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Abstract. Let S be a topological semigroup, LUC (5) be the space of left

uniformly continuous functions on S, and A(5) be the set of multiplicative means on

LUC (5). If (*) LUC (5) has a left invariant mean in the convex hull of A(5), we

associate with S a unique finite group G such that for any maximal proper closed left

translation invariant ideal / in LUC (5), there exists a linear isometry mapping

LUC (C)// one-one onto the set of bounded real functions on G. We also generalise

some recent results of T. Mitchell and E. Granirer. In particular, we show that 5

satisfies (*) iff whenever S is a jointly continuous action on a compact hausdorff

space X, there exists a nonempty finite subset F of A" such that sF= FTor all s e S.

Furthermore, a discrete semigroup S satisfies (*) iff whenever {Ts; s e S} is an

antirepresentation of S as linear maps from a norm linear space X into X with

II7*s||á 1 for all J65, there exists a finite subset aç5 such that the distance (induced

by the norm) of x from Kx = linear span of {x — T,x; x e X, s e S} in X coincides with

distance of O(o, *)={(l/|o-|) 2«e„ Tat(x); t eS} from 0 for all xe X.

1. Preliminaries and some notations. Let S be a topological semigroup (i.e. a

set with an associative multiplication and a hausdorff topology such that for each

ae S, the mappings j -> as and s^* s a, s e S, are continuous from S into S) and

X a hausdorff topological space. An action of S on A' is a separately continuous

mapping Sx X^> X(i.e. continuous in each one of the variables when the other one

of the variables is kept fixed) denoted by (s, x)->s-x, such that s(t-x) = (s-t)x

for all s, t e S and xe X. An action on X is jointly continuous if the mapping

Sx X-*- AT is continuous when Sx X has the product topology.

Let S be a topological semigroup which acts on a hausdorff topological space X,

f be a bounded real function on X, s/(x)=/(sx) for all seS, xeX and

11/11 =supxeX \f(x)\ ;/is called S-uniformly continuous if/is continuous, and when-

ever sa->s0, sa, s0 e S, then lima \\Saf—Sof\\=0. We shall denote by

m(X) = the space of bounded real functions on X,
-
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C(X) = the space of bounded continuous real functions on X,

LUC (S, X) = the space of S-uniformly continuous real functions on X.

When S is discrete, then C(X) = LUC (S, X).

A subspace A of m(X) is called S-translation invariant if sfeA whenever fe A

and seS. C{X) [LUC (S, X)] is an S-translation invariant Banach algebra of

m(X) [C(X)] containing constants.

If F is a subset of X, then lT e m(X) such that

lr(0 =1    ifteT,

= 0   ifr^F.

Let A be a (norm) closed S-translation invariant subalgebra of m(X) containing

constants. For any a e S, define la : A -*■ A by (laf)(x) = af(x) for all x e X and/e ,4

and La:A*-+A* by (La<t>)(J)=<l>(af) for all/e^ and ¿e,4* (where /Í* is the

conjugate space of A). An element <f> e A* is a wean if </>(f)^0 for all/^0 and

<KLy) = 1 ; ^ is multiplicative if <f>(fg) = <l>(f)4,(g) for all/, g e ,4; and <£ is S-invariant

if Ls(/> = (f> for all ieS. The set of means on ,4 is w*- (i.e. ct(j4*, ̂ 4)) compact.

For aeX, let j),era(I)* be the point measure at a, i.e. pa(f)=f(a) for all

/e m(X). <f> e A* is a point measure iff <£ is the restriction to ^4 of some point

measure on m(X). The set of point measure on A is w*-dense in the set of multi-

plicative means on A [4, p. 275, proof of Corollary 19]. Furthermore, the set of

multiplicative means on m(X) is ßX, the Stone-Cech compactification of X.

For any set A, \A\ will denote the cardinality of A. If A is a subset of a linear

space, then Co A will denote the convex hull of A.

A topological semigroup S can be considered as an action on S defined by the

mapping (s, t)^*st, s, te S. In this case, the space of left uniformly continuous

(i.e. S-uniform continuous) functions on S is denoted by LUC (S) (see Mitchell [16]

and Namioka [17]).

For any topological semigroup S, and a positive integer », LUC (S) is left

amenable (LA) if LUC (S) has a left invariant mean (LIM), i.e. an S-invariant mean;

LUC (S) is n-extremely left amenable (n-ELA), if there exists a subset H0 of A(S),

\H0\=n, which is minimal with respect to the property LaH0 = H0 for all aeS,

where A(S) denotes the set of multiplicative means on LUC (S). In this case,

S///0 will denote the factor semigroup of S determined by the equivalence relation

F: for any a, beE, aEb iff La<f>=Lb</> for all <f> e H0. Note that if Hl is another

nonempty finite subset of A(S) which is minimal with respect to the property

LaH1 = H1 for all a e S, then \H1\=n. Furthermore, for any topological semigroup

S, LUC (S) has a LIM in Co A(S) iff LUC (S) is n-ELA for some n [12, Remark

3.1 (a), (b)]. Namioka in [17] studies topological semigroups S for which LUC (S)

is LA. Topological semigroups S for which LUC (S) is n-ELA have been studied by

Mitchell in [16] (for n= 1) and the author in [12].

A semigroup S is LA [n-ELA] if S when considered as a discrete topological

semigroup, LUC (S)=m(S) is LA [n-ELA]. A recent survey of the theory of LA
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semigroups can be found in Day [3]. The class of ELA (i.e. 1-ELA) semigroups

have been studied by Mitchell [14] and Granirer [6], [7] and [8]. Sorenson in [18]

and the author in [12] consider the class of m-ELA semigroups for nä 1.

The class of ELA semigroups is immense (see for example, Granirer [6], [7], [8])

and «-ELA semigroups include product semigroups Sx G where S is ELA and G is

any group of order n. Furthermore, it has been shown by the author in [12] that

for each n there exists a huge class of topological semigroups S for which LUC (S)

is n-ELA and yet S is not even LA. However, if S is a subsemigroup of a locally

compact group, then LUC (S) is «-ELA iff S is a finite group of order n (Granirer

and Lau [9, Theorem 3]).

Remark 1.1. Let S be a topological semigroup. The following are known and

will be useful for our purpose:

(a) If LUC (S) has a LIM of the form (1/n) 2? fa, where fa e A(S) (not neces-

sarily distinct), then LUC (S) is m-ELA for some m^n, m divides n [12, Lemma

4.7].

(b) If LUC (S) is «-ELA, then there exists a collection 3F of n distinct open and

closed subsets of S, with union S, such that \A e LUC (S) for all A e ^ and & is

the decomposition of S by cosets of S\H for any finite subset H^ A(S) satisfying

LaH=H for all a e S [12, Theorem 4.1]. Consequently, SjH is a group of order n,

and is a continuous homomorphic image of S. Furthermore, for any <fi e H and a

coset representative of S/H, (]/n) ~^aea Latp is a LIM on LUC (S).

2. Actions of a topological semigroup on compacta. The basis to our work lies

on the generalisation of a fixed point theorem of T. Michell in [16, Theorem 1].

We first prove the following useful lemma:

Lemma 2.1. For any jointly continuous action of a topological semigroup S on a

hausdorff topological space X, the mapping S -> C(X) defined by s-> sf, s e S and

fe C(X) is continuous when C(X) has the topology of uniform convergence on

compacta. In particular, if X is compact, then LUC (S, X) = C(X).

Proof. Let fe C(X), sQeS and e>0. For any x0e X, there exist neighbour-

hoods VXo of i0 and UXo of x0 such that

VXox UX0 S {(s, x); \f(s-x)-f(s0-x0)\ < e}.

If K is a compact subset of X, there exists {xl5..., x„} ̂  K such that U"= i Ux, =5 K.

Consequently, if V= f~)?= i VXi, then

sup \J(x)-sJ(x)\ < e   for all s e V.
xeK

For any topological semigroup S, by "5 acts on A^)" we shall mean the jointly

continuous mapping of S x A(S) -*■ A(S) defined by (s, fa) -> Ls<¡> for all </> e A(S)

and se S (see Mitchell [16, proof of Theorem 1]).
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Theorem 2.2. For any topological semigroup S andfixedn:

(a) //"LUC (S) is n-ELA, then for any jointly continuous action of S on a compact

hausdorff space X,

(*) iAere exists a nonempty subset F^X such that \F\^n, \F\ divides n and

aF= F for all ae S.

(b) // S satisfies (*) wAen S acts on A(S), then LUC (S) is w-ELA for some

m^n, m divides n.

Proof, (a) Let H0 = {i>u ..., <¡>n) ç A(S) be such that LaH0 = H0 for all aeS, and

z0 e Xbe fixed. Define <A, e LUC (S, X)* by ¿CO=á(F30/) where (T,0f)(s)=f(sz0),

fe LUC (S, A1), s e S and 1 ̂  i'^n. Then {^¡, 1 ̂  j ̂ n} are multiplicative means on

LUC(S, X) and (1/n) £ï& is S-invariant on LUC (S, A-) = C(^) (Lemma 2.1).

Since X is compact, each ^ becomes a point measure px¡ on CLí"), líi^^eí

[4, Lemma 2.5, p. 278]. Hence 2í/(¿*i) = Z"/(*¡) for all seS,feC(X). Since

C(X) separates closed sets, we have sK=K for all se S, where K={xlt ■ ■ -, xn}.

Furthermore, if a, be S are such that La<f>=Lb<f> for all <f>eH0, then/(axf) =

UTz0{J))=UT^{¡J))=ñbxi) for all feC(X), l£i£n. Since C(X) separates

points, we have ax = bx for all x e K. Consequently, we may consider the finite

group G = S/H0 of order n (Remark 1.1 (d)) as a group of transformation from K

into K defined by a(x) = ax for all x e K, a e S, where â is the homomorphic image

of a in S///0. Let x0 e A" be fixed and F={gx0; g e G}. Then gF= F for all g eG.

Define on G the equivalence relation E: for any a, b e G, a E b iff ax0 = Ax0. Let

{¿Ti. •■-,£*:} be representatives from the equivalence classes J1,...,Jk of G with

respect to E, where g¡ e Jt and gx is the identity of G. Since the mappings from H±

onto Hi defined by g-^-gig for all g e Ht is one-one, |Jr1| = |./'i| for all 1^/^A.

Consequently \G\ =A|./1|, i.e. A= \F\ divides \G\ =n and sF=Ffor all s e S.

(b) If F^ A(S) is such that LaF= F for all a e S, and |F| ^ n, |F| divides n, then

{Il\E\) ^sf <f> is a LIM on LUC (S). Our assertion now follows from Remark

1.1 (a).

Remark 2.3. (a) When n=l, Theorem 2.2 reduces to Mitchell's fixed point

theorem [16, Theorem 1].

(b) Note that in Theorem 2.2 (a), Fç X chosen in our proof satisfies the ad-

ditional property that if F0 is a nonempty subset of F such that aF0 ^ F0 for all

ae S, then F0 = F. For otherwise, let g0x0 e F0, g0 e G (x0 and G are as in the proof),

then F={ggox0;g eG}<=F0^F, i.e. F0 = F.

(c) In general \F\ in Theorem 2.2 (a) need not be n (e.g. consider the action of S

on the discrete space X={x0} defined by sx0=x0 for all s e S). However, if n is

prime, then F is either n or 1 (in this case, F becomes a fixed point).

A subsemigroup G of a semigroup S is a left ideal group if G is a group and a left

ideal of S.

Corollary. Let S be a compact topological semigroup with jointly continuous

multiplication (i.e. the mapping from SxS-^- S defined by (s, t)->s-t, s, te S is
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continuous when Sx S has the product topology). Then LUC (S) is n-ELA iff S has

a left ideal group ofn elements.

Proof. If LUC (S) is n-ELA, then by applying Theorem 2.2 and Remark

2.3 (b) to the jointly continuous action of S on S defined by (s, t)^- s-t, s,t e S,

we obtain a minimal left ideal F of S, \F\ gn. Necessarily F is a group. Since

H0 = {ps; s eF}^A(S) satisfies LaH0 = H0 for all aeS, \F\=n. The converse is

trivial.

3. Maximal translation invariant ideals. In this section we associate with each

topological semigroup S for which LUC (S) is n-ELA with a unique finite group G

such that if / is a maximal proper closed left translation invariant (i.e. if fe I then

sfe I for all sel) ideal in LUC(S), then there exists a linear isometry mapping

LUC (S)/I one-one into m(G).

Theorem 3.1. For any topological semigroup S, LUC (S) is n-ELA iff there

exists a unique (up to isomorphism) finite group G which is a continuous homo-

morphic image of S such that (*) G has order n and for any maximal proper left

translation invariant norm closed ideal /^ LUC (S), there exists a multiplicative

linear isometry T mapping LUC (S)/I one-one into m(G), and T satisfies:

(a) F(IS)=1C,

(b) T(f) ̂  0 iff* 0,fe LUC (S),
(c) T(J)=sT(f)for alise S, fe LUC (S).

(Note: s denotes the homomorphic image of S in G and f the equivalence class of

fe LUC (S) in LUC (5)//.)

Proof. If LUC (5) is n-ELA, let G be the finite group (of order n) S¡HQ, where H0

is a finite subset of A(S) such that LaH0 = H0 for all ae S. Then G is a continuous

image of S (Remark 1.1 (b)). For any maximal proper left translation invariant

closed ideal /c LUC (S) (which exists by Zorn's lemma), let fa e A(S) be such

that fa(f) = 0 for all fe I and K= w*-closure of {Lsfa ; s e S}. Applying Theorem

2.2 (a) to the jointly continuous action of S on K defined by (s, fa) -*■ Ls<j> for s e S,

<f>eK, we obtain a finite subset //j^ A(S) such that Ls//i = H± for all se S. Let

fa e H y be fixed. If a, be S and f,ge LUC (S) are such that La<f>=Lb<f> for all

</>eH0 and f-gel, then La>p0=Lbfa (Remark 1.1 (b)) and hence fa(af-bg)

= 'l'o(a(f—g)) = 0. Consequently we may define a linear transformation

T: LUC (S)lI-^m(G) by T(J)(s) = fa(J). It is simple to check that T is multi-

plicative and satisfies (a), (b) and (c). Furthermore, Tis one-one since if/#g, then

f—g i I and hence fa)(a(f—g))¥'0 for some ae S, which implies T(f)(a)^T(g)(ä).

To see that Tis onto, we let a,,..., an be representative from the coset decom-

position of S by G = S/H0, Su ...,Sn respectively. Then for each l^i^n,

ls,e LUCÍS) and m = (1/«) IîLaifa is a LIM on LUC (5) (Remark 1.1 (b)).

Since ¡j.(1Si + ■ ■ ■ + lSn)= 1, Slt..., Sn are disjoint and La¡4i0(lS)) takes only values 0
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or 1 for each i,j, it follows that for each /, 1 g i&n, there exists exactly one element

from S1;..., S„, say S¡ for convenience, such that (La.tp0)(ls)=l. Now for any

tremiG), define f=I?=1 Hadh,, then F(/) = tt.

To show that F is an isometry, it suffices to show that for each fe LUC (S),

inf9E/ \\f+g\\ ^sup^K \<j>(f)\. In one direction supíeSr \<l>(f)\ = &upteK \<j>(f+g)\

= l/+if II f°r all gel. In the other direction, we shall produce gQ e / such that

||/+£o|| = ^ptieK \<f>(f)\. We first observe that {fe LUC (S); ¿(/) = 0 for all <f> e K}

is a closed left translation invariant proper ideal in LUC (S) containing / and hence

equals to /. Let A be the continuous extension off when restricted to K without

increasing in norm, and put g0 = h-f. Theng0 e /and \\f+g0\\ = ||A|| =sup^,ei |<¿(/)|-

G is unique for otherwise let G' = {t[,..., t'm} be another finite group of order m

which is a continuous homomorphic image of S satisfying (*), where s, s' denote

the homomorphic images of S in G, G' respectively. Let / be a maximal closed left

translation invariant proper ideal in LUC(S); by assumption, there exists a

multiplicative isometry F mapping LUC (S)// one-one onto m(G') which satisfies

conditions (a), (b) and (c). Define 0, e A(S) by Hf) = T(f){t'i) for each l^i^m,

fe LUC (S). Let //2 = {</<i,. •., <Am}, then LSH2 = H2 for all j e S. For any a,beS,

if a = 5, then Laijj = Lb<p for all <¡>eH2 (Remark 1.1 (b)) and hence T(f)(a't't) =

T(f)(b't¡) for all/e LUC (S), 1 ̂ /^w. Since Fis onto and m(G') separates points,

we have a't¡=b'tl for all l^i^m, which implies a' = b'. Conversely if a' = b', then

Maf) = T(J)(t'i) = T(f)(a't'i) = T(f)(b't'i) = MJ) for all \$i$m and/eLUC(S);
hence a = A. Consequently, the mapping G-> G0 defined by ä^a' is an iso-

morphism onto and hence m = n.

Conversely, if there exists a finite group G which satisfies (*), let F be a multi-

plicative linear isometry from LUC (S)// one-one onto m(G) satisfying (a), (b) and

(c), where / is a maximal closed left translation invariant proper ideal in LUC (S),

and G = {J!,..., sn}. Define <f,t e A(S) by Hf) = T(f)(si). Then (1/n) 2* 9i is a LIM
on LUC (S). Consequently, LUC (S) is w-ELA for some m^n (Remark 1.1 (a)).

By uniqueness of G and what we have proved, m = n.

4. n-ELA semigroups. Let n be fixed, X be a norm linear space, {Ts; s e S} be

an antirepresentation of S as linear transformations from X into X such that

||FS|| ̂ 1 for all se S,ando = {au ..., an}^S. We may define a linear transformation

T„ from X into X by Ta(x) = (l¡n) 2ï Fa,(x) for all x e S. Furthermore, if xe JT,

denote by

0(x) = {Ts(x);seS},

O(a,x) = {Fff0i(x);reS},

A^ = linear span of {x —Fsx; s e S, x e X} in X.

Our next result, which partially generalises Theorem 5 1(b), 11(b) of Granirer [8]

asserts that if S is n-ELA, then d(Kx, x) = d(0(a, x), 0) for some finite subset

a^S, |ct| ̂ n and all x e A" and a1 is the metric induced by the norm on X. We first

prove the following lemma:
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Lemma 4.1. Let S be a semigroup with f.i.p.r.i. and o0<^S, \a0\=n. If for each

aeS, and fe m(S), there exists a net {ta} in S, depending on a and f such that

lim \\lta(lao(f— la))\\ =0, then S is m-ELA for some m%n, m divides n.

Proof. For each ae S and fe m(S), let

KaJ = UeßS;l-2 LMJ) = \ £ Ls<Kf)\
I. ' S€<r0 se»o )

Then KaJ are nonempty, M>*-closed subsets of ßS. Furthermore, the family

{KaJ; ae S,fem(S)} has finite intersection property. In fact if a>0, {au ■ ■ -, ak}

ç5 and {/j,...,A}çm(5), let tf,...,tak be such that ||/tf (/,,,(/,-,JÏ))||<a.

Let c.eflí^'A then ca = t?s? for some sf e S, and \\Pca(h0(fi-aJi))\\ ^

Vtt(lo0(fi- aji))\ < « for 1 áííjá k. If <j> is a cluster point of the net {pCa; a>0}, then

<f> e nf=i Ka¡Jt. By w*-compactness of ßS, there exists fa e ßS such that

1   2   L^(a/)  =  ̂    2   L^o(/)
setro aea0

for all/e m(S), a e 5. By Remark 1.1 (a), S is m-ELA for some mfïn, m divides n.

Let S be a (discrete) semigroup with f.i.p.r.i. (i.e. finite intersection property for

right ideals), define as in Granirer [5] on S the equivalence relation (r): a (r) b iff

ac = bc for some c e S. Then (r) is two-sided stable (i.e. a (r) b implies ac (r) be and

ca (r) cb for all a, b, c e S) and the factor semigroup induced by (r) is denoted by

S/(r).

Remark 4.2. We will need in what follows the following known results:

(a) A semigroup 5 is n-ELA iff S has f.i.p.r.i. and S/(r) is a group of order n

(see Sorenson [18, Theorem 3.3.6] and Lau [12, Theorem 5.2]).

(b) If S is an n-ELA semigroup, and F0 is a coset representative of S/(r), then for

each finite subset a^S, there exists t„ e S, depending on o-, such that aF0t„ = F0ta

for all a e a (see Granirer [6, Theorem 1] for n= 1, and Lau [12, Theorem 5.3]).

Theorem 4.3. (a) Let X be a norm linear space and {Ts;s e S} be an antirepre-

sentation of a semigroup S as linear transformations from X into X with \\TS\\ ̂ 1 for

all s e S. If S is n-ELA, then for each <j0, coset representative of S¡(r),

(*) d(Kx, x) = d(O(a0, x), 0) for all x e X where d is the metric induced by the

norm on X.

(b) If S is a semigroup whose antirepresentation {is;s e S} on m(S) (with sup norm)

satisfies (*)for some <j0^S, |ct0| =n, then S is m-ELA for some m^n, m divides n.

Proof, (a) Let || • || denote the norm on X and xe X be arbitrary but fixed. If

x0 e Kx, then x0 = 2? ^f(*i— Tt^ù where kt are scalars, x, e X, and s{ e S, i = 1,..., m.

Choose t0 e S such that íja0r0 = a0í0 for «=l,...,m. Then as readily checked,

rffolo(x0) = 0and

«*-*ol = ||noio(x-x0)|| = ||rffoio(x)||,
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i.e. d(Kx, x)^d(0(o0, x), 0). Since

Taot(x) = (IIn) X (Fs((x)-x)-x   and    (1/n) £ (Fs((x)-x) e Kx
sea0 sea0

for all t e S, it follows that (*) holds.

(b) Condition (*) implies that d(KmiS), 1)^ 1 and hence Km(S) is not uniformly

dense in m(S). Consequently, S is left amenable (this follows from Proposition 3.2

of Namioka [17]; see also Day [3, Lemma 2.2]) and so Shas f.i.p.r.i. Furthermore,

if/e m(S), then a"(Co 0(f), 0) = (lln)d(O(o0,f), 0), where Co O(f) is the convex hull

of {ls;seS}. In fact, d(f+Km(S),0)^(lln)d(O(a0,f),0)^d(CoO(f),0)^

d(f+KmiS),0). The last inequality follows from Co 0(f) £/+ Km(S) as readily

checked and shown in [8, p. 59]. If fem(S), aeS, |(l/n)2"-i(4'(/-a/)|á

2||/|/n->0 if n is large; hence d(0(o0, f- J), 0) = d(Co 0(f-af), 0)=0 for all

ae S, and fem(S). By Lemma 4.1 Sis /n-ELA for some mSn, m divides n.

Remark. It follows from the proof of Theorem 4.3 that in order for S to be

/n-ELA for some m^n, m divides n, it is sufficient for S to have f.i.p.r.i. and there

exists <r0çS, |(70| =n such that for each/e m(S), d(Co 0(f), 0)ä(l/n)a'(O(a0,/), 0).

For n= 1, as shown by Granirer [8, Theorem 5 11(b)], in order for S to be ELA,

it is enough that for each/e m(S), d(Co 0(f), 0) = d(O(f), 0). However, we do not

know whether or not in order for S to be /n-ELA for some m ^ n, n ^ 2, it is enough

to have <j0^S, \aQ\ =n such that d(Co 0(f), 0)^(1 ¡n)d(0(oQ,f), 0) for all/e m(S)

without imposing the condition that S has f.i.p.r.i.

References

1. F. F. Bonsall, J. Lindenstrauss and R. R. Phelps, Extreme positive operators on algebras of

functions, Math. Scand. 18(1966), 161-182. MR 35 #759.

2. M. M. Day, Amenable semigroups, Illinois J. Math. 1 (1957), 509-544. MR 19, 1067.

3. -, "Semigroups and amenability, a survey," Semigroups, Academic Press, New York,

1969, pp. 5-53.

4. N. Dunford and J. Schwartz, Linear operators. I: General theory, Pure and Appl. Math.,

vol. 7, Interscience, New York, 1958. MR 22 #8302.

5. E. Granirer, A theorem on amenable semigroups, Trans. Amer. Math. Soc. 3 (1964),

367-397. MR 29 # 3870.

6. -, Extremely amenable semigroups, Math. Scand. 17 (1965), 177-197. MR 33 #5760.

7. -, Extremely amenable semigroups. II, Math. Scand. 20 (1967), 93-113. MR 35 #3422.

8. -, Functional analytic properties of extremely amenable semigroups, Trans. Amer.

Math. Soc. 137 (1969), 53-75. MR 39 #765.

9. E. Granirer and A. Lau, Invariant mean on locally compact groups, Illinois J. Math,

(to appear).

10. F. P. Greenleaf, Invariant means on topological groups and their applications, Van

Nostrand, Princeton, N. J., 1969.

U.E. Hewitt and K. Ross, Abstract harmonic analysis. I: Structure of topological groups.

Integration theory, group representations, Die Grundlehren der math. Wissenschaften, Band 115,

Academic Press, New York and Springer-Verlag, Berlin, 1963. MR 28 #158.

12. A. Lau, Topological semigroups with invariant means in the convex hull of multiplicative

means, Trans. Amer. Math. Soc. 148 (1970), 69-84.



1970]       TOPOLOGICAL SEMIGROUPS AND W-EXTREME AMENABILITY        439

13. E. S. Ljapin, Semigroups, Fizmatgiz, Moscow, 1960; English transi., Transi. Math.

Monographs, vol. 3, Amer. Math. Soc, Providence, R. I., 1963; rev. ed., 1968. MR 22 #11054;

MR 29 #4817.

14. T. Mitchell, Fixed points and multiplicative left invariant means, Trans. Amer. Math. Soc.

122 (1966), 195-202. MR 32 #7662.

15. -, Function algebras, means, and fixed points, Trans. Amer. Math. Soc. 130 (1968),

117-126. MR 36 #666.

16. -, Topological semigroups and fixed points, Illinois J. Math, (to appear).

17. I. Namioka, On certain actions of semi-groups on L-spaces, Studia Math. 29 (1967),

63-77. MR 36 #6910.

18. J. Sorenson, Existence of measures that are invariant under a semi-group of transforma-

tions, Thesis, Purdue University, Lafayette, Ind., 1966.

University of Alberta,

Edmonton 7, Alberta, Canada


