MONOTONICITY OF SOLUTIONS OF VOLTERRA
INTEGRAL EQUATIONS IN BANACH SPACE (%)

BY
AVNER FRIEDMAN

1. Introduction. We shall consider Volterra integral equations
t
(L.1) X(t) = Xo— f h(t—7)Ax(r) dr
0

where x, and x(¢) belong to a complex Banach space X, A(t) is a complex-valued
function and 4 is an operator in X, generally unbounded. We denote by B(X) the
Banach space of bounded linear operators in X, and by I the identity operator in X.
An operator-valued function S(¢), which belongs to LY(0, b; B(X)) for any b>0, is
called a fundamental solution of (1.1) if

(1.2) S(t) = -4 f *ht=)S(x) dr

for almost all ¢ In this definition it is assumed, of course, that the integral on the
right-hand side of (1.2) is in the domain of A.

In a recent paper [6], Friedman and Shinbrot have studied the equation (1.1)
even in the more general case where x, and A4 depend on ¢ and 7, respectively.
They proved theorems of existence, uniqueness, differentiability and asymptotic
behavior of solutions. They also constructed fundamental solutions and derived
asymptotic bounds for them. We recall [6] that if x, is in the domain of A%, for
some p>0, then the solution of (1.1) is given by S(¢)x,.

The purpose of the present paper is to derive monotonicity theorems for solutions
of (1.1). We shall generalize some of the monotonicity theorems of Friedman [2]
(see also [4]) from the case X=R* (R* the one-dimensional Euclidean space) to the
case where X is any Banach space.

In §2 we give some auxiliary results. These results are concerned with Volterra
equations in one-dimension (i.e., X=R'). In particular, we study the behavior of
the solutions with respect to a certain parameter.

In §3 we give an integral formula for S(z) in case A4 is a bounded operator. For 4
unbounded, we construct a fundamental solution as a limit of fundamental
solutions corresponding to the bounded operators A(/+ A/n) 1. We prove that the
fundamental solution coincides with the fundamental solution of [6, Chapter 1]
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or of [6, Chapter 2] provided the assumptions of [6, Chapter 1] or of [6, Chapter 2],
respectively, are satisfied.

In §4 we derive a formula for S(¢) in case A is selfadjoint. As a by-product, we
obtain monotonicity theorems for (S(2)x,, Xo)-

In §5 we drop the assumption that A is selfadjoint. Instead we assume that the
resolvent (AJ— A)~1! exists for all X except for a sequence {,} of poles, and O<p,
<pg<---, pp—> 00 as k — co. We obtain a formula for the solution 7(¢)x, of (1.1)
and then derive monotonicity theorems for f,(7(¢)x,); here f, is a bounded linear
functional in X.

In §6 we give some additional results obtainable with the methods of the previous
sections, and some applications to control theory.

2. Auxiliary lemmas. A real-valued function f(¢) is said to be completely
monotonic in an interval [a, b) if fe C®[a, b) and for all n=0,

(=D d*f(1)/dt™ 2 0 forallte[a, b).

Similarly one defines complete monotonicity in intervals (a, b), [a, b]. We recall the
following results (see [9]):

LemMa 2.1. If f(t) is completely monotonic in an interval (a, b) then f(t) is
analytic in (a, b).

LEMMA 2.2. A function f(t) is completely monotonic in the interval [0, o) if and
only if
@.1) r@ = [ e apey
0
where $(A) is a bounded nondecreasing function.

LEMMA 2.3. If {f.(t)} is a sequence of completely monotonic functions in (a, b)
and if f(¢) is a continuous function in (a, b) such that, for each t € (a, b), fu(t) = f(¢)
as m — oo, then f(t) is completely monotonic in (a, b).

Setting AL £(£) =1t +7)—f (1),
AR () = AT(A,f(1)),

the assertion of the last lemma is a consequence of the fact (see [9]) that f(¢) is
completely monotonic if, for any integer m=1 and 5 >0,

(=D™Af(t) 20 fora <t < b—m.

In view of Lemma 2.1, if f(¢) is a completely monotonic function in (a, b) which
does not vanish identically, then f(z) >0 for all ¢ € (a, b).
We shall need the following result of Miller [8]:

LeEmMMA 2.4. If f(t) is a nonzero completely monotonic function in [0, ), then
log f(¢) is a convex function.
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Proof. We have to show that
&) = O O)—(f @) 2 0.
Using (2.1) we find that
80 = [ [ A= e b d.
Next, "

fo - L " A= e 9 () ds) = L ? LA A= p)e- 39 ) db()
= f: f: plp— e~ A+t dg() d(w).

Therefore
g0 = [ o[ [ = [T amwrerorasn s 2 o

DErFINITIONS. A function A(¢) which belongs to C(0, o) and to L*(0, 1) is said to
belong to the class 57, if h(¢) 20, h(t)#0, and A(t) is monotone nonincreasing in
(0, c0). If h e 5 and if log A(t) is a convex function in the interval where h(z) >0,
then we say that & belongs to the class 5#'. Finally, we say that h e &, if h(t) is a
nonzero completely monotonic function in (0, o) and if h € L*(0, 1).

From Lemma 2.4 (applied to h(z + ), for any e >0) it follows that if & € 5, then
hes#'.

In the following lemma we have collected some results proved in Friedman [2].

LEMMA 2.5. Consider the integral equation
t
2.2) x(t) = l—f h(t—7)x(r)dr (0 <t < o).
V]

() Ifhe s, then0sx(t)< 1.
(ii) If h e ', then x(t) is monotone nonincreasing.
(iii) If he H#,,, then x(t) is in .

From [2, Corollary 4, p. 387] we deduce

LeEMMA 2.6. Consider the equation
t t
2.3) x(t) = f h(t—o0)p(o) da—)\f h(t—7)x(r)dr (0 <t < )
0 0

where p(c) is a continuous nonnegative function, and X is a positive constant. If
heH' then x(t)20.

We shall consider now the equation

(2.4) S\(t) = 1-A f ‘We=DS()dr (0t <)
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where A is a complex parameter. By a standard argument one shows that if A(¢) is
in C(0, o) N L*(0, 1) then, for each A, there exists a unique solution S,(¢) of (2.4).
Furthermore, S,(7) is continuous in (¢, A) (20, A complex) and analytic in A, for
each 120. If he C"[0, o) then 8"S,(r)/@t™ is continuous in (7, A) (for t=0, A
complex) and analytic in A, for each 1=0.

LemMMmA 2.7. If he 5 then, for n=0,1,2,...,
2.5 (=D™a"Sx(t)/oA") 2 0 if0 < A < 0,0 <t < o0,

Proof. The inequality (2.5) for n=0 follows from Lemma 2.5(i). We proceed by
induction. We assume that (2.5) holds and prove the same inequality when » is
replaced by n+ 1. Differentiating (2.4) n+ 1 times with respect to A we get

8n+1 t on t an+1
(2.6) Py UESY Sat) = —(n+1) J:) h(t—1) U Sy(7) dr—A L h(t—r) G Sx(7) dr.
It follows that the function x(z)=(—1)"** o"*1S,(z)/0A"*! satisfies the equation
(2.3) with
p(o) = (n+1)(—1)*(0"S\(0)/0X™).

By the inductive assumption, p(c) = 0. Hence we can apply Lemma 2.6 and conclude
that x(¢) 20, i.e., (2.5) holds with n replaced by n+1.

LemMA 2.8. If he 5’ then, for n=0,1,2,...,1>0,

@) (=1 5 [ e

Proof. We may assume that 4 € C'[0, o0). Indeed, otherwise we approximate
h(t) by a sequence of functions {h,(?)} as follows: h,, € ', h,(t) — h(t) uniformly
on compact subsets of (0, c0) and

f " V() = hut)| dt 0.

If we know already that the assertion of the lemma holds for the solution S, .(¢)
corresponding to A, then (2.7) is also true since, for any n=>0,

" [Sanm(?) o [S\(®)
W[ ; ]_)8/\"[ ) ] for each 1.

Assuming k to be in C*[0, c0), it follows that 9S,(¢)/ot exists and satisfies:

@9 B0 w2 [ -0 B gy

The assertion (2.7) is equivalent to the following inequality:

29 0w [ so] 20
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For n=0, this inequality follows from Lemma 2.5(ii). We now proceed by induction
on n. To pass from n to n+1, we divide both sides of (2.8) by A and then differ-
entiate both sides n+ 1 times with respect to A. We get

om+1 1 8Sy(1) 1 9Sx(7)
X1 X o (”“)J"(’ ’)a,\n X or ]d’

n+1
— 2 j h(t—7) im [1 asgf’)] dr.

We can now apply Lemma 2.6 with

x(1) = (~ 12 [% B, o) = -1y 2 [; a‘%,fa)]

LEMMA 2.9. If he 5, then, for n=0,1,2,...,m=0,1,2,...,A>0,

(2.10) (=1m+n =

o [1 o
oam [ orn

SA(t)] >0 fort> 0.

Proof. Suppose first that A(t) is in C*[0, o0). Then all the derivatives occurring
in (2.10) exist for = 0. We shall establish (2.10) by induction on n. For n=0, (2.10)
follows from Lemma 2.7. We now assume that (2.10) holds for all m=0 and 0<n

<k. We shall prove (2.10) for all m=0 and n=k+ 1. Differentiating both sides of
(2.4) k+1 times with respect to ¢, we get

ak"’lS)\(t)
atk+1

3SA(O) 9*S,(0)

ot*

= — MO(1)Sy(0)— Mk =1(r) 22820 ()

—Afh(t 7) akh(’)d

Setting
T(t) = (= 1+t = 20 g
A() Ae+1 gpk+1 ATy
we get
k —e-ipe—i(y (_1tais 0)/ort
T - 3 CUHT0 (S E50)
(2.11) =0

t
—2 j h(t—7)Ty(7) d.
0
We have to prove that, for any m=0,
2.12) (= )"@T\(1)/eA) 2 O.

For m=0 this follows from the definition of T(¢) and Lemma 2.5(iii). We now
proceed by induction on m.
To pass from m to m+1, we differentiate (2.11) m+1 times with respect to A.
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We find
amIT(t : T,
s O g(t)—(m+1)f e —r) L2 4,
@13 -
_AJ' h(t—1) Wﬁf’)d
where

gt = Zo &),

(2.14) m+1 m+l-s i

80) = =00 3 (") - s | g SO
Set
@15 gers®) = —@n+1) [ he—n T2 ar

and denote by x;(¢) (0=<i<k+1) the solution of the equation

(2.16) x(@) = (=D)"*1g(t)-A J: h(t—7)x(7) dr.

It is clear that
Tyt K
(_l)m+1 axnrf ) Z (t)

Hence, it suffices to show that x,(¢)=0 for 0<i<k+1.
The inequality x,., ,(¢) =0 follows by applying Lemma 2.6 with

p(@) = (=D)"(m+1) o"T\(0)/0A™;

note that by the inductive assumption, p(s) 0.
From (2.14) and the inductive assumption we easily see that

(=D"*g(1) = (=D h*2@) (0 =isk)

where y;=v;(A) is nonnegative. From Theorem 1 and its Corollary 3 in [2] we then
have the following: If

h’(a) < h(k -1+ 1)(b)
h(a) = h*=9(p)
then x;(¢) 2 0. Thus, it remains to prove (2.17). We assume here that A% -9(b) >0 for
all 5> 0; if h%*~9(b)=0 for some b>0 then h*~(¢)=0 and x,(¢)=0.

Since h € #,,, Lemma 2.4 implies that 4'(¢)/h(t) 7 if t ». Hence (2.17) is a con-
sequence of

.17 0<a<b<w)

' (b) < =1+ 1(p)
h(b) = “h%-9(p)

(2.18) (0 < b < ).
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Now, the function (—1)’A9(¢t) is completely monotonic. If we apply Lemma 2.4
to this function, we obtain

hy+ l)(b)/h(j)(b) § hU+ 2)(b)/h(l + 1)(b).

Applying this inequality for j=0, 1,..., k—i—1, we get (2.18).

We have proved Lemma 2.9 assuming that A(¢) is in C*[0, o). Consider now the
general case, where we merely assume that 4 € 5£,,. Then we can apply the previous
result to the solution S, .(¢) of (2.4) with A(¢) replaced by A(t+¢), £>0. Since, for
each t>0, m=0,

o™S) o(1)[0A™ — omS,\(¢)[0A™,

the assertion of the lemma for S,(¢) follows upon applying Lemma 2.3.
The last lemma of this section is the following:

LeMMA 2.10. Let h € . Then, for n=0,1,2,. ..,
(2.19) (=DM@"S\@)/oA™) = nl/A* (0 <A < 00,0 <t < 0).
Proof. From Lemma 2.7 and (2.6) we obtain

t an+1 +1 t or
(= [ he=n) gz S dr 3 (10 552 [ =) 5 Sy

Applying this relation successively, we find that

¢ o m!
0 [ he=n) S S dr S e (m=0,1,2,..0)
Hence from (2.6), with n+1=m, we get

D 2 sy < (= 1y=m [ =) Lo Sy(r) dr = T
(=" 5 S0 S (=0 [ he=7) g S dr <

form=1,2,....

3. Integral formula for S(z). Let X be a Banach space. We denote by o(A4) the
spectrum of an operator A.

THEOREM 3.1. Let A be a bounded operator and let T be any continuously differ-
entiable closed Jordan curve containing o(A) in its interior. Let h(t) be any function in
C(0, ©) N LY(0, 1). Then the operator-valued function

G.1) @) = El;z f (M= 4)=18,(t) dA

is the unique fundamental solution of (1.1).
The orientation of T', in (3.1), is taken counterclockwise.

Proof. The uniqueness of the fundamental solution follows by standard argu-
ments. It remains to verify (1.2). We have
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t
T=1I-4 f h(t—7)S(r) dr
0
t
-1 f h(t—1) {L. f A= A)~2S5(r) d)\} dr.
0 27Tl r
Changing the order of integration and using (2.4), we get

T = 1+2Lmjp [(/\I—A)"l—-ﬂ[S,\(t)—l]d/\

by dA.

= 145()— 2_:TIL (AI—A)“dA+2—1IT;. fr

By Cauchy’s theorem we easily find that
1

2mi
fp 1250 p - L { j: h(t—7)Sy(7) dr > dA

- f: h(t—1) { fp S,(7) dA} dr = 0.

We obtain that 7= S(¢). This proves (1.2).
Theorem 3.1 can easily be extended to more general integral equations. For
example, we shall construct a solution of

fp (M=A)"td) = I.

Also,

t
(.2) S(t, s) = I— f h(t—r, 1)AS(r, 5) d.
Denote by S,(¢, s) the solution of
t
(.3) Syt s) = 1=\ f h(t=r, 7)S\(r, 5) d.

Then we have

THEOREM 3.1°. Let A, T" be as in Theorem 3.1 and let h(t, ) be a continuous
Sfunction for t=20, 7=0. Then the unique solution of (3.2) is given by

(.4) S@, 7) = % j (M= 4)~1S,(t, 7) d\.

The proof is similar to the proof of Theorem 3.1.
We next consider the case where A is not necessarily a bounded operator.
DErINITION. A linear operator A4 in X is said to belong to the class % if
(i) A is closed and densely defined;
(i) o(A)<{A; |arg A| £m/2—¢, Re A2 Ay} for some ¢>0, A,>0;
(ii)) |(AT—A)~*| Zc/|A| if |arg A| >7/2—e.
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DEFINITION. A complex-valued function A(t) is said to belong to the class ¢ if
(i) h(0)>0;
(i) h e C[0, ) and A(¢) is absolutely continuous;
(iii) for any b>0, A(¢) is in L?(0, b) for some p> 1.
In [6, Chapter 1] it was proved that if 4 €% and h e ¥, then there exists a
fundamental solution W(¢) of (1.1), in a sense different than (1.2). Thus, W(r)
satisfies the equation

t
G-3) w(t) = I- f h(t—)AW(7) dr
0
in the following sense
t
(.6) W(t) = e+ f e~ “"VAF(W; 1) dr
0

where e~ is the analytic semigroup of — A, and

3.7 w(t) = W(r)+h—(1(7) f: h(t—7)W(+) dr,
(3.8) F(W; 1) = 22—8 W(t)+%0) f: h(t—7)W(7) dr.

Denoting by D(A4*) the domain of A* (see [7] for the definition of 4*), we have
the following result: If x, € D(4*) for some n >0, then W(t)x, is the unique solution
of (1.1). (The solutions of (1.1) are assumed to be such that | Ax(7)| is integrable
in every bounded interval (0, b).)

We introduce the operators

(3.9) Ay = A(I+An).

One easily verifies that || 4, < Cn and

1 n? n -1
— 41 = _ — .
(3.10) (A~ 4,) G A)Z[n -1 A]

Denote by I', a continuously differentiable closed Jordan curve which contains
a(A,), and set

G.11) St = 2lm f (M= A4,)"18,(¢) d\.

THEOREM 3.2. Let he X, A € U. Then, for any x, € X,
3.12) lim S™(t)x, = W(t)x,
n— oo

uniformly with respect to t in bounded intervals [0, b).
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Proof. Suppose first that x, € D(A4). Set
un(t) = S"()xo,  u(t) = W(t)x,,

(1) = un(t)+%0) J: h(t— Tu,(7) dr,

t
a(t) = u(t)+%0) L h(t= ryu(r) dr.
To prove (3.12) it suffices to show that
(3.13) lim @,(¢) = a(¢)

uniformly in ¢ in bounded intervals [0, b).
From [6] we have

(G.14) (1) = etxo+ f: e=t-v4 [ﬁ’% u(-r)+}%0) fo h(r—s)u(s) ds] dr.

Similarly,

(.15) f(t) = e-nxg+ f: ==, [f?% u,‘(f)+%0—) J; h(r—s)uy(s) ds| dr.

From the definition of e~ (see [7]) as an integral of the form

L At -1

o fc O+ A)1 d)

and from the relation

(3.16) [[An—A)A" yo]| =0 asn— oo (for any y, € X)
we find that, for any continuous function v(s),

(3.17) lim |[e~*—e~*n]4 " '0(s)| = 0

uniformly with respect to ¢, s in bounded sets of [0, c0).
Subtracting (3.14) from (3.15) and using (3.17) with v(¢z)=Ax, and with »(¢)
= Au(t), we get

1) -2,01 5 €0 [ 106) -8 ()] dr +,0)

where C(¢) is bounded in bounded intervals [0, b), and &,(t) — 0, as n — oo, uni-
formly in ¢ in bounded intervals [0, b). The last inequality gives (3.13).

Having proved (3.12) for x, € D(A), we next notice that, in any bounded interval
0=t<b, |S™(t)| =C where C is a constant independent of n, ¢. In fact, since
(3.6)-(3.8) hold for A=A4,, W=S", the latter bound follows from the estimates
on W obtained in [6, Chapter 1]. It follows that (3.12) holds for all x, € X, uni-
formly in ¢ in bounded intervals.
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REMARK. A result similar to Theorem 3.2 holds also with respect to the more
general integral equation (3.2).

DEFINITION. A complex-valued function A(z) is said to belong to the class o™ if

(i) h(0)>0 and A(¢) is absolutely continuous in [0, o0);

(i) A(t) € L*(0, c0).

If h € A" then we can introduce the function

(3.18) g(s) = h(0)+h~(s) forRes 20,

where f~(s) indicates the Laplace transform of f(¢). Then g(s)=sh"(s) if Re s>0.
It follows that A”(s) can be defined by continuity for Re s =20, s#0. If g(0) #0, then
we let 47(0)=o0, and introduce the set

3.19) A = {-1/1"(s); Res = 0}.
As proved in [6, Chapter 2], if he X', A €Y, and if
(3.20) g(s) # 0 for all s with Res = 0,

(3.21) A < p(A),

then there exists a fundamental solution S(¢) of (1.1) in the sense defined in §1
(cf. (1.2)), and it belongs to L?(0, co; B(X)) for any p=2.
Analogously to Theorem 3.2, we have

THEOREM 3.3. Let he X', A €U, and let (3.20), (3.21) hold. Then for any p=2,
and for any x, € X,

(3.22) im [ [S%()x0— S(t)xo|? dt = 0.

n— o

Proof. In [6, Chapter 2] it was proved that
(3.23) S@t) = L f (AI=A)~1S,\(t) dA
277'l c

for an appropriate curve C lying in the resolvent set p(4) of 4, where S,(t) is the
inverse Laplace transform of the function

(3.24) 1/(s+ Ag(s))-

One can easily verify that if S,(¢) is the solution of (2.4) then its Laplace transform
coincides with the function (3.24). Hence, by the uniqueness of the inverse Laplace
transform we conclude that the function S,(¢) occurring in (3.23) coincides with the
solution of (2.4).

Using the definition of S"(¢) in (3.11) and Cauchy’s theorem, we have:

(3.25) Sh(t) = % f (= A,)"18,(¢) dt.
7l Je
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Noting that

IAT= 43) = x0 = (A= A) “ x| = (M= A7)~ | [[(An— AYAT—A) " x0|| £ e/ [A|
where &, — 0 if n — o0, we obtain from (3.23), (3.25):

18™(£)x0 — S(2)%o| < cen f 1S:0)| ||d;«||

Since, by [6],

© 1/p c .
{L |S,\(t)|"dt} = [ ifpz2,

we obtain
® up |dA|
{ f ||S"(t)xo—S(t)xo||”dt} < cey f Ao
0 clAl

as n — oo. This proves (3.22).

4. Monotonicity for A selfadjoint. Let X be a Hilbert space and let A be a self-
adjoint operator in X. We say that A is strictly positive if the number

(Ax, x)
x*t; (X, )

is positive. The main result of the present section is the following:

THEOREM 4.1. Let X be a Hilbert space and let A be a strictly positive selfadjoint
operator, with the spectral decomposition of the identity {E,}. If he S then the
operator S(t) given by

1) S(t)xo = fa " S dEx,  (xo€X)

is a fundamental solution of (1.1).
Note that (4.1) is formally obtained from (3.1) and the formula

© dE,

4]

using the Cauchy formula.
Proof. Since 0=S,(f)<1, the integral in (4.1) exists and [S(t)x,] = |xo].
S(t)x, is clearly continuous in . Next, by Fubini’s theorem,

[[ He=nsemodr = [ {[ b=, dr} dBe

Using (2.4) we find the expression on the right is equal to
J‘ {l——su(t)} dE“xo = A_lxo"“A—ls(t)xO,
o4 w [
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where (4.1) has been used. We have thus proved that

f * We=)S()xo dr

lies in D(A4) and that if we apply A4 to this integral we obtain x,— S(¢)x,. This
completes the proof of (1.2).
From Theorem 4.1 and Lemma 2.5(i), (ii) we obtain

COROLLARY 1. For any x, € X,

4.2) 0 = (S(t)x0, X0) £ ||X0]2 (0 < £ < 0).
COROLLARY 2. If h € 5’ then, for any x, € X,

4.3) (S(t)x0, X0) N ift 7 0 <t <o)
If S,(¢) \ when ¢ 7 (u>0), then we obtain from (2.4) the bound

S,(t) < [1 +u J: h(r) df]

-1

We conclude

COROLLARY 3. If h € 5’ then, for any x, € X,

-] t -1

44 SOx03) < [ [t [ ] o 30
N 0

We next have

COROLLARY 4. If h € 5, then, for any x, € X,
(4.5) (—1)";17,(S(t)xo, X) 20 n=0,1,2,...;0 <t < ).
Proof. By Lemma 2.5(iii), the functions

To(t) = J; " S dEuxey X)) (m=1,2,...)

are completely monotonic in (0, o). Since, for each >0, T,(¢) — (S(¢)x,, xo) as
m — oo, the assertion of the corollary follows from Lemma 2.3.

REMARK. Theorem 4.1 extends, with the same proof, to the case of the integral
equation (3.2).

5. Monotonicity for general A.

DEFINITION. A closed linear operator 4 with a dense domain is said to belong to
the class A’ if it satisfies the following properties:

(i) (A\I—A)~! exists for all complex A, except for a sequence {u,} (Which may be
finite) of positive and increasing numbers with no finite limit.

(ii) At each p,, (\T—A)~?! has a pole, i.e.,

G.1) (A= 4)-1 Z (AB’”),+B,, o)
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where B, ; are bounded operators and B, ¢(?) is an analytic function (with values
in B(X)) in a neighborhood of A=p,.
From (3.1), (5.1) and the residue theorem, we formally obtain the formula

.2) S(t)xo = i S L 7SOy

' o S A G-DY ot e
(We consider here the case where {u,} is an infinite sequence; the modifications for
the case of a finite sequence are trivial.) _

To show that S(¢) is a fundamental solution (under certain assumptions), we
introduce the operators T,(¢) defined by

)
(53) p(t) —kzl 121 (J 1)| aP'j 1( Bk.]’
and set
5.9 A(t) = =T, ()+I-4 f: h(t— 7)T,(7) dr.

Applying AI—A=(A—w )+ (uI—A) to both sides of (5.1), we obtain the
relations:
A-Bk,mk - I"'kBk.mk = 03

(5.5 )
ABy j—piBy,; = By 41 (1 =2jsm-—1).

Using these relations and (2.6), (2.4), we get

3}—1Suk
A1) = — Z Z (]_1)| 3,,;—10) By, +1

Kk=17=1
14 M 1 a/-lS (t)
f W=7 3 > e i B dr
(5 6) k=1j=1 . (o
: p me-1 J—1
1 P71,
- ht— - ] d
o ( T);Zu; G-D! ot k41 &7
P
=1- > B,
k=1

5.7) > S Besl o
k=1j=1 Mk
P
(5.8) lim z By 1x0 = Xo.
P=® =]

THEOREM 5.1. Let he #, A€W, x, € X,. Then the limit
5.9 T(t)x, = lim Ty(t)x,
p—®©
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exists uniformly with respect to t,0<t< oo, and
t

(5.10) T(t)x0 = xo— A f h(t—7)T()x, dr.
0

Proof. The uniform convergence of the sequence {T,(¢)x,} follows from Lemma
2.10 and the assumption (5.7). From (5.6) we have

t

G.11) Ty(1)%0 = xo—A f h(t— )T, (7)xo dr—Ay(£)%o,
0

where

D
Ap(t)x,) = Xo— z Bk’lxo.
k=1

By (5.8), A (t)xo, — 0 as p — 0. Hence, taking p — oo in (5.11) and using the as-
sumption that A4 is a closed operator, we conclude that the integral

t
f h(t — 1) T(7)xo dr
0
belongs to the domain of A4 and that (5.10) holds.

COROLLARY 1. If, in addition to the assumptions of Theorem 5.1, we assume that
Xo € D(A) and Ax, € X, then

6.12) T(t)xo = xo— f W= 1) AT(")x dr

and T(t)x, is continuous for t=0.

Proof. We have
t
(5.13) Ty(1)%0 = Xo— f h(t— 1) AT (7)%o dr—DAy(1)%o,
0

and AT, (7)xo=To(7)(4Ax,). Since Ax, € X4, T,(7)(Ax,) = T(7)(Ax,) as p — o0, uni-
formly with respect to 7. It follows that T(7)x, is in D(4), and AT(7)x,=T(7)(Ax,).
Now take p — oo in (5.13).

COROLLARY 2. Lethe # N A, AecANW, xo€ Xy, Axo € X, Then
(5.14) T(t)xO = W(t)xO
where W(t) is the fundamental solution of (1.1) occurring in Theorem 3.2.

Indeed, both sides of (5.14) are solutions of (1.1). By the uniqueness assertion of
[6, Theorem 1], they must coincide.

COROLLARY 3. Let he# N A, AcUANW, xo€X,, and assume also that
th(t) € LY(0, o0), and that (3.20), (3.21) hold. Then

(5.15) T(t)xo = S(t)xo

where S(t) is the fundamental solution of (1.1) occurring in Theorem 3.3.
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This follows from (5.10) and the uniqueness assertion of [6, Theorem 10].
We recall [6] that if & € 5 then the condition (3.20) is equivalent to the condition

(5.16) h(0) > O.

We shall now study monotonicity of the scalar function fi(7(¢)x,), where f, is
any bounded linear functional in X.

THEOREM 5.2. Let he H, Ae W, xq€ X4, fo€ X*. If
(5.17) (=1 " Yo(Besx) 20 (1 =j=m,1 =k <)
then fo(T(t)xo) 20 for all t=0.

Proof. From (5.3) and Lemma 2.7 we immediately have that f,(7T,(¢)x,)=0.
Now take p — 0.

THEOREM 5.3. Let he H#', AW, xo€ X4, foe X*. If (5.17) holds and, in
addition,

(5.18) (=1Y"Yo(ABrx0) 20 (1 Sj<m,1 =k < ©)
then fy(T(£)%0) . if A .

Note that 4B, ;x, is well defined for any x, € X.
Before proving this theorem, we state and prove the following theorem.

THEOREM 5.4. Let he #,,, AcW, xq€ Xy, fo € X*. Set

j
(519) By = (=1t 3 (D)t B
i=0
I
(5.20) foBrx) 20 forO0<j<m,1<k<ow0=n<oo,
then
(.21) (1) % FT()x) 20 for0 < n<,0< 1< .

Proof. Let I" be a circle about p, such that all the points p; with j#k lie outside
I'. By the residue theorem,
OO W e MO
A G-D oot

B, = % L (M= 4)~18,(t) d)
(5.22)
- % fp XML — A)~ (SLA(Q) ar = J).

Set

Qﬁ(t) = (-—1)”)\—7; Qg},ﬁ
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and write

[\%E

n
A = ( i)#ﬁ“(/\—#k)‘-

From the residue theorem we then get

= ][5, (o[ sl

i

0

i=0
< il j—i-10)n
- YRR Sy /X0
= jZl -Bk,j & (l):u'k (J-_l._l)! ay,j"i"l

mk -1
n n -
{Bk my — q(o)f"k"'Bk my — q+1(1)f}“;\:‘—1+ tet +Bk.mk(q)p'z q}

X 1 o™= 1100 (1)
(m—q—1)!  oume—at

where
(’l’) —0 ifi>n

Thus, by (5.19) the last sum is equal to

£ m.—q-1 1 amk-q—lQ:k(t) Sn
2, O e et Bhe

Hence, recalling (5.22) and (5.3), we have

WA (DX, Mt 1 oM IO &,
(523) (—1) —dt—n = kzlgo (—1) ke —4q 1(mk-—q—l)' a,,l,mk_q T B ,aXo-

Using Lemma 2.9 and the assumption (5.20), we conclude that

(- )4—%>0 forn=0,1,2,. t>0.

Since T,(t)xo — T(t)x, as p — oo, the assertion of the theorem follows from Lemma
2.3.
Using the notation A} (following Lemma 2.3), we can state

COROLLARY. If (5.20) is assumed to hold only for 0 Sn<n,, then
(5.29) (=D)"Af(T(t)xe) 20 forO = n £ np,0 St < t+7n < o0.

Indeed, the proof of Theorem 5.4 shows that (5.24) holds with T(¢)x, replaced by
T,(t)x,. Since T,(t)x, — T(t)x, as p — 00, (5.22) follows.

REMARK. Let the assumptions of Corollary 2 to Theorem 5.1 hold and let
h e C™[0, o). Then, by [6] and (5.14), T(t)x, has n, continuous derivatives in
[0, o0). Hence, (5.24) implies that

(5.25) (= DM@ fo(T(t)x0)/0t™) 2 0 for0O = n < ny,0 <t < oo,
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Proof of Theorem 5.3. We shall use the formula

P me=1 m —a-1 =
629 Tom=Y > o[ (30)]) g
k=14g=0 Op™e © =
which one obtains by the same method that was used before to derive (5.23).
Since

B, = (=)™ " (uBem - ot Beme-ar1) (1 S g S m—1),

(5.5) shows that the inequalities (5.18) imply the inequalities (5.20) for n=1. Hence,
(5.26) gives

Jo(Tp()x0) N if ¢ 1.

Since T,(¢)x, — T(t)x, as p — oo, the proof is complete.

ReMARK. If X is a finite-dimensional Banach space, then any linear operator 4
whose eigenvalues are positive numbers is in U’. Furthermore, the series in (5.2)
now consists of a finite number of terms. Hence (5.7) holds. (5.8) is also valid; in
fact, it easily follows using the residue theorem. Thus X,=X.

6. Additional results. In the previous two sections we have derived theorems
which involved the functions S,(¢) for A>0. A crucial step in the derivation of these
theorems was the behavior of the function S,(z) for positive values of the parameter
A. Since analogous results on the behavior of Sy(¢) for A complex are not available
in the literature, we cannot extend, at present, the results of §§4, 5 to operators 4
with o(A4) which is not contained in the real interval 0 <A <oo.

However, for some special functions A(¢), the behavior of S,(), for complex A,
is known with sufficient precision. We give here one example where A(t)=¢"* for
some O0<a< 1. Then S)(t)=E;(—yAt’) where B=1—«, y=T'(8) and where Ej(z)
is the Mittag-Leffler function

EQ) = 3, Ty
From a well-known asymptotic formula for E(z) (see [1, p. 207]) we find that

1+«

(6.1) 5™

if |arg At%| <

SA(t) )\IB

|)‘12t2B

provided |At#| Z ¢o>0; here yo=(T'(e)T'(1 —)) 2.

Let us assume that the resolvent set p(4) of A4 contains the sector |arg A|>
(1+«)7/2 and that |(AI—A)~!||=c/(1+]A]) for A in this sector. We define S(z)
by (3.23) and choose C in p(4) such that (6.1) holds for A € C. It follows that S(¢)
is a bounded operator for each ¢> 0. Furthermore, it varies continuously in ¢. One
can also continue S(¢) analytically into a sector |arg A| <8 for some & >0.

Since h(0)=oo0, the results of [6] do not cover the present case of h(t)=t"°
There arises the question in what sense is S(¢) a fundamental solution.
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So far we have only considered solutions of equations of the form (1.1) where x,
is independent of 7. But some of the results extend without difficulty to the equations

(6.2) xX(t) = k(t)xo— f : h(t—7)Ax(7) d,

where k(¢) is a scalar function.
The solution is given by (see [6]):

6.3) x(t) = k(0)S(t)x, +Jt k()S(t—7)x, dr
where k(7)=dk(r)/dr. Hence, if X is a Hilbert space,

6.4) (+(0) 30) = KOSOs, %)+ [ kS50, 30 dr.

This relation combined with the results of §§4, 5 yields monotonicity properties for
(x(2), xo). For example, if £(0) 20, k() 20, then (x(z), x,) 2 0.

APPLICATIONS. If & € 5, then we have proved several theorems to the effect that
(S(t)xo, xo) is completely monotonic in . Since (S(0)x,, Xo)=(Xo, Xo)#0, we
conclude that (S(¢)x,, xo) > 0 for all #> 0. In particular, S(¢)x, #0 for all £>0. Thus
the solutions of (1.1) have the *“ weak backward uniqueness” property as defined in
[5]. This fact is important in the study of optimal-control for trajectories x(¢) given
by

(6.5) x(t) = u(t) + f: h(t— 1) Ax(z) dr

where u(t) is the control function. It enables us to prove uniqueness of time-
optimal controls (see [3], [5, p. 42]).

If A4 is selfadjoint and if A € #’ and h is strictly decreasing, then we can again
assert that (S(f)xo, x0)>0 for all x,#0, #>0. Indeed, otherwise we get, from
(4.1), S,(#,)=0 for some u>0, t,>0. But then, by Lemma 2.5, S,(t)=0 if ¢> t,.
Using (2.4) we then see that S,(¢) < S,(¢,) if ¢>¢,; a contradiction.

If h e 5, then we have proved several theorems to the effect that (S()x,, xo)
if ¢ #. This can be used to answer some questions of controllability; for instance,
to show that a point x, can be “steered,” by a suitable control, to any given
neighborhood of 0 (cf. [3]).
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