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A DENSITY THEOREM WITH AN APPLICATION TO
GAP POWER SERIESO
BY

K. G. BINMORE
Abstract.

Let N be a set of positive integers and let
F(z) = I Anz*

be an entire function for which A„ = 0 (n$ N). It is reasonable to expect that, if D
denotes the density of the set JV in some sense, then F(z) will behave somewhat
similarly in every angle of opening greater than 2-rrD. For functions of finite order,
the appropriate density seems to be the Pólya maximum density &. In this paper
we introduce a new density 3 which is perhaps the appropriate density for the consideration of functions of unrestricted growth. It is shown that, if |/| > 2tt3>, then

log M(r) ~ log Mir, I)
outside a small exceptional set. Here M(r) denotes the maximum modulus of F(z)
on the circle \z\=r and M(r, I) that of F(re") for values of 9 in the closed interval
/. The method used is closely connected with the question of approximating to
functions on an interval by means of linear combinations of the exponentials e'*"
(h g A).

1. Introduction. Let S be a normed vector space over the complex field. If
T/c S, let V(T) denote the subspace of S generated by T.
Let E={en | n = 0, 1,...} be a linearly independent subset of S and, if x e V(E),
write x=2 xnen, where all but a finite number of terms are zero.
The set E is said to be free in S if no element of E belongs to the closure of the
vector subspace generated by the other elements of E. A necessary and sufficient
condition that E be free in S is the existence of positive constants Cn (n=0, 1,...)
with the property that
\xn\úCn\\x\\

(« = 0,1,...)

whenever x e V(E). It follows that, if E is free in S, each x e cl V(E) has a unique
formal

expansion

x~^¿xnen.

Here xn=Ln(x),

where each Ln (n = 0, 1,...)

is a

continuous linear functional on cl V(E).
The set F is said to be fundamental in S if V(E) is dense in S.
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In this paper, we particularise S to be one of the spaces .^"(-^A, ttA), where
1 g/7 _ oo and 0 < A ^ 1. We let A={A„} be a strictly increasing sequence of positive
integers and take the elements of £=£A to be
en = exp (/xAn)

(« = 0,1,...).

It was shown by L. Schwartz [14] that, if £A is nonfundamental in JS?P(—7rA,
77A),
then £A is free in ^"(-ttA,
77A).Further, if £A is free in ü?p(-7rA, 77A)and A' > A,
then £A is nonfundamental in f£pi~ttA', 7tA').
As before we have that, if £A is free in SCpi—wA,vA), then there exist positive
constants Cn (n=0, 1,...) such that (2)

(1.1)
whenever/is

\an\ = Cn\\fi\\p

(« = 0,1,...),

a function of cl K(£) with expansion

(1.2)

/-

2 û*e'*V
71= 0

In attempting to use inequality (1.1), two questions arise.
(1) What structural properties of the sequence A imply that £A is free in
^?P(-7rA,7rA)?

(2) Given that £A is free in J£?p(—7rA, 7tA), how large are the constants

Cn

(»=0,1,...)?
An answer to (1) has been given by Beurling and Malliavin [2]. For an expository
account of their work, see Kahane [8]. For each sequence A they construct a
number 38 (which we call the Beurling-Malliavin density of A) with the property
that £A is fundamental in -$?"(—7rA,7tA) if A< 3S and nonfundamental (and there-

fore free) if A > 38.
Some estimates for the constants Cn in (2) have been obtained in [1], [3] and [4]
under various hypotheses. (See also [5] and [7].) In this paper we obtain another
theorem of this type and discuss an application it has to the theory of entire
functions with gap power series. The proof of the theorem is elementary and does
not depend on the work of Beurling and Malliavin.

2. Density conditions. The Pólya maximum density SP (see e.g. Levinson [11])
of a sequence A may be defined in the following way. Let T denote the class of
functions yix) = -nx (0<t/< 1). Then

„
..
N[x-yix),
3* = sup hm sup —-—; \
ver

*-*»

y(x)

x)
'

where N[a, b) = NiI) denotes the number of terms of A contained in the interval

/= [a, b). We have that à*g 3S.
(2) Except where otherwise noted ||/||P={J"*a
for the case p = 00.

\f(x)\v dx}1'", with the usual understanding
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We now introduce a new density condition which is closely related to the
Beurling-Malliavin density Sä but defined in a similar way to S".
Let Y denote the class of functions </<which are positive and continuous on

(1, co) and which satisfy

(2.1)

(1)

vK*)too;

(2)

x-VWIO;
/»oo

(3)

x~2</i(x)dx < oo.

We then define the '"F-density" 2 of A by

(2.2)

^=infi¡msup^ZÍ^).

We have P^SS-iB.
3. Statement of results.
Theorem 1. Suppose A has ^-density 3¡ and 3>< A < 1. Then FA is free in
£Cp(—7rA,7tA) (1 :£/><;oo), and there is a <l>
e T, which depends only on A and A,
such that

(3.1)

H ^expWAn))||/||P

(n = 0,l,...)

wheneverfis a function of cl V(E) with expansion (1.2).
Corollary

(l^p<cx))is

1. A sufficient condition that EA be nonfundamental in £?p( —ttA, ttA)

that A>3>.

It is interesting to compare the above corollary with the following theorem of

Redheffer [13].
Theorem A. Let <f>be a function which is positive and continuous on (1, oo) and

which satisfies
(l)¿L*)t°o;
(2)x~icb(x)i0;
(3) ¡™ x-2ch(x) dx=<x>.
Then there is a sequence A with

lim *[*-«*),*)

x-. oo

?H"V

= 0

such that EAis fundamental in SC(—tt,it).
We suppose that F is an entire function which is not a polynomial and has the
gap power series expansion
(3.2)

F(z) = £
n=0

anz\
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where the sequence A = {An}has T-density 3><l. We define
M(r) = max \F(z)\

(\z\ = r)

and, if / denotes a closed interval,
M(r, I) = max \F(z)\

(\z\ = r; arg z e I).

With these definitions we have the following theorem.

Theorem 2. If A>2>, then
(3.3)

log M(r) ~ log M(r, I)

outside a set of finite logarithmic measure^) provided that I=I(r)

varies so that

\I\^2ttA.
Pólya [12] showed in 1929 that, if Fis of finite order and A has F=0, then
..
log M(r, I)
.
hm sup ,
.,
' = 1
r-oo

logM(r)

provided |/|^S- Various authors have discussed theorems of this type since that
date, in particular Kövari [9] who, writing in 1958, gives references to earlier work.
More recently, it is shown in [1] that, if ix>stf, where

* = lim lim sup *[*-**>
q-. oo

x-* oo

q

and Fis a function of finite order, then (3.3) holds with no exceptional set provided

|/|^2ttA.
4. Some remarks on Theorem 1. (1) The requirement that A be a sequence of
positive integers is not critical in the proof of Theorem 1. If A is a countable
collection of real numbers which can be ordered by increasing magnitude, let
A+ be the subset of nonnegative elements and A" the subset of negative elements,
the latter with their signs reversed. We can then define the T-density of A to be the
larger of 3>+ and 3)~, where these are defined in the obvious way using (2.2).
With this definition, the obvious extension of Theorem 1 holds, provided that

|A—/x| > y > 0,
whenever A and p are distinct elements of A. Even this last condition may be
relaxed, the critical requirement being merely that a suitable analogue of Lemma 2

(iv) be true.
(2) If it is known that

.

..

N[x-Jjq(x),x)

A > hm sup —-—, ,\ '
,-.00

(3) I.e. a set £for

which ¡Et~1 dt<co.

«/-oí*)

>
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where </>0
e ^ satisfies

>fi0ix)/logx->co

ix^-co)

then the conclusion of Theorem 1 holds with </>ix)
= A </>0(£.x),
where A and £ are
positive constants.
As a consequence we have, for example, the following result. Let

«
,• ,•
N[x-x",x)
S = hm lim sup —-—-->
a-* 1 -

X-* oo

X

and suppose that <f<A^1. Then, for each p (lá/>goo),
and B (£< 1), which depend only on A and A, such that

|a„| é exp iAty¡f\\,

there are constants A

in = 0,1,...),

whenever/is a function of cl K(£A) with expansion (1.2).
(3) Given any A (0< A< 1) and any </ie Y, there exists a sequence A of positive
integers with T-density 2^ A such that

sup fÚ- ^ exp(>/<An))

/6C1V«A>11/||p

for an infinite set of n.
Proof. Let 4>o(x)= C^ix), where C is a positive constant to be chosen later. Let
p = |l-e«»A|.
Then 0<p<2 and we may choose o so that p<o<2. Given a sequence {nk} of
positive integers, let wk= [At/i0ink)],mk = nk —wk and Xk=mk + [^wk]. We choose
{nk} so that
(1) mk-i/>oimk)>nk^x

ik=l,

2,...);

(2) 2?=iO>Mt"*<(2"A)-1'p.
We now obtain A by deleting the positive integers which lie outside the intervals

[mk, nk) ik= 1, 2,...).

The sequence A has Y-density 3>^ A. Let

(4.1)

/(*)=fc2= l \ -hr«p<***)■
"
/

Then ||/|[p< 1. Also/eel

F(£A), its expansion being obtained by expanding each

term of (4.1) by the binomial theorem. If Xfc= An, we have

kl

= ¿ok = ^î0("fc) ^ A0(Xk)= ¿S"*»'.

The constants A0, Ax and /12 are all greater than 1, since o < 2. With an appropriate
choice of C we obtain the required result.

5. Proof of Theorem 1. We begin by giving a rough indication of the structure
of the proof. First note that the insertion of a finite number of terms into the
sequence A does not alter the truth of Theorem 1. We therefore prove the theorem,
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in the first instance, with A replaced by AN= {XN,XN+1,...}. Here N is a large
positive integer determined by technical considerations.
Given the number A' with 3) < A' < 1, our aim is to find a </>in the set Y with
which we can associate functions vn (n=N, N+1,...)
which are uniformly bounded
and whose support lies in [—ttA', ttA']. Further, the Fourier transforms Vn of
these functions must satisfy a number of special properties which we discuss below.
Suppose now that F is a trigonometric polynomial with exponents drawn from
the sequence Aw, say F(*) = 2 ak exp (iXkx). Then

f

T(x)vn(x)dx = JiakVn(\k).

In order to obtain an inequality for the coefficient an from this expression, it is
desirable that the term anVn(Xn) should dominate the sum on the right-hand side
whenever \an\ is not too small compared with the other coefficients. We ensure
this by contriving that the functions Vn we construct vanish at each point Xk
(other than An) which lies in the interval [XN,2Xn) and are quite small compared
with Fn(An) in the interval [2An,oo). The functions Vn are related to the function
cb by the estimate |Kn(An)| ^ exp (—</>(A„)).This explains roughly how the inequality of Theorem 1 is obtained.
The construction of Vn is somewhat complex and is organised in the following
way. The set A., is split up into three parts, S, T and U. The set U consists of those
Xkwhich satisfy Afc^2An.The set 5 is a subset of the interval [XN,2Xn).It is itself
the union of a large number of subsets of AN constructed with the help of Lemma
1. Each of these subsets includes A„ but they are otherwise disjoint. The points of
each particular subset will be far apart, and, on either side of A„,each subset will
look almost like an arithmetic progression from which certain terms have been
omitted. Finally, F will consist of those points of Aw which are too close to An
to be included in the union S.
The Fourier transform

Vn is constructed

as the product of three others, Rn, Pn

and g„ associated with the sets S, T and U respectively. (In the notation of the
proof,

Rn(x) is F(jc-A„),

Pn(x) is P(x—Xn) and QA[x) is Q(x —Xn).) Lemma 2 is

used to construct Pn as a Fourier transform (of a function with small support)
which vanishes at the points of F but is not too small at An.The function Rn is a
Fourier transform (of a function with support of length slightly less than 27rA')
which is not too small at Anbut vanishes at the other points of S. Its construction is
based on the application of Lemma 4 to each of the component sets which make up
5. Finally Qn will be a Fourier transform (of a function of small support) provided
by Lemma 3. It has the property of being quite small at the points of U, but not

too small at An.
We now embark on the proof proper.
Lemma 1. Suppose the sequence A has ^-density S>. Let h>@ and r< 1. Then
there is an X> 0 and a </fe Y such that, whenever X< a<b, there is a finite collection
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IK} with the following properties:

(1) [a, ¿>)= (J fi;
1=1

(5.1) (2) Nil,) á Wb)

U=l,2,...,K);

(3) rtib)è l/l $<Kb)

(/= 1,2,...,£-1).

Proof. Since A has Y-density 3>, defined by (2.2), there exists ai/i06T

and an

Y>0such that

(5.2)

N[x-Ux),x)

< S«¿0(x)

(* > X).

Write <j>(x)
= </>xix)=x—tli0ix)and let <f>jix)
= <f>(<l>i-i(x))
C/sï2). For a given value of
x, write x0=x and xj = <j>iix)ij=^)- Then x0>xx> ■■■. Let N be the smallest

positive integer with (TV—
1)//V^ r.
We now define

</<(x)= x-<f>Nix)

= Mxo) + <l>o(xi)+■■• +MxN-i)We must first show that </>
e Y, the set Y being defined by (2.1).
Since </i0(x)á i/r(x) ^/V*</i0(x),it is clear that ^(x)->oo

(x->oo),

x"^(x)->-0

(x -> oo) and

f

x 2</<(x)dx < co.

It remains to prove that ^(x) f and x~ VC*) I •
Since x~1</>ix)=1 —x~ Vo(*)> we have that x_1p(x) f . This implies that </>{x)
f
and therefore that p,(x) f (Je 1). Thus xá_y implies Xj^yj (Jsï 0- Hence, if x^j,
</-(*) = 9o(*o)+

• • • +</>o(xN-i)

^ >/>o(yo)+---+MyN-i)
= <£(j)

and therefore i/i(x) f . Further, since x_1?(x) f and ^(x) f (j'ï: 1), we have that

<t>i
+i(x)/<l>j(x)
= p(&(x))/p/x)
is monotone increasing. Writing

4>n(x)_
x

</>n(x) <f>N-i(x).<f>(x)
<f>N-xix) (/>N-2(x)

it is clear that x_1?N(x) f . But x_1^(x)= 1 -x"VívW,

x

and so x_1^(x) j .

This completes the proof that 0 e Y.
Given a and b iX<a<b), we let Ix = [b-4>(b), b) = [bN,b0). Fory'^2, we define
fi inductively by / = [bPj, bv¡_¿) where p} is the smallest s with the property that
bp,.1-bs>

7V-1
—¡¿-</>(b),
2V*
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if bPK= a and taking IK= [a,bPK_1). Thus

M) = -nKb)

(j = 1, ...,*-1).

But

\I,\ -UK)

= bPí_x-bv¡+x Ú ~i

cb(b)

(j=l,...,K-1).

Since i/i(x)t, we have that <f>(s(bp)
= N~1<l>(b),
and so

|/,i^ ^m+jf

m - w)

7(= i,..., *-o.

Finally, it follows from (5.2) that

N(I,) ï H(b)

(j=\,...,K).

Lemma 2. Fer fi be a set of nonzero integers containing at most N elements and
with N<=[ —a,a], where 2a = N. Let I = -nNa '1. Then there is a function p e 3?(—cc>,oo),
which is zero outside ( —1,1) and which satisfies

(i) bupIpCx)!*/-1;
(ii) ¡~_n\p(x)\dxZ
1;
and whose Fourier transform^) P satisfies

(iii) P(x) = 0(xeN);
(iv) |F(0) | -1 = ( 1/7rA0(27re//)\

Remark. The similarity of the constant in (iv) above to that which appears in
"Turan's Lemma" (see [15, p. 30]) is not a coincidence. For small values of the
parameter S figuring in its statement, Turan's Lemma can be obtained from the
above result.
Proof. Let {vj, v2,..., vN}be a collection of nonzero integers in [—a, a] which
contains N. Consider the product
N

U(x) = ] J cosVN-Kx-Vk + nNl-1}
k=i

= 2 ^expdxdlN-^k),
k= -N

in which expression 2it = -w \ck\ = 1- Take

Rix) = (!^)n(*)

(F(0) = n(0)).

This is the Fourier transform of the function

Pit)= 2 cMt-WN-1),
k= -N

ni*.P(u)=S:„e""p(x)dx.
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where

8,(0 = /"\

\t\<\l,

= o,

kièi/.'

We have that p is zero outside ( —/, /) and

(Osupl^x)^/-^-*!^/-1;

(ü) SZ„\p(x)\dxZ2$.-K\ck\Úl.
Further,
(iii) £(vk)=(sin \lvk/\lvk)l\ivk)=0 ik = 1, 2,...,
It remains to prove (iv). We have

N).

1^(0)1_1
= II Icosi/TV-VA/-1-^)!-1
fc=i

= n|sini//V-1vfc|-1.
Since l^trNa

\

li/tf"1^! ^ iW1« = W2

(fc= 1,2,..., N).

Hence, using the inequality
|sinx| = 2|x|/t7

(|x| = tt/2);

we obtain

roi-1=i?-Í¿
rti-T'

1**1

-(t)"rtw(iv)

_L«'
l^nY.
<_ttN\
I )
Lemma 3 (Ingham [6]). Suppose that />0 and e denotes a positive, monotone
decreasing function with domain (l,°o). Then a necessary and sufficient condition
that there exist a function q e JS?(—oo,oo) which is zero outside ( —/, /) and which

satisfies

CO
n.l?(*)l«k=i;
and whose Fourier transform Q satisfies

(ii) Ô(x)= G(exp (- |xK|x|))) (|*| -» oo);
(iii) ß(0) = l
is that

r&

*°° e(x)

dx < oo.
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Remark. We use only the sufficiency which is easily proved by taking

««-ET*.
sin pkx

where the sequence {pk}is chosen appropriately.
Lemma 4 (Ingham [4]). Let N be a finite set of integers which includes zero, and
has the property that \m —n\ =a>0 for each distinct m and n in N. Then there is a
function r e .S?(—oo, oo) which is zero outside ( —Tra~1,Tra~1) and which satisfies

©JÜ„W0I*S1;
and whose Fourier transform R satisfies

(ii) R(x)=0

(xeW but x^O);

(iii) 1^(0)1-^2.
Remark. Construct the functions k and K of Ingham's paper appropriate to the
set {w_1|N e v}, defining k(t) to be zero for |r| >ir. We may then take

w

_ 1 K(x*-i)

2 K(0)

which implies that

ni)

lo/çOrO
2 K(0)

Lemma 5 (L. Schwartz
[14]). A necessary and sufficient condition that FA be
free in SCp(—7rA,-rrA), where l^p<ao
and A>0, is the existence of functions

gn (n = 0, 1,...) in 3">(-nA, ttA) (l/p+l/q=l)

L

such that

jtA

exp (iXkx)gn(x) dx = 1, k = n,

= 0, k / n,

where ¡g„||, it /ne smallest Cn which satisfies (1.1).
/In analogous result holds for p = co.

Remark. The sufficiency is obvious. For the necessity, note that the continuous linear functional Ln of §1 may be extended to SCp(-irA, ttA) by the HahnBanach theorem. An application of the Riesz representation theorem then yields

the lemma.
Lemma 6. Let AN={XN,XN+1,...} and suppose that the set E'=EAtl is free in
<ep(—nA', ttA') for some p (lèpâ°o)
and some A'>0, and that \an\ ^C'n\\f\\'p,
whenever fie cl V(E') has expansion (1.2)(5).

Then, ifA>A', the set E=EA isfree in SC^-ttA, ttA) and \an\ = Cn||/||»., whenever
fie cl V(E) has expansion (1.2). Here Cn = HX%+ 1Cñ (n^N),

where H is a constant

which depends only on N, A' and A.
(5) In this sentence, cl V(E') denotes the closure of V(E') in the space ^"(-tA',
and | • ||p denotes the norm of this space.

wA')
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Proof. We consider only the case 1 ^/?<oo. When p = ao there is an analogous
argument.
The proof consists of constructing

functions

gn (n = 0, 1,... ) which satisfy

Lemma 5 with p = l. The existence of functions nn (n = /V, N+l,...)

in

árX-ffA', *rA')with
exp (/Akx)n„(x)dx = 1, k = n,
J -Tib'

= 0, fc g TVbut fc / n,

and ||«Já = Créin^N) is already assured by Lemma. 5.
We now construct a bounded function/
/^^7t(A-A') and satisfies

which vanishes outside (-/, /), where

exp ii\kx)jnix) dx =1,

k = n,

= 0, 0 = k < N.
To do this, take N={Afc-An | 0 = k<N}, a = Xnand /=min {^(A-A'), TrA/a"1}
in Lemma 2. We obtain functions p and £ with the properties described in the
lemma. Now define
/(x)

= {PiO)}-1 exp (-/xAn)/>(x).

Then jn satisfies the condition specified above and also

For n ^ TV,we now define gn =/, * «n. The functions gn in 2: N) now satisfy Lemma
5 with p = 1, and ||g„ || «,á //A* +*||«„ Il«>where H is a constant which depends only

on TV,A' and A.
A similar argument may be used to construct the functions gn (n</Y).
Proof of Theorem 1. We begin by selecting functions A', A", A" and Alv of S>
and A in such a way that

2 < Alv < A" < A" < A' < A ^ 1,

and
(5.4)

/ = -j7rfA'-A") < „A*.

Let

(5.5)

p = A"/A" > 1

and define n to be the smallest positive integer which satisfies

(5.6)

h/ih-QZp.

Further, let
(5.7)

r = AlT/A" < 1.
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We define
(5.8)

AN = {XN,XN+x,■■■}■

Here A is a constant, depending only on A and A, on which we shall make a number of requirements during the course of the proof.
The body of the proof consists of showing that the set
EAfl = {exp (iXx) | A e AN}

isfreeinifp(-7rA',
ttA').
In Lemma 1, we take 8 = Alv and t as in (5.7). Then there is a ¡/>0e *F and an
A'>0 for which the conclusions of the lemma hold. Our first requirement on the
constant N in (5.8) is therefore that XN>X.
Let i/>!be a second function in Y which has the property that i/>i(;c)2: </>0(x)for
each x > 0 and
(5.9)

i(ixix)/log x-^oo

(x-> oo).

We now define the function e by

(5.10)

e(x) = Acbx(4x)/x

where the constant A, which will be specified later, is to depend only on A and A.
In view of conditions (2.1), e is positive, monotone decreasing and

r -^<*)dxj < oo.

Jl

x

Further xe(x) f . Finally, we define

(5.11)

>fi(x)= Bcbx(2x),

where, again, B is a positive constant to be specified later and depends only on A

and A. Clearly </>
£ Y.
We now fix a positive integer k^Nand

(5.12)

write

q = qk.- fc,(2Afc); X = Xk = [qA"].

(Since </>o(x)
->- °° (* -*• °°)> we make a further minor requirement on N in (5.8)

thatXfc^l (k = N).)
From Lemma 1, we obtain that there exists a finite collection of disjoint halfopen intervals {/2,12,...,

IK) such that

(i) [XN,2Xk)=ÛF;
(5.13) (ii) N(Ii) = X
(iii) rq<

\If\ iq

(j=l,...,K);
(J = 1, . . ., K- 1).

Let /, be the interval from this collection which contains Afc.
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Recalling that n is defined by (5.6), we suppose that a is an integer satisfying
1 ^a^hX. Then a can be written in the form a=ßX+y, where ß and y are integers
and 1 á y á X. Let Sa be that subset of AN n [XN,2Xk) which contains precisely the
following elements :

(1) A,;
(2) the yth smallest element of A^, where this exists, contained in each interval
Is+rh+e (r= 1,2,...);

(3) the yth largest element of AN, where this exists, contained in each interval
Is-rh-ß

(r=l,2,...).

In view of (5.13) (iii), the sets Sa («= 1»2,...,
(5.14)

hX) have the property that

|m —«| ^ (h-l)rq

whenever m and n are distinct elements of Sa. (The construction of the sets Sa is
similar to a construction used in [1], where a diagram is available.)
Let T be the set of those elements of AN n [A„, 2Xk) which do not belong to

S=U« =iS*.Then
(5.15)

£d

[Afc-na, Afc+na]

and contains at most 2Xn terms.
Finally, let U=AN n [2Afc,oo). Then AN= S u £u U.
In Lemma 4 we take, for a given value of a(l ¿a^nX), N={A— Xk | Xe Sa} and
a=(n- l)ra. In view of (5.14), it follows from the lemma that there exists a function
ra, zero outside ( —tto'1, tto'1) with

and whose Fourier transform Ra satisfies
(ii) £a(A - Afc)= 0 (A e Sa but A¿ Ak);
(iii) |£a(0)|-^2.
If we now define r = rx * r2 * • ■■* rXh, we have that r(/) is zero for
\t\ > 7rXh/o = 7ThX/ih-l)rq.

But X=[aAiv], from (5.12). Hence X^aAiv. Therefore, by (5.5)-(5.7),
TrXh

-

a

irh

Alv

= 1—T-=
h—lr

nh

71—T\A
(n—1)

,

= '"'/'A = ttA .

It follows that the function r vanishes outside ( —7rA",7tA"). Further

(i)j:jK0i^=i.
The Fourier transform of r is R = RX, R2,.. ■, £Xjn which satisfies

(ii) £(A-Xk) = 0 iXeS but A#A*);
(iii) |£(0)|-1^2X";

and, in view of (i),
(iv) |£(x)|^l.
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In Lemma 2 we take N = {A- Xk| Ae T}, with N=2Xh, a=hq and / as in (5.4).
Then N=2a, and since X>^Alv- 1,
/ = WA

- A ) < ttA1v <

\

-

q }

7T<-=

, .
ah-1

q

= nNa'1.

The conditions of Lemma 2 are therefore satisfied and so there exists a function
p, zero outside (—1,1) with

CO
■'/-•I/<0I-»3S1;

(ii) supiKOls/-1;

and whose Fourier transform F satisfies

(iii)F(A-Afc) = 0(A6r);
(iv) |F(0)|-1^C2ftX

(where C=27re/_1). In view of (i), we also have

(v) iPGOIái.
In Lemma 3, we take / as in (5.4) and e as in (5.10). There then exists a function
q, zero outside ( —/,/) with

(0 J-J?(OI*=i;
and whose Fourier transform g satisfies
(ii) |ß(*)| = Eexp{-\x\e(\x\)}(\x\>Y),
where E and 7 are constants which depend only on / and the function e;

(iii) ß(0) = l.
We now take u=p *q * r. Then u has Fourier transform U=P- QR. Finally,
we define vk(x)= exp (iXkx)u(x) which has Fourier transform Vk(x)= U(x— Xk).
The function vk(x) is zero for |*| >7rA"-|-2/=7rA'. Further,

(5.16) (i) ropWOIa/-1;
(ii)

(5.17)

Fk(Ay)= 0 (AN^Ay<2AfcbutjVÂ:);

(iii)

\Vk(x)\=Eexp{-(x-Xk)e(x-Xk)}

(iv)

|Ffc(Ak)|-1ái!,Jt*

(x>Y+Xk);

(where F=(4rre/-1)2'1).

At this stage, we require further of N in (5.8) that

(5.18)

XN> Y.

So far we have constructed, for each fixed k = N, functions vk and Vk with the
above properties. In the remainder of the proof, k is no longer fixed.
Consider now an arbitrary trigonometric polynomial with exponents drawn
from AN, say T(x) = ^k=N ak exp (iXkx). We fix our attention on a value of« with

the property that
(5.19)

\anVn(Xn)\ =

max

¡VgfcgM

\akVk(Xk)\.
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Then
/•jrA'

|£(xK(x)| dx ^

J - JlA'

j fiiA'

Tix)vnix) dx

| J - JtA'

2

ak

k =N

eiX«xvnix)dx
J-jiA'

M

Ï

2 <lkVn(K)\

(5.20)

fc= N

anVniXn)+ 2

***W

3A„gAfcSAM

Vn(K)

= |a^n(A„)|{l- 2

Vk(Xk)

Now
IVniXk)| g £ exp { - (Afc- An)e(Afc
- A„)}

(Afc> Y+ An).

But, if Afca2An,then Afc- A„^%Xk;>An^ Aw> Y by (5.18). At the time e was chosen
(i.e. after (5.10)), it was noted that xe(x) f . Hence

(5.21)

| Kn(Afc)|
g £ exp {-^UX,)}

(A, = 2A„).

Moreover, from (5.12) and (5.17),
(5.22)

|Kfc(Ak)|-'gf^â

exp(C^1(2Afc)),

since </>0(*)
= 0iW- Here C denotes a positive constant which depends only on A

and A. Combining (5.21) and (5.22), we have
\Vn(Xk)/VkiXk)\^ exp{C01(2Afc)-iAfc£(iAfc)}

= exp{C01(2Ak)-^1(2Afc)},
where we have substituted for e, using (5.10).

By (5.9) we have that
/•CO

exp (—Ci/r^x)) dx < oo.

Hence, if we choose A = 2C in (5.10), we obtain

2 lpj£g| = . 2 exp(-C«2Afc))
Akä2A„

A)cä2A„

(5.23)

/•OO

^

exp (-C0i(x)ax)

< 1/2
for An>Z, where Z is a constant which depends only on A and A. The final
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requirement on the constant N of (5.8) is therefore that XN>Z. Returning to

(5.20), we deduce from (5.23) that
\anVn(Xn)\< 2

J -TtA'

|F(xK(*)l dx

/*JlA'

^ 2/-1

|r(*)| dx,
J-JlA'

by (5.16).But, by (5.19),
/•■rA'

\akVk(Xk)\ = \anVn(Xn)\ ^ 2/"1

J-J!A'

\T(x)\ dx

(k = N,...,

M),

and so, by (5.22),
/*JlA'

\ak\ = 2/-1 exp (CM2K))

J -nd'

\T(x)\ dx

(k = N,..., M).

The extension of this inequality to the case when F is no longer an element of
V(EAn) but of cl V(EAs) is trivial.
It now follows from Lemma 6 that

\ak\= RW+1exp(ChQKMfWi

(k = 0,l,...),

whenever fie cl V(EA) has expansion (1.2). Here R, N and C are constants which
depend only on A and A. In view of (5.9), there is a constant S, which again
depends only on A and A, such that

RXNk+1
úcxp(Si>x(2K))

(A:= 0,1,...).

If we define the constant B of (5.11) by B = S+ C we then obtain that

Kl ^ exp GA(Afc))¡/ii, (k = o, l,...).
Theorem 1 is therefore proved for the case p = 1. Since the general case follows
from Holder's inequality, the proof is thus complete.

6. Proof of Theorem 2. In addition to the notation concerning entire functions
which was introduced in §3, we also require the following. Let p(r) denote the
modulus of the maximum term of (3.2) and let v(r), the "central index", denote
the largest value of An for which this maximum is attained. Clearly p(r) = M(r),
but also

Lemma 7 (Valiron

[16]). Outside a set of finite logarithmic measure

M(r)?kp(r)
Lemma 8 (Kövari

log p(r).

[10]). Let </>be any positive monotone increasing function

defined on (0, oo) which has

«">

im

< oo.

Then, outside a set of finite logarithmic measure,

v(r)/cb(log v(r)) < log p(r).
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It suffices to prove Theorem 2 when /=[y-7rA, y + trA] and y = yir) varies in
an arbitrary fashion.
For a given value of r, we apply Theorem 1 with p = co to

F{r exp iiid + y))} = 2 (<VA»exp (iyAn))exp (/0An),
which is considered as a function of 6. We obtain that there exists atieT

such

that
|anr*.| ^ exp GKAO)max |£(reie)|

(n = 0, 1,...).

eel

In particular, p-ir) á exp {</>(v(r))}M(r,/). Hence

log/iC-) = <P«r))+ logMir,I).
Let 0! be a second function in Y with the property that i/'(x) = o(i/'1(x)). Then

(6.2)

log p-ir) ¿ o{0i(v(r))}+ log A/(r, /).

Choose <£so that r^(logx) = x/t/'1(x). Then <£is positive, monotone
and satisfies (6.1) because

f- _^_=

r

Jo 0(j)

¿x

Ji ^(logx)

increasing

p0i(x)q-x ;oo

Jj

x2

by (2.1). We therefore obtain from Lemma 8 that

tMr))

= vir)/4>(logvir)) < log p-ir),

outside a set of finite logarithmic measure. Using this result in (6.2) we have that,
outside a set of finite logarithmic measure,

(6.3)

(l+o(l)) log p-ir) Ú log Mir, I).

But, by Lemma 7,
(6.4)

log p-ir) ~ log Mir),

outside a set of finite logarithmic measure. Together, (6.3) and (6.4) yield that

log Mir) ~ log Mir, I),
outside a set of finite logarithmic measure, as required.
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