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GEOMETRY ASSOCIATED WITH SEMISIMPLE FLAT
HOMOGENEOUS SPACES(*)

BY
TAKUSHIRO OCHIAI

Abstract. Our object is Cartan connections with semisimple flat homogeneous
spaces as standard spaces. We study these from the viewpoint of G-structures of
second order. This allows us especially to treat classical projective and conformal con-
nections in the unifying manner. We also consider its application to the problem of
certain geometric transformations.

Introduction. Let M be a manifold of dimension n. We denote by #*(M) the
frame bundle of M, and by A(F*(M)) the set of all linear connections without
torsion on F(M). The projective geometry of linear connections is the study of
invariants of projectively equivalent classes in A(F*(M)). It is the classical theory
by E- Cartan that for each projectively equivalent class there corresponds uniquely
a projective Cartan connection [4].

Examining the algebraic structure of projective spaces, N. Tanaka introduced
the notion of a lsystem ! and the homogeneous space Mi;=L(l)/L,(l) [29].
Generalizing the notion of projective equivalence, he gave the notion of /l-equiva-
lence in the set A(P) of all Gy(f)-connections without torsion on a given Go(l)
structure P over M, where Gy(l) is the linear isotropy group of M=L()/Ly().
Then he showed that for each I-equivalence class there corresponds uniquely a
Cartan connection of type M [29].

On the other hand S. Kobayashi and T. Nagano found that the projective
equivalence is also defined by using the bundle #2(M) of 2nd order frames of M
[13]. And they reconstructed the above theory of E. Cartan [13].

Our first purpose in this paper is to rebuild the theory of N. Tanaka from the
viewpoint of 2nd order structures, thus generalizing the results in [13]. The Spencer
cohomology group of a graded Lie algebra plays an important role-in the con-
structions.

Next, we deal with the geometric tensors associated with our spaces. As one of the
examples, a generalization of Weyl’s projective tensors is given. It is proved that its
vanishing is equivalent to the integrability of certain geometric structures.
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Our geometry depends heavily upon the theory of semisimple graded Lie
algebras. §§1 through 7 are devoted to a study of graded Lie algebras and their
Spencer cohomology groups in detail for our construction and theorem.

As a final purpose, we give some applications to the problem of geometric
transformations. We generalize the well-known relationship between the group of
isometries and that of projective transformations of a riemannian manifold with a
parallel Ricci-tensor (cf. [20] and [21]).

The author wishes to express hearty thanks to his thesis advisor Professor T.
Nagano for his encouragement and valuable suggestions. He is also very thankful
to Professor Y. Matsushima, H. Ozeki and N. Tanaka.

Notations. Throughout the paper the following standard conventions have
been adopted. Z denotes the ring of integers. R (resp. C) denotes the field of real
(resp. complex) numbers and F denotes R or C. For a finite dimensional vector
space V over F, we denote by V'* the dual space of V. Also we denote with pointed
brackets (x-f) the value of the canonical bilinear mapping b: ¥ x V* — F taken
at € V and fe V*. We denote by A?V (resp. AV) the pth exterior product of V
(resp. the sum > APV). For a real vector space V, V< is the complexification of V,
and for a complex vector space V, Vj is the restriction of the field to R.

For a point x of a manifold M, T(M), is the tangent space of M at x. For a
differentiable mapping f, f, and f* are the differential and the codifferential of f
respectively. For a Lie group G, its Lie algebra is written by the corresponding
German letter g. The adjoint representation of G (resp. g) into g is denoted by
Ad (resp. ad). For a vector space V over F, GL(V) denotes the general linear group,
and gl(¥) denotes its Lie algebra. For a G-principal bundle P — M, R, denotes
the right action of an element a of G on P. For an element 4 of g, A* denotes the
fundamental vector field on P corresponding to A.

1. Outline of the results. We consider the /-system due to N. Tanaka from a
different aspect, that is, from the viewpoint of graded Lie algebras (cf. [26]).

(a) A homogeneous space L/L, is called flat of order r if the Lie algebra I of L
has a graded Lie algebra structure [=>,.z ¢, (g,=0if and only if p< —2orp=r)
such that [,=73,,, @, is the Lie subalgebra corresponding to Lo. L/L, is called
semisimple flat if L is furthermore semisimple. For a semisimple flat homogeneous
space L/L,, we shall prove:

(a-1) the order is two, i.e., I=g_; ® go D @13

(a-2) L, is a semidirect product L,= Gy G, of G and a connected Lie subgroup
G, such that the Lie algebra of G, and G, are g, and g, respectively;

(a-3) G, is identical to the kernel of the linear isotropy representation, i.e., Gy
is isomorphic to the linear isotropy group G,. By this we identify Gy and G,.

Homogeneous spaces M defined by N. Tanaka are examples of semisimple flat
homogeneous spaces. For those M, the above results were proved in [29].

(b) g_,isan abelian Lie subalgebra of I. We consider the Lie algebra cohomology
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groups H(g_,,ad,)=>,>0 H(g-1,ad,) of g_; with respect to its adjoint
representation in I. The graded Lie algebra structure [=g_; @ g, @ ¢, induces
another decomposition

H%g_,,ad,l) = Z H?%g_,,ad,I) forg = 0.
r20
The cohomology groups H(g<,, ad€, I€)=> Hg<,, adC, I€) has been studied by
B. Kostant [16] and Y. Matsushima-S. Murakami [17], using a certain harmonic
theory with respect to the canonically defined inner-product. Using their results,
we shall prove:

(b-1) H*(g_,, ad, I) vanishes for almost all L/L;

(b-2) H%*(g_,, ad, 1) vanishes for almost all L/Ly; and we shall give

(b-3) the necessary and sufficient condition for H*'(g_,, ad, I) to vanish.

The equivalent statements of (b-1) and (b-3) are shown also in [29].

(c) The results of (a) permit us to consider the principal bundle L — L/L, as a
subbundle of the bundle of frames of 2nd order contact of L/L,. For a manifold M,
we denote by #'(M) the bundle of frames of rth order contact [12]. Its structure
group is denoted by G"(n) if dim M=n. F(M) is usually called the frame bundle
of M and G'(n) is isomorphic to GL(n, R). GL(n, R) can be considered as a sub-
group of G"(n). We shall prove:

(c-1) Ly=Gy- G, is a subgroup of G%(n);

(c-2) Ly N GL(n, R)=G,;

(c-3) L — L/L, is a Ly-subbundle of #F3(L/L,) — L/L,.

(d) Let P be a Gy-structure on M i.e., a Gy-subbundle of #1(M). From a theorem
of S. Kobayashi [12], each G,-connection on P without torsion gives a G,-sub-
bundle of #2%(M) — M. Since G%(n)>L,> G,, we have a L,-subbundle of F2(M)
— M extending the structure group. Thus each G,-connection I' on P without
torsion (if it exists) naturally gives a L,-subbundle Q(T") of #%(M) — M. The above
consideration gives the L,-equivalence relation in the set A(P) of all G,-connections
on P without torsions as follows: two elements I" and I of A(P) are equivalent if
and only if Q(I")= Q(I"). It is easy to see that the above L,-equivalence is equivalent
to the lequivalence due to N. Tanaka [29]. Then we shall prove:

(d-1) A fixed equivalence class in A(P) gives rise to a one-to-one correspondence
between the equivalence class of 4(P) and H**(g_,, ad, I).

(e) For each Ly-equivalence class a in A(P), we denote by Q(a) the Ly-sub-
bundle of #2(M) — M defined by any element of a. Q(a) is called an Ly-structure
of 2nd order associated with a. From a theorem of C. Ehresmann we easily see that
there exists at least one Cartan connection on Q(a) of type L/L,, i.e., an infini-
tesimal connection (satisfying one additional condition) on the L-principal bundle
associated with the L,-principal bundle Q(a). We can single out the most natural
one among others by the following results:

(e-1) For each Cartan connection w on Q(a) its curvature defines a cocycle
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c(w), in H»%(g_,, ad, ) (x € Q(a)) and for each point x € Q(a) its cohomology
class is independent of the choice of a particular w;

(e-2) If H>Y(g_,, ad, [)=0, there exists one and only one Cartan connection w
such that ¢(w), is harmonic for each point x € Q(a) (see (b)). We call the Cartan
connection in (e-2) the normal Cartan connection of an Ly-equivalence class a.
The above construction of normal Cartan connections seems to give a better
interpretation of N. Tanaka’s normal Cartan connection of type M.

(f) Using the normal Cartan connection, we shall define the Weyl tensor W(a)
of an Ly-equivalence class a. W(a) is a tensor of type (1.3) on M. We shall prove:

(f-1) Q(a) — M is locally equivalent to L — L/L, if and only if W(a) vanishes,
provided H%%(g_,, ad, [)=0.

If H(g_,, ad, [)=0, then by (d-1) we have the well-defined tensor W(P) for
each Gg-structure provided A(P) is not empty. We shall prove:

(f-2) If H*Y(g_,, ad, [)=0, Go-structure P is locally flat if and only if W(P)=0.

(g) Let I' be an element of an L,-equivalence class a. We denote by Aut (P, a)
(resp. Aut (P, I")) the group of all Gy-automorphisms preserving a (resp. I'). It is
plausible to conjecture: if I' is Ricci-parallel and Aut (P, a)#Aut (P, I'), M is
diffeomorphic to L/L, and Aut (P, a)=L (up to covering). We shall prove the
conjecture under some restrictive additional conditions:

(g-1) If Aut (P, a) is transitive and irreducible, the above conjecture is true.

(h) Let us point out some connections with classical results. Examples of semi-
simple flat homogeneous spaces are given by:

(1) a projective space and the group of its projective transformations, and

(2) a Moebius space and the group of its conformal transformations.

When L/L, is a projective space, G, is GL(n, R) and Ly-equivalence is the
projective equivalence. For a projective equivalence class a, our Weyl tensor W(a)
coincides with the classical Weyl’s projective tensor [30]. When L/L, is a Moebius
space, G, is CO (n). In this case we have H*-*(g_,, ad, [)=0. Then the Weyl tensor
W(P) for any CO (n)-structure coincides with the classical Weyl’s conformal
tensor [30]. It is easily seen that in both cases our conjecture is true from [20]
and [21].

2. Graded Lie algebras and Spencer cohomologies. A finite dimensional Lie
algebra g over F (H=C or R), is called a graded Lie algebra over F if g is a direct
sum of subspaces g,(p € Z) such that

(2-1). g,=0forp=s -2,

(2'2)- [gm gq]C 8p+q for all p and q,

(2-3). foran xe g, (p=0, x+#0), [g_;, x]#0.

Two graded Lie algebras (over F) g=> g, and ¢'=>, g, are called isomorphic if
there exists a Lie algebra isomorphism ¢: g — g’ such that ¢(g,)=4g, for all p.
By a graded Lie subalgebra =73 B, of the graded Lie algebra g=> g,, we mean a
subalgebra § of g such that y,<g,. If g,#0, then from (2-3) we have g,#0 for
— 1 =g =p. Thus there exists uniquely an integer r such that g, #0 for —1<p=sr—1
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and g,=0 for p2r. The integer r is called the order of the graded Lie algebra
g=> g,. For two graded Lie algebras g=> g, and g’=> g; we define their direct
sum §=> §, in the following natural manner; §=g @ g’ (direct sum) and §,=
8, @ g, (direct sum). For a graded Lie algebra g=> g, over R (resp. C) we can
naturally define its complexification g€ (resp. the restriction of the field gg).

LEMMA 2-1. For a graded Lie algebra g=>. g,, we have

(2-4). g_, is an abelian Lie subalgebra of g,

(2-5). go is a Lie subalgebra of g,

(2-6). ;20 8, is a Lie subalgebra of g,

(2-7). 252k 8y is an ideal of 3,5 8p,

(2-8). the adjoint representation adg g, of 8, into g leaves each g, invariant.

Proof. These are trivial from the definition.

By (2-8) we have a representation adg go|g, of g, into g,. The representation
adq go|g -, is especially called the linear isotropy representation of g=>. g,. By (2-3)
this representation is faithful. The graded Lie algebra is called irreducible if its
linear isotropy representation is irreducible.

For a graded Lie algebra (over F) g=>, g,, the Lie algebra cohomology H(g)(?)
=H(g_,, adg|g -, g) of the abelian Lie algebra g_, with respect to its adjoint
representation into g is called the Spencer cohomology of g=3 g,. With the graded
structure in mind, let us recall the definition. Let C?-%(g) be the vector space of all
8,-1-valued g-forms on g_; (i.e., C*%(g)=g,_, ® AYg_,)*) and put C(g)=
2. C?%g). Now we define coboundary operator 9: C(g) - C(g) to be oC?%(g)
< C?-1.a+1(g) and

(2-9). (@) (X1, . - s Xqu1) =202 (— 1)+ x;, e(X1y . o oy Ry v o 25 Xq41)] for all ce
C?%g)and xy, ..., X;41 € ;. Then we have 2=0. Thus we have the cohomology
H(g) by

(2-10). H(g)=2""(0)/o(g).

Putting

(2-11). H?(g)=2-1(0) n C*%(g)/o(CP**7~*(g)), H(g) is naturally isomorphic

to > H™%(g).

LEMMA 2-2. We have
(2-12). H*%(g)=g-1,
(2-13). H*%(g)=0if p#0,
(2-14). H** ()= g1(8-1)/8o-

Proof. These are easy to see. (2-13) comes from (2-3).
The following are standard facts on Lie algebra cohomologies [25].

(2) We should write H(S, 8,). But we take this notation if there is no danger of confusion.
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LEMMA 2-3. Let §=2 §, be the direct sum of two graded Lie algebras g=7>, g,
and g’ =2, g,. Then we have

H™(g) = ( >, H™(@) ® At(g'.l)*) @( > Ag_y)* ®Hp-t(g')).

s+t=q s+t=q

LeEMMA 2-4. Let g€ be the complexification of a real graded Lie algebra g=73, g,.
Then we have H?%(gC)~ H?%g) ® C for all p, q.

The Lie subalgebra g, has a natural representation p on each C?%g). Then it is
easy to see

LEMMA 2-5. We have &(p(a)c)= p(a)(éc) for all c € C(g) and a € g;.

By the above lemma, there is a natural representation p of g, into

H(g) = > H™%(g).

3. Semisimple graded Lie algebras. A graded Lie algebra g=> g, over F is
called semisimple (resp. simple) if g is semisimple (resp. simple) over F. Unless
otherwise stated, we assume, in this section, all graded Lie algebras considered are
semisimple (or simple) over F.

PROPOSITION 3-1. The order of g=2. g, is 2.

Proof. Take z € g,. Then ad x ad z: g — g is nilpotent for all x € g. Denoting by
B the Killing form of g, we have B(x, g)=0. Since B is nondegenerate, we have
x=0.

LEMMA 3-1. The linear endomorphism o of §=¢_, @ go @ @, defined by
ox+y+z) = —x+y—z forxe€g_i, Y€ 8o, ZE Gy,
is an involutive automorphism of g.
Proof. The proof is straightforward.

LEMMA 3-2.Denote by B the Killing form of g. Then

(3-1). g_, @ 8, and g, are perpendicular to each other with respect to B, so that
both B|g_, @ g, and B|g, are nondegenerate;

(3-2). B|g-,=0 and B|g,=0;

(3-3). g, is the dual vector space of ¢, under the pairing (x, z) — B(x, z)
(xeg_1,z€8)).

Proof. (i) Let « be the involutive automorphism of g defined in Lemma (3-1).
Since B is invariant by «, we have

B(x+2z,y) = B(e(x+2),((y)) = B(—x—2z,y) forxeg_j,yegoandzeg,.

Hence g_, @ ¢; and g, are perpendicular with respect to B. Thus, since B is
nondegenerate, so are its restrictions to g_; @ g; and g,.
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(ii) Let x,x"€g_;. Then ad xad x’: g — g is nilpotent. Hence B(x, x')=0
proving B|g_,=0. Similarly B|g,=0.

(iii) Let x € g_;, and assume B(x, g;)=0. By (3-1) and (3-2), this implies B(x, g)
=0. Hence x=0. Similarly, if z € g;, and B(g_,, z)=0, then z=0.

LeEMMA (3-3). The representation adg go|g -1, and adg go|8, of 8o are dual to each
other with respect to the Killing form B.

Proof. This follows from the invariance of B under ad y (y € go), i.e.
B(ad (y)x,2z) = —B(x,ad (y)z) forxeg_,,zeg,.
LeMMA (3-4). There exists uniquely an element e in g, such that
[e,x] = —x forxeg_y,
e, ] =0  foryeg,,
[e, z] =z for z e g;.

Proof [14]. Let £ be the linear endomorphism defined by E(x)=—x for
x€g_;, E(y)=0for y € g and E(z)=z for z € g,. Then it is easy to see that E'is a
derivation of g. Since every derivation of a semisimple Lie algebra is inner, there
is a unique element e in g such that E=ad e (the uniqueness follows from the fact

that g has no center). Let « be the involutive automorphism defined in Lemma (3-1).
We can easily see that ad («(e)) coincides with E. Hence «(e)=e proving e € g,.

COROLLARY (3-1). An abelian Lie subalgebra a of g containing e (of Lemma (3-4))
is contained in §,. In particular there exists a Cartan subalgebra Y) of g contained in
Bo-

Proof. Take an element a=x+y+z (@a€a,xeg_;, yEQo, Z€g;). Then 0=
[e, al=[e, x+y+z]=—x+z. Hence x=0, z=0, i.e., acg,. Since ade is F-
diagonalizable, there exists a Cartan subalgebra § containing e. Y being abelian,
we get h< g,.

PROPOSITION (3-2) [29]. (i) Let g=S, @ - - @ S, be the decomposition of g into
its simple factors. Then

B=0@-1N8)D(@N) D@1 DY)

and 8,=73 (g, N ;) is a simple graded Lie algebra.
(ii) g=2, g, is isomorphic to the direct sum of ¥;=3 (g, N 3,) (j=1,...,7r).

Proof. Take an element a=x+y+z (ae, x€g_1, €80, 2€ ¢;). Then ;5
[e,al=—x+z and ;3 ]e, [e, al]=x+z. Hence §,=(g_1N ) D@ NI) D
(g1 N ). The rest of our assertions are straightforward.

PROPOSITION (3-3). A4 graded Lie algebra =7 g, is simple if and only if it is
irreducible and the order is > 1.
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Proof. See [14], [23] or [29].

COROLLARY (3-2). We have B(x, z)=2(the trace of ad [x, zl|g,) for all xeg_,
and z € g,.

Proof [29]. 2(the trace of ad [x, z]|8,) = B([x, z], €)= B(x, [z, e])= B(x, z).
COROLLARY (3-3). We have [g_,, 8:1=8o and g, is a reductive Lie algebra.

Proof. From Proposition (3-2), clearly we can assume that g is simple. Then, by
Proposition 3-3, g, has a faithful irreducible representation. Therefore g, must be
reductive. It is easy to see that g_, @ [a_1, 81] @ ¢; is an ideal of g. Therefore we
have [g_1, 81]=go.

PROPOSITION (3-4). g=¢g_; D 8o D 8, and g'=¢"_, @ g0 @ g1 are isomorphic in
the sense in §2 if and only if g, @ @, and gy, @ @1 are isomorphic as abstract Lie
algebras.

Proof. Let ¢: g, ® g, — go @ g1 be an isomorphism. We denote by ¢ and ¢’
the center of g, and gq respectively. Then clearly [go, 8o] ® (¢ @ ¢;) and [go, o)
@ (¢’ +g3) are the Levi decomposition of g, @ g, and gy @ g; respectively. Since
the Levi decomposition is unique up to conjugation, we can assume ¢([go, 80])
=[go, 80} and ¢(c @ g,)=¢" @ g3, changing ¢ if necessary. Then we have

#8) =d[cDg,cDa]) =1[c Dgi, ¢ Dail = a1.

We shall show that for a nonzero element y of ¢ the ¢’-component of ¢(y) is not
zero. In fact, otherwise, for any z € g;, we have ¢([y, z])=[4(»), #(z)]=0. Hence
[y, z]=0 since ¢(g,)=g;. From this we get y=0. We define an isomorphism
¢':c—c¢ by #(y)=¢'(y) mod g;. Then we define a new mapping ¢": [g, go]
@cDar—>[80,8] D" D1 by ¢"(x+y+2)=¢(x)+¢(»)+4(2) (x € [8o, B0l
yecand zeg;). It is easy to see that ¢” is an isomorphism from g, @ g, onto
a0 @ g1 such that ¢'(go)=go and ¢"(g;)=g;. Therefore we can assume that our
isomorphism ¢ satisfies $(go) =go and #(g;)=g;. Using the duality of g_, and g,
(Lemma (3-2) and Lemma (3-3)), we can extend ¢ to a linear endomorphism from
g_, onto g_,. In fact, it suffices to show ¢([x, z])=[¢(x), #(z)] for x e g_,, z € g;.
We denote by B’ the Killing form of g’. For y € g,, we have

B'(¢([x, z]), $(»)) = B([x, z], y) (easy to see)
= B(x, [z, y]) = B'(¢(x), ¢([z, 1) (from the definition)

= B'($(x), [$(2), $(0)] = B'([$(x), $(2)), $(»))  (Lemma 3-2).

COROLLARY (3-4). g=¢_1 @ go D 8, and ¢'=¢"_, @ g0 @D @ are isomorphic if
and only if g, and g, are isomorphic and their linear isotropy representations are
equivalent.

Proof. This is a direct consequence of Proposition (3-4).
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LEMMA (3-5). Let g=g_; @ @o @ @, be real simple, If g€ is not simple, there
exists a complex simple graded Lie algebra )=%_, @ Yo ® ), such that g="0hpr.
Further ¢~ 9 @ .

Proof. Since g€ is not simple, it is known that g is a complex simple Lie algebra.
We shall show g, and g, are complex subalgebras. Let [g, @ g,] be the minimal
complex subalgebra of g containing g, @ ¢, and {g, @ ¢} be the maximal complex
subalgebra contained in g, @ g,. Since g=g_; @ go @ g, is irreducible, [g,+g,]
is either g, @ g, or g. In the first case g, @ g, is a complex subalgebra of g. Now
suppose [go+8:] is g. Since {go+ g} is an ideal of [g,+g;] (see the next lemma),
[80 @ 81]1=0, i.e., g=(go D 81) ® VvV — l(go'@ ¢,). This is absurd from the con-
sideration of dimension (cf. (3-3)). Thus we have shown that g, ® g, is a complex
subalgebra of g. Since g, ={y € g0 | [8, Y1< 80}, 81 is also a complex space. The rest
of the proof is straightforward.

LEMMA (3-6). {80 @ 9.} is an ideal of [go @D 81]-

Proof. Let x € {go @ ¢,} and y € go ® @,. Then for an arbitrary complex number

A, Alx, y1=[Xx, y] € g0 @ g:1. Therefore [x, y] € {go @ 8.}. Now let z € [go D g1].
Then z=2z,++/—1 z,, where z;, z, € go @ @¢,, and we have

[x, 2] = [x, 22+ vV —12z] = [x, 2]+ vV = 1 [x, 2] € {80 @ a1}

PROPOSITION (3-5). There exists an involutive automorphism o of g such that

o(g-1) = 81, o(80) = 8o, o(8) = 8-1,

and the bilinear form B* on g defined by B*(x, y)= —B(x, o(y)) (x,y€ g and B is
the Killing form of @) is positive definite or positive definite hermitian symmetric,
according as F=R or F=C.

Proof. See [14] or [29].

LEMMA (3-7). Let g=g_1 @ go @D 8: be a simple graded Lie algebra over F. Let §
be an irreducible subalgebra of g, (< gl(g_1)). If there exists a nonzero element z in
8, such that [g_,, z]< ¥, then Y is necessary identical to g,.

Proof. Let Yy, be {z' €, | [6-1, 2]<b}. Then clearly g_, @ §) @ b, is a graded
Lie algebra. Since the linear isotropy representation is irreducible, g_; @5 @ b,
is simple by Proposition (3-3). Then by Lemma (3-2), the dimension of %), must be
equal to that of g_,. In particular we have %, =g,. Then by Corollary (3-3), we see
Ho=8o-

PROPOSITION (3-6). Let g=¢_, @ 8o ® 8, be a simple graded Lie algebra over F.
And let 8 be a subalgebra of the Lie algebra g such that

(1) dim 8/(go @ g,)=dim g_;,
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(2) the natural representation of 3 N (g, @ 9,) into 8/(8; @ @,) is irreducible,
(3) 8N g, #{0}. ,
Then 3 is necessary identical to g.

Proof. We put h=3 N (go+4g,)/3 N ¢;. Then § can be considered as a subalgebra
of g, satisfying the condition of Lemma (3-7). Therefore

8N(go @Da)/dNg =g and 3Ng =g,

Thus we have 3> g,. Hence 8=g by the condition (1).

4. Harmonic theory in the Spencer cohomologies (cf. [16]). Let g=g_, @ g,
@ g, be a semisimple graded Lie algebra over F. We define a formal adjoint
operator 0*: C(g) — C(g) of @ to be 9*C?(g) — C?*+12-1(g), and

@-1). (@*c)(x1, ..., x_)=2:[Z%, «(Xi, X1, ..., X4_1)] for all ce C?%g) and
X1,..., Xq—1 € 81, where {X;} is a basis of g_, and {Z} is the dual basis of {X} in
g, (cf. Lemma (3-2) and Lemma (3-3)). It is evident that 0* is well defined (i.e.,
independent of the choice of the basis {X;}).

LEMMA (4-1). We have d*(p(a)c)= p(a) 0*c for c € C(g) and a € g,, here p is the
natural representation of g, into C(g).

Proof. This is easy to see (cf. Lemma (3-3)).

We define the Laplacian [] by []=0*@+ 00*. Then [ is a linear endomorphism
of C?4(g) for each p, q. Then the kernel of [1: C?%g) — C?(g) is denoted by
H#?9(g) (®) and an element of #7:%(g) is called a harmonic form.

LEMMA (4-2). We have p(a) [1 c=(p(a)c) for c € C(g).
Proof. This follows from Lemma (2-5) and Lemma (4-1).

PROPOSITION (4-1). We have
(4-2). oC?%(g) N £~ 1-9+1(g)={0},
(4-3). H™Y(g)x=H#7(g).

Proof. To prove this it suffices to show the existence of an inner product (resp.
hermitian inner product) ( , ) on C(g) (according as F=R or F=C) such that o*
is the adjoint operator with respect to the inner product ( , ) i.e., (¢, ¢')=(c, d*c)
for ¢, ¢’ € C(g) [16]. For that purpose we make use of the bilinear forms B* in
Proposition (3-5). We define an inner product (resp. hermitian inner product) in
C(g) by

@-4). (c, )=(/q") 2 B¥(c(X,,, . . ., Xi), ' (Xiy, .. ., X;)) for all ¢, ¢ € CP(g),
where X; is an orthonormal basis of g_; with respect to B*. We put (c, ¢')=0 for
ce CPYg), ¢’ € C*7(g) (p#p’ or g#q’). Now we prove

(®) We should write 5£7:9(3 @,), but we adopt this notation if there is no danger of confusion.
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(4-5). (8¢, c")=(c, o*c") for ¢, ¢’ € C(g). In fact, for ce C?%(g) and ¢’ C?~1:9*1(g),
we get

(o, ¢') = —(q—:m S BON Koy - . » Xig ) 5-€' Ky -5 Xy 1)

_(q——:l)_! 2. 2 (CIYB(e(Xsys s Koy Xig s X,
U'CI(XiI, DAY A,iq +1))

= i 2 S VB Rip s KoL)
o[a/\’,;, c'(Xil, e X, )

- (q—:m S S Be(Xiys s Bip - Xig s
o[—oX,, Xy, Xipy ., Ripp 0 X0y, )))
= (c, 8*¢").
Here we remark that {—oX;} is the dual basis of {X}.

5. The Spencer cohomologies of complex simple graded Lie algebras (cf. [16],
[17], [18], [19]). To obtain the Spencer cohomologies of semisimple graded Lie
algebras over F, we have only to obtain that of complex one (see Lemma (2-4)).
Then by Lemma (2-3) and Proposition (3-2), it is sufficient to consider complex
simple one.

In this section g=g_, @ g, @D ¢ denotes a complex simple graded Lie algebra.
And e is the elements of Lemma (3-4). '

LEMMA (5-1). We have

(5-1). go=Ce @ [0, 80l
(5-2). [80> 8o] is a semisimple Lie algebra.

Proof. This follows from the fact that g, has an irreducible faithful representation
(cf. Proposition (3-3)).

From now on we fix once for all a Cartan subalgebra ¥ of g such that gp> ) se
(cf. Corollary (3-1)). We denote by A the set of nonzero roots of g with respect to
h. For e € A, g, denotes the eigenspace of «. The restriction of the Killing form B
of g onto Y is still nondegenerate. Therefore we define H, for each « € A by
B(H,, H)=«(H), H € Y. Let §, be the real subspace of § spanned by {H, | « € A}.
It is known that §, is characterized as the maximal real subspace of ¥) on which
all « € A has real value. Thus we have e € Y),. The restriction of B onto §, is
positive definite. Thus we introduce an inner product ( , ) in h¥. Then (e, B)
=B(H,, Hp) (o, B € A).

Since Y) is contained in go, A is a disjoint union of three subsets A_;, A, and A;

such that
g-1= Z B> 8 = b+ Z L g1 = Z 9y

el -1 BelAo YEAL

LEMMA (5-2). We have A_;=—A,.
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Proof. This follows from Lemma (3-3).

Let g, be a real compact form of g such that g, " H=+/—1 h,. Let o be the
conjugation of g with respect to g,. Then o(H,)= — H, for all « € A. Thus we have
o(8.) =8 _. Therefore we have

o(8-1) = 1, o(80) = 8os o(g1) = g-1-
REMARK (5-1). Since the bilinear form B* defined by B*(x, y)= — B(x, o(»)) is
hermitian symmetric, our o satisfies the conditions in Proposition (3-5).

LEMMA (5-3). For c € A_; U A,, we can choose a root vector X, € g, such that
() {Xi}eea _, is an orthonormal basis of §_, with respect to B*.

(1) {X_}eea _, is the dual basis of {X,}eea _, in 81 With respect to B.

(iii) o(X)=—X_,.

(IV) [Xe X—a] =H,.

Proof. This follows from the fact that for «, e A_; U A;, B(X,, X5)=0 unless
°‘+:B=0’ [Xaa X—a]=B(Xa’ X—a)Ha’ and o(ga)=g—a~

For the matter of convenience, we denote by {a,, ..., ay} be the element in A,.
We write X; and X;~ instead of X,, and X_,, respectively. Since o(g,)= g, we can
choose a basis {Y,},-1,...., of go such that B(Y,, Y,)=—38,,. We fix once for all
those X;, Y,. Then it is easy to see that Laplacian [J: C?%(g) — C?+%(g) is expressed
by

O Xy, ..., Xp,) = Z X[ Xee(Xoy, - . .o X1
(5-3)
+ z Z ( 1)“+1[[A,iu’ Xk]c(XF» le L) Xiua ceey Xiq)]'

=1lu=1
For an x € g;, (x) is the operator of exterior multiplication by x on Ag;, and
for XY, i(Xy) is the operator on Ag, defined as usual by the formula

P
i(Xe)(zy- -2 2p) = z (DX Xg,zdzi Ao AN Ey N+ A 2,

We denote by ad, (resp. ad%) the representation of g, into Ag; (resp. A%;).
LeEMMA (5-4). We have

N

(5-4) ad,(Yo) = D «([¥a, X.Di(Xp).

k=1
Proof. It suffices to show this on Algl_g1
Now for X € g,,

(Z (Y, Xkl)z(xk))m) = S B X)[Yar X = [Yar X1 = (ad, X)X,

k= k=1

We put [X;, X;]1=2 Co;Y, (i, j=1, ..., N). From the relation
B([/‘,h Ya]; /‘,J)+B(Ya, [A,b XI]) = 0:
we get [Y,, Xi]— =21 CoyX;.
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We use the following two nontrivial lemmas without proof (see [17]).

LemMA (5-5). We have

(5'5) e=2 ZaeA; H,,

(5-6). %=1 (add(Y,))?*=—2>F-1 ad% ([ X, Xi])= —(q/2)1 on A%;,
here 1 denotes the identity map.

Since g_, and g; are dual with each other, we can identify C?*%g)=g,-; ®
A%(g_,)* with g,_, ® A%, by
C?9 1 X; X)X, X,
(S (ﬁ)H‘FZC( [XEEET t,) 1y N A&y
Then the Laplacian [] can be expressed on ¢ ® Ag; by

N N
-7 O=2 adXead X @1+ > ad [Xa Xi] ® e(X,)i(Xp).
k=1 ,u=

k 1

LEMMA (5-6). The Laplacian [] has the following expression on g ® Ag;:

(5-8) O

i ad (X;) ad (Xp) ® 1+ zr ad (Y,) ® ad, (Y,).

Proof.

N
2, ad [Xo, X,] ® e(X,)i(Xe)

k 1

= — z Cors ad (Y,) ® e(X,)i(Xz) (see the remark after Lemma (5-4))

a,k,u

= — z ad (Ya) ® e(CakaXu)i(Xk)

a,l,u

= > ad (Y,) @ e[Y,, Y,li(Xp) = > ad ¥, ® ad, (¥,) (by Lemma (5-4)).
a,k a
Let now c be the element of the universal enveloping algebra & of g defined by

N r
c= D (XuXpt+XeX)— D Y2
k=1 a=1

The element c is called the Casimir element of & and is in the center of &. We put
¢’=—73, Y2 Then ¢’ is an element in the center of the enveloping algebra &” of g,.
Extending the representation of g (resp. go) to those of & (resp. &), we get the
following formula.

LeMMA (5-7). The Laplacian (] has the following expression on g.
(5-8) 200 = ad (¢) ® 1—(ad ® ad,)(¢") +}(ad ® ad.)(e).

Here ad ® ad, denotes the product of two representations ad and ad ..
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Proof. 2 > ad (X}) ad (Xz)=ad (c¢)—ad (¢)+ >, ad ([ X, Xz]). On the other hand
(ad ® ad,)(Y,)=ad (Y,) ® 1+1 ® ad, (Y,). Thus

(ad ® ad , )(Y)?* = (ad Y.)* ® 1+1 ® (ad . (¥,)*+2ad (¥,) ® ad, (¥o).
Hence
22 ad (Y2 ® ad, (¥2)

> ((ad ® ad ) (Y~ (ad (¥))* @ 1-> 1 ® (ad, (¥,))?
—(ad ® ad,)(c)+ad (¢) ® 1+ 1 @ ad,, [X, Xi]

(see Lemma (5-5)). From this we have a desired expression.

Now we choose, once and for all, an ordering of the roots such that the roots
belonging to A, are all positive. The existence of such an order is well known.
Let © be the set of all positive roots « of g such that g,<g,. Then A*=A; U O is
the set of all positive roots. We denote by {y,, ..., yo} the set of all simple roots.
Then we know that we may assume y;, € A; and y,, ..., 7, € @ [9]. Then y,, ..., 9
are also simple as the roots of the complex reductive Lie algebra g,. Under these
notations, if p (resp. 7) is an irreducible representation of g (resp. g,) with the lowest
weight A’ (resp. p'), then p(c) and =(c’) are scalar operators which is known to be
given by

(5-9). ple)={(A", A)=Zoent (A, a)}-1,

(5-10). 7(c)={(1', n')—2pee (', B)}-1.

Let

(5-11) g QAg; = Z ng, Ug

be a decomposition of the go,-module ¢ ® Ag, into direct sum of irreducible go-
modules U, where ¢ denotes the lowest weight of the irreducible representation
7e Of go into Up.. Since e is in the center g,, the last term in the expression (5-8) is
a scalar operator on each U,. We denote by A’ the lowest root of g and put

8=1 Spert .
PROPOSITION (5-1) (B. KOSTANT [16]). We have

(5-12) OlUe = {(A'=8, A'=8)—(¢'— 3, § - d)}-1.
Proof. This follows from (5-8), (5-9), (5-10) and the above remark.
COROLLARY (5-1). Let ¢ @ Ag, =2 ng, Uy be as above. Then we have

#@x > nU.

1A7 = 6] =] —ol

Here |A'—8|2=(A"—§, A'— ).

Proof. This follows from proposal (5-1) and Lemma (4-2).
For a subset ® of A, we denote by {®) the sum of the roots belonging to ®.
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Let W be the Weyl group of g. And for an element T of W, we put ®,=T(—A")
NA*Y. Put Wi={Te W | ®r<A,}. Let ' be the lowest weight of an irreducible
representation p,. of g with the representation space V. And let

(5-13) V®Ag = lUy

be a decomposition of the go,-module ¥V ® Ag, into direct sum of irreducible
go-module Uy. For Te W3, we put {7=T,+<{Pr). Clearly {7 is a weight of the
go-module V' ® Ag;.

LeEMMA (5-8). We have

(1) Let m be a weight of the go-module V @ Ag,, then |A'—8|=|n—38| and the
equality holds if and only if there exists T € W such that n= (7.

(2) The map T+ {7 is a bijection of W* into the set of the lowest weight ¢
appearing in the decomposition (5-13) and satisfying the equality |A’' — 8| =|¢ —§|.

Proof. See [19].

PROPOSITION (5-2) (B. KOSTANT [16]). We have #(g)=7>rewrUns,. Here A’ is
the lowest root of g and Ar=TA' +{ D).

Proof. This follows from Corollary (5-1) and Lemma (5-8).
Let n(T) denote the number of the root belonging to @,.

COROLLARY (5-2). We have 3, H#%%8)= D rew',ny=q Un'p-

PROPOSITION (5-3) (B. KOSTANT [16]). The go-module Ag, and A%y, decompose
into a direct sum of gq-irreducible modules

Ag, = z Ucopy, Ay = Z Ucory-
Tewl TeWl,n(T)=q

Proof. This follows from Lemma (5-5) and Lemma (5-8).

Let g=2 m.g, be a decomposition of the go-module g into direct sum of
irreducible go-module g, with the lowest weight ¢. Combining this with the
decomposition Ag; =2 rewt Uopy, We have

g ®Ag = Z z meQe & Ucops-

& Tewl

LEMMA (5-9). Suppose that there exists an element c € g: ® U,y Such that
¢#0 and (Jc=0. Then £ =TA’'.

Proof [19]. By the assumption, the intersection of g, ® Ucopy With Jreyr Uy,
is not empty. Therefore there exists S € W* such that U, is contained in g, ®
Uco,y- Then Agis a weight of the go-module g, ® Uce,, and hence there exists a
weight v in g, and a subset @ of A; such that Ag=v+<{®>. Then by Lemma (5-8)
we get v=SA’ and ®=®;. We remark now that R-}(®)=® for an Re Wi
Therefore (SA’,8) =(A’, S1B)=<0 for all 8 € © because A’ is the lowest root of
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go. It follows from this that v=SA’ is the lowest weight in g,- and hence ¢ =SA’.
On the other hand, since {®;) is the lowest weight in Uqe,,, we have ((®s>, B) <0
for B e ©. Therefore, as (®g) is a weight in U e,,, we get (@) ={Ps>. Then by
the lemma, we get T=S.

COROLLARY (5-3) (MATSUSHIMA-MURAKAMI [18]). Let q.q be the numbers of the
roots in {a € A, | {a, u’> >0}, here y' is the lowest root in A,. Then we have

H*%g) =0 ifq < gaa-
Proof. By Proposition (4-1) and Corollary (5-2), we have

H29(g) = #29g) = > #7g) N g, ® Ag,.
b4

By Lemma (5-9), >, #7%g) N g; ® U¢o,, #0 only if p'=TA’ and n(T)=q. If
(¢, p")>0 (x€4,), then 0< (e, p')=(a, TA")=(T ‘e, A’). Since A’ is the lowest
weight, T~ 'a <0, i.e., @ € ®;. Thus g.q < n(T).

Lemma (5-10). If H*Y(g) #0, then g, has an element of rank 1, g, being considered
as the subalgebra of gl(g - ).

Proof. Suppose H!:'(g)#0. Then g, ® g, contains U,;, for some Te W
Taking an eigenvector of the lowest weight Az =TA’+{®,), we can assume s#1:(g)
contains an element of the form y ® z (y € go, z € g;). Since d(y & z)=0, for
x, x' € g_;, we have

B(x, z)[y, x'] = B(x" 2)[y, x].

Taking x’ as B(x, z)=1, we have [y, x]=B(x, z)[y, x'], i.e., y is an element of
rank 1.

ReEMARK. Simpler proof may be obtained using Guillemin, Quillen, Sternberg,
Classification of the irreducible algebras of infinity type, J. Analyse Math. 23 (1967).

6. Semisimple homogeneous spaces. Let L/L, be a connected homogeneous
space on which a semisimple Lie group L acts effectively and transitively. Here L
is not necessary connected. L/L, is called a semisimple flat homogeneous space if
the Lie algebra I of L has a graded Lie algebra structure I=g_; @ g, @ g; such
that g, @ g, is the Lie algebra of L,. We call the graded Lie algebra [=g_; @ go
@ g, the associated graded Lie algebra of a semisimple homogeneous space L/L,
(cf. Proposition (3-4)). Let G, (resp. G_,) be the connected Lie subgroup of L
corresponding to g, (resp. g_,). We define G, as the normalizer of g, in L, i.e.,
Go={a e L, | Ad (a)(g0o)=80}-

LeEMMA (6-1). The exponential mapping exp: ¢, — G, and exp:g_, — G_, are
bijective.

Proof. Since g, is abelian, exp is surjective. Let n be the kernel of exp: g, — G;.
Since n is discrete we have [go, n]=0. This is contradiction (see Lemma (3-4)).
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LEMMA (6-2). G, is identical to the normalizer of g_, in L,, i.e.,

Go =f{aeLo| Ad(a)(8-1) = g-1}-

Proof. Let Gy be {aeL, | Ad (a)(g-,)=g-.}. Take an element a in G,. Since

Ad (a)(g0) =80 and Ad (a)(g:) =81, (81 ={x € 8o @ 81 | [8, X]=go}) by the argument
in Proposition (3-4), there exists an isomorphism ¢ of g such that é(g_,)=g_;
and ¢|go+ g, =Ad (a)|go+g,. Then ¢-Ad (a) ! is, in particular, the identity on g.
Since g, contains a Cartan subalgebra § of g, there exists an element H of §, such
that ¢-Ad (a) '=exp ad H. From this we have Ad (a)(g_,)=g-;. Take a € G,,
then

Ad(a@)g-1 Dg1) = g-1 Dy

Since g, is the orthogonal complement of g_; @ g, with respect to the Killing
form B, thus Ad (a)(g,) =g, since Ad (a) leaves B invariant.

LeEMMA (6-3). We have G, N G, ={id}.
Proof. Let Z € g, be such that exp Ze G, N G,. For Xeg_,,
Ad (exp Z)(X) = X+[Z, X]+1(Z[Z, X]].
Since Ad (exp Z)(g_,)<g_;, we have [Z,g_;]=0. This is a contradiction (see
(2-3)).
LEMMA (6-4). We have Lo=G,-G;.

Proof. Let ¢ be the center of go. From Lemma (5-1) we can easily see that
ad ¢ (c € ¢) is semisimple. From the argument in Proposition (3-4) for a € L, there
exists an element Z in g; such that Ad (exp Z) Ad (a) preserves g,, g, +¢ and
[80, 8o]. From the above remark we see Ad (exp Z) Ad (a)(¢)=c. Thus we have
Ad (exp Z) Ad (a)(go)=8o. Then exp Z-a € G, i.e., Lo=G,-Go=G,- G;.

COROLLARY (6-1). L, is the semidirect product of G, and G,.

We have a natural representation / of L, into g_; (so-called the linear isotropy
representation of L,). It is defined by

la)x = Ad (@)x mod (g, @ g,) foraelL,.

LEMMA (6-5). G, is identical to the kernel of I, or equivalently 1 is faithful on G,.

Proof. It is clear that G, is contained in the kernel of /. Take a € G, such that
Ad (a)|g, is the identity. Then by Lemma (3-3), Ad (a)|g_, is also the identity.
Since go=[g_1, 8:], Ad (a) is the identity on [, i.e., @ commutes with the identity
connected component of L. This is a contradiction because the operation of L is
effective.

The group G, is called the linear isotropy subgroup of the semisimple flat homo-
geneous space L/L,.
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7. Classification of simple graded Lie algebras. We can classify all semisimple
graded Lie algebras over F (F=R or C). By Proposition (3-2), we have only to
classify simple graded Lie algebras. This has been done in [14]. And the value
Gaa (cf., Corollary (5-3)) for complex simple Lie algebras has been computed by
A. Borel [1]. We here only write the table. For the details, see [14].

Let K be the field R of real numbers, the field C of complex numbers or the field
Q of quaternions. In a natural way, R= C< Q. For each element x of K, we define
the elements X and X as follows.

If x=xo+x1i+ Xoj+ x5k € Q with x,, Xx;, X3, X3 € R. Then

X = Xo—Xy0i—Xof — X3k, X = Xo+x10—Xo]—x3k.

We use the following notations.

(1) ¢l(n; K)={all n x n matrices over the field K}.

(2) 81(n; K)=the semisimple part of gl(n; K).

(3) 30(p, q; K)={4 € gl(p+q; K) | *4I, o +1, ,A =0}, where

I, ©
Lo = (0 B ,q)

3o(n; K)=30(n, 0; K).
@) u(p,q; K)={4egl(p+q; K) I tZIp.q'*'Ip.qA:O}'
u(n; K)=u(n, 0; K).
(%) 3u(p,q; K)=u(p,q; K) N 3U(p+q; K).
(6) 3p(n; K)={4 € gl(zn; K) | tAJ+JA=0}.

I. Complex simple graded Lie algebras g=¢_;+ 80+ 8:.

vpe|  Lupzaz) |22 |ML(z2)| v, v VI

g |8lp+q;0) 30(2p; C) |3p(n; C) (80(p+q+2;C) | ES ES
8o [8l(p;C)+8l(g, C)+C | 8l(p; C) |al(n; C) [80(p+q; C)+C|80(10:C)+C|ES+C
Gaa |P+q—1 2p—-3 P p+q—1 11 17

I1. Real simple graded Lie algebras g=g¢_,+ g0+ 8-
K=R K=C K=0

g 8p+q;R) 3l(p+q; C) 3u*(2p+2q)
g0 3l(p; R)+8l(g; RA)+R 3l(p; C)+38l(q; C)+C 3u*(2p)+3u*(2q)+ R
8 3u(p, p)

8o 8l(p; C)+R :
g 3o(n,n) 80(2n; C) 80*(4n)
8 ol(n; R) gl(n; C) u*(2n)
g so(p+1l,q9+1) 8o(p+q+2;C)

g0 8o(p+g)+R 8o(p+q; C)+C

g 3a(n; R) 3q(n; C) 3q(n, n)

go ¢ol(n; R) gl(n; C) 3u(2n)+ R
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The above gives the table for classical Lie algebras. The table for exceptional
Lie algebras is given as following. For the detailed definition, see also [14].

g Ej E§ E}

8 80(5.5)+R 30(10; C)+C 30(1.9)+R
g Ej E§ E}

8o Ei+R E§+C E5+R

PROPOSITION (7-1). Let g=¢_, @ g0 @ 8, be a real simple graded Lie algebra
such that g is different from 31(2, R) and 31(2, C), then H*(g)=0.

Proof. This follows from Lemma (2-3), Lemma (3-6) and Corollary (5-3).

PROPOSITION (7-2). Let g=g_; @ g0 @ 8, be a real simple graded Lie algebra
such that g and g, are different from

g @ip+q; R) 8l(p+q; C) su(l, 1)
go 3l(p; R)+3U(q; R)+R 3l(p; C)+3l(q; C)+C 3l(1, C)+R
p+qg =3 p+g =3
g so(p+l,9+1) 30(p+q+2,C)
8 30(p,q)+R 30(p+gq, C)
p+q =3 p+q £ 3.

Then H?*?%(g)=0.
Proof. This follows from Lemma (2-3), Lemma (3-6) and Corollary (5-3).

PROPOSITION (7-3). Let g=g_; @ go @ 8, be a real simple graded Lie algebra.
Then H*Y(g)=0 except the cases g=38I(p+ 1, R), go=3I(p, R)+ Rand g=3(p+1, C),
go = gl(p, C) + C.

Proof. This follows from Lemma (5-11) and the table above.

8. Frames of higher order contact. Let M be a manifold of dimension n. Let
U and ¥V be neighborhoods of the origin 0 of R*. Two local diffecomorphisms
f: U— M and g: V— M such that f(0)=g(0) give rise to the same frame of rth
order contact (or r-frame) at x=£(0)=g(0) if they have the same partial derivatives
up to order r at 0. Here 1 =r=<co. The r-frame given by fis denoted by j'(f). We
denote by F'(M) the set of all r-frames of M. Itis a principal fibre bundle over M
with the natural projection =; #(j'(f))=/(0). We shall describe its structure group
and the right action of the structure group on #"(M).

Let G'(n) be the set of r-frames of R™ at 0, i.e., G"(n)={j"(g) € F'(R") | g(0)=0}.
Then G"(n) is a group with the natural multiplication defined by j"(g)-j"(g)
=j"(g o g). The group G"(n) acts on F'(M) from the right by j*(f)-j"(g)=j"(f°> g)
for j*(f) € #7(M) and j'(g) € G'(n). It is easy to verify that #"(M) is a principal
fibre bundle over M with group G'(n). #'(M) is called the bundle of r-frame of M.
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Let h: M — N be a diffeomorphism from M onto a manifold N. Then 4 induces
a bundle isomorphism h™: F'(M) — #7(N) defined by

hOG(f) = j'(hef) e FT(N) for j'(f) e F(M).

We call A" the rth prolongation of h.

From now on we shall be mainly interested in #%(M) and F(M). We have a
natural projection «: G%(n) — GY(N) and v: F(M) — F (M) defined by «(j%(g))
=j*(g) (j*(g) € G*(n)) and W(j(/)=j*(f) G*(f) e FHM)).

LemMMA (8-1). «: G%(n) — G'(n) is a group homomorphism and v: F* (M) —
F M) is a bundle homomorphism associated with «: G*(n) — G'(m);

FAM) > FH(M)
M—M

Proof. It is easy to see.

REMARK (8-1). We have a natural inclusion of GL(n; R) into G'(n), defined by
g —j'(g) for a g € GL(n; R). In particular GL(n; R) and G*(n) are isomorphic by
this inclusion. From now on we identify GL(n; R) with G*(n) and consider GL(n; R)
as a subgroup of G'(n) by this inclusion. Then the unit element e of GL(n; R)
corresponds to j'(id) € G"(n)#(R™), here id means the identity transformation.

For a subgroup G of GL(n; R) a G-subbundle P of #(M) is called a G-structure
on M. Let P and P’ be G-structures on M and a manifold M’ respectively. A
diffeomorphism 4 of M onto M’ is called an isomorphism of P and P’ if the first
prolongation A satisfies A“(P)=P’. Especially an isomorphism of P itself is
called a G-automorphism of P.

We shall now define an R"-values 1-form 6 on #(M). Let X be a vector tangent
to #1(M) at a point ji(f) e F1(M). f induces an isomorphism f ! of the tangent
space T(M),, onto T(R"),, and my(X,) is a vector in T(M ),,. We define 8 by

(X, 0) = [l (mu(X3)).

The restriction of 6 onto a G-structure P is also denoted by 6 and called the
canonical form of P.

LeMMA (8-2). Let P and P’ be G-structures on M and M’ respectively, and 0 and
0’ be their canonical forms respectively. If h: M — M’ is an isomorphism of P and
P', (hV)*¢'=6. Conversely if a bundle isomorphism H: P — P’ satisfies H*6' =0,
then H is the first prolongation hV of the diffeomorphism H of the base manifolds M
and M' induced by H.

Proof. It is easy to see (cf. [8]).

LeEMMA (8-3). Let P be a G-structure on M and 8 be its canonical form. Then we
have
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(8-1). {4*,8>=0 for Aeg,
(8-2). R¥0=a"*foraeg.
Here g denotes the Lie algebra of G.

Proof. It is easy to verify (cf. [8]).

Let J(R™ be the vector space of all tensors of type (r, s) on R", i.e., 7 (R"™)
=(&" R*) ® (Q* (R™)*). The group GL(n; R) naturally operates on J j(R"™). For a
G-structure P on M, a tensor field of type (r, s) on M is a mapping ¢ of P into
T(R™) satisfying t,,=a"*. (t,) for all a € G and p € P. This definition of a tensor
field on M is equivalent to the usual one.

Let H be a subgroup of G*(n). An H-subbundle Q of #2%M) is called an H-
structure of 2nd order on M. Then v(Q)< F (M) is an o H)-structure on M, which
is called the associated «(H)-structure of Q. Let Q and Q' be H-structure of 2nd
order on M and M’ respectively. A diffeomorphism A: M — M’ is called an
isomorphism of Q and Q' if A*®(Q)= Q'. Especially an isomorphism of Q itself
is called an H-automorphism of Q.

We shall now define a 1-form ® on F%(M) with values in T(F(R"),. Let X
be a vector tangent to F3(M) at j2(f). Since f'is a diffecomorphism of a neighbor-
hood of the origin 0 € R" onto a neighborhood of f(0) € M, it induces a diffeo-
morphism f® of a neighborhood of e € #(R") onto a neighborhood of j!(f) €
FYM). fO then induces an isomorphism f’ of the tangent space T(%*(R").
at e onto the tangent space of #*(M) at v(j2(f))=/j*(f). Then form O is defined by

<X: ®> = (fal(tl))_l(v*(X)),

and is called the canonical form of #%(M). For an H-structure of 2nd order Q,
the restriction of ® onto Q is also denoted by © and called the canonical form

of Q.

LeMMA (8-4). Let © and ©' be the canonical forms of F*(M) and F*(M')
respectively. Let h: M — M’ be a diffeomorphism. Then the second prolongation h'®
of h satisfies

(h@)*0' = 0.
Conversely if H: FX (M) — F*%M') is a bundle isomorphism such that H*®'=0,
then H is the second prolongation h® of the diffeomorphism H of the base manifolds
M and M’ induced by H.

Proof. See [8].
We define an action of G?(n) on T(F Y(R")).. Let j*(g) € G*(n) and j1(f) € F(R™).
The mapping of a neighborhood of e onto a neighborhood of e defined by

J*)—>jHgeSfog™Y)
induces a linear isomorphism of the tangent space T(#(R"™), onto itself. This
linear isomorphism depends only on j%(g) and is denoted by Ad (j*(g)).
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LemMA (8-5). Let O be the canonical form on F%(M). Then

(8-3). <4*, O>=0x(A) for 4 € g*(n),

(8-4). (RH)O=Ad (a~1)- O for a € G¥(n).
Here g%(n) denotes the Lie algebra of G*(n) and o is the linear mapping: ¢*(n) —
gl(n, R) induced by «: G*(n) — GL(n; R).

Proof. See [8].
LEMMA (8-6). For an A € g%(n) we have vy (A*)=(ayxA)*.
Proof. The proof is straightforward.

LeEMMA (8-7). Let ©® and 0 be the canonical forms of F%(M) and F*(M) respec-
tively. Then we have

v4(0) = v*6.
Here v: FX (M) — FY (M) and v': F*(R") — F(R").
Proof. Let X be a vector tangent to #2(M) at j2(f). Then
<X, vi(0)) = viX, 0) = Vi(f) 7104 X)) = fi {(ma(v2 X)) = <X, v*6).

Let A(n; R) be the affine group acting on R™. Considering 4A(n; R) as a principal
bundle over R"=A(n; R)/GL(n; R) with structure group GL(n; R), we have a
natural bundle isomorphism between A(n; R) and F(R"™):

A(n; R) «<— FY(R")
ln —_ id Rln

Under this isomorphism the identity e of A(n; R) (or of GL(n; R)) corresponds to
Jjo(id). The tangent space of F(R") at e, corresponds to the Lie algebra

a(n; R) = R"+gl(n; R) of A(n; R).

Let ® be the canonical form of #2%(M). We denote by ©_, and ©, the R"- and
gl(n; R)-component of ©.

LEMMA (8-8). We have dO®_,+[0_,, 0,]1=0.
Proof. See [12].

9. Flat L,-structures of 2nd order. For a linear subgroup G of GL(n, R), the
subgroup R"-G< A(n, R) can be considered a G-structure on R". This structure is
called a flat G-structure. A G-structure P over M is called flat if it is locally equiva-
lent to the flat G-structure.

Let L/L, be a semisimplé homogeneous space, and [=g_, @ go @D g; be its
associated graded Lie algebra. We denote by o the point of {L,}. Then the mapping
Exp from g¢_, into L/L, defined by Exp (x)=exp x-a is a diffeomorphism into.
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We have a natural mapping « from L into #2%(L/L,) and a group homomorphism
' L/[Ly — G%(n) by
le L+ (l) = j%(I-Exp),
ae€ Ly J(a) = jA(Exp~!-a-Exp).
LemMA (9-1). ' is injective. In particular . is injective.

Proof. Let N be the kernel of «/, and n be the Lie algebra of N. Since N is con-
tained in the kernel of the linear isotropy representation, we get N=G,, n<g,
(Lemma (6-5)). And it is clear n={x € g, | [, x]<g,}. Then by the same argument
in Proposition (3-1), we have n=0. Thus N is a discrete group. In view of Lemma
(6-1), we put N=exp m. It is clear that G, normalizes N. Therefore, N being
discrete, we have [go, m]=0. Hence m=0 by Lemma (3-4).

Thus L — L/L, can be naturally considered as an L,-structure of 2nd order (if we
fix g_;). We call this structure the flat L,-structure of 2nd order. An Ly-structure
of 2nd order is called flat if it is locally equivalent of the flat Ly-structure.

We recall that G*(n) operates on g_; @ gi(g_,), identifying g_, with R* (n=
dim g_,). With this in mind, we have the following.

LEMMA (9-2). The group Lo (< G*(n)) leaves g_, @ @0 (Sg-1 D gl(g-,)) invariant.
And its operation onto §_, @ @, is identical to the operation of Lo: 1/g_, —1/g_,
induced by Ad (a): 1 — L.

Proof. This is trivial.
Let E be the Mauer-Cartan form of the group L. We write E as E=2_, @ &,
@ E, according to the decomposition I=g_; @ g, D 9;-

LEMMA (9-3). Let O=0_, @ O, be the canonical form of the flat Ly-structure of
2nd order L — L[L,. Then we have ® _,=E_, and ©,=E,.

Proof. This follows from the definition of the Mauer-Cartan form.
Let L — L/L, be the flat L,-structure of 2nd order. Then (L)<= F(L/L,) is a
G,sstructure, here G, is the linear isotropy subgroup and v: #3(L/L,) — FY(L/L,).

LEMMA (9-4). The Go-structure v(L) — L|L, is flat.

Proof. This follows from Lemma (6-5).

10. Linear connections and 2nd order structures. An affine connection I" on a
manifold M of dimension n is a gl(n; R)-values 1-form on F (M) satisfying the
conditions

(10-1). <A4*, T')=A for A € gl(n; R),

(10-2). R¥T'=Ad (@ V)T for a e GL(n; R).

For an element u € R", there exists uniquely a vector field V, on #*(N) such that
(V,, TD>=0 and {V,, 0> =u, where 6 is the canonical form of F*(M). We call this
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vector field V, the horizontal vector field of u € R™. The torsion form T(I') and the
curvature form R(T") are defined by

(10-3). d6=[0, T'1+T(T),

(10-4). dT'=4[T, I'1+ R(D).

If T(T")=0, T is called an affine connection with torsion. We define the curvature
tensor field © of type (1.3) by

t,(u,v) = (V, A Vo, R(T)> for u,ve R

We define the covariant derivative of a tensor field ¢ of type (r, s) on M. At each
point p € F1(M), let V be the linear mapping of R" into J {(R") defined by

Vuz = (Vu)P L.

Then Vg is a tensory field of type (r, s+1).
A cross-section s: FYM) — F M) is called admissible if we have
(10-5). s(p-a)=s(p)-a for p e F*(M) and a € GL(n; R).

THEOREM (10-1) (S. KoBavasHI [12]). For an admissible cross-section s: F*(M)
— FYM). s*0O, is an affine connection on M without torsion. And this gives us
one-to-one correspondence between affine connections on M without torsion and
admissible cross-sections.

Let P be a G-structure on M. An affine connection I on M is called a G-connection
if the restriction of I" onto P has values in g (the Lie algebra of G).

Let L/L, be a semisimple flat homogeneous space. We fix once and for all its
associated graded Lie algebra I=g_; ® go @ ¢,. Then L, is a subgroup of G%(n).
We denote by G, the linear isotropy subgroup of L/Ly; Go< Lo < G%(n).

Let P be a Gy-structure on M and I" be a G,-connection on P without torsion.
By Theorem (10-1), P is a Go-subbundle of #2%(M). By extending the structure
group G, into L,, we have a Lg-structure of 2nd order, which is called the L,-
Structure of 2nd order associated with a G,-connection T, and denoted by Q({T}).

Two Gy-connections I' and IV on P without torsion are called Lq-equivalent if
Q)= Q(I"). This is clearly equivalence relations. Denote by 4(P) the set of all
Go-connection on P without torsion, each equivalence class a in 4(P) define
uniquely a Ly-structure of 2nd order, which is denoted by Q(a).

LEMMA (10-1). Let L/L, be a semisimple flat homogeneous space with the associated
graded Lie algebra 1=g_, @ go @ @8,, and G, be its linear isotropy group. Let
P — M be a Gy-structure and a an Ly-equivalence class in A(P). If we denote by
O=0_, @ O, the canonical form of Q(=), the associated Ly-structure of =, then we
have

(1) O_, is g_,-valued and O, is g,-valued,
(2) <A4*, Oy>=A’ (the g-component of A), for A € g; @ @1,
(3) RI(O_, @ Og)=Ad (@™ )(O_,+ Op) mod g;.
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Proof. (1) Let s: P — Q(a) be the imbedding which gives one of Gy-connection
in a. Then the restriction of ® _; and ®, have their values in g _, and g, respectively.
Our assertion follows from Lemma (9-2). The rest of our assertion follows also
from Lemma (9-2) and the definitions.

Let f: M — M be a G,-automorphism of a Gy-structure P. Then for each element
T in A(P), f{IT is also a Gy,-connection on P. For each equivalence class a of
A(P), fis called a-automorphism if f{Pa=a.

ProrosiTION (10-1). If H**(1) is zero, then there is only one equivalence class in
A(P) if A(P)+# @.

Proof. Let " and IV be two connections in A(P). Since I'—I" is zero on the
fibres of P — M, at each point p of P, there exists a function F, from R" into g,
such that <X, I'—I")=F,({X, &) for each vector. We consider F, as an element
of C*(0). Since I"and I are torsion free, we have 0F,=0 for p € P. Since H**(1)=0
there exists F, € C2°(I) such that 0F,=F,. If s and § are admissible cross-sections
which give I" and I" respectively, then it is easy to see that s'(p)=s(p) exp F,.

REeMARK. For the geometric meaning of his proposition, see 7.

11. Normal Cartan connections. Let L/L, be a connected homogeneous space
on which a Lie group L operates effectively and transitively. We denote by I and
I, the Lie algebra of L and L,. A Cartan connection of type L/L, on an L,-principal
bundle Q — M is, by definition, an I-valued 1-form w on @ satisfying the conditions;

(11-0). dim M=dim L/L,,

(11-1). <A4*, wd=Afor A€y,

(11-2). R¥fw=Ad (@ Y)w for a € L,,

(11-3). <X, w)#0 for every nonzero vector of Q.

Let H: Q — Q be a bundle isomorphism. We call H an isomorphism of the Cartan
connection w if we have H*w=w. We define the curvature form Q= Q(w) of w by
Q=dw+ 1w, w].

LemmA (11-1). We have
(1) R¥*Q=Ad (e H)Q,
(2) i(A¥)Q =0 for A €1y, here i(A*)Q2 means the inner product of Q and A*.

Proof. This is well known [15].
ExAMPLE (11-1). Let w, be the Mauer-Cartan form of L. Then w, is a Cartan
connection on the Ly-principal bundle L — L/L,.

PROPOSITION (11-1). Let w be a Cartan connection on an Ly-principal bundle
Q — M. If the curvature form Q of w is zero, then at each point m € M, there exists
a local bundle isomorphism H between Q and L, defined on some neighborhood of
m such that H*w,=w.

Proof. Since Q is zero, the 1-form w satisfies dw+ 3w, w]=0. It follows that,
given a point u of Q, there exists a local difftfomorphism H of a neighborhood N’
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of the identity of L onto a neighborhood N of # which sends w into the Mauer-
Cartan form w,. Then it is easy to see that in an obvious manner, we extend H to a
diffeomorphism H: N'-L,— H-L,. Let U'=n'(N’) and U=x(N), where =':
L—L/L, and w: Q —> M. Then =’ (U')=N’-L,, and =~ *(U)=N-L,. By con-
struction H: »'~}(U) — #~}(U) is a bundle isomorphism.

From now on we assume furthermore that L/L, is a semisimple flat homogeneous
space. We denote by I=g_; @ go @ g, its associated graded Lie algebras and by
G, its linear isotropy subgroup of L,. Then a Cartan connection w and its curvature
form Q can be written respectively as

w=w_1@wo@w1 and Q=Q_1®Qo®gl

according to the decomposition; [=¢g_; @ go @ ¢8;. Then clearly we have the
following relations.

(11-4). Q_1=dw_1+[wo, w_4]).

(11-5). Qo=dQo+34{w_1, w,].

(11-6). Q,=dw, + [w,, wq).

Lemma (11-2). If Q_, =0, for an element a-exp ze€ L, (a€ Gy, z € §_,), we have
(11-7). (R,-exp 2)*Qo=Ad (@~ 1)Q,,
(11-8). (R,-exp 2)*Q, = —[z, Qo] +Ad (@~ )Q,.

Proof. By Lemma (11-1), we have

(Ro exp 2)*(Qo @ Q) = Ad (exp (—2)-a~1)(Q @ Q)
= Ad (exp (—2))-Ad (@~} (Qo D Q,)
= exp ad (—z)(Ad (@ )Q,+Ad (a~H)Q,)
= Ad (@ 1)Q+Ad (a~1)Q; — [z, Qo]

LemMA (11-3). Let P — M be an Gy-structure on M, and a be a Ly-equivalence
class in A(P). Then there exists at least one Cartan connection w=w_; @ wo @ wy,
of type L|L, on the associated Ly-structure Q(a) of 2nd order such that w_,=0 _,
and wo= 0y, here O=0_; @ O, is the canonical forms of Q(a).

Proof. This is a local problem. In fact let {U,} be a locally finite open covering
of M with a partition of unity {f,}. If w, is a Cartan connection on Q(a)U, with the
given ®_, and O,, then >, (f) °c m)w, is a Cartan connection on Q(a) satisfying
our condition, where =: Q(a) — M is a projection. Hence our problem is reduced
to the case where Q(a) is a trivial bundle. Fix a cross-section s: P — Q such that
s(pa)=s(p)a for p € P and a € G,, and set (X, w,>=0 for every vector tangent to
s(P). If Y is an arbitrary vector tangent to Q(a), then we can write uniquely

(11-9). U=R,(X)+V
where X is a vector tangent to s(P) and a € exp g,. And finally V is a vector tangent
to a fibre of Q — P so that ¥ can be extended to a unique fundamental vector
field 4* on Q with 4 € g,. Then we put
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(11-10) {Y, w;) = g;-component of Ad (@~ )X, O_; @ Oy + 4.

Then w=0_, @ 0y @ w, is a Cartan connection. In fact for 4 € g, and Be g,
{A*+ B*, w) = A+{A*+B*, w;) = A+B (Lemma (8-6)).

For exp z (z€ g;) and Yin (11-9),

(Y, (Rexp z)*w) = {(Rexp 2)s Y, w) = (R, exp 2)x X+ 4*,
= (R, exp 2)x X+ 4, 0_; @ Oy
+the g;-component of Ad (exp (—2)a~KX, O_;, @ Ox>+4
= Ad (exp (—2)a KX, ©_;+ 0¢>+A4 (from Lemma (9-2))
= Ad (exp (—2)X Y, w).
Hence (Royp -)*w=Ad (exp (—2z))w. For a g € G,
<Y, R¥w> = (R,Y, @) = (RpRup X+ RpuA, )
= (RpRyRy_1Rp X +(Ad (g7 A)¥, w)
= Ad (g 'ag) (R, X, w)+Ad (g7)4 (g 'ageexpgy)
= Ad (g7'ag) " RsX, O_; @ Op>+4d(g~)4
(since R,. X is tangent to S(P))
= Ad (g tag) ' Ad (g7KX, 0_, ® 0> +Ad (g™ 1)4
= Ad(g7%a" )X, 0_, @ 0> +Ad (g~Y)4
= Ad (g7 {Ad (a"'XK, O_, @ Oo>+4}
= Ad (g7)<Y, w).
Thus we have shown that the conditions (11-1) and (11-2) are satisfied. Now since
Y,w)=Ad (@ KX, 0_, ® Opp+A4, {Y,w>)=0 implies Y=0, proving the
condition (11-3).
A Cartan connection which satisfies the assumption of Lemma (11-3)is called an
admissible Cartan connection on Q(a).

“Let now w=0_; @ 0y @ w; be an admissible Cartan connection on Q(a), and
Q=Q_, ® Q, @ Q, be its curvature form.

LemMA (11-4). We have Q_,=0. And there exists a form Q on P such that
V*Q=Qo.

Proof. By (11-4), Q_;=d0O_;+[0y, ®_;]. Then by Lemma (8-8) we have
Q_;=0. The rest of our assertion follows from (11-1).
At each point g € Q, we define a subspace H, of T(Q), by

H, = {XeT(Q) | <X, Op> = 0,{X, w;) = 0}.

LemMA (11-5). We have T(Q),=H, ® (80 @D 81)* (direct sum), and ©_, is a
linear isomorphism from H, onto g._,.
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Proof. From the condition (11-3), H, N (g, @ g1)*={0}. Take any element
XeT(Q),. Then X—(KX, Op+w,;>)* belongs to H, The surjectivity of ©_,
follows from Lemma (8-7), and the injectivity follows from the condition (11-3).

Now we define mappings ¢=c(w) and v=>b(w) from Q into C*%(1) and C%2(l)
respectively by

cu,v) =<X AN Y,Qy and bu,v) =<X A Y, Qp,
where X, Y € H, are defined by (X, ®_;>=uand (Y, O_,>=v.

LeMMA (11-6). We have

(1) cq.qexpz=p(a) " 2cgfor ac Gy, z € g,

(2) 9c,=0 for q € Q(a),

(3) if Qy=0, then 0b,=0 for q € Q(a).

Proof. First we remark that c (4, v)=<{X’' A Y’, Qo> if <X’, ®_;>=u and
<Y', ®_;>=v. In fact let Xe H, and Y e H, be such that <X, ®_,>=u and
(Y, 0O_,>=v. Then X—X'=4* and Y— Y*=B* for A, Be g, ® g,. Then our
remark follows from Lemma (11-1). Combining this with the fact

<(Raexpz)*X: ®—1> = Ad (a_1)<X, ®—1>

our first assertion can be proved. From Lemma (11-4), differentiating (11-4),
we have 0=[d0,, O_,;]—[0,, dO_,]. From (11-5), we have

[0-1, Qo] = [0O_1, dO]+3{O_;, [0, Bo]]+[0_,[0_,, 6,]]
= [00, dO_1]+3[0_1[0,, Bo]]+[0_,[0O_,, 6,]].

Therefore the restriction of [@_;, Q] onto H, is zero, this is nothing but dc,=0.
Analogously we can prove (3).

Let w'=0_;, @ Op+w; be another admissible Cartan connection on Q(a).
As before we define H, by

Hé = {XET(Q)Q l <X, ®0> = Os <Xs wi> = 0}'

Takeu e g_,. If X, (resp. X,) is the element in H, (resp. H,) such that {X,, ®_;>
=u (resp. <Xy, ©_,>=u), we have {X,— X, ®_;>=0 and {(X,— X,, Oy>=0.
Therefore there exists an element f(¥) in g, such that X,— X, =(f(w))*. Clearly
the mapping f,: g_; — @, can be considered as an element of C2'1(f). Thus with
two admissible Cartan connections w and «’, we associate a function f(w, w’)
from Q into C%1({).

LEMMA (11'7). Let w=®_1 @ Oo@wl and w'=@_1 @ @o@(ﬂi be two
admissible Cartan connections on Q(a). Then we have ¢(w),— (cw'),=0f(w, '), for
each q € Q(a).

Proof. Let Q, and Q; be the g,-component of the curvature forms of w and w’
respectively. From (11-5) we have Q,—Qq=[0_,, w; —w;]. Take u,ve g_,. And
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let X,, Y,e H, and X, Y, € H; be such that {(X,, ©_,>=<(X,, ®_;>=u and
(Y, ©_1>=<Y,, ®_;>=v. Then

(@), V) —c(@)q = {Xy A Yy, Qo> —<{Xy A Yy, Q5>
= X+ (flw, @)@)* A Y+ (f(w, o) ®)*, Qo)
=Xy A Y5, Qo)
=Xy A Yy, Qop—<(Xy A Yy, Qp> (from Lemma (11-1))
=Xy A Y5 Qo— Q0> = <Xy A Y5, [0, 0 —wi]D.

From this our assertion follows if we remark that
<X|:, w; —wi} = f(w, w')q(u) and < Yé’ wy —w;> = f(‘% w’)q(v)'
The function ¢(w) from Q(a) into C*+%(Y) is called Weyl cocycle for w.

THEOREM (11-1) (N. TANAKA). Let L/L, be a semisimple flat homogeneous space
such that H>*(1)=0. Given a Gy-structure P on a manifold M, here G, denotes the
linear isotropy group of L|L,. Then for each Ly-equivalence class a in the set of all
Go-connections on P, there exists uniquely an admissible Cartan connection on the
associated Lg-structure Q(a) of a such that its Weyl cocycle c(w), is harmonic at
each point q of Q(a) (cf., the definition after Lemma (4-1)).

Proof. (Uniqueness). Let w=0_; @ 0y ® w; and o' =0 _;+ 05 @ w] be two
admissible Cartan connections such that their Weyl cocycle c¢(w) and c¢(w’) are
harmonic, or equivalently dc(w)=0*c(w')=0. From Lemma (11-7), we have
c(w)—c(w')=0f(w, »’). Thus we have 9* of(w, w')=[] f(w, ")=0. Since HZ(I)
=0, we have f(w, »')=0. This is nothing but w; =wj.

(Existence). Let a=0_;, @ O, @ &, be an arbitrary admissible Cartan con-
nection on Q(a) (cf. Lemma (11-3)). Let J be a C2!()-valued function on Q(a)
determined by [1J=208* 8J=0*c(w). J is well determined since H%([)=0 implies
that [J is an isomorphism of C2-!(I). For a-expz €L, (a € Gy, z € g;), we have
Ja.aexp==p(@) ", since p(@)0=[Jp(a) and c(w)q.q-exp==p(@)c(w), (cf. Lemma
(11-6)). We define a I-valued 1-form w on Q(a) by

<X’ w> = <Xa ‘D>+J(<X’ ®—1>)’

for a vector tangent to Q. Then w is the required admissible Cartan connection.
In fact

(i) <A*, w)=<KA4*, w)+J(A*, O_D)=L{A*, w)=A.

(ii) If <X, w)>=0, then

0 = <X, ) +J (X, 0_1)) = (X, 0_1>+<X, Oo) +{{X, @) +J(KX, O_)}

Thus (X, O_,>=<(X, Oy>=0. Therefore X is of the form A* for some A4 € g;.
Since {A*, w>=A4, A must be 0.
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(iii) For a-exp z€ L, (a € Gy, z € g,) and a vector X, in T(Q),, we have

(Xos (Ra.oxp2)* ) = {(Ry.oxp )5 X; @)
= {(Ra-oxp )% Xy @) +Jg.a-exp L(Ra-oxp 2> ©-1))
= Ad (a exp z) " Xg, @) +Jg.0-exp LAd (@~ KX, O_1)))
= Ad (a exp 2) "Xy, @y +Ad (@) p(@) g aex0 JKX, ©-1))
= Ad (aexp z) " KX, o>+ Ad (@a71)-J,(KX, O_)
= Ad (a exp z) "X, w>+Ad (@ exp z) - J KX, O_p)
= Ad (a exp z) " X, w).

Thus we have shown that w is a Cartan connection. Clearly this is admissible.
Now the Weyl cocycle c(w) of w is given by c(w)=c(w)—8J. Therefore 0*c(w)
=0*c(w)— 0* 9J. Since 0* 0J=0*c(w), we have d*c(w)=0, i.e. c(w)=0.

The admissible Cartan connection, which is assured to exist in Theorem (11-1)
is called the normal Cartan connection of the L,-equivalence class.

Now we preserve our notations in Theorem (11-1). Let H: M — M be a G,-
automorphism of P, preserving a. Then 2nd prolongation A‘® of A is an isomorphism
of Q(a). Then by the uniqueness, 4 is an isomorphism of the normal Cartan
connection. Thus we have a natural mapping from the group of G,-automorphism
preserving a into the group of isomorphisms of the normal Cartan connections.

LeMMA (11-8). The mapping defined above is bijective.
Proof. The injectivity is trivial. The surjectivity follows from Lemma (8-4).

COROLLARY (11-1). The group of all Gy-automorphisms of P preserving a is a
finite dimensional Lie group.

Proof. This follows from Lemma (11-8) and the fact that the automorphism
group of a Cartan connection is a finite dimensional Lie group [11].

Now let L — L/L, be the flat L,-structure. And as in §9, E=Z_, PE, P &,
be the Mauer-Cartan form of L. Then Z is clearly the normal Cartan connection
of the natural equivalence class on the flat G,-structure.

LEMMA (11-9). The automorphism group of the normal Cartan connection of
L—>L/LyisL.

Proof. Clearly L is contained in the automorphism group since L preserves the
Mauer-Cartan form. Conversely let # be a bundle isomorphism preserving the
normal Cartan connection. Then A‘® preserves the Mauer-Cartan connection.
Then Ly@,-1-h® also preserves the Mauer-Cartan form and the identity of L.
Therefore Ly@,-1-h is the identity on the connected component of the identity.
Then A® is Ly, from Lemma (8-4).

LeMMA (11-10). A local automorphism of the normal Cartan connection of
L — L/L, can be uniquely extended to a global automorphism of L — L|L,,.
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Proof. This can be proved as Lemma (11-9).

12. The Weyl tensors. Let L/L, be a semisimple flat homogeneous space such
that H%'(1)=0. Given a G,-structure P on a manifold M, here G, is the linear
isotropy subgroup of L/L,. Let a be a Lo-equivalence class in A(P), the set of
all Go-connection on P without torsion. Let w be the normal Cartan connection
on Q(a); the associated Lo-structure of a. Then by Lemma (11-1) and Lemma (11-6),
the Weyl cocycle c(w) can be considered as a tensor field of type (1.3). We call the
tensor field the Weyl tensor field of the family a, and denoted by W(a). If L/L,
satisfies furthermore H*-1({)=0, we can uniquely define an Ly-structure of 2nd order
since there is only one equivalence class in 4(P) (see Proposition (10-1)). In this
case we call W(a) the Weyl tensor of a Gy-structure P.

THEOREM (12-1). Let L/L, be a semisimple flat homogeneous space such that
H?Y(1)=0 and H?*2*()=0. Given an Ly-equivalence class a on a G,-structure P,
G, being the linear isotropy subgroup of L[L,. Then the following are equivalent
to each other:

1) W(a)=0,

2) O(a) is flat.

If L|L, satisfies H':Y(1)=0, then the following are equivalent to each other:

(1") The Weyl tensor of P vanishes.

(2") P is flat.

Proof. Since the Weyl tensor of the flat Ly-structure L — L/L, vanishes, (2)
clearly implies (1). By Lemma (11-6), W(a)=0 implies the curvature form of the
normal Cartan connection vanishes since H22([)=0. Then by Proposition (9-1),
(1) implies (2). The second assertion follows from Lemma (7-4).

PROPOSITION (12-1). Let L/L, be a semisimple flat homogeneous space such that
H?Y0)=0. Let T’ be a Gy-connection in a Ly-equivalence class a in A(P). We denote
by s the admissible cross-section corresponding to T'. Let w=0_, @ 0y @ w, be
the normal Cartan connection of a.

(1) There exists a tensor field S: P — C%Y1) such that {X, s*w,>=S(KX, 0))
for a vector tangent to P, here 0 is the canonical form of P.

2) W(a)=oI") @ oS, «(I') is the curvature tensor field of T.

(3) S=-0O"*@*D)).

Proof. Since s*w, is zero on the fibre of P — M, s*w can be expressed by 6.
(2) From (11-5), we have

§*Qo = s¥(d0Oo+1[00, O] +[0_1, w;])
= ds* Qg+ 1[s* 0y, s* O]+ [s*O _;, s*w,].

Since s*wo=T, s*0_, =0, we get s*Q,=1(I")+[0, s*w,]. From this (2) is proved.
(3) Applying &* to (2), we have 0*W(a)=0*r(I")+0* 0S. Since o* W(a)=0, we
have the desired formula.
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13. Applications to geometric transformations. Let L/L, be a semisimple flat
homogeneous space such that H%!(I)=0. Given a G,-structure P on a manifold
M, G, being the linear isotropy subgroup of L/L,. Let a be an L,-equivalence class
in A(P). Let Q=0Q,+ Q, be the curvature form of the normal Cartan connection
of a. Let s: P — Q(a) be an admissible cross-section, and T" be the G,-connection
corresponding to s. Then &*(x(T")) is called the Ricci tensor field of T, here ©(T) is
the curvature tensor field of I'. Here we remark that g, and g_, are naturally dual
from Lemma (3-3), therefore we can consider o*1(T") as a tensor field.

THEOREM (13-1). Let s: P — Q(a) be a Go-connection in a. If the Ricci tensor
field is parallel (i.e. V(6*¢(T))=0), then s*Q,=0.

Proof. From (11-6), we have
§s*Q; = s¥(dw, + [wy, Op]) = ds*w; +[s*w;, '] (' = s*0,).
Since s*Q, is zero on the fibres of P — M, for tangent vectors X and Y, we have
KX AN Y,5*Q) = FVoxy A Vowy, $¥Q1> = Voxy A Vo, ds*wi)
= Vo Vo §*w1> = Vo Vo s*w1> —{[Voxys Vol s*w1).

Here Vyx, and Vjy, denote the horizontal vector fields corresponding 6(X) and
0(Y) respectively. Since I is torsion free, [V, Vo] is tangent to the fibres. Thus
we get

<Vu A Vv’ S*Ql> = (VuS)(v)_(VvS)(u)
for u,veg_,, here S is defined in Proposition (12-1). By Proposition (12-1), we
know S= —[J~1(@*(I")). In particular Vo*t(I")=0 implies VS=0. Thus s*Q, =0.

THEOREM (13-2). Let s: P— Q(a) and t: P — Q(a) be two Go-connections in a.
Then there exists a tensor field A: P — g, such that A(p)=s(p)-exp A,. If the Ricci
tensor fields of s and t are parallel, then [A,, W(a),]=0 for p € P.

Proof. The first assertion is easy to see. For tangent vectors X, and Y, at p,
we have
<Xp A Yp’ t*Ql> = <Xp A Yp’ (-Repr«S)*Ql>

= <(Repr~s)#(Xp A Yp)s Ql)-
Since (Roxp a-5)% Xp=(Rexp 4)x(5xX;) +{a vertical vector}, we have

Xp A Yy, t*Q1) = {(Rexpa)xsx(Xy A 1), Q> from Lemma (11-1).

Then by Lemma (11-2), we have
CXp A Yo, t%Q1) = $su(Xp A Yp), —[4p, Qol+ Q1)
=Xy N Yy —[Aps $*Qo] +5%Qy).

Since s*Q; and 1*Q,=0, we have [4,, s*Q,]=0. Since s*Q, defines the Weyl
tensor W(a), we have the desired result.
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For a Ggy-connection I' in a, we denote by Aut (P, I') the subgroup of the
automorphism group Aut (a) of the Ls-equivalence class a preserving I We
suspect:

COoNJECTURE. We assume L/L, is simple. If " is complete, Ricci-parallel and
Aut (P, T') is strictly different from Aut (a), then (up to covering) M is diffeo-
morphic to L/L, and Ly-structure Q(a) — M coincides with the flat L,-structure
L — L/L,. This conjecture is true when L/L, is a projective space (resp. a Moebius
space) and L is the group of projective transformations (resp. conformal trans-
formations), provided I is the Lemi-Civita connection of some riemannian metric
[20], [21].

THEOREM (13-3). Let L/L, be a simple flat homogeneous space such that H**({)=0.
Given a Gy-structure P on M, G, being the linear isotropy group of L|L,, let T be a
complete Gq-connection on P whose Ricci-tensor is parallel. If we have

(1) Aut ({T'}) is transitive on M,

(2) the connected component of the linear isotropy group is irreducible,

(3) Aut (P, {ThH=Aut {T}),
then M is diffeomorphic to L|L, (up to covering) and Aut (P, {T'}) is identical to L.

Proof. We may assume M is simply connected. Let f be an element in Aut ({I'})
such that f*I'£T". Let p € P be a point such that f*I',#I',. Taking as s and ¢ in
Theorem (13-2) the cross-sections corresponding to f*I" and I' respectively, we
get the tensor field 4 such that [4,, W({I'}),]=0. We denote by Ad (g) the linear
isotropy representation of the isotropy subgroup Aut ({I'}), of Aut ({I'}) at p.
For each g in Aut ({I'}),, replacing f by g we also have

['Ad (g)~'4,, W({T],] = 0.

Since the linear isotropy representation is irreducible, we have W({I'}),=0. Then
the homogeneity implies W({I'})=0. By Proposition (12-1), we have

y[) = o(@~*(e*x«(D))).

Since the Ricci-tensor is parallel, so is the curvature tensor ¥(I'). Thus (M, I') is a
global affine symmetric space, and so is (M, f*I"). Let x be a point in M and 7, be
the symmetry of (M, I') at x. If G, contains the element — I, then 7, preserves P
since I' is a Gy-connection on P and 7, preserves the fibre of P at x. When G,
does not contain — I, we consider the bundle extension to P U P-(—1I) (disjoint).
Then 7,(P)=P-(—1I) and = (P-(—I))=P. Now there exists a point z in M such
that 7,-7,#id here , is the symmetry of (M, f*I') at z. In fact, otherwise, the
symmetries of (M, f*T") coincide at every point M. From this we see that I'=/*I".
Then from the above remark, we see 7,7, preserves P. Then it is easy to see that
7,72 1s an element of Aut ({I'}). Let § be the Lie algebra of Aut ({I'}). Then Y can be
considered as a germ of vector field at z. Since Q({T'}) is locally equivalent to L/L,,
we can consider § is a germ of vector field at the origin of L/L,. Then using Lemma
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(11-10), we can consider § is a subalgebra of I. Also using (11-10), r,-7, can be
considered as an element of L. Furthermore .- 7] belongs to exp g, since its linear
isotropy representation is the identity. We write .7, as 7,- 7, =exp Z (Z+#0). Then
clearly § ® {Z} forms a subalgebra of [ such that its linear isotropy representation
is irreducible. Then using Proposition (3-6), we conclude, h=1. Therefore M=L/L,.
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