GEOMETRIC GROUPS AND ‘WHITEHEAD TORSION

BY
E. H. CONNELL AND JOHN HOLLINGSWORTH(*)

The purpose of this paper is to define ““ geometric groups” and to relate them to
various problems in topology. This relation is exhibited through Conjectures I and
IL. It will be shown that Conjecture I implies Conjecture II and that Conjecture II
implies the topological invariance of Whitehead torsion. Conjecture II is true for
2-complexes, and this implies that if K and N are finite connected complexes,
Lc K is a subcomplex with dim L=<2, and f: K— N is a homeomorphism with
fIK—L p.w.l., then fis a simple homotopy equivalence. Another corollary is that
if K is a 2-complex contained in a p.w.l. manifold M", U™ is a compact p.w.l.
submanifold, K= U< M, and U e-deforms to K, then K< U is a simple homotopy
equivalence and, thus, if n=6, U is a regular neighborhood of K. Finally, for any
finitely presented group = with Wh (7)#0, 3 an h-cobordism W with = (W)=n
which is not topologically trivial.

Geometric groups are related to other problems in topology and some of these
are mentioned without proof in the appendix. For example, Conjecture I implies
that compact ANRs of finite dimension have the homotopy type of finite complexes.
Conjecture Il has a noncompact analogue and since the difficulties are local, there
is essentially nothing new here (Conjecture Il is true for infinite 2-complexes). This
noncompact form of Conjecture Il implies the following: If f: R*— R" is a
homeomorphism (#=5) such that fxId: R*x R¥ — R"x R* is stable, then f is
stable. The final note of the appendix implies the following: Suppose (g; ;) is an
infinite matrix with integer entries, and that it and its inverse are band matrices,
i.e., bounded about the diagonal. Then (a; ;) can be diagonalized by row operations.
This is a nongeometric analogue of Conjecture II for the infinite complex R.

Notation, definitions, and conjectures. Although the results of this paper hold
for CW complexes, their use has been avoided whenever possible to simplify the
proofs. Unless otherwise stated, the word ‘“‘complex’ means *simplicial com-
plex”. If K is a complex, K< R* means that K is topologically embedded in R™
This is important because in Lemma 5, K and N are homeomorphic complexes
embedded in essentially the same manner. If K and N are combinatorially distinct,
they cannot each be simplicially embedded. In general, K will be embedded in R"
simply because R"™ is a pleasant metric space in which geometric construction may
be performed.
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Suppose X is any metric space. If A< B< X then d(A) will be the diameter of 4.
If x, ye X, then d(x, y) is the diameter of the set {x, y}, i.e., the distance from
x to y. If >0, V(A, B, 3) is defined to be {x e B : d(4, x)<8}. If B=X and the
meaning is clear, this may be written V(4, 8). The interior of 4, where 4 is con-
sidered as a subspace of B, is written Int (4, B). The complement of 4 in B is
written Cm (4, B) and the closure of 4 in B is written Cl (4, B). If the set B is
clear from context, these will be written Int (4), Cm (4), and Cl (4) resp. The
statement that A4 is a 8-deformation retract of B means 3 a map A: Bx I — B such
that A(x, 0)=x, h(x, 1) € 4, and d[h(x, I)] <& for all x € B and h(x, t)=x for all
x€eA, tel

DErFINITION OF GEOMETRIC GROUP. Suppose X is any metric space. The state-
ment that G is a geometric group associated with X means that 3 a finite collection
{p}-, where each p; € X and that G is the free group generated by the symbols p;
(free group always means free abelian group). Even if the point p; is the same as the
point p;, they nevertheless represent distinct generators of G because, when i#j,
they are different symbols. This is a technicality—the reader should think of the
points as being distinct. If r is an integer, ] <r<v, and g, € G, then g; ,, | i<y, is
the unique integer defined by the equation g,=g,.p;+8s. P2+ -+ +gusDv. If
S< X, then G(S)=the subgroup of G generated by {p, : p; € S}. The symbol “p,”
is used in two distinct ways and the meaning will be clear from context. For ex-
ample, p; € G(S) means p;=lp, is an element of the group G; p; € S means p; is a
point of X. Note that G=G(X) and if S= X, G=G(S) @ G(Cm (S)). If none of the
points p; are in S, G(S)=0 € G. If S;, So< X then G(S;) N G(S2)=G(S; N S,) and
G(S,)+G(S;)=G(S, U Sy). If A is a subset of G, the carrier of 4 is the subset of X
defined by Ca (4)={p; : 3a € A such that when a is expressed as a linear combina-
tion of the p;, the coefficient of p; is nonzero}. Thus A< G(Ca (A4)).

DEFINITION OF 8-BASIS. Suppose {a;}’-, is a basis for G (basis means free
abelian basis). If 8 >0, the statement that {a,} is a 5-basis means

(1) d[Ca (a)]<é for j=1,2,...,0.

(2) Any p; € G is a linear combination of {a; : Ca(a;)< V(p;, X, 8)}.

The elements a; determine a set of integers a; ; by the equation a;=a, ;p,+ - - -
+a, ;p,. Thus a basis determines a nonsingular integral matrix (a; ;). Conversely,
given a nonsingular matrix (g; ;) of rank v, there is determined a basis {a,} by the
same formula above. The matrix (a; ;) determines an isomorphism of G onto itself.
This automorphism is also written as (a; ;) and is determined by the formula
(ai,)p=ay.

Suppose T is an automorphism on G. The statement that 7 is 8-blocked means
that 3 a finite collection S,, S,,..., S,, of disjoint subsets of X with G=
G(S;V S, U---U S), d(S) <8, and T(G(S)))=G(S)) fori=1,2,...,r. A matrix is
said to be 8-blocked if the automorphism it determines is -blocked. It should be
noted that the transformation determined by a matrix depends upon the ordering
of the set {p;}, i.e., if this set is reindexed, the same matrix will determine a differ-
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ent transformation on G which may no longer be 8-blocked. Therefore when a
matrix is said to be 8-blocked, it means with respect to some definite ordered
basis {p;}. It is obvious that if T'is 8-blocked, then {T(p,)} forms a 8-basis. Thus the
concept of ““ 8-blocked” is a strong special form of the concept of “8-basis”. The
following proposition is appropriate at this stage.

ProOPOSITION 0. Suppose G is a geometric group associated with X and generated
by {p}i-1.

(a) If T is an automorphism on G with Ca [T(p)]<V(p;, X, 8) and Ca [T-*(p)]
< V(p, X, 8), then each of {T(p;)} and {T~*(p,)} is a (28)-basis for G.

(b) If {a;} is a 8-basis for G, then 3 a 8-basis {b;} obtained by relabeling the a,
such that the automorphism T defined by T(p)=b; has the properties Ca [T(p,)]
<V(ps X, 8), Ca [T~ (p)I<V(pss X, 8), and {T~*(p,))} is a (28)-basis for G.

Proof of (a). Suppose Ca [T(p;)] and Ca [T~!(p,)]< ¥(p;, 8). Then d[Ca T(p,)]
<20. Write py=d\T(p1)+d:T(p2) + - - - +d,T(p,), and thus T~(p)=d,p; +dop,+
-+ +dypy. Since Ca [T~Y(p)]<=V(ps, 8), d;#0 = p; € V(p,, 8) = T(p))< V(p;, 29).
Therefore p; is a linear combination of {T(p;) : Ca [T(p,)]< V(p;, 28)} and this
shows that {T(p,)} is a (28)-basis. By symmetry, {T~*(p,)} is also a (25)-basis.

Proof of (b). Suppose {a;} is a 3-basis and, as always, let (a; ;) be the matrix
determined by the automorphism (a; ;) p,=a;. Since (a; ;) is nonsingular, 3 a matrix
(bs,7) obtained from (a; ;) by interchanging columns, such that the diagonal entries
b, #0 for i=1,2,..., v (this elementary fact is assumed). As always, let b, € G
be defined by b,=(b;,;)p.=T(p;). (The set {b;} is simply a relabeling of the set {a,}.)
Since p, € Ca (b;) and d[Ca (b;)] < 3, it follows that Ca [T(p,)]=Ca (b,)< V(p,, 9).

Since {b;} is a 8&-basis, p,=db,+dsb;+ ---+d,b, where d;#0 = Ca (b)<
V(py, 8. T Yp)=dpr+---+d,p, where d,#0 = p,eCa(b)<V(p, 8). This
shows Ca [T~!(p,)]< V(p,, 8). Finally, {T~*(p;)} is a (25)-basis from part (a).

DEFINITION OF 8-MAP. If G=G(X) is a geometric group and H is a free abelian
group, a 8-map f: G — H is a homomorphism onto satisfying (1) and (2) below
(properties (3) and (4) follow from (2)).

(D) If S= X, f[G(S)] N f[G(Cm VT[S, 8])]=0.

(2) If S, and S are sets with X=S; U S;and S; N S,= &, then for any ge G(S))
and any nonzero integer n with f(ng) € f[G(S,)], 38 € G[V(Sy, 8) N V(S,, 8)] with
f(®=£(3).

(3) If S, and S, are two sets with X=S, U S, and S; N S,= &, then

FIG(SDI N FIG(S2)] < f(GIV(S,, 8) N V(S 8)D.

(4) If S=X then 3 a subgroup G'<=G such that G(S)=G'<G[V(S, 8)] and
H|f(G’) has no torsion.

OBserVATION. Condition (2) implies conditions (3) and (4).

Proof. Suppose (2) is true. Condition (3) follows by setting n=1. To show (4) is
true, let S;=S< X, S;=Cm (S, X), m: H— H[f[G(S)] be the projection, and T
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be the torsion subgroup of H/f[G(S,)]. Let A< G be a finite set such that nf(4)=T.
Since H=f[G(S.)]+f[G(S.)] and nf[G(S;)]=0, A may be chosen so that 4<G(S,).
Now by (2), IB=G[V(S,, 8) N V(S,, 6)] with f(B)=f(A4). The proof is completed
by setting G'=the subgroup of G generated by G(S;) U B. Then G(S;)=G'<
G[V(Ss, )], nf(G')=T and H[f(G’) has no torsion.

The connection between 8-bases and 8-maps is as follows: If G=G(X) is a
geometric group, {a;} is a 8-basis of G, A is a subgroup of G generated by some
subset of {a;}, and S<X with A=G(S), then the map =: G(S) — G(S)/4 is a
(28)-map (see statements 1, 2, 3 of Theorem 2).

ConNJECTURE I,. If K is a finite complex, dim K<n, and £>0, 38 >0 such that:
If G is any geometric group associated with K, H is a free abelian group, and
f: G — H is a 8-map, then I{g;}/_, <G such that

(1) {f(g)}:=, is a free abelian basis for H,

(2) d[Ca(g)]<efori=1,2,...,r,

(3) If S<K, then f[G(S)]<the subgroup of H generated by {f(g;) : Ca(g)
< V(S, K, ¢)}.

CoNJECTURE II,,. If K is a finite complex, dim K<n, and >0, 36> 0 such that:
If G is any geometric group associated with K, generated by {p;}/-1, and {a;}{-, is
any d-basis for G, then 3 a sequence (¥°), (%), . . ., (y"*1) of v x v matrices satisfying

(i) Each (y') is e-blocked for i=1,2,...,n+1, and (¥°) is obtained from the
identity matrix by interchanging columns.

(i) G**H(M- - - () =(a;,)(°) where (a;,) is the matrix associated with the
basis {a;}.

The connection between Conj. I and Conj. II is as follows: If G=G(K) is a
geometric group, {a;} is a 8-basis of G, A is a subgroup of G generated by some
subset of {a;}, and S=K with A=G(S), then as mentioned previously, the map
m: G(S) — G(S)/A is a (28)-map. Assuming Conj. I, 3{g;} such that {=(g;)} is a basis
for G(S)/A. Then {n(g;)} together with the basis for 4 forms a (28 + §;)-basis for
G(S). Thus it is possible to “block off” the basis for G and it is this process which
allows the proof that Conj. I, = Conj. II,,;. Each of these conjectures becomes
nontrivial in a hurry—when n=1 for example. However the following proposition
is trivial.

PROPOSITION 1. Conjectures 1, and 11, are true.

ProoF ofF ConJ. I,. Suppose K is a 0-complex, K={xy, x5, ..., X,}, and ¢>0.
Let 6>0 such that d(x;, x;,)>8 whenever i#j. Let G=G(K) be generated by
{p}i-1 and f: G — H a 8-map. Let G=G, ® G, ®- - - D G, where G; is the sub-
group of G generated by {p, : p;=x;} (remember that the p; may not be distinct).
Since f'is a 8-map, H=f(G,) ®- - - & f(G,). Let C,; be a finite subset of G; such that
f(C) is a basis for f(G;). Then ;<;<, C; is the desired subset of G. The proof of
Conj. II, is equally trivial and is omitted.

Conjecture II implies the topological invariance of Whitehead torsion. The
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purpose of this section is to prove Lemma 5 below. The five lemmas presented are
obvious and the proofs are elementary (but tedious) exercises in general topology.
The first lemma shows how a 8-basis arises from a geometric situation.

LeMMA 1. Hypothesis. K< R**® js a connected k-complex and Y<K is a
connected subcomplex. M< R%**® js a CW complex containing Y as a subcomplex
and M N K=Y. (M, Y) contains cells only in dimensions k+1 and k+2: the
(k+1)-cells are (k+ 1)-spheres {Sy, Ss, . . ., Sy} attached to Y at points {py, ps, - . .,
Do} the (k+2)-cells {D,, D,,..., D} are attached by maps f;:0D;— (Y U S,
US,U---US,). Y is a 8-deformation retract of M, d(S;)<3$, and d(D;)< 8 for
i=1,2,...,v. G is the geometric group associated with Y that is generated by the
symbols {p}i- 1. G also has a basis {a;}}- , determined as follows: Let y; be a generator

of H,1(S;V Y, Y)XZ and A; be a generator of H, , ,(D;, ©D;). Then the image of
A; under the map

(f})* a: Hk+2(DJ‘7 aDj) e Hk+l(8Dj) — Hk+1(YU Sl U Sz U' * 'U S‘U’ Y)

is @y y1+as,jya+ - +a, v, Then a;€ G is defined by a;=a, ;p,+as ;pa+---
+av,fpv-
Conclusion. The set {a;}}., is a (38)-basis for G.

Proof. Since d(D;) <8< 38, it follows immediately that d[Ca (a;)] < 38. Since S;
deforms to Y in V(p;, M, 28), it follows that S; deforms to Y in

YU (Sl v S2 U-.--u Sv) U [Dj . Dj < V(pb M, 38)}.

Therefore p; e G is generated by a combination of {a; : Ca (a;)< V(p;, Y, 38)}.
This completes the proof.

Suppose f: K — N is a homeomorphism and M, is its mapping cylinder. Then
M; is homeomorphic to K x I, K is a deformation retract of M/, and this deforma-
tion, when projected onto N, is the identity. If 4 is a map approximating f, then K
is a deformation retract of M,, and this deformation, when projected onto N,
approximates the identity. The next lemma is a relative version of that fact.

LEMMA 2. Let NS R" be a finite complex. If ¢>0, 36 >0 such that whenever

(i) K is any finite complex and W is any finite subcomplex of some subdivision
of K,

(ii) f: K — N is a homeomorphism which is p.w.l. on W, and
(iii) h: K— N is a p.w.l. map with h|W=f|W and
d(h(x), f(x)) < 8 forxeKk,
then 3 a map H: M, x I — M, such that
(a) H(z,0)=z and H(z, 1) e K for all ze M, and H(x, u)=x for all x € K< M,
and u € [0, 1],

(b) dlny(H[z, IT)] <e for all ze M), and my[(x, t), u]=f(x)=h(x) for x € W and
t,uel0,1].
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(The mapping cylinder over W is just Wx I. Thus (x, t) above is in M,.)

Proof. Suppose N R" and ¢>0. Let 0= R" be an open set, N<0,and r: 0 —> N
a retraction: Let 6 >0 such that if x, y € N and d(x, y) < $, and T is the straight line
interval joining x to y, then T=0 and d[r(T)] < /3. This number 8 will satisfy the
conclusion of the lemma. Let (K, W), f, and h be given satisfying (i), (i), and (iii).
Since d(f, k)< 8, f and h are ¢/3-homotopic relative to W, i.e., 3g: KxI— NxI
with

g(x, 0)=(f(x), 0),

g(x, N=(h(x), 1),

d[my(g[x, I)]<e/3 and

m(g(x, t))=t for x e K, t € [0, 1], and also

glx, )=(f(x), )=(h(x), 1) for xe W, te [0, 1].

Construct the mapping cylinder M,=[(KxI)xI U, N x I] and identify M, with
(Kx0)xIU Nx0,and M, with (Kx1)xITU Nx1. Now (Ix0) U OxI)U (Ix1)
is a deformation retract of Ix I. Any such deformation induces a map p,: M, x I
— M, which deforms M, into

[(KxIx0)UNXI]U[KxOxI)UNXITU[(KxIx1)UNxI]
= (KxIx0) UM, UNxI=X

with d[my(p(z, I))] <¢/3 for all z e M,. Here my represents the natural projection
of M, to N x I followed by its projection onto N.
Now N x I deforms to N x 0= M,, M, deforms to (K x 0x 0)< (K x Ix 0) because
fis a homeomorphism, and K x I x 0 deforms to K x 1 x 0 which is the base of M.
These three deformations performed in sequence yield p,: X x I — X, a deformation
of X onto Kx Ix0< M, with wy(zx I)=my(z) for any z € X.
Define p: My, x I — M, by
p(z, t) = pi(a, 2t) for0 =t =14,
= Pz(Pl(Za 1)’ 2t—1) for % Sts1,
and note that
p(z,0 =z, p(z,1)eKx1x0< M, = M,

dimy[p(z,]) < ¢/3 allze M,
and
my(x, t, ) =x all(x,t,u)e WxIxL

A retraction r: M, — M), may be defined as follows: For (x, t, u) e KxIxI
r(x, t,u) = (x,1,(1—¢)4+u) when (1-t)+u =1,
=(x,1,1) when (1—-#)+u 2 1.

For (y,t)e NxI, r(y, t)=(y, 1). Note that (x, 1, 1) is identified with (f(x), 1)
e NxI in M,=M, Then r satisfies d(wy(z), my[r(z)]) <e/3 for ze M, Also
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wy[r(z, t, w)l=my(x, t, u)=h(x)=f(x) for (x,t,u)e WxIxI. The deformation
H: M, xI— M, desired in the conclusion of the lemma is given by H=rp.

Suppose K is a deformation retract of Q. It is a classical theorem of J. H. C.
Whitehead that 3IM > K such that (M, K) has cells in only two distinct dimensions,
M deforms to K, and the Whitehead torsion (M, K)=7(Q, K). The next lemma
states that if Q 8-deforms to K then M may be chosen to e-deform to K. This is
proved by working through Whitehead’s proof and keeping track of distances.
Since the proof has no instructional value whatsoever, it is omitted.

LEMMA 3. Suppose K< R**3 js a finite connected k-complex, Y< K is a connected
subcomplex, and e>0. Then 38 >0 such that if Q< R***% is any (k + 1)-complex with
Q N K=Y which é-deforms to Y, then 3 a CW complex M< R?**5 containing Y as a
subcomplex, such that M N K=Y and

(@) M e-deforms to Y.

(b) (M, Y) has cells only in dimensions k+ | and k+2 and the (k +1)-cells are
attached trivially.

(c) Ifaisacell of (M, Y) then d(¢)<e.

(d) The Whitehead torsion 1(M U K, K)=1(Q U K, K).

Suppose K is a finite connected complex and L< K is a subcomplex. Let §,>0
such that any set of diameter < 8, is contained in the star of some vertex. Suppose G
is a geometric group associated with L, generated by {p;}{- ,, and {a;}{-, is a 8-basis
for G where 0 < &< 8,. Then the basis {a;} determines an element of the Whitehead
group Wh (m,(K)) as follows: Join each p; to the base point by a path P;. Join each
Ca (a;) to the base point by a path 4,—this is possible because Ca (a,)< the star of
some vertex. For each p; e Ca (a)), [Pi'A;] will represent the element of =,(K)
determined by the loop P 14,.

The matrix (a;;[P; '4;]) determines an element of Wh (7,(K)). This element is
independent of the ordering of the set {p;}, the ordering of the set {a;}, the paths P,
and the paths A;. It will be shown that if dim L <n and Conj. 11, is true, then for &
small enough, this element of Wh (7,(K)) is 0.

LEMMA 4. Suppose K is a finite connected complex and L is a subcomplex with
dim L =n. Then if Conjecture 11, is true, 38> 0 such that if G is any geometric group
associated with L, and {a;} is any 8-basis for G, then the matrix (a, ,[Pi *A;]) rep-
resents the O element in Wh (m,(K)).

Proof. Suppose K is given. The proof is by induction on dim L. Suppose
dim L=0. Then let §>0 be such that & is less than the minimum distance between
vertices of L. Then for any geometric group G and any 8-basis {a;}, each Ca(a;)
=some p;. Then the path A; can be chosen equal to the path P; and therefore the
matrix (a; [P, '4,]) will have only integer entries and can be diagonalized by row
and column operations, and will represent the 0 element of Wh (,(K)).

Now suppose by induction that the lemma is true when the dimension of the
subcomplex is =n. Suppose Conjecture 11, ,, is true and dim L=n+1. Let ¢>0 be
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such that the conclusion of the lemma holds for the subcomplex L", the n-skeleton
of L. This means that if G’ is any geometric group associated with L", then any
e-basis for G’ determines 0 in Wh (7,(K)).

Let O, and O, be open subsets of L with L"< 0, and Cl (0,)<0,, and r: O, — L"
a retraction with d(r(x), x) <e¢/8 for all x € O,. Let ¢, >0 such that &, <¢/16(n+2),
V(L™ L, 4(n+2)e,)< 04, and V(04, L, 4(n+2)e;) < O,.

By assumption, Conjecture II,,; is true. Thus 38, 0 < § <¢;, such that the con-
clusion of Conjecture II is true for the complex L and the positive number &,. This
is to be the ““8” in the conclusion of this lemma. Let G be a geometric group
associated with L, generated by {p;}{-, and containing a 8-basis {a;}}-;. It must
be shown that the basis {a;} determines the 0 element of Wh (7,(X)).

The paths P; and A; are to be selected satisfying the following: If ¢ is an (n+ 1)-
simplex of L, p; € Int o, and Ca (a;)<Int o, then [P;*4;] is the unit of #,(K). This
is done by joining ¢ to the base point by a path and using this single path to de-
termine all P; and A; above. If p, € L", then P; is chosen arbitrarily. If Ca (a;)
is not contained in the interior of some (n+ 1)-simplex of L, then A, is chosen
arbitrarily.

Since Conjecture II, ., is true and {a;} is a 8-basis, (a; ;)=(c"*2)(«"*1)- - - (?)
where each () is ¢;-blocked. (Conjecture II gives this after (a; ;) is altered by inter-
changing columns. Since interchanging columns does not effect the induced element
in Whitehead torsion, we suppose that (g; ;) itself satisfies this equation.) Let
Si, Sz, ..., S, be disjoint subsets of L such that G=G(S, U S, U---U S,),
(@M[G(S)]=G(S,), and d(S)) <e, for t=1, 2, .. ., r. Define a new matrix (&) by the
transformation formula: (a')|G(S,) = («*)|G(S;) when S,=Cm (0,, L) and (¢")|G(S;)
=the identity, otherwise. Define similarly (&2),..., (¢"*2), and let (&)=(a""*?)
-(&"*1)- - -(&"). Finally, let (8, )= (a ;[P *4;])(¢) " and (b;,5) = (a;,;)(@) .

Note that for any (#+ 1)-simplex ¢ of L, (a; ;)[G(¢ N Cm (0,))]< G(Int o). This
is true because V(L", L, 4(n+2)e;)< O, and (a, ;) is the product of (n+2) matrices,
each of which is e;-blocked. Therefore p,e Cm (O,) implies (a; ;[P *4;])p;=
(a;,))p.=a, i.e., no fundamental group elements are involved. Since (&)~ is the
identity on G(0,), (¢)~* does not effect the matrix (a; ;,[P; '4;]) whenever non-
trivial elements of the fundamental group appear.

The basic properties of (8;,;) are:

(@) (B.;) represents the same element of Wh (,(K)) as does (a;, ;[P *4;]).

(b) (B.,;) arises from the basis {(b; ;) p}.

Property (a) follows from the fact that («) ~* has integer entries and is thus 0 in the
Whitehead group. Property (b) is obvious from the remarks above. The basic
properties of (b; ;) are:

(1) Whenever p, € G[Cm (0y)], (b;,;)pi=p:. (In this case b;,=p;,=0 when
i#tand b=, ;= 1)

(2) (bi,)p: and (b))~ 'p.= G[V(po, L, 4n+2)e))1= GV (py, L, £[4)].

3 (bi.j) [G(02)]= G(0,).
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Property (1) follows from (a; ;)= *(p,)=(&)"'(p;) for each p, € G[Cm (0,)]. Prop-
erty (2) follows from the fact that (b; ;) and (b, ;)" are the products of 2(n+2)
matrices, each of which is e;-blocked, and the fact that ¢; < ¢/16(n+2). Property (3)
follows from (1).

If row i and column j of a matrix are each composed of zeros except for a ““one”
in the (i, j) place, then this row and column may be removed from the matrix
without changing its class in the Whitehead group. Thus if (B; ;) is the matrix
determined by (B;,) restricted to G(O,), then (B;,) represents the same class in
Wh (7,(K)) as does (B; ;). Let (b;,;) be the matrix determined by (b; ;) restricted to
G(0,). Then (b; ;) still satisfies (2) and (3) above.

Let G’ be the geometric group associated with L™ and generated by the symbols
{r(p)) : p: € G(0,)}. Now (b;,), considered as a transformation of G’ onto itself,
satisfies (b; ,)[r(p,)] and (b; ;) ~[r(p)1= VIr(p,), L", /2]. This follows from (2) and
the fact that d(r(x), x)<e/8 for x € O,. Therefore by Proposition 0, part (a),
(b1,,) arises from an e-basis. By induction and the manner in which ¢ was chosen, it
follows that (b; ;) determines the 0 element in Wh (7, (K)). It follows from (b) above
that (b;,;) determines the element (8; ;), and the proof is complete.

The purpose of the four preceding lemmas is to prove Lemma 5 below. Lemma 5
is a relative version of the classical conjecture that homeomorphisms induce simple
homotopy equivalences. Here is the idea of the proof: Suppose f: K— N is a
homeomorphism. Let #: K — N be a p.w.l. map which approximates f. Using a
short mapping cylinder (instead of one of length “one”) and Lemma 2, the
mapping cylinder M, will deform to its base K through a small deformation. By
Lemma 3, it may be assumed that (M,,, K) has cells in only two dimensions. Using
Lemma 1, this determines a geometric group associated with K and a §8-basis. It
follows from Lemma 4 and the assumption that Conjecture II is true, that this basis
induces the 0 element in Wh (7,(K)).

LemMma 5. Suppose Conjecture 11, is true, K is a finite connected k-complex, and L
is a connected subcomplex of K with dim L < n. Then there exists a subcomplex X of
some subdivision of K, L<Int (X, K), such that if N is any finite complex and f: K—~ N
is any homeomorphism with f|Cm (Int X, K) p.w.l., then f is a simple homotopy
equivalence.

Proof. Suppose K is topologically embedded in R?**+!, By Lemma 4, there exists
&, >0 such that G is any geometric group associated with L and {a;} is any &,-basis
for G, then the matrix (a; ,[P; ' 4,]) represents the 0 element in Wh (7,(K)). Let K,
be a subdivision of K, Y=St (L, K;), and r: Y — L be a retraction. Suppose the
subdivision K; is fine enough that d(r(»), y)<e;/4 for y € Y. Let K, be the first
derived subdivision of K; and X=St (L,, K,). This X will satisfy the conclusion
of the lemma.

By Lemma 3, there exists e, >0 such that if Q is any finite (k + 1)-complex which
eo-deforms to Y, then there exists a CW complex M, Y< M < R%+*5 such that



170 E. H. CONNELL AND JOHN HOLLINGSWORTH [June

(@) M (¢,/6)-deforms to Y.

(b) (M, Y) has cells only in dimensions k+1 and k+2.

(c) If ois a cell of (M, Y), then d(0) <&,/6.

(d) The Whitehead torsion (M U K, K)=1(Q U K, K).

Let W=Cm (Int X, K) and suppose N is a finite complex and f: K— N is a
homeomorphism such that f|W is a p.w.l. map. It will be shown that f'is a simple
homotopy equivalence. Let ¢>0 and define an embedding «: N — R?**!x R by
a(x)=(f"1x), ¢), i.e., N is embedded as a translate of K. For simplicity, we dis-
regard « and consider N already embedded in this manner. One important point
is that the homeomorphism

fiK< R¥*1xR—>Nc R¥*1xR

is now defined by f(x, 0)=(x, ¢). For later purposes, we consider K and N< R%**5,

Let h: K— N be a p.w.l. map approximating f such that h|/W=f|W. Using
Lemma 2 and choosing ¢ small enough, it is a straightforward construction to
embed M, in R%¥*5 such that

(1) The base of M, is K.

(2) The “top™ of M, is N.

(3) M, contains a subcomplex Q such that Q N K=Y, M, collapses to K U Q,
and Y U Q e,-deforms to Y (Q will be mapping cylinder of h|Y).

The number ¢, was chosen so that there exists a CW complex M, Y& M < R?*+3,
which (e;/6)-deforms to Y and has cells only in dimensions k+1 and k+2. By
Lemma I, this determines a geometric group associated with Y and an (e, /2)-basis.
When retracted onto L, this.gives a geometric group associated with L and an
e,-basis. Using Conjecture I1,, the number &, was chosen so that this basis de-
termines the O element in Wh (7,(K)). This completes the proof.

Conjecture 1, and Conjecture II, are true. The purpose of this section is to
prove Theorems 1 and 2 below.

THEOREM 1. Conjecture 1, is true.

Proof. Suppose K is a 1-dimensional finite simplicial complex and ¢>0. Since
each component may be considered independently, suppose that K is connected.
Let K, be a subdivision of K such that for each vertex « of K, d[St («, K;)] <¢/2.

Let K,, K3, and K, be the second, third, and fourth barycentric subdivisions of
K. Let ay, s, . . ., a\ be the vertices of K; and By, Bs, . . ., B be the barycenters of
the 1-simplexes of K,. Define

Ui = St(w, Ky),  A4; = St(B;, Ky),
Vi=St(U, Ky, B;=St(4; Ky,
W, = St (V;, Ky), C; = St (B}, Ky),
X; = St(W, Ky), D;=St(C;, K.
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If B; € St (o4, K;), then X; N A;=one point. If B, ¢ St («;, K;), then X; N 4;= 2.
Similar statements hold for W; N B,, ¥; N C;, and U; N D;.

Let 6>0 be such that if L is any subcomplex of K,, then V(L, K, §)
<Open St (L, K,). Suppose G=G(K) is a geometric group associated with K,
H is a free abelian group, and f: G — H is a 8-map. The proof consists in showing
that this G, H, and 8-map f'satisfy the conclusion of Conjecture I;.

Let T, ,={g € G[Int (W;) N Int (D;)]: there exists an integer n#0 with f(ng)
€ f(G(V}))}. The basic properties of T; ; are:

(1) T;;=0 when W; N D;= . Thus for a fixed j, there are at most two integers i
with T; ;#0.

(2) The set T; ; is a subgroup of G[Int (W;) N Int (D;)].

(3) T, GV, N Int (D).

(4) Any t e G[Int (W)) N Int (D,)] can be written uniquely as t=t,+¢, where
t; € G[V; N Int (Dy)] and #; € G[Int (W) N Int (C))]. If t € T, ; then ¢, and 1, € T ;.
It follows from (3) that any ¢, € G[V; N Int (D,)] belongs to T; ;. Since T, ; is a
group, t, €T ;.

STATEMENT 1. Suppose V; N C;# &, g € G(Int (C;)), and 3 an integer n#0 such
that f(ng) € f[G(V?)+T,,;). Then f(g) € f(T;,5).

Proof. Suppose the hypothesis. Then Jve G(V,) and te T, ;3 f(ng)=f(v+1).
Let t=t,+t, where t, € G[V; N Int (D;)] and ¢, € G[Int (W;) N Int (C;)]. Now
t; € G(V;) and by property (4) above, t, € T; ;. Thus v and ¢ may be chosen so that
veG(V)and te T ; N G[Int (W;) N Int (C))]. Thus f(v)=f(ng—1t) where v € G(V)
and (ng—t) e G(Int (C;))=G(Cm (V;)). Therefore by property (2) of a &-map,
Ju e G(Int (W) N Int (D;)) with f(u)=f(ng—t)=f(v). Since v € G(V)), it follows
from the definition of T, that ueT,; Now f(ng)=f(u+1t) where u+teT,;.
Again using the definition of T, ,, 3 an integer p#0 3 f(p(u+1))=f(png) (V).
Since Ca (g)=Cm (V)), it follows from property (2) of a 8-map that Jize
G(Int (W) n Int (D,)) with f(@)=f(g). Since f(pnit)=f(png) € f(V}), it follows
that # e T; ;. Thus f(g) €f(T; ;) and Statement 1 is proved.

STATEMENT 2. Let j be an integer, 1 <j<m, and a and b be the two integers
sW,N D;# & and W, N\ D;# &. Then if g € G(C,) and 3 an integer n#0 3 f(ng)
€f[T,,;+G(Cm [Int (D)) + T, ;] then 3t, € T, ; and t, € Ty, ; with f(t,+1,)=f(g).

Proof. Let f(h)=f(ng) with h=h, +h,+h; and g=g, +g,+g5 where

81 € G(Int (Wa) N Cj)’ hl € Ta.j,

g2 € G(B)), hz € G(Cm [Int (D))]),

ga € G(Int (Wb) n Cj)} h3 e Tb,j'
Now f(ngz)=f(h—ng,—ngs) where ng, € G(B)) and (h—gn,—ngs) € G[Cm (B))].
Thus by property (2) of a 8-map, Ju e G[C; N X,], ve G[C; N X,] with f(u+v)
=f(82)-
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Furthermore f(hy)=f(ng—h,—hs) where hye G[Cm (Int D;)], (ng—h,—hg)
€ G[Int D,]. Again by property (2) of a 6-map, 3x € G(V,), y € G(V;) with f(x+y)
=f(hy).

Collecting the above results, f(n[g, +u+v+gs])=f(h +x+y+h3) or

Sf(nlg:+ul—Thi+x]) = f([y+hs]—n[v+gs])
where g, u, hy, x € G(X,) and y, hs, v, gs€ G(X,). Since the distance from X, to X,
is greater than 8, it follows from property (1) of 8-map that f[G(X,)] N f[G(X,)]=0
and thus f(n[g:+u])=f(hi+x) and f(n[v+gs])=f(y+hs). Now [g,+u] € G(C))
and [h;+x]e T, ;+G(V,) and it follows from Statement 1 that 3¢, € T, ;3 f(¢,)
=f(g,+u). Similarly, 3¢, € Ty, ; 3 f(t,) =f (v +g5). Therefore

Statt) = f(g1+utv+gs) = f(g1+8218s) = f(g)

This proves Statement 2.

For any given i, 1Zi<k, define G; by Gi=G(U) ® [P, jee Ti,;] Where «
={(i,/) : U, D,# z}. Then GU)=G(V)=G,=G(Wy) and G, N [+,.; G}]=0.
Let G'=Dk, G,

STATEMENT 3. H|f(G’) has no torsion.

Proof. Suppose ge G and for some integer n>1, f(ng) €f(G’). Show f(g)
€f(G"). Now g=h"+g,+g,+ - - +gn, where b’ e DL, G(V))= G’ and g, € G(C)).
Thus f[n(g,+g2+ - - - +ga)] €f(G’) and it must be shown that f(g; +go+ - - - +gn)
€ f(G"). Since f(ng) € f(G") and f(nk') € f(G’), 3¢’ € G’ with

flng) = f(g' —n(gza+gs+ - +&m)

It now follows from Statement 2 that f(g,) €f(G’). Similarly, f(g,) € f(G’), and
therefore f(g,+go+ - - - +gn) €£(G).

STATEMENT 4. Let m: H— H|f(G") be the projection. Then

m

H|f(G") = @ =fIG(C)).

i=1

Proof. It must be shown, for example, that =f[G(C,)] N (47, nf[G(C;)])=0.
Suppose wf(c;)=mnf(co+cs+ - - - +cn) Where ¢; € G(C,). This means 3g’ € G’ with
fle)=f(ca+ - - +cn+g’). Therefore by Statement 2 f(c;) € f(G’) and =f(c,)=0.
This proves Statement 4.

Now f(G;) is a subgroup of the free abelian group H and thus f(G)) is free
abelian. Let F; be a finite subset of G; 5 f(F)) is a free abelian basis of f(G;). Accord-
ing to Statement 3, H/f(G’) is a free abelian group and according to Statement 4,
HIf(G")=@ =f[G(C,)]. Let E; be a finite subset of G(C,) 3 nf (E)) is a free basis for
7f[G(C))]-

STATEMENT 5. The set f[(U E;) U (\J F))] is a free basis for H satisfying the
conclusion of the theorem.
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Proof. The fact that it is a free basis follows from the exact sequence 0 — f(G’)
— H — H[f(G") — 0 and the fact that f({_ F)) is a free basis for f(G’) and #f(|J E))
is a free basis for H/f(G").

If ge(UE;) or ge(UF) then d[Ca (g)l<e because, for some vertex «,
Ca (g)<=St («, K;) and d[St (o, K})]<e/2<e.

It remains to be shown that if S< KX, then f[G(S)]<the subgroup of H generated
by f(R) where R={ce (U E;) U (U F) : Ca(c)<=V(S, ¢)}. Now any g € G(S) can
be written as g=g;+g,+ - - - +g, where g, € [some G(C;)] N G(S) or g, € [some
G(Int V)] N G(S)<[some G;] N G(S). It will be shown that each g, € the subgroup
of H generated by f(R) and the theorem will follow.

Suppose first that g,e G(Int V) N G(S). Now SN (Int V))# @ (assuming
2,70). Since d[St(«, Ky)]<e/2, it follows that V(S, ¢)>St («, K;)>Ca (G;)
S Ca (F,). Therefore F;.=R and the result follows because f(g,) € the subgroup
generated by f(F)).

For the other case, suppose g, € G(C;) N G(S). Then nf(g,)=nf(ne,+ - - - +n.e,)
where each e, € E;. Then f(g,—[me,+ - - - +ne]) €f(G’). Since (g,—[me;+---
+n,e,]) € G(C)), it follows from Statement 2 that 3¢, €T, ; and t, €T, ;3 f(t,+15)
=f(g,—[mei+ - - +n.e]). Now f(t,) and f(¢,) are in the subgroups generated
by f(F,) and f(F,) respectively. Thus f(g,) is in the subgroup generated by
f(F, U F, U E)). Since Ca (E, U E, U E))<V(Ca (g,), ¢), this completes the proof
of Statement 5 and the theorem.

THEOREM 2. Conjecture 1, = Conjecture 11, ., for n=0,1,2,....

Sketch of proof. Since the proofis hidden in a mass of details, a crude sketch of
the ideas involved is presented. Suppose Conj. I, and Conj. II, are true and show
Conj. 11, ., is true. Consider the simplest case possible—an (#+ 1)-simplex o with
d(o) <&. Suppose G(o) is a geometric group with a 8-basis {a;}?—,. Let Bdry oA,
<A,< o where A, retracts to Bdry o. Define A={g; : a; € G(A,)}. The basic step
in the proof is showing that #: G(A;) — G(A,)/A is a 8;-map (actually A, must be
retracted onto Bdry ¢ so that the inductive hypothesis will apply—however at this
point we simply think of A, as being n-dimensional). Applying Conj. I, to the
map = yields an extension of A4 to a 8,-basis of G(A;). The transformation (c)
determined by this basis is the product of e-blocked matrices (Conj. I1,) and (c)
agrees with (g; ;) on G(4,). This means that if (a; ;) =(d)(c), then (d) is the identity
on G(A,;) and thus s-blocked. In the general case the complex will have (n+ 1)-
simplexes a;, 0y, . . ., o,. As before, (d) will be the identity on some neighborhood
A, of the n-skeleton and will carry each G(o;) into itself. Thus (d) will still be e-
blocked.

Proof. The proof is by induction on n. Suppose Conj. 1,, is true for some n=0.
Suppose by induction that Conj. II,, is true and show that Conj. II,,, is true.
Suppose that K is a finite simplicial complex with dim K=n+1 and that ¢>0. Let
K, be a subdivision of K with d[St («, K;)] <& for each vertex « of K. Let K} be the
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n-skeleton of Kj, 0 an open set, K<0< K and r: 0 — K} a retraction. Let 8,>0 be
such that Conj. IT holds true for the complex K} and the positive number ¢/2. Let
8, >0 be such that Conj. I holds true for the complex K7 and the positive number
8,/8. Let A;,A, be closed sets with Ki<IntA;,A;<IntA, and d(x, r(x))<
min (¢4, 8,/16, 8,/8) for all x e A,. Let 6>0 be such that 6 <min (8,/4, 8,/4) and
V(K,, K, 8)<IntA,, and V(A,, K, 8)<Int A,. It will be shown that this & satisfies
the conclusion of Conj. II for the complex K and the positive number e. Let
{a;}{-, be any 8-basis for G. Since the conclusion of Conj. II allows relabeling this
basis, it will be assumed that p; € Ca (a;) [see proof of Proposition 0, part (b)].

Let A<G be the subgroup generated by {a, : Ca (¢;)<A,} and =: G — G/A4 be
the projection.

STATEMENT 1. G(A,)/A has no torsion and is thus a free abelain group.

This follows from the fact that G/4 has no torsion because A is generated by a
subset of a free basis.

STATEMENT 2. If g1, 8:€ G(A;) and V(Ca(gy), K, 8) N V(Ca (g,), K, 8)= o,
then m(g,)=m(gs) = 7(g,)=0.

Proof. Suppose w(g,)=m(gs). Then g,=g,+ma,+---+n,a, where n;#0 =
a;e A. Due to property (2) of the é-basis {a;}, g1=g1,141+ - +8,,14, Where
8170 = Ca(a)<=V(Ca(gy), K, 8) and g,=g;,2a;+ - - - +8,,20, Where g;,#0 =
Ca ()< V(Ca(go), K, 8). Since the a; form a free basis and g, .a,+---
+85,18,=81,201+ - - - +8y 20, +ma; + - - - +n,a, the coefficients must be the
same on each side of the equation. Since ¥(Ca (g,), K, 8) N V(Ca (go), K, 8)= &,
8,1=8,2 = £,1=0. Now @, ¢ 4 = n;=0 = g, 1, =g,,5 = 8,1=8:,2=0. Therefore g,
and g, € A and =(g,)=7(g2)=0.

STATEMENT 3. Suppose S; U S;=A, and S; N S;=a. If g€ G(S,) and 3 an
integer n#0 such that w(ng) € w[G(S,)], then 38 € G[V(Sy, Ag, 8) N V(S,, Ag, 8)]
with n(g)=n(g).

Proof. Suppose he G(S,) and =(ng)=m(h). Then ng=h+na,+---+nua,
where n;#0 = a, € A. Also g=c,a;,+ - - - + ¢,a, where ¢;#0 = Ca (a)< V(S,, K, 8)
and h=d,a,+ - - - +d,a, where d;#0 = Ca (a;)< V(S1, K, 6). Write

g = (+ Ciai)'*'(ji'ﬁ c,-a,-)

iea

where

i<v,¢ #0,and Ca (@) < V(Sy, K, d)},

a={j:1 =
jSv,¢ #0,and Ca(a) ¢ V(Sy, K, 8)}.

B={j:1

From the equation

A IIA

n(ciai+ - - +ca,) = diay+ - - - +dya,+ma + - - - +na,
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and the fact that Ca (a)¢ V(Sy, K, 8) = d;=0, it follows that for each je§p,
nc;=n;. Thus for each jepB, n;#0 and a; € A. Therefore m(+,e; c;0;)=0 and
m(+icq i) =m(g). Now write (4, cia))=g+g’ where

Ca (g-) < [V(Sla K’ 8) N A2] = V(Sla A2a 8)’

Ca(g) < [V(Sw. K, 8) n Cm (Ag)] = Cm (Ay).
With this notation, n(g')=n(g—g), i.e., g=g—g+a where ac 4. But (g—g+a)
€ G(A,) and therefore g’ =0. This gives 7n(g)=m(g) where Ca (g)< V(S,, A, 8) and
Ca (g)< V(Ca (g), K, 8)< V(S,, K, 8). Since Ca (g)<A,, the second inclusion may
be written Ca (g)< V(S;, A,, 8). This proves Statement 3.

Now summarizing the proof so far:

STATEMENTS 1, 2, 3. The function m: G(A;) — G(Ay)[A is a (28)-map.

Now consider the geometric group G’ associated with the complex K? and
generated by the symbols r(p;) where p, € A,. Even though r(p;) and r(p,) may
represent the same point of K7, they are distinct free generators of G’ whenever
i#J. Since p; is a point of a complex and also an element of a group, the function r
can also be considered as a retraction and a group homomorphism r: G(A;) — G'.
This is done by defining r(n p,+--- +n,p)=nr(p)+nr(p)+ - - - +nr(p,)
whenever n,p,+ - - - +n,p, € G(A,). Then r is an isomorphism, r : G(A;)x G’ and
A’ is defined by A’ =r(A). The projection map »’: G' — G’[|A’ is given by 7' =rzr—1.

STATEMENT 1’. G'[|A’ has no torsion and is thus a free abelian group.
This follows from Statement 1 and the fact that G(A,)/AxG'[A’.

STATEMENT 2. Ifg,, g2 € G’ and V(Ca (g,), K7, 8,/2) N V[Ca (go), KT, 8,/2]= @
then 7'(g,)=7'(g2) = 7'(g,)=0.

STATEMENT 3'. Suppose S; U S;=K} and S; N S;=3. If g€ G'(S2) and 3 an
integer n#0 such that m(ng) € n[G'(S1)], then 3g € G[V(S;, K%, 8,) N V(S., K, 8,)]
with 7' (g)=7"(g).

STATEMENTS 1',2’, 3". The function =': G’ — G’'[A’ is a 8,-map.

The proofs of Statements 2" and 3’ follow immediately from Statements 2 and 3
and the facts that d(x, r(x)) < 8,/8 and 8 < 8,/4. Now in order to simplify the proof
and keep the notation under control, we suppose that there is only one (n+1)-
simplex o in K. The general case is no different except each (n+ 1)-simplex must be
handled independently.

STATEMENT 4'. 3 « collection {dy, ds, . . ., d;}< G’ such that:
(@) {='(d})}-, is a free basis for G'|A".

(b) d(Ca (d;))<8y/8 fori=1,2,...,s.

(c) If S K, then #'(G'(S))<the subgroup of H generated by

{m'(d)) - Ca(d)) < V(S, KT, 3,/8)}.
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The collection {d}, ds, . . ., d} U {r(a) : a; € A} is a 8,-basis for G'.

Proof. By assumption, Conjecture I is true for n-dimensional complexes. The
number 8, was chosen so that the conclusion of Conj. I holds for the positive
number §,/8, the complex K%, and §,-maps from geometric groups associated with
K?. Statement 4’ is the conclusion of Conj. I applied to the 8,-map #': G' — G'[/4’.
The fact that the collection {d], d, ..., d;} Y {r(a) : a;€ A} is a 8,-basis for G’
follows immediately from (b), (c), the fact that {a;} forms a (8,/4)-basis for G, and
the fact that d(r(x), x) < 85/16 for all x € A,.

STATEMENT 5'. Given any ordering of {r(p) : p; € G(A)}, 3 an ordering of the
8y-basis {dy, ds, . . ., d} Y {r(a;) : a; € A} such that the automorphism T’ which sends
the first basis onto the second, is the product of (n+1) (¢/2)-blocked automorphisms:
T'=T, Ty --Ty.

Proof. The number &, was chosen so that the conclusion of Conj. II holds for
the complex K? and the positive number /2. Statement 5’ is simply the conclusion
of Conj. II.

Now define d; e G(A;) by di=r~*(d]). Since A generates G(A,) and {n(d;)}
generates G(A,)/ 4, the d, may be restricted to G(A;—A,), i.e., assume d; € G(A, —A,).
Let T=r"T'r and T;=r"'Tjr.

STATEMENTS 4, 5. Summary of the proof to this point. Given any ordering of
{p: : pi€ G(A3)}, 3 an ordering of the basis {dy, ds, . . ., d} U {a; : a; € A} such that
the automorphism T: G(A;) — G(A,) which sends the first basis to the second, is the
product of (n+ 1) e-blocked automorphisms: T=T, 1T, - -T;.

Proof of Statements 4, 5. If ScK? and d(S)<e/2, then d[r~1(S) NAyl<e,
because d(r(x), x)<e/4 for all xeA,. The T; are e-blocked because the 7} are
(¢/2)-blocked. Thus the proof follows from Statements 4', 5'.

Extend T and T; to all of G by defining T|G[Cm (A;)]=T|G[Cm (Az)]=the
identity, and note that T; is still e-blocked. Let (c) be the matrix which represents T
under the natural ordering of {p;}{-,. If a; € G(A,), it is in the basis which deter-
mined 7, i.e., 3p, with (c¢)p,=a,. Therefore, 3 a matrix (¥) obtained from the
identity by interchanging columns, such that (¢)(Y)p,=a, for each ¢ with a, € G(A,).
Let (d) be the unique matrix such that (a; ;)= (d)(c)(Y).

STATEMENT 6. (d)a,=a, for all a, € G(A,).
Proof. (a; ;)p;=a,=(c)(Y)p, for all ¢ with a, € G(A,).
STATEMENT 7. d(p,)=p; for all p, € G(A,).

Proof. This follows from Statement 6 and the fact that {a; : a; € G(A;)} generates
G(A,). This shows that the matrix (d) is e-blocked and since (c) is the product of
(n+1) e-blocked matrices, and (a; ;)(¥) ™! =(d)(c), the proof is complete.

COROLLARY 1. Suppose K is a finite connected complex and L is a connected
subcomplex with dim L<2. Then 3 a subcomplex X of some subdivision of K,
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L<lInt (X, K), such that if N is any complex and f: K — N is any homeomorphism
with f|Cm (Int [X, K], K) p.w.L, then f is a simple homotopy equivalence.

Proof. The proof is immediate from Lemma 5 and the fact that Conj. 11, is true.
(The hypothesis that L be connected was merely a convenience—Lemma 5 and
Corollary 1 are true without this restriction.)

COROLLARY 2. Suppose M is a p.w.l. n-manifold and K<M is a connected
2-complex topologically embedded in M. Then 38 >0 such that if U is any complex
topologically embedded in M, Kc U= M, K is a subcomplex of U, and U 8-deforms
to K, then K< U is a simple homotopy equivalence. If in addition K and U are sub-
complexes of M, U is an n-manifold with boundary, K<Int (U), andn2 6, then U is a
regular neighborhood of K.

Proof. It follows from Lemmas 3 and 4 that 38 >0 such that if U §-deforms to X,
then K< U is a simple homotopy equivalence. Suppose K and U are subcomplexes
of M, U is an n-manifold with boundary, K<Int (U), and n2 6. Let U, be a regular
neighborhood of K, U,<Int U. Then U—Int(U,) is an H-cobordism. Since
K< U, and K< U are simple homotopy equivalences, and =,(U,)x =, (0U,), it
follows that oU,;=U—Int (U,) is a simple homotopy equivalence. Therefore
U—Int (U,) is p.w.l. homeomorphic to 0U; x I ([10], [11], [12]). Thus U is a regular
neighborhood of K.

DEerINITION. If K'is a finite connected complex, an abstract regular neighborhood
X" of K is a compact p.w.l. manifold containing K as a subcomplex such that X
collapses to K.

COROLLARY 3. Suppose K is a finite, connected 2-complex and X" is an abstract
regular neighborhood of K, nz 6, and Y is a p.w.l. manifold and f: X — Y is a homeo-
morphism onto. Then f is a simple homotopy equivalence.

Proof. Since n=6, f is isotopic (mod &X) to a homeomorphism which, when
restricted to K is a p.w.l. embedding ([18] or [19]). Thus suppose f itself has this
property. Now 7(f)=7(i) where i: f(K) — Y is the inclusion. Let 8 >0 satisfy the
conclusion of Corollary 2 for the complex f(K). Since Y is homeomorphic to X, 3
a topological embedding A: Y — Y such that

(1) h is topologically isotopic to Id: Y — Y,

(2 Al f(K)=1d: f(K) — f(K), and

(3) f(K) is a 8-deformation retract of A(Y). Now by Corollary 2, j: f(K) — A(Y)
=U is a simple homotopy equivalence. Since 7(f)=7(i)=7(j)=0, this completes
the proof.

Farrell and Hsiang have constructed h-cobordisms which are not topologically
trivial [20]. It follows from the next corollary, that if = is a finitely presented group
and Wh (=) #0, then 3 a p.w.l. A-cobordism W with #,(W)== and such that W is
not topologically trivial. This result has also been obtained by A. Casson.
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COROLLARY 4. Suppose K is a finite connected 2-complex and X™ is an abstract
regular neighborhood of K, n2 6. If W is a p.w.l. h-cobordism, one of whose boundary
components is 0X, then W is homeomorphic to 0 X x I iff (W, 0X)=0.

Proof. If =(W, 0X)=0, then W is p.w.l. homeomorphic to dXx/ by p.w.lL
Smale theory. Suppose W is homeomorphic to ¢ X x I. If Y=W U X identified by
0X, then 3 a homeomorphism f: X — Y which is homotopic to I1d: X — X. By
Corollary 3, 7(f)=0. Since 7(W, 0X)=1(Y, X)=1(f)=0, the proof is complete.

Appendix. Geometric groups are related to several problems in topology, and
some of these are mentioned here. No proofs are presented but brief sketches of the
ideas are included.

I. CONJECTURE | AND WALL’S OBSTRUCTION.

LEMMA 6. Suppose X< R" is a compact connected set which is a retract of some
open subset of R, and €>0. Then 3 a finite (n+ 1)-complex K. X< K< R?**3_ such
that K" e-deforms to X in K**'=K, every element of H,, (K, X)x H,,,(K) is
spherical, and H,,,(K) is generated by {f[H,..(S"*")]: f: S"*! — K satisfies
dlf(S"*H]<e}.

This is proved by brute force construction and induction. Suppose for example,
that K is given as above, and it is desired to construct L=L"*2 such that L"*?!
small-deforms to X in L. L is formed by attaching small (n+2)-cells to K. It must be
shown that =, (K, X) is locally finitely generated and that (n+2)-cells may be
attached in a manner that will allow K to deform to X by a slight movement (this is
a difficult geometric construction).

THEOREM 3. Suppose X< R" is a compact connected set which is a retract of some
open subset of R". Then Conj. 1,3 implies that X has the homotopy type of a finite
complex.

Let K be as in Lemma 6, X< K< R2"*3, K be the universal covering space of K|
and m=m,(K)=m(X). H,,,(K) is a projective =-module and its element in the
projective class group of Z(w) is Wall’s obstruction [9]. If H,,,(K) is a free =-
module, the free generators will allow (n+ 2)-cells to be attached to K to determine
L such that X< L is a homotopy equivalence. In the covering space this corresponds
to killing H,, ,(K) without creating any (n+2)-cycles. Suppose Conj. I, , 5 is true
and let W be a (2n+ 3)-cell with X<Int (W). Then K can be constructed to lie in W.
We consider geometric groups associated with W, not with K. G=G(W) will be
generated by {p;} constructed as follows: Let {P;} be a collection of small cycles,
P, e Z, .,(K), which generate H,,,(K), and let p, € K< W be a point of the carrier
of P.. Let H=H,,,(K). Then f: G — H defined by f(p;) =the homology class of P,
is a 8-map. The conclusion of Conj. I gives a free basis for H,, ,(K) and each basis
element is carried by a small cycle. Since these cycles are small, they lift homeo-
morphically to the covering space where = acts freely on them.
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SUMMARY. Lemma 6 gives a K where H,,,(K) is generated by small cycles.
Conj. I is used to determine a free basis composed of small cycles. This free basis
lifts to a free m-basis of H,, (K).

II. NONCOMPACT SMALE THEORY.

CONJECTURE A. Suppose M is a p.w.l. n-manifold (n=6) without boundary
topologically embedded as a closed subset of R2"*3, Then if &(x): R?"*3 — (0, 1)
is continuous, 3 a continuous 8(x): R2"*+3 — (0, 1) such that if Cis a p.w.l. manifold
topologically embedded as a closed subset of R?**3, 0C=two components M and
M, and C é-deforms to M and to M,, then 3 a p.w.l. homeomorphism #: M x I—C
with A(x, 0)=x and d[h(x, I)] <e(x) for x e M.

First consider the special case where M is compact. This conjecture states that
the H-cobordism is trivial whether M is simply-connected or not; i.e., it states that
M<c C is a simple homotopy equivalence. This is implied by Conj. II,, and Lemmas
3 and 4. Conj. A also says that C is trivial in a controlled manner, i.e., d[A(x, I)]<e.
This requires reproving Smale theory using &-blocked matrices. The column
operations necessary to diagonalize the matrix can be done locally and handles
can be cancelled in a controlled manner. Thus Conj. II, implies Conj. A for M
compact. For noncompact M, Conj. I must be generalized to consider infinitely
generated geometric groups associated with infinite complexes. Since Conj. II is
local in nature, this is only a slight generalization. Summary: A generalized
Conj. II,, implies Conj. A.

I1I. STABLE HOMEOMORPHISMS.

CONJECTURE B. Suppose f: R"— R* (n=5) is a homeomorphism and 3 an
integer k such that fxI: R"x R¥ — R"x R is stable [15]. Then f is stable.

It suffices to consider the case k=1. A homeomorphism is stable iff it can be
approximated by a p.w.l. homeomorphism [16]. Suppose g: R*x R — R"x R is a
p.w.l. homeomorphism approximating fxI. Move g slightly so that g(R"x0)
N R*x0= . Then R"x 0 and g(R" x 0) bound an H-cobordism and using Conj. A,
S may be approximated by a p.w.l. homeomorphism. Thus Conj. A implies Conj. B.

IV. DIAGONALIZING INFINITE MATRICES.

THEOREM 4. If M is a positive integer, 3 a positive integer N such that: If a; ; and
b,; are integers for —0<i, jSoo, with a; ;=b; ;=0 for |i—j|>M and (a; ;)(b, ;)
=the identity matrix, then 3 matrices (c; ;) and (d; ;) and an integer k, —M <k M,
such that

¢)) (ci.)(d,,) = (ai,9),

2) ¢.,; =0 when In with 2nN £ i £ 2(n+1)N and
(j<2nN+korj>2n+1)N+k),

€)) di; =0 when 3n with 2n—1)N = i £ 2(n+1)N and

(j<2m—1)Norj> 2n+1)N).
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This is analogous to Conj. II, for the noncompact complex K=Reals. The
proofs of Conj. II; and Theorem 3 are similar, except Theorem 3 is easier. Here is
the idea for constructing (c; ;). Divide (a; ;) into finite blocks ...A4_,, A_1, Ao,
A,,. .., throw away 4; for i odd and replace it by B; where B; is an identity matrix
slightly smaller than 4;. Now the columns of 4,; are part of a basis for an infinitely
generated free abelian group and, of course, so are the columns of By ,;. The
approach is to take their union and extend it to a complete basis—this corresponds
to filling in the gaps between A,; and By; . ;. Use the fact that the inverse matrix is
bounded about the diagonal to show this can be done. This gives (c; ;), and (d; ;) is
defined by (d; ;)=(c;,;) " *(a;,;)- The blocks Ay; in (¢; ;) will cause (d; ;) to have blocks
of the identity and thus automatically be broken into finite nonsingular blocks.
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