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QUADRATIC JORDAN ALGEBRAS
AND CUBING OPERATIONS
BY

KEVIN McCRIMMON
Abstract. In this paper we show how the Jordan structure can be derived from
the squaring and cubing operations in a quadratic Jordan algebra, and give an
alternate axiomatization of unital quadratic Jordan algebras in terms of operator
identities involving only a single variable. Using this we define nonunital quadratic
Jordan algebras and show they can be imbedded in unital algebras. We show that a
noncommutative Jordan algebra 21 (over an arbitrary ring of scalars) determines a
quadratic Jordan algebra ?l +.

In this paper we investigate several connections between quadratic Jordan
algebras and cubing operations. We show how the Jordan structure can be
derived from the squaring and cubing operations, and that linear maps preserving
these operations necessarily preserve the Jordan structure. We show that quadratic
maps preserving squares and cubes preserve the Jordan structure too, though this
requires some effort. We give three applications of this result. First, we give an
alternate axiomatization of a unital quadratic Jordan algebra in terms of operator
identities involving only a single variable. Second, using this simpler axiomatization
we define quadratic Jordan algebras without units and prove that any such algebra
can be imbedded in a unital one. Third, we again use the alternate axiomatization
to show that any noncommutative Jordan algebra 21 (over an arbitrary ring of
scalars) induces in a natural way a quadratic Jordan algebra 9i +.

1. Quadratic algebras. Throughout we adopt the notation of [3]. We fix once
and for all a ring of scalars $, which can be any commutative associative ring with
unit, and consider various algebra structures on a unital <l>-module X. A quadratic
algebra is a triple 9t = (Ar, U, 2) where x—>x2 and x-> U(x)=Ux are quadratic
mappings of X into X and Hom4 (X, X) respectively. From these we obtain a
commutative bilinear product
x°y

= (x+y)2

—x2— y2

and a trilinear product
{xyz}

= Ux,,y = {Ux+Z-Ux-U,}y.
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We define auxiliary operators

Vx, Vx¡y by

Vxy = x°y,

[January

Vx,yz = {xyz}.

A homomorphism of quadratic algebras is a linear map <p:91 -> 9Î preserving the
two compositions
cp(x2) = <p(x)2,

<p(Uxy) = À(x)cp(v).

If O is an extension of <t>the quadratic

<l>-algebra has a natural extension to a

quadratic Q-algebra

«Q = a ®<„St.
Any homomorphism <p:9í->9Í has a natural extension <pn=l ® ç> to a homomorphism <pn: 9ín -> 9in. In this way we obtain an extension functor from the
category of quadratic <D-algebras to the category of quadratic D-algebras.
A quadratic algebra has a unit c (necessarily unique) if

(i.i) A=F
(1.2) A = 2T,
(1.3) Uxc = x2.
Equivalently, we could define a unital quadratic algebra to be a triple 91= (X, U, c)
where c is an element satisfying

(1.1)' UC=I,
(1.2)' A,C= 2T.
Then we introduce a square by x2 = Uxc, obtaining a quadratic algebra with unit
in the sense of (1.1)—(1.3). Conversely, a quadratic algebra with unit satisfies
(1-1)'—(1.2)' since

Vcox = {cc x}= UXyCc= x ° c (by (1.3))= Vcx. A homomorphism

of unital algebras preserves the two structures
9>(1)= Ï,

<p(Uxy) = Ü9(x)<p(y).

Necessarily such a map preserves squares cp(x2)= cp(Uxl)= Ü<Hx)cp(l)= Ümxlll=cp(x)2.

Thus we have a natural correspondence between unital quadratic algebras and
quadratic algebras with unit.
In any quadratic algebra 91 we can introduce a cubing operation

(1.4) x3=A*
and this has a natural extension to any 9tfi. Conversely, given squaring and cubing
operations (the latter a homogeneous map of degree 3) in 9t and all its extensions
(or, equivalently, given the linearizations of the cubing operation), we can introduce
a t/-operator
(1.5) Uxy = Ôyx*\x-xaoy
where (x+Ay)3 = x3 + A dyx3\x + \2 8xy3\y + X3y3 in Stn, Q = *[A].

If we start with a cubing operation given by (1.4) our new (7-operator
defined by (1.5) may differ from the original; they coincide if and only if
(1.6) {xxj} = x2 o y

0X
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—x2 °y. Conversely,
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if we start with a

[/-operator given by (1.5) the cube defined by (1.4) coincides with the original if

and only if
(1.7) x2°x = 2x3
since x3= Uxx = 8xx3\x —x2 ° x = 3x3 —x2 ° x by Euler's differential equation for
homogeneous functions. One can also easily find conditions that an element c

satisfies (l.l)-(l.3).
Theorem

1. // 9Í and 91 are quadratic algebras satisfying {x x y} = x2 ° y and

cp: 91 -> S a linear map such that
(i) cp(x2) = cp(x)2,
(ii) <p(x3) = cp(x)3

hold for all scalar extensions, then cp is a homomorphism of quadratic algebras.

Proof. Our hypothesis on 91 and 9Í guarantees that the [/-operators are built up
from the cubes (1.4) and the squares by the formula (1.5). Since (i) implies <p(x2° y)
= cp(x)2 ° cp(y) and (ii) and its linearization
8<e(y)X3\mx),we see cp(Uxy)=

imply cp(dyx3\x) = dycp(x3)\x = dycp(x)3\x =

Ü^cpiy).

Under certain conditions the requirement that (ii) hold in all extensions can be
dropped (e.g. [1]). As usual, relations (i)-(ii) will hold for all extensions if i> is a
field with three or more elements. It is not true in general: if 0=Z2 and 9Í, 9Í are
Boolean (associative) algebras with x2 = x, Uxy = xyx = x2y = xy=yx then any
linear map satisfies (i) and (ii) since <p(x3)= g?(x2)= <p(x) and <p(x)3= <p(x)2= <p(x),
but not all linear maps need be homomorphisms.
A unital quadratic Jordan algebra is a quadratic algebra 3 with an element 1

satisfying

(UQJ1) Uj=I,
(UQJ2) UU(x)y=UxUyUx,
(UQJ3) UxVy,x=Vx,yUx,
and such that these hold for all scalar extensions (equivalently, such that the axioms
can be linearized). Such an algebra satisfies (1.1)', (1.2)', so deserves the adjective
"unital". It also satisfies (1.5)—(1.7),so 3 is defined either by the [/-structure or by
the cubing structure.
An important kind of unital quadratic Jordan algebra is the algebra 9t+ obtained
from a unital associative algebra 91 by taking 1 = 1 and Uxy = xyx. Any unital
(Jordan) subalgebra of such an algebra is called a special Jordan algebra.
If S is a subspace of a unital associative algebra which contains 1 and is closed
under squares and cubes, and such that it remains closed under all scalar extensions, then Sisa special Jordan subalgebra : the fact that 3 is closed under cubes
in all extensions guarantees 3 is closed under the linearizations of the cubing
operation, so (1.5) shows that 3 is closed under the product Uxy. (Note that any

algebra 91+ satisfies (1.6).)
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Again, the closure under scalar extensions is not automatic: if <D= Z2 and 9Í is
Boolean then x3 = x2=x, so any subspace is closed under squares and cubes.
2. The main calculations.

In this section we prove a quadratic

analogue

of

Theorem 1.
Theorem 2. If 91 is a unital quadratic algebra satisfying {x x y} = x2 ° y, and 9Î is
a unital associative algebra, then any quadratic map cp: 9t -> tt such that

(0
(2 n

9>(D- 1,

00

<p(x2)= v(x)2,

(iii)

9(x3) = <p(x)3,

(iv)

<p(Uxy, x) = <p(x)<p(y,x) = cb(x, y)cp(x)

holds for all scalar extensions, where cp(x, y) = cp(x+y) —cp(x) —cp(y), i/i(x) —cp(x, 1),
>/j(x,y) = t/i(x)</j(y)—cp(x, v), necessarily satisfies

(2.2)

<p(Uxy) = <p(x)cp(y)cp(x).

For the proof we need a lemma, which we will prove in a generality suitable for
later applications (including representation theory).

Lemma 1. If W is a quadratic algebra satisfying {x x y} = x2 ° y, 9Í an associative
algebra, and cp, Jj quadratic and linear maps respectively from % to % which satisfy
(2.3) «p(x2)= <p(x)2,

(2.4) l4(x2)= 0(x,x),
(2.5) t(x3) = cb(x2,x)=-.¿(x,x2),

(2.6) <p(x2, x) = cp(x)i/j(x) = >p(x)cp(x),

(2.7) <p(x° y, x) = cp(x)ib(y)+ ib(y)tp(x),
(2.8) cp(Uxy, x) = cp(x)i/>(y,x) = i/>(x,^),
/or all scalar extensions, where >/>(x,y) = ib(x)i/t(y) —cp(x, y), then cpand cl>also satisfy

(2.9) 2v(x) = </.(x)2-cf,(x2),
(2.10) cp(x2,y) = <p(x)<p(x,y) - <p(x)i/>(y)= <p(x,y)cb(x) - </>(y)<p(x),

(2.11) KUxy) = Hx)cb(y,x) -4>(y)<p(x)= Mx, y)t(x)-9(x)t(y),
(2.12) <p(x3,x) = cp(x)4<(x2)= >/>(x2)cp(x),
(2.13) <p(x3, y) = cp(x, y)</>(x2)->/j(y, x)cp(x) = >P(x2)cp(y, x)-cp(x)cb(x,

y)

= <Áx2, y)^(x) - <p(x, y)cp(x) = </j(x)cp(x2,y) - cp(x)cp(x, y),
(2.14)

cp(Uxz, y) = cp(x, y)cb(z, x) - \h(y, z)cp(x) = >/-(x, z)cp(x, y) - f(x)x/>(z, y),

(2.15) cp(x3, X2) = >P(x)cp(x2)= cp(x2)cb(x),

(2.16) ./-(x4) = </-(x,x3) = </-(x3,x) for x4 = (x2)2.

Proof. (2.9) is just (2.4) since <p(x,x) = 2<p(x). Linearizing (2.6), which is possible
by our hypothesis that (2.3)-(2.8) hold for all extensions, gives <p(x2,y) + cp(x ° y, x)
= i/i(y)cp(x) + i/i(x)cp(x,y) = cp(x)>/'(y)+ cp(x,y)>/i(x), so (2.10) results by subtracting

(2.7).
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(2.5) gives 0 = <ji(Uxy + x2 ° y) - [<p(x2)>/i(y)
- cp(x2,y)] - [i/>(x° y)i/j(x)

-cp(x o y, x)] = 4>(x °(x°y)-Uxy)->/i(x

° y)>/i(x) + cp(x °y,x)-

[<A(x)2-2cp(x)]>/>(y) +

[i/s(x)cp(x,y) —cpix)i/>iy)] (by (2.9), (2.10), and the fact that by linearizing our
hypothesis on 91 we get 2UX= V2— Vxi) =ifi(x)t(i(x ° y) —cp(x ° y, x) —ifi(Uxy) —
>/>(x)[>t>(x)<i>(y)-cp(x,y)]+ cp(x)>P(y) (using linearized

(2.9)) = M

y, x) - </-(y)cp(x)

—i'(Uxy) (by linearized (2.4), and (2.7)). Similarly we obtain the dual, so (2.11)
holds.
(2.12) results from (2.8) by setting y = x and using (2.4).
To obtain
(2.13), linearize
(2.12):
?>(x3,y) = cp(Uxy, x) —cp(x ° (x ° y), x)
+ cp(x)i/t(x ° y) + cp(x, y)tp(x2) (by our hypothesis
on 91 again)
=c/i(x, y)cp(x)

->P(x o y)cp(x)+ cp(x,y)J,(x2) (by (2.8), (2.7)) =<p(x, y)<fi(x2)-</,(y, x)<p(x)(linearized
(2.4)), and dually.

For the other part of (2.13), note <p(x2,y)>f>(x)- <p(x,y)cp(x)

= [cp(x,y)</>(x)-t/j(y)cp(x)]</i(x)-cp(x,y)cp(x)

(by

(2.10))

= cp(x, yM(x)2

- cp(x)]-

<Ky)KxMx) (by (2.6)) = <p(x,y)[</,(x2)
+ cp(x)}- <Ky>KxMx)(by (2.9)) = <p(x,^(x2)
-My, x)cp(x).
Linearizing
(2.13) gives cp(Uxz, y)-cp(x, y)<p(z, x) + >p(y, z)cp(x)= -cp(x2 ° z, y)
+ cp(x, y)ift(x, z) + cp(z, y)<jj(x2)—i/i(y, x)<p(x, z) (using linearized (2.4))
= -[cpix2, y)>/>(z)+ cp(z, y)</i(x2)->/j(y)cp(x2, z)] + cp(x, y)</>(x, z) + cp(z, y)</>(x2)

-Vl'iy)<f>(x)-<p(x,y)}cp(x,z)
(by linearized
(2.10))
=cp(x,y)[</>(x, z) + cp(x, z)]
+ <P(y)[cp(x2,z) - </,(x)cp(x,z)] - 9(x2, y)t(z) = [9(x, y)^x) - 9(x2, y)W(z)

-</>(y)[cp(x)^(z)}(by (2.10)) =0 by (2.10) again. Similarly for the other half of

(2.14)
Setting y = x2 in (2.13) gives 9>(x3,x2) = <p(x, x2)</>(x2)—</>(x2,x)<p(x) = 9?(x)¡/>(x)i/i(x2)
—t/i(x2,x)cp(x) (by (2.6)) = [<p(x2)>/j(x)
- >/>(x2,x)]<p(x) (commutativity follows from

(2.6), (2.9)) =<p(x2,x)<p(x)= cp(x)>l>(x)cp(x)
(by (2.6)), so from (2.3) we get (2.15).
Finally, for (2.16) </-(x4)= </-(x2)2- 2«p(x2) (by (2.9)) =Jj(x2)[^(x)2-2cp(x)]
-hKx)2-<A(x2)Mx)
(by (2.9), (2.3)) = ^(x2)</1(x)2-</i(x2)cp(x)-cP(x2,x)cL(x) (by

(2.6)) =>P(x2,xW(x)->l>(x2Mx)= i(x3)>!,(x)-cp(x3,x) (by (2.5), (2.12)) =<A(x3,x).
Proof of Theorem 2.
cp(x3, Uyx+y2

Linearizing (2.1.iii) gives us a relation

° x) + cp(Uxy + x2 oy)

= <p(x)2cp(y) + cp(x)cp(y)cp(x) + cp(y)cp(x)2 + <p(x, y)2<p(x)

+ cp(x, y)cp(x)cp(x, y) + <p(x)<p(x,y)2

since our assumption on 91 guarantees 8yx3\x = Uxy + x2 °y. Similarly, linearizing
(ii) gives
cpix o y) + cp(x2, y2) = cp(x)cp(y) + <p(y)cp(x) + cp(x, y)2.

Putting this (with x replaced by x2) into the previous relation and using (ii) yields
<p(Uxy)-9(x)<p(y)cp(x)
=

- <p(x3, Uyx) - cp(x3, y2oX)-cp(

Uxy, x2 ° y) + cp(x\ y2)-

cp(x2, y)2

+ cp(x, y)2cp(x) + cp(x, y)cpix)cp(x, y) + <p(x, y)2cp(x).
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Thus the identity (2.2) will follow if we can prove
(2.17) <p(x3, x o z) = cp(x)cp(x2, z) + cp(x2, z)cp(x),
(2.18) cp(x3, Uxy) = cp(xi, y2)(2.19)

v(Uxy,

<p(x2, y)2 + cp(x, y)cp(x)cp(x, y),

x2 ° y) = <p(x)[cp(x, y)2-cp(x2,

y2)} + [cp(x,y)2-cp(x2,y2)}<p(x)

(we actually only need (2.17) for z=y2).
To prove these we will want the formulas (2.3)—(2.16), so we first check that the
hypotheses of Lemma 1 are met. (2.3) and (2.8) are just our assumptions (ii) and
(iv). (2.6) follows by setting y=l in (iv) since </<(x,1) = 0(1, x) = i¿(x) because
>/j(l)= cp(l, l) = 2<p(l)= 2 from (i). For (2.4), linearize (2.6) to get <p(x2,l) + 2<p(x,x)
= cp(x)ib(l) + cp(x, l)<A(x), hence <¿(x2)+ 4cp(x) = 2cp(x) + i/>(x)2. To obtain

(2.5), put

y = x in (iv) to get <p(x3,x) = <p(x)i/>(x2)by (2.4), then linearize to get <p(x3,1) +
3<p(x2,x) = 2cp(x)i/>(x)+ <p(x, 1)cb(x2)or </<x3)= </>(x)>/j(x2)
- <p(x2,x) (by (2.6)) = i/>(x,x2)
= i/r(x2, x) (since </r(x)commutes with </>(x2)).
The most difficult is (2.7): we linearize (iv) to obtain cp(Ux¡zx, l) + cp(UxAx, z)
+ ^(Uz.iX,

x) = cp(x, l)</>(x, z) + cp(x, z)i/i(x, 1) + cp(z, l)0(x,

x)

or

<p(z o x, x)

= - c¿(x2 o z) - 29(x2, z) + cA(x)çA(x,z) + cp(x, z)t4(x) + í¿(z)c¿(x2) - -Wx2)>/>(z)
+ 0(z)«A(x2)]+ ii(x)V(z)-^(x)<p(x,z)
+ <p(x,z)ii(x) + tA(z)ti(x2) (by linearized (2.4))
= [¿(x)2 - >P(x2W(z) + [cp(x, z)^(x) - 0(x)<p(x, z)] = 2cp(X)cu(z)- W(x)>/>(z)- cÄ(zMx)]
(by linearized (2.6), (2.4)) = cp(x)<p(z)+ <p(z)cp(x)as desired.
To verify (2.17), <p(x3, x o z) = <p(x2, x ° z)i/>(x)—<p(x, x o z)<p(x) (by (2.13))
= [cp(x)cp(x,z) + cp(x, z)cp(x)}iL(x)-[cp(x)>/i(z) + Lb(z)cp(x)}cp(x) (by linearized
(2.3),
(2.7))
=cp(x)[«?>(x,z)^(x)-^(z)<p(x)] + [9(x, z)0(x)-c¿(z)9(x)#(x)
(by
(2.6))

= <KxV(x2, z) + cp(x2,z)cp(x) (by (2.10)).
For (2.18), <p(x3,Uyx)=cb(y, x)cp(y, x3) - cp(y)>/.(x,x3) (by (2.14)) = <« v#(x)«p(y, x3)
-<p(x,y)<p(x3,y)-^y)ch(xi)
(by (2.16)) =4>(y)[<P(x)<p(y,
x3)-cp(x\ y)}
-cp(x, y)M(x)cp(x2, y)-cp(x)<p(x, y)} + cp(x\ y2) (by (2.10), (2.13))
= HyM(x){>P(x)cp(x2,y) - <p(x)<p(x,y)} - {0(x2)9(x2, y) - cp(x2)>P(y)}}
+ cp(x, yMxMx, y)+<p(x\ y2)-[<p(x2, y) + >/>(y)<p(x)}rp(x2,
y) (by (2.13), (2.10))
= cp(xi, y2) - cp(x2,y)2 + cp(x,y)cp(x)cp(x,y) + 4>(y)cp(x)[2<p(x2,y) - >f,(x)<p(x,y)+ <p(x)4>(y)

- fix2, y)} (by (2.9)) = cp(x4,y2) - <p(x2,y)2 + ç>(x,y)cp(x)cp(x, y) as desired.

Before establishing (2.19) we show
(2.20)

¿(x, y)>/>(y,x) = tfx, y)2 -<p(x2, y2) + >/>(Uxy2).

We have </>(x,y)Jj(y, x) = <p(x,y)2 + tb(x)jj(y)2>/j(x)- </j(x)>/>(y)<p(x,
y) - <p(x,y)</>(y)</>(x)

=cp(x,y)2+t(x)[2<p(y)+<P(y2)Mx) - 4>(x)[<p(x,y2)+<p(yMx)]
-[<p(x,y2) + t(x)cp(y)Mx) (by (2.9), (2.10)) = 9(x,y)2 + ^(x)>/>(y2)cb(x)-<P(x)cp(x,y2)
- W(x2,y2) + >P(y2)<p(x)}
(by (2.10)) = cp(x,y)2 - <p(x2,y2) + </>(Uxy2)
(by (2.11)). Next,
0(x)</-(x, z)-cp(x)cb(z) = l¿(x2, z),

<A(z,
xym-WMx)

= Hz, x2),

since,
for
example,
</>(x)</>(x,
z) - <p(x)i/>(z)
= [^(x)2 - <p(x)]</r(z)
- >(i(x)cp(x,z)
= [çi(x2)+ cp(x)]çi(z)-<p(x2, z)-9(xW(z) (by (2.9), (2.10)) = çA(x2,z).
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Now by (2.14)
<piUxy, x2 o y) = <p(x, x2 o y)ifiiz, x)-«/>(x2

o y, j)ç>(x)

where
<l>(x2°y,y) = <KUyx2)+ </>(x2,y2)

since 0(x2 o y, y)=Wix2, y) + </>iy,x2)\l>iy)-cp{x2 o y, y) (by (2.4)) = [0(j, x2)4>(y)
—cp(y)i/)(x2)]+ [ifi(x2,y)ifi(y)—'/)(x2)cp(y)]and we can apply (2.11), (2.21), where
<p(x, x2 o y) = cp(x)>p(x,y) + >/>iy,x)<p(x)

since cpix, x2 ° y) = - <p(x2,x o y) + cpix, x2)i/>iy) + >/>iy)cpix,x2) (linearizing
(2.7))
= -cpix)cpix, y)-cpix, y)cpix) + cpix)iljix)>jjiy)+ >fiiy)<l'ix)<pix)(linearizing (2.3), (2.6))
=<p(x)</r(x, y) + 4>iy, x)cpix), so that
cpix, x2 ° y)i/>iy, x) = <pix)<fjix,y)>/>iy,x) + </>iy,x)0(x, y)cpix)

by (2.8); and where
?(x)HUxy2)

= <Kx2,y2)vix)

since 9>(x)^(C/Ä>-2)
= 9)(x)[^(x)^(j2,x)-1A(^2)9(x)]
(by (2.11)) = [0(x)0(x, >^2)
-95(x)</>(^2)]ç3(x)
(by (2.6), (2.8)) and we can apply (2.21). Putting these all together
by means of (2.20) we arrive at (2.19). This completes the proof of Theorem 2.
3. Alternate axiomatization.
In this section we give an alternate axiomatization
of unital quadratic Jordan algebras in terms of identities which involve only a
single variable x. This will prove useful in the next two sections when we verify
that certain algebras satisfy our axioms; when we attempt to prove something
about an operator such as UxUyUx the x's and >>'sget all tangled up in each other,
whereas in an expression like UXUXUXinvolving x alone the terms all commute

smoothly.
Theorem 3. A unital quadratic algebra is a unital quadratic Jordan algebra if and

only if the identities

(UCJ 1) Uj = I,
(UCJ2)
VX,X=VX*,
(UCJ 3) UXVX=VXUX,

(UCJ 4) UX^=U2,
(UCJ 5) UX3=U3
hold for all scalar extensions.

Proof. The conditions are certainly necessary: UCJ 1 is just UQJ 1, UCJ 3 is

UQJ 3 with y= 1, UCJ 4 is UQJ 2 with y= 1, UCJ 5 is UQJ 2 with y = x, while we
have noted before that UCJ 2 holds. The same goes for any extension.
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Conversely, we must prove UCJ 1-5 imply UQJ 1-3. Clearly UQJ 1 holds. To
prove UQJ 3 we need a lemma.
Lemma 2. If a quadratic algebra (not necessarily unital) satisfies
(3.1)

VX,X=VX*,

(3.2) UXVX=VXUX,
(3.3) Ux(x2) = (x2)2,
(3.4)

UX2=U2,

for all scalar extensions, then it also satisfies
(3.5)

UX*.X=UXVX=VXUX,

(3.6) x° UyX=y° Uxy,
(3.7) Ux.y,x=UxVy+VyUx,
(3.8) Vx*= Vx{VX2- Ux} = V^ = VX2,X,
(3.9) Umx)y-X= UxVy<x= vx,yUx.

Proof. For (3.5),
Uxz¡xy = {x2 y x} = (x2 ° y) ° x-{y x2 x} (linearizing
3.1)
= x2 ° (y o x) — Ux>yx2 (since Vx commutes with Vxa=VXtX=V%—UXtX by (3.1),
its linearization, and (3.2)) = Ux(x ° y) (by linearized (3.3)) = UxVxy.

For (3.6), xoUyx=VxUyx = {-VyUXty+Ux¡yVy+UyVx}x
(linearized (3.2))
= -y o {xxy}+UxJx°y)
+ 2Uyx2= -y'o(y
x2) + 2Uyx2+ UxJx * y) (by (3.1))
= —y2 ° x2+Ux-y(x o y), which is symmetric in x and y.
For (3.7), {VyUx+ UxVy}z=y ° Uxz+ Ux(y ° z) = x ° (V^x-z o [/^+ i/.^j
(linearizing
{VxUx,z-

(3.6))

=x°

{jxz}+{(7xK2-

Ux.zVx}y (linearizing

F2í/X}^ = x o {(y o *) o z}-x

(3.1), (3.2)) =x ° {z ° (x °y)}-{xx

° {xy z} +

° y z} = {x z x ° y}

(linearized (3.1)) =Ux.y,xz.
We can reinterpret this to get (3.8): Vx*y=y ° x3= VyUxx = {Ux„y¡x— UxVy}x
= {x o y x x}- Ux(x o y) = {VXtXVx—UxVx}y and the rest follows from (3.1) and (3.5).

Finally, for (3.9) we need only establish
UU(x)y,xz= {Uxyzx}=VXiZUxy=UxVZtXy=UxVy¡xz
UxUXiy+Ux,yUx=Ux2,x,y

(linearizing

(3.4))

the second equality,

since then

gives the other equality.

But

= - Ux<x.y)_x+ UxVx.y+ Vx.y¡xVx

(linearizing (3.5)) = - Vx.yUx+ {UxVy+ VyUx}Vx (by (3.7)) = -{Vx,y+VyjUx
+
Ux{Vy¡x+Ux,y}+VyVxUx (by (3.2) and linearized (3.1)) =UxVy,x-Vx>yUx +
Ux,yUx+UxUx,y

so UxVy.x-

Vx¡yUx = 0.

To return to the proof of the theorem, in our case (3.1), (3.2), (3.4) are just the

axioms UCJ 2, UCJ 3, UCJ 4, and (3.3) is just UCJ 4 applied to the element 1.
Thus the lemma applies, and we conclude by (3.9) that UQJ 3 holds.
To prove UQJ 2 it suffices to meet the conditions of Theorem 2 for cp(x)= Ux,
>/j(x)=Vx (note >/i(x,y)=VxVy-UXjy=Vx¡y by linearized UCJ 2). Parts (i), (ii),

(iii) of (2.1) are just UCJ 1, UCJ 4, UCJ 5, and (iv) is the axiom UQJ 3 we have
just finished establishing. Thus Theorem 2 is applicable, and by (2.2) we conclude

UU(x)y=UxUyUx, which is UQJ 2.
Some results characterizing Jordan algebras in terms of UCJ 4 and UCJ 5 (as
well as in terms of UQJ 2) were first obtained by M. Koecher (see [2]).
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4. Quadratic Jordan algebras without unit. Whatever else general quadratic
Jordan algebras should be, they should be precisely those subspaces 3 of unital
quadratic Jordan algebras 3' which are closed under x2 and Uxy (see [3, p. 1072]).
We hope to capture this property in the following axiomatic description. A quadratic Jordan algebra is a quadratic algebra 3 = (Ji", U,2) where the compositions x2
and Uxy are related by
(QJi) vx,x=vx2,
(QJ2)
(QJ3)

UXVX=VXUX,
Ux(x2) = (x2)2,

(QJ4) UxUy(x2) = (Uxy)2,
(QJ5) UX2=U2,
(QJ6) Umx)y=UxUyUx,
and such that these remain valid under all scalar extensions (equivalently, their
linearizations hold in Q). For example, if 3 is a subspace of an associative algebra
closed under x2 and Uxy = xyx the relations QJ 1-6 hold by inspection of
XXZ + ZXX

xj>x2j>x

XXZX + XZXX

xxzxx

X4

xyxzxyx.

If the quadratic algebra 3 is imbedded as a subalgebra of a unital Jordan algebra
then QJ 1-6 hold in 3 since they hold in 3\ and the same holds for any extension.

Indeed, QJ 6 is the axiom UQJ 2, QJ 5 results by setting y= 1 in QJ 6, QJ 4 and
QJ 3 result by applying QJ 6 and QJ 5 to the element 1, QJ 2 results by setting
y= 1 in the axiom UQJ 2 since Vx= Vx¡1= V1¡x, and we have seen QJ 1 holds in
any unital Jordan algebra.
It will be convenient to have a simpler axiomatization where conditions QJ 4
and 6 on the composition Uxy are replaced by the analogous conditions on the
cube x3.

Theorem 4. A quadratic algebra is a Jordan algebra if and only if the identities
(CJ1)

VXtX=V^,

(CJ2)
(CJ3)
(CJ4)

UXVX=VXUX,
Ux(x2) = (x2)2,
(x3)2 = (x2)3,

(CJ5)

UX*=U2X,

(CJ6) UX*=UÏ
hold for all scalar extensions.

Clearly CJ 1-6 hold in any quadratic Jordan algebra; CJ 6 results from QJ 6 by
setting y = x, as does CJ 4 from QJ 4 using QJ 5 ((x3)2=UxUxx2=UAx2)
The justification for our axiomatization lies in

= (x2)3).

Theorem 5. Any quadratic Jordan algebra 3 can be imbedded as a subalgebra of
the unital quadratic Jordan algebra 3' = <t>l©3 with unit 1' = 1 © 0 and U-operator
(4.1)

£Ci + *(j31+j)

= a2ßl+a2y

+ 2aßx + aXoy + ßx2 + Uxy.
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Corollary.
3 is a quadratic Jordan algebra if and only if it is a subspace of some
unital quadratic Jordan algebra 3' closed under the compositions x2 and Uxy.
Note that S is indeed imbedded as a subalgebra of the 3' constructed

above :

x2' = uxl =x2 and Uxy= Uxy.

We prove Theorems 4 and 5 by showing the following conditions on an algebra
3 are equivalent:
(I) 3 satisfies QJ 1-6 for all extensions,

(II) 3 satisfies CJ 1-6 for all extensions,

(ni) 3' defined by (4.1) is Jordan.
We have already remarked that III implies I and I implies II, so we need only

show II implies III.
Thus we assume 3 satisfies CJ 1-6 and must show 3' satisfies UCJ 1-5. The first
step is to show that the hypotheses of Lemma 1 are met, so that we may use
(2.3M2.16). Here 9(x)=Ux, >/>(x)=Vx, so </>ix,y)=VxVy-Ux,y=Vx¡y by CJ 1.

The relations (2.3) and (2.4) are just CJ 5 and CJ 1, and the relations (2.5)-(2.8)
follow from Lemma 2 (which is applicable by CJ 1-5).
Now we use (2.3)-(2.16) and our axioms to establish UCJ 1-5. From (4.1) we see
the following formulas for the operators U'x. and V'x,= V'X.Ain 3':

(4.3) U'j= I, V'j= 2I,
(4.4) V'x,j=V'j,x=U'x,j=V'x,

(4.5) UX=UX, V'x= Vx on 3 for x in 3,
(4.6) Uxl=x2, V'x\= 2x for x in 3,
(4.7)

U'al + x = a2I+aVx+Ux.

We use these to investigate UCJ 1-5. UCJ 1 follows from (4.3). For UCJ 2 we
have
' al+x,aJ+x

= 2oi l + 2ccVx+

Vx x,

VU+x* = *>i+a«*+»" = 2a2I+2*V'x+V'x*,

and we have Vx¡x= V'¡¿>on 3 by CJ 1 and on <D1by V'x¡xl={x xl}=

V'xx= 2x2 =

For UCJ 3 we have
U'aj + xVaj + x = 2a3I+3*2V'x

+ a{2U'x+V'x2}+U'xV'x,

V'ttj + xU'aj + x = 2a3I+3a2V'x

+ a{2U'x+Vx2}+VxUx,

where UXVX= V'XUXon 3 by CJ 2 and on <D1by UxV'xl=2Uxx = x o x2= V'XU'X\
from CJ 1. We will use this commutativity from now on.

For UCJ 4 we have
UU + x? = V'a*1+ 2ax + x> = aiI+2a3V'x
V£+x

= {a2I+aVx+U'x}2

+ a2{V'xz + 4U'x} + 2aU'x*iX+U'x*,

= aiI+2a3Vx

+ a2{Vx2 + 2Ux} + 2aVxUx+Ux2,

where corresponding terms agree on 3 by (2.9), (2.6), CJ 5 and on Ol by
2Uxl =2x2 = 2 x o x-2x2 = {F;2- K>}1, U'x^x\ =x2 o x= Vxx2=V'xU'x\, and CJ 3.
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For UCJ 5 we have
U(al + Xf

— Ua3i + 3a2x + 3ax2 + x3

- «6T+ 3a5V'x+ 3a4{3Ux+ K>} + «3{9Ux*,x+ Vx»)
+ 3a2{3U'x*+U'x*J + 3aU'x*¡x*+ [/>,

= a6T+ 3a6 V'x+ 3a\ Ux + V2} + a3{6 VXUX+ V'3}
+ 3*2{U'X2+V'X2UX} + 3«V'XU'2+U'X3.

In view of our previous relations we need only prove
V> = V'3-3V'XU'X,

u^x

Wx\x- - ^l/;2,

= f>£/;,

t/> = Ctf

and these hold on g by (2.4)-(2.6),(2.12),(2.15), CJ 6 and on <D1by
Vx*l = 2x3 = 4xox2-3x°x2

= {VX3-3VXUX}1,

U¿>,xl = x3 o x = VxUxx = (V^x

U'x\x*\ = x3 ox2 = F^l/x

= U'XVX*\,

= UXVX2X= UxVxx2 = UxVxUxl,

and by CJ 4.
5. Noncommutative Jordan algebras. In this section we show that with any
noncommutative Jordan algebra 9Í we can associate in a natural way a quadratic
Jordan algebra 91+, which coincides with the usual commutative Jordan algebra
9i+ in case \e d>.
Recall [4] that a noncommutative Jordan algebra is a linear algebra 9t in which
for every x the multiplication operators Lx, Rx, Lx*, Rxz commute and such that
the same holds for all scalar extensions. (This follows automatically if O is a field
with more than two elements, in particular if the characteristic is /2.) Then all the
operators Lx», Rx" commute, and 9t is strictly power-associative.
In any strictly power-associative linear algebra we have squaring and cubing
operations
x2 = xx,

x3 = xx2 = x2x.

From these we derive a £/-operator Uxy = dyx3\x —x2°y=yx2
(x2y+yx2) = x(xy+yx) —x2y and dually,
(5.1)

UX = LXVX-LX2

= RXVX-RX*

(VX=LX

+ x(xy+yx) —

+ RX)

(see [5, p. 90], [4, p. 1]). Note that 2UX = (LX + RX)VX-(LX2 + RX2), or
(5.2)

2UX=V2X-VX*,

so if \ e í> we see Ux = 2L^2—Lx2=Ux is the usual operator in the commutative
algebra 9t+ (where Lx~y=x-y = :2-(xy+yx) = %x ° y). One checks
(5.3)

Uxx = x3
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by direct computation or using (1.7) and x ° x2 = 2x3. As we have seen (or as one
easily verifies directly)
(5.4)

{x x y} = x2 o y

If 91has a unit then
(5.5)

Uj = I,

or

VXiX = Vx*.

Vj = 21,

Ux\ = x2.

If the algebra we begin with is a noncommutative
about the induced quadratic structure.

Jordan algebra, we can say more

Theorem 6. If 9Í is a noncommutative Jordan algebra then the quadratic algebra
91+ with operations

x2 = xx and Uxy = {LxVx —Lx2}y = {RxVx —Rxi}y is a quadratic

Jordan algebra.
Proof. Firstly, it suffices to assume 91 is unital. For any noncommutative Jordan
algebra 9Í can be imbedded in a unital one 91', and if 91'+ is quadratic Jordan then
so is its subalgebra 9Í + .
Secondly, it suffices to prove such a unital 91+ satisfies the axioms UCJ 1-5, for
the same holds for any extension (9t+)n = (9tn)+ since 9ln is again a unital noncommutative Jordan algebra.
We have already verified UCJ 1 and 2 in (5.5) and (5.4). In a noncommutative
Jordan algebra the formula (5.1) and the commutativity of the multiplication
operators
(5.6)

Lx, Rx, Lx2, Rxz gives UCJ 3,
UXVX=VXUX.

There remains only to verify UCJ 4 and 5

(5.7) D>- U2
(5.8)

UX*=U3X.

These verifications will take some effort. We introduce an associator operator
(5.9) AXty(z)=[x, y, z] or Ax¡y = Lxy-LxLy.

Note that since x" and xm operator-commute
(5.10)

we have

Ax*tX»>= Axn><xn.

In terms of the A operator the linearized Jordan identity [x2, y, z]+ [x ° z, y, x] = 0
becomes AxztV(z)+ AXoZ>M(x)
= 0. Now flexibility AXtV(x)= 0 implies Ax¡y(z) +
AZty(x)= 0, so we can interpret the previous identity as an operator identity
(5.11) Axv¡y = AXtyVx.
From this we get an expression

for Lx*: Lxi=Lx^Lx-¿ + Ax-¿^=L2xQ. + AXtX-¿Vx=

L2x2+ Ax^xVx = L2x,+ Ax¡xV2 by (5.1), (5.11), (5.10), so
(5.12) Lx*=L2x2+ Ax,xV2.

Now (5.7) is easy: U*-L¿V*-Lj

(by (5.1)) =LAV2-2Ux}-{L2x2 + Ax¡xV2}

(by (5.4), (5.12)) =VÏ{Lx*-AxJ-LALxz+Ux}-Lx2Ux=V2x{L2x}-LXLxVx}
- UXLX2 (by (5.1), (5.9)) = UXLXVX- UXLX* (by (5.1)) = UXUX.

For
= \L>x*x

(5.8)

we

need

an expression

'-Ix}Lx + Ax xVx = VX\L,X+

-UXLX by (5.10), (5.1), (5.11),
(5.13)

LX*=LXV2X-UXVX-UXLX.

for Lxs. We have LX*=LX-¿LX+ Ax-¿¡x

AXtX)

t/ILJC=

VXLX +

VX\LXVx

Ux

Lx¡
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Adding the dual relation for Rxs gives

(5.14) VX'=VX-3VXUX.
From

this

we

compute

Ux3=Lx3Vxa —Lx<> (by

(5.1))

= Lx^Vxa-{Lx¡¡V22 —

Ux*Vx*- UX*LX*}(by (5.13)) = {LxV2-UXVX- UXLX}{V3-3VXUx}-{LxVxUx}
■{V2-2UX}2+U2X{V2-2UX}+U2{LXVXUx} (by (5.13), (5.14), (5.1), (5.7)); when

this is expanded out, using the commutativity of all the operators
reduces to U3, so Ux*= Ux and (5.8) is established.

involved, it

Corollary.
If It is a commutative Jordan algebra then 91+ is a quadratic Jordan
algebra with operations x2 = xx, UX= 2L2—LX2.

This result was first proved by I. G. Macdonald for the case when \ e Q\ Both
Theorem 6 and the corollary were proven for finite-dimensional algebras over a
field (of arbitrary characteristic) in [5, p. 143].
If FCJz (X) denotes the free commutative Jordan algebra on a set X over the
ring Z of integers, FCJz (X)+ is a quadratic Jordan algebra, so we have a homomorphism

FQJz(X)^FCJzW

+

from the free quadratic Jordan Z-algebra FQJz (X) on X sending x -> x for x e X.
Professor N. Jacobson has raised the question as to whether this homomorphism
is injective (it is not surjective); if this were the case then to verify that some
identity holds in all quadratic Jordan algebras it would suffice to verify it in all
commutative Jordan algebras. (Note that the corresponding map FQJ4 (X) ->
FCJ4,(Z)+ is not injective if <t>has characteristic 2, since in that case VX= 2LX
would be zero in FCJ4,(A')+ but Vx is not zero in all special <P-algebras and so
certainly not in FQJ» (X). Thus the bottom row of the diagram

FQJz (X) —^—► K-►
1 <g>O
FQJ4 (X)

1 <g>
<D
P* > K9-^

FCJz (X)
1® O
FCJ* (X)

(ATthe image of FQJZ (X)) is not injective, but the top row could still be injective;
of course, if it were then p would be bijective, hence so would p<¡„but because K
is a proper subspace of FCJz (X) the mapping i® need not be an injection.)
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