the critical case is v(M). A general formula
follows from that special case. It turns out to be surprisingly complicated.
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Recalling the canonical isomorphisms
AM @MY = @ A(M) Q M(M”)
itji=n

we see that HY(M', Hy(M"))~Hom (A*M’, A2M’) is a direct summand of
HY(M, H(M")), as is H (M, Hy(M)). In an obvious sense then we have the
following theorem.

THEOREM 7. v*(M' @ M")=v¥(M")+v¥(M").

Proof. Let R'=Z[M’] and R"=Z[M"]; then R=Z[M]=R" @zR". In fact
Dy= D, ® Dy,—for we may choose a basis for M’ @ M" that is the union of a
basis for M’ and a basis for M”. It follows that we may find 4;(c) and Uj(e, 7) for
D, in terms of the corresponding homomorphisms in Dy and Dj. The details
harbor no surprises and lead directly to the formula given.

For the convenience of the reader we formulate precisely the more general
formula. For this purpose we introduce the following notation:

C;: Hom (A'M’, A"**M") — Hom (A**'M, A**/+1M)
CiF)x ®y)=F(x) @y ifxe A'M'and ye AM"
=0 otherwise.
Of course we are making use of the canonical isomorphisms above.
Similarly we have
C;: Hom (A'M", Ai**M") — Hom (A7 M, AP+ +1M)
C/(F)x ®y)=(—1Yx @ F(y) ifxeA’M’and ye A'M"
=0 otherwise.
With this notation then we have the following formula.
THEOREM 8. 0" * (M’ @ M")=3,, ;=0 Cis(0'*} (M "))+ Cil(v/ 1 (M")).

The proof is immediate from Theorem 6 and the previous theorem.
EXAMPLE 3. ®=Z,+Z,, M=the group ring of ® modulo its invariant ele-
ments, i.e.

0—>zts 702 M—0

is an exact sequence of ®-modules with j(1)=2,eo 0.

Let ¢, and &, be generators of ® and define m;=p(s;) i=1, 2 and mz=p(e;¢2).
It is easy to see that relative to the basis (m,, my, m;) ¢, and ¢, induce the trans-
formations described by the matrices

-1 0o 0 0 -1 1
-1 0 1] and {0 -1 (VR B
-1 1 0 1 -1 0
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Let t;,=m;—1 € R=Z[M]. It is easy to see that

e(ty) = —{miy mz 't +mi mg 'mg Mty 4 mg g}
gy(tg) = t3
e1(t3) = ty

and hence that one may define 4,(e,) by

Ay(e)): Xy —{mimz X, +mi mz ' m3 Xy +m3 1 X5}
Xy Xs
X3 X,

Similarly one can show that the following is a permissible choice for 4,(e,).

A1(€2): Xll—> X3
Xo— —{mimz*mz X +m3m3* X+ m3t X}
X3|—> X1

A direct computation shows that both A,(e;) o Ay(e;) and A;(ey) o A;(ep)=the
identity map: D, — D,. (Recall that 4,(¢) is &-linear!)

We may choose A;(e;62)=A,(e1) ° 41(e;) and A4,(id)=identity. This completes
the computation of 4, in view of Proposition 4. It is now, of course, possible to
compute all of Uy(e, 7), but not all of them need be computed. Formula (7) gives an
explicit nonhomogeneous two-dimensional ®-cocycle with coefficients in
HY(M, Hy(M)) which represents v*(M). In view of the special choice of ® it is
possible to describe a two-dimensional cocycle much more efficiently.

Letting Q =Z[®] we may construct a Q-free acyclic resolution, T, of Z as follows:

a3 a2 31 €
o an_z @ Qal,l' (‘B Qa2_o —_—> an,l @ Qal'o _—> an’o _>Z"_) 0.

Here o, ; is a free generator of T;, ;. The maps in question are

e(a0.0) = 1’
011 ay,0 > (61— ey,
@1 +> (e2— D)y,
0a: ag o > (e1+ ey, o,
oy, > (61— 1)“0,1 —(e2— 1)051.0,

ag,2 > (g2t 1o,
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A chain map ¢, from this resolution to the standard nonhomogeneous resolution
(see [1] for terminology) is given by
Yoieao o> 1,
Pr: oy 0> [e1],
a1 > [e2],
Poi g 0> e, 1] +1, 1],
a1 > 1, &2] = [e2, &1,
a2 > [e2, 2]+ 1, 1].
It follows that if A is any nonhomogeneous 2-cocycle with coefficients in the
®-module A, then h o i, represents the same cohomology class. Then formula (7)
shows that v¥(M) € HA(®, HY(M, H,(M)) is determined by w? where
w? o hy(ag0) = —{e7er YfoUi(er, &1)+1-1-f,Us(1, 1)} € Hom (H,, Hy),
w? o oy ,1) = —{eg ez YfoUi(er, e2) —e3 'eg foUi(es, €1)},

and
w? o y(ag,0) = —{e3 ez foUi(ea, e2)+1-1-£2U (1, 1)}

In view of the remarks above that A4,(e)2=id we may choose U,(e;, &)=0. As
usual we may choose U,(1, 1)=0. Since A,(e,e;)=A;(e,)4,(e2) by definition we
may choose U,(e;, e2)=0. Thus our cocycle takes the form

og,0H>0,

oy, > {eg ter YoUi(ea, 1)},

o2 > 0.
We must now calculate U, (e, £,). We have
0,U, (&g, &1) = Aq(e061) — A1(e5) © Ay(e1)
= Ay(&,) o Ay(e3)— A1(e3) o Ay(e1).
A direct calculation shows that this right-hand side is the homomorphism
Xy > (mit—mi 'mg ) Xy +(1—mg ) Xz +(mi mg * —mams 1) Xa,
Xo=> (m3t = D)X, +(m3 mgt—m; )Xo+ (mumgz* —mz 'mz 1) X,
Xs—= (m7*mz*mzt —mi*mz )X+ (mg 'mg ' —my *mz 'mg ') X, 40,
and thus one can choose U, (e, ¢;) to be
Ui(eg, £1): Xo—~0 —mi*mz*X; A Xa +mg'Xy A X,
Xo—~0 —m3'X, A Xg —mz'mz'X; A X,
Xs— —mI'mz'm3*X; A X;+0+0.
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Consequently if we identify H,(M) with A'M
¢ = extes YfoUi(ea, &) my >0 +my A mz+my A ms,
me—>0 —my A mg—my A mg,
mgz—> —m; A ms.

Summarizing. v¥ (M) e H¥(®; Hom (A'M, A2M)) is given by the cocycle
sending a3 o and o, to zero but sending «; ; to the homomorphism, ¢, just de-
scribed.

We now contend that v?(M)#£0. For suppose g is a 1-cochain whose coboundary
is the above cocycle. Then if

Vo1 = &(%,1) € Hom (M, A*(M)), and ;o = g(es,0),
then we would have

(1) 0=(1+e1)yo,1

(2) ¢=(e1—1)yo,1—(e2—1)y1,0, and

(3) 0=(1+e3)y1,0-

We now make use of the structure of M as a module over the subgroups generated
by ¢;.. Equation (1) implies that y, ; defines an element in H}(Z$", Hom (M, A2M))
where Z{=the subgroup of ® generated by ¢,. A similar statement holds for
¥1.0- A lemma proved below shows H(Z$, Hom (M, A2M))=0. Thus we conclude
the existence of x,, and x; ,€ Hom (M, A2M) such that y, =(¢;,—1)x; , and
Yo,1=(e2—1)x,,1. Thus equation (2) implies the existence of ¢ such that

¢ = (e;—1)(eg—1)- £ € Hom (M, A2M).

We now demonstrate that such an equation is impossible. Note that M= A'M
and A%M are paired to A3M which is easily seen to be a trivial ®-module of rank 1
with m; A my A mg as generator.

Note that
$(mz) A my—d(m;) A my = (—my A mg—my A mz) A mg

—(my A mg+mg A mzg) A mg=0+my, A myg A my
is a generator. On the other hand
{(ex—D(e2a—1)€}(m3z) A mz—{(ey—1)(e2—1)E}(my) A m,
= —=2{(my+mg) A (my+mg)

(detail is easy though tedious) which cannot be a generator.
Lemma. HY(ZP, Hom (M, A2M))=0.

Proof. As we have already remarked, A3M~Z is a trivial ®-module and hence
A2M~Hom; (M, Z)= M*. We have the exact sequence

(*) 0—>Z—>Z[0]>M—0.
Thus
*") 0 <« M* <~ Hom (Z[®], M*) < Hom (M, M*) < 0.
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According to [I,p.199], the middle module is Z[®]-free and hence
H(ZP, Hom (M, M*))~H’-Y(Z, M*) for j>1; and from

(*") 0> M*=Z[0)* -Z* >0

we conclude that H'-YZP, M*)~H'-Y(ZP, Z*)=for j—1>1. But it is well
known that H(ZY, Z) is zero for odd i and H’(Z,, ) is periodic of order 2. This
completes the proof that v3(M)+#0.

The methods of the previous lemma can be used to determine the group in
which 2 lies, i.e. H3(®, H'(M, Hy(M))). Since (), (*"), (") are exact sequences of
®-modules, we get

H*(®, HY(M, Hy(M))) ~ H*®, Hom (M, A2M))
~ H*®, Hom (M, M*)) ~ HY(®, M*).
But Z[®]*~ Z[®D], so (*") shows that M *~ ], the augmentation ideal of Z[®]. In
any case we have from (x")

<o o—> HY(O, Z[D)) L, HY(®,Z)—> HY (O, M*)—> 0

and Ho(®, Z[®])=ideal generated by > =3, in Z[®] and HY(®, Z)=Z, so the
question is, what is £(3)? But ¢ is just the usual augmentation map, so ¢(3)=4 and
HY(®, M*)=Z,, so we have proved

THEOREM 9. Let @ be Z, @ Z, & M the quotient of Z[®D) by the ideal generated
by >=24c0 0. Then

H*®, H\(M, Hy(M))) = Z,

and v} (M) is the element of order 2 in Z,.

Note that v'(M)=0 for i>2, since v'(M)=0 for i> 3 since M has rank 3 and ¢®
happens to lie in a O group, i.e.

H*(®, H¥(M, Hy(M))) = H¥(®, HY(M)) = H*(D, A2M)
= H¥®, M*) = H(®, Z) = [H%Z;, Z) @ HY(Z,, Z)]
® [HY(Z;, Z) ® H(Z,, Z)] = 0.
ReMARk. The above is the only example we know of a nonzero characteristic

class of a Z-free module.
ExAMPLE 2*. In this example we briefly consider the dual of

M, M* = Hom (M, Z) = I,
the augmentation ideal of Z[®]. Although M and I are closely related, we prove
ProposITION A. HX®, HY(I, Hy(I)))=2Z, ® Z, ® Z,.
ProposITION B. v'(1)=0 for all i.
For Proposition A, we merely list the string of isomorphisms:
H*®, HY(I, Hy(I))) = H*®, Hom (I, A,1)) = H¥(®, Hom (I, M))
= H¥®,M) = H¥ (D, Z)=Z, D Z, ® Z,.
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For B, welist a ®-system for the associated Koszul complex which has the prop-
erty that A4;(A) o Ai(n)=41(n) ° 41(2) and [4,(0)]*=[4:(7)]*=[A4:(e7)]*=the
identity. Hence we get U=0, so by Theorem 5, U,=0. Let iy, i,, i3 be the gen-
erators of I, and

iy = it 70y = Igigt
0-iy = igiy? Ty = i3
0-iy = iy} Tl = hiz!
[Ai() X)) = —ifPX, [A,(DI(X) = —isig ' Xo+ X,

[A1(DNX2) = —diT X+ Xy [4,(DI(XR) = —izlX,
[4:(0))(Xs) = —hiT X1+ X, [A(D](Xs) = —iiiz ' Xo+ X1

3. Future developments. First, we would like to say that it now seems likely that
the main results of [3] can be reformulated more generally so as to omit all re-
strictions on the final coefficients I' and to make more obvious the applications
to other categories, e.g. Lie algebras, associative algebras, etc. If this turns out to be
the case, the general theory of this paper will then apply to this less restrictive
situation.

As for the category of modules over groups, in a later paper we hope to in-
vestigate the case in which the module is finite in a similar manner that the Z-free
case was examined in the second half of this paper. Eventually there should be a
unified treatment which would presumably utilize a complex defined by Tate.

Finally, the theorems of §1 show that v?(M) is really the object of primary con-
cern (at least in the Z-free case). We would like to find classes

v e H{(®, H'"Y(M, H(M)))
with ¥®=19% and with v determining the differential d, in the spectral sequence
for the split extension ®- M. Note that if one takes final coefficients I'= Z;, say, then
we know that d, =0, and it is easy to see that d; on the third row is given by a cup
product with an element

0(3) € HS((D’ HZ(M’ Ha(Ma ZS)))
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