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LINEAR ORDINARY DIFFERENTIAL EQUATIONS WITH
BOUNDARY CONDITIONS ON ARBITRARY POINT SETS

BY
MICHAEL GOLOMB AND JOSEPH JEROME(")

Abstract. Boundary-value problems for differential operators A of order 2m
which are the Euler derivatives of quadratic functionals are considered. The boundary
conditions require the solution F to coincide with a given function f€ 5 (R) at the
points of an arbitrary closed set B, to satisfy at the isolated points of B the knot
conditions of 2m-spline interpolations, and to lie in # . (R). Existence of solutions
(called “A-splines knotted on B”) is proved by consideration of the associated
variational problem. The question of uniqueness is treated by decomposing the
problem into an equivalent set of problems on the disjoint intervals of the complement
of B’, where B’ denotes the set of limit points of B. It is also shown that A, considered
as an operator from Z,(R) to L.(R), with appropriately restricted domain, has a
unique selfadjoint extention A if one postulates that the domain of Ay contains only
functions of £ (R) which vanish on B. I+ A has a bounded inverse which serves to
solve the inhomogeneous equation AF=G with homogeneous boundary conditions.
Approximations to the A-splines knotted on B are constructed, consisting of A-splines
knotted on finite subsets B, of B, with U B, dense in B. These approximations F,
converge to F in the sense of 5. (R).

1. The boundary-value problem. Suppose B is a closed set of real numbers and
f a (real-valued) function defined on B. In a previous article Golomb and Schoen-
berg [1] considered the problem of extending the function f to the real line in
such way that the extended function F has a square-integrable mth derivative
(more precisely, F e #5(R)). Of special interest is the extension that minimizes
fr (D™F)2. 1t is readily seen that the minimizing extension satisfies the differential
equation D?"F(x)=0 in intervals that are free of points of B, and that F has a
continuous derivative of order 2m—2 at isolated points of B. In the same article
it was shown that, conversely, the solutions F of this differential equation problem
are extensions of f that minimize [, (D™F)2. In this way, the original extension prob-
lem (which is also an interpolation problem) becomes a boundary-value problem
in differential equations, but one of an unusual kind, since the boundary involved
is not that of a finite or infinite interval, but that of an arbitrary open set in R.

In this paper such boundary-value problems are considered, not for the operator
D2m but for general linear differential operators A with variable coefficients that
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are the Euler derivatives of quadratic functionals. The existence of solutions is
proved even for cases where there is no uniqueness. With some restrictions on the
operator A and/or the set B uniqueness of the solution is then proved. The usual
proofs for existence and uniqueness are not applicable here since the conditions
F(x)=f(x) for x € B are equivalent to an infinite system of linear equations for
the unknown coefficients in the linear combinations of a fundamental set of
solutions (if B is an infinite set). It is then shown that the operator A, with domain
essentially restricted by the boundary conditions F(x)=0 for x € B and some
condition on the behavior at infinity, when considered as an operator from .%,(R)
to Z(R) has a unique selfadjoint extension (the closure of A), which is explicitly
described. In connection with this, it is proved that the problem AF=G, F(x)=0
for x € B, has a unique solution for every G € Z,(R).

2. Existence of solutions. The differential operator to be considered in this
section is of the form A=L*L, where
2.1 L =a,D"+a,_D" " *+...-+a,D+a,
with (real-valued) coefficient functions a, € ¥™(R) (k=0, 1,..., m), L* denoting
the formal adjoint of L. Throughout it will be assumed that a,(x)=«>0 for all
x € R, so that every finite point is a regular point for A, but the boundary-value
problem to be considered is singular since the boundaries are at infinity. There is
one global condition which the solutions F are expected to satisfy in all cases:

@.2) fk (LF) < oo

We say that Fis in #7(R), which is a Hilbert space with norm to be defined below,
the main term of which is given by (2.2).

Let fe s, (R) be a given function, B a closed set on R (bounded or not), B’
the set of limit points of B. The complete boundary-value problem for the unknown
function F is posed by the following set of conditions:

(Ri) AF(x)=0,x€ R—B,

(Rii) F(x)=f(x), x€ B,

(Riii)) Fe s#(R) N €>*(R—B) N €*"~2(R—B’).

Condition (Ri) requires that F satisfy the differential equation AF=0 of order 2m
on the open set R— B. (Rii) demands that, at the boundary points of this set, F
coincide with the given function f. (Riii) is the boundary condition (2.2) at infinity
(F e s#(R)), and specifies that the solution possess continuous derivatives of
order <2m at interior points (F € €™(R— B)) together with continuous deriva-
tives of order <2m—2 everywhere except at accumulations of boundary points
(Fe €™~ %(R—B')). If f is defined only on B then any s#;-extension of f to R
will result in the same boundary-value problem. Necessary and sufficient conditions
for the existence of such an extension are discussed in [1].
The main existence theorem is the following:

THEOREM 1. There always exists a solution of the boundary-value problem (R, ii, iii).
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Proof. For F, G in 5#(R), let the inner product be defined as
m—-1

@.3) (G = S DFO)DGO)+ fR LF.LG.

k=0
It is readily seen that 5#,(R) is a Hilbert space if its elements are taken to be functions
F which have absolutely continuous derivatives of order =m—1 and for which
LF is square-integrable. We now quote a lemma from [2], which is useful here.

LEMMA. Suppose ., 3, are Hilbert spaces; R is a bounded linear transformation
with nullspace N~ that maps A, onto H#5,; and U, is a subspace of H,. If N + U, is
closed then. R%, is closed.

For the proof of the above theorem we use this lemma with £, =3,(R), 5%,
=%,(R), and R=L. R is onto since Lf=~h has (locally) a solution f for every
(locally) integrable 4, and clearly f € S#(R) if h € Z,(R). For %, we use the subspace
of H#,(R), consisting of the functions that vanish at the points of B; it is clearly
closed, and since the nullspace of L is m-dimensional, we conclude that L%, is
closed. Then also L% is closed, where % =%,+f, i.e. % is the (nonempty) flat

2.4 U = {FeH(R) : F(x) = f(x), x € B}.
Therefore, there exists F, € % such that

@.5) fR (LF.y = inf fR (LF)".

We now show that F, is a solution: of the boundary-value problem. Clearly,
F, € #(R), and F, satisfies (Rii). From (2.5) it follows immediately that

@.6) f LF,-LG = 0
R

for every G € %,. Suppose [ is an open interval in R— B. The orthogonality condi-
tion (2.6) holds for every G € ¥*(R) with compact support in I. Integration by
parts in (2.6) gives [, Fy-L*LG=0. Thus, F, is a weak solution of L*LF=0, and
considering the assumptions made on the coefficients of L, one infers by familiar
arguments (see, e.g. [3, §8]) that F, is indeed a classical solution of L*LF(x)=0,
for x € I. Thus, F, satisfies (Ri) and F, € ¥>™(R— B).

Next, suppose J is an open interval in R— B’ containing exactly one point x,
of B. Then (2.6) holds for every function G € €*(R) with compact support in J
and vanishing at x,. Since the functions F{ (k=0, 1, ..., m—1) are continuous
at x,, integration by parts in (2.6) gives

0= f] (LF)(LG) = (DG){[asLFy]—[DasLFy]+ - - +(— )" ~2[D"~2a,LFy]}

+(D*GN[asLFy]— - - - +(—= )" ~°[ D"~ *auLF,]}
@7 e e e

+(D""2G){[an-1LF4]— [DanLFy]}
+(D"1G)[anLFy].
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Here, (F) stands for F(x,), and [F] stands for F(x,—0)— F(x4+0). By choosing
G so that (DG)=(D?*G)="-.-=(D™"2G)=0, while (D™"~'G)=1, we conclude
(a2)[D™F,]=0, hence [D"F,]=0. Then we choose (DG) = - - - =(D™~3G)=(D"1G)
=0, (D™~ 2G)=1, and conclude (a2)[ D™ *'F,]=0, hence [D™*'F,]=0. Continuing
this way, we obtain
(2.8) [D"Fy] = [D™*'Fy] = - -- = [D*"~%F,] = 0,
hence F, € €™ ~2(J).

Altogether we have proved that F=F, satisfies conditions (Ri, ii, iii).

Suppose the set B is bounded from one or both sides. Then the solution F,
given in the proof of Theorem 1 is of “‘lower degree at infinity.” This is the content of

COROLLARY 1.1. Suppose F=F, is a solution of problem (R, ii, iii), as determined
in the proof of Theorem 1. If inf B=a> — o0 then LF,(x)=0 for x<a. If sup B=b
<00 then LF(x)=0 for x> b.

Proof. Suppose inf B=a> —o0 and LF,(x)#0 for some x <a. Then LF,(x)#0 in
some interval contained in (— o, a). If we determine a function F, from the conditions

LF,(x) =0, x < a,

(2.10)
D¥F (a) = D¥F.(a), k=0,1,...,m—1,
and set
F(x) = F(x), X Z a,
@11 () (%)

= F,(x), x < a,

we have a function Fe % for which [ (LF,)?< [g(LFy)? This contradicts the
definition of F,.

For the case where the set B has a finite bound that is not a limit point the
preceding corollary leads to a “natural” boundary condition.

COROLLARY 1.2. If B is a point set in R,=[a, ©) and a ¢ B’ then there exists a

solution of the boundary-value problem
(R;i) AF(x)=0,x€e R,— B,

(R,ii) F(x)=f(x), x € B,

(R,iii) Fe s#,(R,) N €*"(R,—B) N €*"~%(R,— B’),

(Ryiv) D*LF(a)=0,k=0,1,...,m—2.

Proof. By Corollary 1.1 we have a function F defined on R which satisfies
conditions (Ri, ii, iii) and for which LF(x)=0, x <a. Clearly, its restriction to R,
satisfies the above conditions.

If B belongs to R,=(—o0, b] and b ¢ B’, then Corollary 2.2 holds with R, re-
placed by R,, and (R,iv) replaced by D*LF(b)=0 (k=0, 1, ..., m—2). If B belongs
to I,=[a, b] and a ¢ B’, b ¢ B’ then there exists a solution of the problem

(Ip)) AF(x)=0, x€I,,— B,
(i) F(x)=f(x), x € B,
(Ipili) F € €*"(Ioy— B) N €*" (I — B),
(I,4iv) D¥LF(a)= D*LF(b)=0, k=0,1,...,m—2.
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3. Decomposition of boundary-value problem. Let the point sets B, B’ be
defined as in the preceding section. The open set R— B’ is the union of disjoint
intervals J,, which we refer to as the discrete components of B. We show now that
the boundary-value problem (Ri, ii, iii) breaks up into a number of such problems,
one for each interval J,.

The intervals J, are of three different types. We say the discrete component J
of Bis of type I if J is finite, J=(a, b). In this case, a € B’ and b € B’, and since the
solution F of problem (Ri, ii, iii) coincides with f'€ ™~ at the points of B, we have
F®(q)=f%(a), F¥b)=f%(b) (k=0,1,...,m—1). Thus, the restriction of F to
J=(a, b) satisfies the following conditions:

(Ii) AF(x)=0, xeJ—B,

(Iii) F(x)=f(x), xeJ N B,

(liii) Fe €*(J—B) N €*"~2(J),

(Iiv) D*F(a)= D*f(a), D*F(b)= D¥f(b), k=0, 1,...,m—1.

The discrete component J of B is of type I1 if J is semi-infinite, either J,=(a, )
or J,=(—00, b). In the first case a € B’, in the second case b € B’. Considering the
first case only, we conclude as above that D*F(a)= D*f(a) (k=0, 1, ..., m—1) for
any solution F of (Ri, ii, iii). Hence the restriction of F to J, satisfies

(Ili) AF(x)=0, xeJ,— B,

(Ilii) F(x)=f(x), xeJ, N B,

(liii) F e s£,(J,) N €2™(J,—B) N €2~ 2(J,),

(Iliv) D¥F(a)= D*f(a), k=0,1,...,m—1.

The discrete component J of B is of type III if J is infinite, J=R=(—0c0, o).
This is the case if and only if the set B is discrete (finite or infinite, bounded or
unbounded). The restriction of F to J is F itself, which satisfies the conditions

(Illi) AF(x)=0, xe R— B,

(IIIii) F(x)=f(x), x € B,

(Iliii) F € s£(R) N €>™(R— B) N €2"~%(R).

Now if, for each discrete component J, of B, we have a solution F;, of (Ii, ii, iii,
iv), (I1i, i, iii, iv), (IIIi, ii, iii) depending on whether J, is of type I, II, or III, then
the function F on R, defined by

a1 F(x) = f(x), x€B,

' F(x) = F,(x), xeJ,v=12...,
is clearly a solution of boundary-value problem (R, ii, iii). Thus, the problem is
indeed decomposed into independent problems, one corresponding to each discrete
component J, of B.

It is also clear that the restriction of the function F, of Theorem 1, which mini-
mizes [p(LF)? minimizes. the integral [, (LF)*> among all functions in 5#(J,)
that interpolate f on B N J,. Conversely any function F whose restriction to J,
(»=1,2,...) minimizes [, (LF)? minimizes [z (LF).
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4. Unicity conditions. By the results of the preceding section, the solution of
problem (R, ii, iii) is unique if and only if the restriction of the problem to each
of the discrete components J, of B has a unique solution. In the following we refer
to these restricted problems, as formulated in §3 in equations (Ili-iv), {Ili-iv) and
(IIi-iii), as problems (I), (IT) and (III), respectively.

For a bounded component J {of type I, see §3) the solution of problem (I) is
always unique, as will be shown below. This is so even if J contains no point of
B, the reason being that we always have the 2m terminal conditions (Iiv). If J is
of type II, say J=(a, o), then we have only the m terminal conditions (Iliv), and
if J=(—o0, o) there are no terminal conditions. The global condition F € s#(J)
is not strong enough to replace the missing terminal conditions, even in the presence
of (Iliv), as the following example shows.

ExAMPLE 1. For J=(a, ) consider the operator L defined by LF(x)=e* D™F(x).
Then L*F(x)=(—1)"D"e*F(x), and AF(x)=(—1)"D"e2*D"F(x). Suppose F, is
so chosen that D™Fy(x)=e~2* and D*Fy(a)=0 (k=0,1,...,m—1). Then AF,=0
and F, € #,(J). Hence, problem (II) with / N B= @ has more than one solution.

To assure uniqueness in the case of isolated bounds of J N B we impose the
condition

(4.1) If 400 (—o0) is an isolated point of J N B then L*G =0 has no nontrivial
solution that is square-integrable near + oo (—o0).

If B’ (the set of limit points of B) is empty and B contains no Tchebychev set
of the operator L, then (Rj, ii, iii) has more than one solution since any nullfunction
of L that vanishes at the points of B may be added to a particular solution to
produce a new solution. For example, if L=D™" (m=1) and B has fewer than m
points, then (R, ii, iii) clearly has more than one solution, although condition (4.1)
is satisfied in this case. We are led to require additionally

(4.2) If B'= @ then B contains a Tchebychev set of L.

By a Tchebychev set here is meant a finite subset B, of B such that no non-
trivial nullfunction of L can vanish for each point of B,.

That (4.2) cannot replace (4.1) is clear from Example 1, where B’ # @. Another
example where we have nonuniqueness, although B contains a Tchebychev set of
L, is the following:

ExAMPLE 2. For J=R consider the operator L defined by LF(x)=e**D"F(x).
Let B be an arbitrary set-of m points and let F,, be the solution of D™Fy(x)=e~2**
that vanishes at the points of B. Then AF;=0 and F, € 5#,(J). Hence, problem
(R, ii, iii) has more than one solution although B is a Tchebychev set of L.

In the remainder of this and in the following section it is assumed, without
further mention, that conditions (4.1) and (4.2) are satisfied. Under this assump-
tion, uniqueness of the solution of problems (I), (II), (IIT) of §3 will be proved.
However, problems (IT) and (III) must be modified somewhat when +co (and/or
—o0) is a limit point of J N B. Then we have a more complex situation in regard
to uniqueness since there are knots (discontinuities of the (2m— I)th derivative)



1971] LINEAR ORDINARY DIFFERENTIAL EQUATIONS 241

arbitrarily close to +o0 or —oo. It is not impossible that there is more than one
solution in such cases (although conditions (4.1) and (4.2) are satisfied), but we
have not been able to produce such an example. Be this as it may, we impose for
these cases a terminal condition that singles out the unique solution which mini-
mizes |, (LF)2. We set

-

4.3) BIF,Gl= > 5 (=D)-*'aLF DG

k=0l=k+1
and we require

lin} B[F, G](x) =0 if 400 (—o0) is a limit point of J N B,
X— + 00 (— o)

(V) Lim BIF, Gl(x)— lim B[F, G](x) =0
x— + © X = — ©
if +00 and —oo are limit points of J N B

for every function G € J#(R) that vanishes at the points of B. This condition is
clearly a linear condition on the unknown function F, and it restricts the behavior
of F only at the points +oc0 and/or — oo, if these are limit points of J N B.

We show that condition (IV) does not restrict the class of problems for which
solutions exist. Indeed, we have

THEOREM 2. The restriction to J of the solution F, of problem (Ri, ii, iii) which
minimizes [ (LF)? satisfies condition (IV).

Proof. Because of the minimizing property of F,, we have
4.4 f LF,-LG =0
7

for every function G € 5#,(J) which vanishes at the points of J N B. Suppose first
J=(a, ©) and J N B={x,}, lim x,=00. Then (4.4) becomes

@.5) lim [ LF,-LG =0

X = 00 a
and integration by parts, as in (2.7), gives

4.6) lim B[Fy, G)(x) = B[Fy, Gl(a).

But since a € B’, we have D*G(a)=0 (k=0, 1,..., m—1), hence the term on the
right-hand side of (4.6) vanishes.

Next, assume J=(a, o) and J N B is a bisequence - - -X_s<X_;<X; <Xp< -~ -
with lim x_,=a, lim x,=00. By Lemma 2a, §5, below, we can find, for ¢>0 and
x € J given, a function G, € 5#,(a, x) which vanishes near a and at the points of B
in (a, x), which equals G near x, and which is such that

(4~7) < e&.

foF*-LG—foF*-LGs
a a




242 MICHAEL GOLOMB AND JOSEPH JEROME [January

But [} LFy-LG,=B[Fy, G,](x)=B[F,, Gl(x), hence (4.5 and (4.7) give (IV)
again. The case J=(—o0, b) is disposed of in the same way.

Suppose now J=(—o00,c0) and B is the sequence x; <xy<:--, lim x,=oc0.
Then by (Ri) L*LF,(x)=0 for x <x;, LF, square-integrable near —oo, and since
we assume (4.1), LF,(x)=0 for x=<x,. Hence, also D*LF,(x,)=0 (k=0,1,...,
m—2), and (4.4) gives

4.8) 0 = lim LF,-LG = lim B[F,, G](x).
X = 0 X1 X = 0

Finally, if J=(—o0,0) and B is the bisequence ---X_,<X_;<X;<X3<---,

lim x_,= —o0, lim x,=c0, then (4.4) gives

49 0= lim f * LF,-LG = lim B[F, Gl(y)— lim B[F, G(x),
x Yy— 0 X— — 0

X =00y + @

hence (IV) again. Thus Theorem 2 is proved.

5. Uniqueness of solutions. As stated in §4, only problems (i.e., operators L and
sets B) will be considered for which conditions (4.1) and (4.2) are satisfied. J will
denote any one of the discrete components of B (see §3). To make possible inte-
gration by parts in the presence of infinitely many discontinuities in the interval
of integration, we establish first some approximation lemmas. The first one is
based on a result concerning the behavior of a function F € s#(J) at a boundary
point of J if this boundary point is a limit point of zeros of F (for a special case of
this result, see [1, Lemma 1]).

LEMMA 1. Suppose x,>x;> ..., limx,=0, I=(0, x,), m=1, L a differential
operator of order m, F € £,(I), F(x,)=0 (n=1,2,...). Then, as x — 0,

(6N)) D™-kF(x) = o(x*~1/2), k=12,...,m.

Proof. We prove the lemma first for m=1. In this case the operator L=L, is
of the form a, D+a,, and a,(x)2a>0 for x € I. Assume (5.1) does not hold for
m=k=1. Then there is a sequence & >§&,>--->0, lim £,=0, and a constant
C>0 such that
(5.2 |F(&,)] = C&3, v=12,....

We may assume that each interval (x, .1, X,) contains no more than one ¢,, say
(5.3) x,,(v).,.l < fv < Xnv)s V= 1, 2, ceee

Let H be the function which is defined by 0 outside of the intervals [Xy+15 Xne]
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(v=1,2,...) and by

7w = [ [[7]/[ee~ [[P]  momsx<t

=1 x = §,
64 = [ew [[7][[een [(7]. & <xsxex
06) = exp [ [ (@ola)]. ciEl

P = (a1Q)-2,

inside [x,,(v) +1s xn(v)], where Xx=Xnm)+1 ifxn(v)+ 1 é x< fv and Xx = Xn(v) if f, <x= Xnv).
H is a solution of the problem
LY¥L,H(x) =0, xel-X,
H(xn)=0: H(£V)= l’ n,v= ls2a-°-9
He¥%() n¢*I-X),
where X is the union of x;, x,,... and £, &,,.... Therefore, the function F,
defined on I by
Fu(x) = F(¢,)H(x), Xa+1 S X = Xneyy v=12..),

5.5
(5:5) =0, otherwise,

is a solution of the boundary-value problem
L’leF*(x) = O, X € I— X,
(5.6) F.(x) = F(x), x€ X,
F,e€() n€*(I-X),

and it is easily seen that the solution of (5.6) is unique. It then follows from the
proof of Theorem 1 that

6.7) f, (LF) < fl (L.FY.
But
Jo = ([ 4 [
58 — Fu(€)a(ENLFu(6—0)— LiFu(£,+0))
= ae )P [pe) ([T P) " —pe [ 77

Clearly, there is a positive constant y such that

ai(x)P(x) 2 vy, P(x) =y~Y, Xam+1 = X S Xnoy X # &,
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Thus (5.8) together with (5.2) gives

Xniv) 3y -1 Xnev) -1
Jor wrrzesa{([ 7) (7))
Xnw) +1 Xn(v) +1 Sy

5.9) zomg([0 #)”

n(v) +1
= C%A2, v=12,...,

hence L (L,F,)?=o00, in contradiction to (5.7).

We now proceed by induction. We assume the lemma is proved for differential
operators of order m—1 (m2 2). Let Y, be the solution of LY=0 for which
Y0)=1, Y'(0)=---=Y™ 0)=0. Then LF=MD(Y;'F), where M=b,,_,D""!
+ - -+ +b,, with certain coefficients b, € €™(I), and b,,_, =a,Y,. Clearly, b,,_,(x)
2B for some positive B, at least in some interval Iy=[0, xy]. Since F(x,)=0
(n=N, N+1,...) we conclude that there is a sequence xy >y, >y,> ..., lim y,=0,
and that D(Y5*F)(y,)=0. As Fe #,(I), D(Y;'F) is in 5#,(Iy). The induction
assumption implies that, for x — 0,

Dr-1-kD(Y5iF)(x) = o(x*~1?), k=12,...,m—1,
and this gives immediately
(5.10) D™-kF(x) = o(x*~112), k=12,...,m—1.

Moreover, F(x)= j'i,‘ DF=o0(x™~12), hence (5.10) also holds for k=m, and the
lemma is proved.

LEMMA 2a. Suppose the hypotheses of Lemma 1 are satisfied. Then there exists,
for each >0, a function ®, € #,(I) which vanishes at x,, X, . . . and near 0, and for
which

G.11) f, (LF—L®,)? < &2,

Proof. Let 0< E<1 be an infinitely differentiable function for which

5.12 E(x) =0, x=0,
(5.12) =1, xz1,
and set, for n=1,2,...,
(5.13) F,(x) = F(x)E(nx—1).
Then F,(x)=F(x) for x=2n~?, and F,(x)=0 for x<n~!. Thus, F, € #,(I) and F,
vanishes at x;, X, . . ., and near 0. We have

LF(x)—LF,(x) .

(5.14) — LF@I—Emx—D] = > S a,.,(x)(’;) 7/ D*~1F () D’ E(nx — 1),

k=1 j=1
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The first term in (5.14) is O for x=2n"%, and as n — o©
2n-1
(5.15) J' (LFGO[1 — E(nx— D]} dx < f (LF(x)}? dx = o(1).
1 0

The sum term in (5.14) is 0 for x<n~?! and for x=2n". Thus, by Lemma 1, as
n— o0

f {D*1F(x)D'E(nx—1)}* dx = n~1 fl {D*~F(n~*(x+ D)) D’E(x)}* dx
1 1]
(5.16)

= o{n3-m-31) = o(n~),
ji=L.. . kik=1...,m
Using (5.15) and (5.16) in (5.14) gives

f (LF—LF,)? = o(1) asn-— oo,
1

and this proves (5.11), for ®,=F,, with n sufficiently large.

If D¥F(x,)=0 (k=0, 1,..., m—1) in the preceding lemma, then also D*®(x,)
=0. This follows immediately from the construction of ®,. An obvious extension
of Lemma 2a is

LEMMA 2b. Suppose ---X_o<X_1<X;<X3<-:::, limx_,=a>—o0, limx,
=b<o, I=(a,b), Fe (), F(x_,)=F(x,)=0 (n=1,2,...), and ¢>0. There
exists a function ®, € s,(I) which vanishes at ---X_g, X_1, X1, X3, - - - and near a
and b, such that

(5.17) f (LF—L®,)? < &,
I
We can now prove the uniqueness theorem for bounded discrete components
of B.

THEOREM 3a. The solution of boundary-value problem (1) on the bounded interval
J is unique.

Proof. Let G be the difference of two solutions. Then by (I):

@) AG(x) =0, xeJ—B,
(5.18) (11) G(x) =0, xeJN B,
(iii) G e €™ J—B) N €3> ~23(J),
@iv) D*G(a) = D*G(b) = 0, k=0,1,...,m—1.

If J contains only the finitely many (or no) points x; <xy< - - - <x, of B we write

n-1 b
(5.19) [rere=["+5 [+
J a k=1

Xk Xn

and carry out m— 1 integration by parts in each of the integrals on the right-hand
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side of (5.19). By using the fact that G satisfies (5.18), one verifies that [, (LG)?=0,
and since LG is continuous, LG=0. Using (5.18iv) once more, it follows that
G=0.

If J N B consists of the infinitely many points x, >x,> - - -, then lim x,=a, and
by Lemma 2a one can find, for e>0 given, a function ®, € 5#,(J) which vanishes
at the points x;, X, . . ., and near q, such that

< €2,

(5.20) I f, (LG)?— L LG-L®,

Moreover, by the remark following Lemma 2a, D*®(b)=0 (k=0, 1,..., m—1).
Since the support of @, contains only a finite number of the sequence {x,}, we may
proceed with the integral f ;LG-L®, as above with the integral j' ;LG-LG, and we
find [, LG-L®,=0. Since (5.20) holds for every >0, we conclude {,(LG)?>=0,
and G=0, as before.

The case where J N B={x,}, x;<Xx3<---, is disposed of in the same way. If
J N B contains the bisequence ---X_;<X_;<X;<X;<---, then limx_,=a,
lim x, =5, and we use Lemma 2b in place of Lemma 2a, to establish (5.20). Again
we conclude G=0.

We turn to the case where the discrete component J of B is unbounded, either
of type II or III (see §3). We first assume J N B is bounded and prove

THEOREM 3b. The solution of problems (I1) and (I11) is unique if J N B is bounded.

Proof. Let G be the difference of two solutions. If J=(a, o) and x; <x,<:---
< x, are the points of B in J, then L*LG(x)=0 for x = x,, and since LG is square-
integrable near oo, it follows by (4.1) that LG(x)=0 for x = x,. In particular,

(5.21) DMLG(x,) =0, k=0,1,...,m—2.

X n=2 rx Xp
fLG-LG=f‘+ ZJ"“+[
J a k=1 JXg Xp -1

and carry out m integration by parts in the integrals on the right-hand side. Using
D*G(a)=0 (k=0, 1,...,m—1) and (5.21), we find LG=0, hence G=0.

If x, >x,> - - - are the points of B in J then lim x,=a, and by Lemma 2a there
is, for every >0, a function ®, € #,(J) which vanishes at x;, x,, ... and near a,
such that [, (LG)?— [, LG-L®,|<¢% The support of @, contains only a finite
number of the x;, x,,..., and integration by parts can be carried out for the
integral [, LG-L®, in the same way as above. Using the fact that D*LG(x,)=0 for
k=0,1,..., m—2 (compare (5.21)), one obtains [, LG-L®,=0, hence [, (LG)* <2,
LG =0, thus again G=0.

The case J=(—o0, b) is disposed of in the same way. If J=(—o0, c0), then
J N B=B is necessarily a finite set, which by (4.2) includes at least m points. If

We write
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X, <Xy<---<Xx, are the points of B, we conclude as above that D*LG(x,)=
D*LG(x,)=0 for k=0,1,...,m—2. We use integration by parts again to find
f r (LG)?2=0, hence LG=0, and because of (4.2), G=0.

There remains the case of an unbounded discrete component J of B containing
points of B that converge to +c0 and/or —co. In this case condition (IV) (§4) is
made use of.

THEOREM 3c. Problems (I11), (IV) and (II1), (IV) have unique solutions if J N B
contains a sequence that converges to + oo and[or — 0.

Proof. Let G be the difference of two solutions. If J=(a, ) and x; <x,<---
are the points of J N B, then lim x,=co0 and G satisfies (II), (IV) with f=0. There-
fore,

(5.22) f (LG)? = lim | LG-LG = lim B[G, G](x) = 0.

7 x—o Jg x— ©
From (Iliv) it follows that G=0. If J=(a, ) and ---x_,<Xx_;<X;<Xy--- are
the points of J N B, then lim x_,=a and lim x,=00. Given ¢>0 and x> q, there
is by Lemma 2a a function G, € 5#(a, x) which vanishes near @ and at the points
of Bin (a, x), and which equals G near x, such that

fx (LG)z—foG.LGe

But |7 LG LG, =BG, G,)(x)=BIG, G](x), hence [% (LG)?>= B[G, G](x). As before,
we find by use of (IV) and (Iliv) that G=0. The case J=(— o0, b) is disposed of in
the same way. If J=(—o0, ) and x; <x,<--- are the points of J N B, then
lim x, =00 and G satisfies (III), (IV) with f=0. Therefore, L*LG(x)=0 for x < x,,
and since LG is square-integrable near — oo, it follows by (4.1) that LG(x)=0 for
x=x;, hence D*LG(x,)=0 (k=0, 1,..., m—2). Integration by parts gives

(5.23)

< &2,

0 X
f (LG? = lim | LG-LG = lim B[G, GI(x) = 0,
- X = X1 X = 0

hence LG=0, and because of (4.2), G=0. Finally, if J=(—00,00) and ---x_,
<X_1<X;<Xg--- are the points of B, then lim x_,= —o0 and lim x,= +00. By
av),

f ° ey lim f 'LG-LG
(5.24) - vowize o Jx

= lim B[G, Gl(y)— lim B[G, G](x) = 0,
y—+© Xx—©

hence LG =0, and because of (4.2), G=0.

We add another uniqueness theorem for the case where J N B contains points
that converge to +oo and/or —oo. In this theorem condition (IV) is replaced by a
different one:

W) lim  DFF(x) exists if +0o (—o0) is a limit point of J N B

X— + 0 (—o)
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(k=0,1,...,m—1) and we make the additional hypothesis:

(5.25) The coefficients a;, (k = 0, 1, ..., m) of L are bounded.

To prove uniqueness for this case, we establish another approximation lemma.

LeMMA 3a. Suppose (5.25) holds, x; <x3< - - -, lim x, =00, I=(x,, ), F € s£,(I),
F(x,)=0 (n=1,2,...), lim,,, D*¥F(x)=0 (k=0,1,..., m—1), and ¢>0. There
exists a function ®, € H#,(I) which vanishes at x,, x,, ..., and near +oo, and for
which

(5.26) J (LF—L®,)? < &,

Proof. We use the function E defined in (5.12) and set E(x)=1—E(x),
(5.27) F,(x) = FX)E(n+1-x), n=12,....
Then F,(x)=0 for x=2n+1, F,(x,)=0 (v=1, 2,...), and F, € 5#,(I). Clearly,

{[er-srr} = {[ o} + & 3 ()

(5.28) nt1 1/2
x { f @)D" *F(x) D*E(n+1— x)]z} :
and "
f " BODF () D¥E(n+1— )P
(5.29) = sup ai(x) Jmu [D'-*F(x)D*E(n+1—x)]? dx

IIA

1
sup ai(x)- sup [D"E'(x)]2-f [D}-*F(x+n)]? dx,
X€. x€[0, 0
1=0,....mk=0,...,1

But for /—k<m the sequence of functions {D'"*F(x+n)} is bounded and con-
verges to 0 on 0=x =<1, hence (g [D'~*F(x+n)]? dx=o0(1) for I-k<m. Also, of
course, [, (LF)?=0(1). (5.28) and (5.29) together prove (5.26) for ®,=F, with n
sufficiently large.

If D*F(x,)=0 (k=0,1,..., m—1) in the preceding lemma then also D*®(x,)
=0. An obvious extension of Lemmas 2a, 2b and 3a is

LeEMMA 3b. Suppose (5.25) holds, -+ -X_3<X_1<X;<Xg<---, limx_,=x_,
= —o00, lim x, =X, 00, [=(X_ 0, Xw), F€ (), F(x_,)=F(x,)=0(n=1,2,...),
limy., 4 o (- wy D¥F(x)=0(k=0,1,...,m—1) if X0 (- oy=+(—)o0, and £>0. Then
there exists a function ®, € #,(R) which vanishes at ...x_g, X_1, X1, Xg,... and
near x_  and x ., such that

(5.30) J (LF—L®,)? < &,
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THeorReEM 3d. Problems (II), (V) and (III), (V) for an operator L satisfying
(5.25) have unique solutions if J N B contains a sequence that converges to + oo
and/or —co.

Proof. We present the proof only for one of the possible cases: J=(a, o) and
J N B is the bisequence - - -Xx_,<X_; <X; <Xy - -, with lim x_,=aq, lim x,,= +oo.
Let G be the difference of two solutions. Because of (V), the limits lim, ., , , D*G(x)
(k=0,1,...,m—1) exist. Since G(x,)=0 (n=1, 2,...), we conclude lim G(x)=0.
By Rolle’s theorem there is a sequence y; <y,<---, limy,=+o0, such that
DG(y,)=0 (n=1,2,...). It follows that lim DG(x)=0. More generally, we con-
clude
(5.31) xlier D*G(x) = 0, k=0,1,...,m—1.
By Lemma 3b it follows now that there exists a function ®, € 5#,(J) which vanishes
at the points of J N B and near a and + oo, such that

< &2,

(5.32) ‘ f, (LG)*— L LG-LO,

The support of @, includes only finitely many of the points of J N B. Hence,
integration by parts gives [, LG-L®,=0, and (5.32) leads to LG=0. Since D*G(a)
=0 (k=0,1,...,m—1) by (Iliv), we conclude G=0.
In certain cases equation (5.31) is implied by the hypotheses G(x,)=0 (n=1, 2,
...)and G € s#(J). In these cases, condition (V) may be omitted in Theorem 3d.
We add a uniqueness theorem for problem (/,,) of §2, where I, is a finite interval
which is not a discrete component of B.

THEOREM 3e. The boundary-value problem (1,,) has a unique solution if B contains
a Tchebychev set of the operator L.

Proof. Let G be the difference of two solutions. G is in €2™(I,,— B), and in
particular has continuous derivatives of order <2m in one-sided neighborhoods
of the points a and b. We define the functions G,, G, by the conditions

LG,(x) =0, x <a, D*G,(a) = D*G(a),

(5.33) k=0,1,...,m—1,
LGy(x) =0, x> b, D*Gy(b) = D*G(b),

and the function G on R by

G(x) = G,(x), X < a,
(5.34) = G(x), asx=b
= Gy(x), x > b.

By (I,,iv), G has continuous derivatives of order <2m—2 near a and b. If a ¢ B
then inf B=a’>a and Corollary 1.1 shows that D*LG(a)=0 for k=0, 1,..., m.
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Therefore, in this case, G has continuous derivatives of order <2m near a. The
same result holds near b if b ¢ B. Altogether, we have
AG(x) =0, xeR-B,
G(x)=0, xeB,
G e #,(R) N €>™(R—B) N €°"~2(R— B).
Since B contains a Tchebychev set for L, we conclude G=0, by Theorem 3a. In
particular, G=0.

6. The selfadjoint boundary-value operator. In this section we determine the
selfadjoint operator defined by the homogeneous boundary-value problem (Ri,

©.1) (F, G) = fR FG.

The operator L is the same as in (2.1), except that we now assume a,;* and a,, .. .,
a, bounded (besides a, € €™(R)). For convenience, we consider the operator

(6.2) A =L*+]

rather than L*L. It is clear that the selfadjoint extension and the spectral decom-
position of L*L are easily derived from those of A. As the initial domain of the
operator we take

63 T FEOTR-B) O NR=B)  FLF, I"LF R)
' and F(x) = 0, x € B}.

The conditions “F and L*LF in %Z,(R)” are added to the previous ones because
A is to act as an operator from Z,(R) to ZL(R). In (6.3) it is understood that
L*LF(x) remains undefined at the points x € B—B’. We denote by F4(R) the
subspace of functions in %#,(R) which vanish at the points of B (this is different
from Z,(R) only if B has positive measure). Clearly, 29 is dense in Z5(R).

In connection with this problem, we introduce the space s#%(R) of functions F
with absolutely continuous derivatives of order =m—1, with F and LF in %,(R),
with F(x)=0 for x € B, and with inner product

(6.4) (F, G), = fR (FG+LF-LG).
It is well known that this is a Hilbert space. Clearly, |F|.= | F|, and s#5(R) is
densely imbedded in £5(R).

If {J,} is the family of discrete components of B (see §3) then

6.5) f (FG+LF-IG) = 3 f] (FG+LF-LG)

for all F, G € s£%(R). Thus, 5#2(R) appears as the direct sum of the spaces S#4(J,).
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The space #%(J,) is defined like S#Z(R) above, except that the condition
(6.6) D*F(c) = 0, k=01...,m—1,
for each finite endpoint ¢ of J, is added.

Suppose J is one of the discrete components of B. If J is bounded, J=(a, b),
and J N B is finite, then ae B, be B’, hence D*G(a)=D*G(b)=0 (k=0,1,...,
m—1) for any G € #%(R), and integration by parts gives

6.7) f L*LF-G = f LF-LG, Fe23, GeX%(R).
J J

To establish this formula for a general component J we need another approxima-
tion lemma.

LeEMMA 4. Given G € #%(R) and >0, there exists a function ©, € H#5(J) whose
support includes only finitely many points of B N J and such that

(6.8) f [[G—®,[2+|LG—L&,J?] < &*.
J

Proof. Assume first J=(a, b), then a€ B’, b € B’, and since G € #(R), D*G(a)
= D*G(b)=0(k=0, 1, ..., m—1). Then the lemma is proved by arguments exactly
like those used in the proof of Lemma 2a of the preceding section. We next assume
J=(a, ) and a is not a limit point of J N B. Under our hypotheses on the co-
efficients of L, G € #5(R) implies D*G € Z,(R) (k=0, 1,..., m) (see, for example,
[4, VI. 6.2]), hence as n — oo, assuming, without loss of generality, G is real

(6.9) fw (DGR = o(l), k=0,1,...,m.
We now set "
(6.10) G.(x) = GX)E(n+1—x), x > a,

where E is the function defined in (5.12). Then G,(x)=0 for x=2n+1, G, € #%(J),
and the support of G, includes no more than a finite number of points of J N B.
Clearly,

{ f] (LG—LG,,)“}W < 2 { L 2ED'C)(1 - E(n+1— )P dx}m

A

(6.11)

A

2 sup Ia;(x)l{f] [D'G(x)(1— E(n+1—-x))I? dx}uz.

xel

On the other hand,

f [D'G(x)D°(1 — E(n+1—x)]? dx < J' * DG dx,
J n

J [D-*G(x)- D*(1— E(n+1-x))J* dx = f | [D'*G(x+m)DYE(1— )P dx
7 ]

(6.12) < sup [D*E(1—x)P f " (DGR dx,
x€e[0,1] n

1=0,1,....m; k=1,...,1L
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By (6.9), the right-hand terms of (6.12) go to 0 as n — c0; hence the same is true
of the right-hand term of (6.11). This shows that (6.8) is valid for ®,=G, with n
sufficiently large.

If J=(a, ) and a is also a limit point of J N B, then a combination of the
arguments in the proof of Lemma 2a and those used above yield the same result.
This is also true of the various possible cases with J=(— 00, 00).

We can now establish formula (6.7) for a general component J. If J=(a, o) and a
is not a limit point of J N B, then we make use of the fact that a € B’, hence
D*G(a)=0(k=0,1,...,m—1)if G € #2(R). Using Lemma 4, we find @, € 5£2(J)
which is equal to G near a, equal to 0 near oo, whose support includes only finitely
many points of J N B and for which (6.8) holds. Then integration by parts can be
carried out and gives f, L*LF-®,= j ;LF-L®,, and as e — 0, (6.7). If J=(a, )
and a is a limit point of J N B, then we find, by Lemma 4 again, @, € #2(J) with
compact support in J, such that (6.8) holds. Integration by parts can be carried
out and gives [, L*LF-®,={, LF-L®,, hence (6.7). By similar arguments one
disposes of the remaining cases.

Since (6.7) holds for every discrete component J=J, of B and since it trivially
holds for J=B’, it follows that (6.7) is valid for J=R. Therefore, we have proved

(6.11) (AF, G) = (F, G),, Fe 2}, GeHER).

In particular, (AF, F)=||F|?Zz0 for each Fe 2}, and this shows that A is a
symmetric operator.

We consider selfadjoint extensions Az of A, but only such whose domain is
contained in S#2(R):

(6.12) dom (Ap) < H#E(R).
This restriction symbolizes the boundary condition for our problem. We prove

THEOREM 4. The operator A=L*L+1 from Ly(R) to LH(R) with domain (6.3)
has a unique selfadjoint extension Ay with domain a subset of #5(R).

Proof. The construction of Ay is essentially that of the so-called Friedrichs
extension (see [5; §124]). If G € #2(R) and @ € Z,(R) then

(6.13) (G, @) = |G| [@] = |G|l
and, therefore, there exists a unique F € S#2(R), such that
(6.14) (G, ) = (G, F),, GeHLR).

We write F=T'®, and since by (6.13), | F|.=|®|, we see that I' is a bounded
linear transformation from %,(R) to S#2(R). If ¥ is arbitrary element of Z,(R),
and we use G=I"% in (6.14), we obtain

(I, (I)) = (FIF’ F)L = (F, FIF)L
—FT) = (¥, TD), O, ¥ec%R).
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This shows that I' is selfadjoint. Let I'; denote the restriction of I' to #£5(R). Of
course, I'; is a bounded selfadjoint operator on £4(R).

If I'z®=0 for some ® € £E(R), then by (6.14), (G, ®)=0 for all G € #%(R),
and since S#°8(R) is dense in £E(R), it follows that ®=0. Thus, I'; is injective, and
its left inverse Ap, for which

(6.15) Aglp® = O, D e LE(R),
is defined. If 25 denotes the domain of A (=the range of I'y) then (6.14) becomes
(6.16) (AsF, G) = (F,G), FeDp GeH(R).

Conversely, if Fe #2(R) is such that (G, F),=(G, @) for some ® € Z5(R), then
by (6.14) F=T®, hence ®=AgzF. Thus, (6.16) defines Z; and A completely.
Ap, as the left-inverse of the selfadjoint I';, is selfadjoint. Its domain 9, is a dense
subspace of SE(R). In fact, if G,e D3, then 0=(G,, F),=(G,, AgF) for all
F e 95. Since the range of Ay is Z5(R), this proves G,=0. Comparing (6.16) with
(6.11), we conclude that Ay is an extension of A. If A’ is any selfadjoint extension
of A with domain 2’'< #2(R) then by (6.14)

617)  (FT3A'G), = (F, A'G) = (A'F, G) = (AF, G) = (F, G),
for any Fe 9§, G € 2'. By (6.16), (AF, G)=(F, G),. Thus, (6.17) gives
(F,T3A'G—-G), =0

for Fe 2%, hence also for Fe s#%(R). Therefore, G=T3A'G, Ge 2y and AzG
= A’G. We have shown that Ay is an extension of A’, and since A’ is assumed to
be selfadjoint (hence maximal symmetric), it follows that A’= A,. The proof of
Theorem 4 is complete.

We now give an explicit characterization of the selfadjoint extension Aj. Let
H#1..(2) denote the class of functions F having absolutely continuous derivatives
of order £2m—1 on the open set Q<R and such that L*LF € £,(Q). Then we
have

COROLLARY 4.1. The selfadjoint extension Ay is characterized by
dom (Ap) = Dy = H'Y(R) N #,..(R—B) N ¢*"~*(R—- B),
AgF(x) = L*LF(x)+ F(x), x€R—B, Fe Z;.

Proof. Assume F e 2. We first show that F e 5#,.,(R— B). Let J be one of the
discrete components of the set B. By (6.16) we must have

(6.18)

(6.19) f AGF-G = f F-G+ f LF.LG
J J J

for every function G e S#3(R). If we denote (Az;—I)F by ®, LF by ¥, (6.19)
becomes (®, G)=(¥, LG), and by well-known arguments (see, e.g. [4, VI.1.9)),
one concludes that ¥ has absolutely continuous derivatives of order <m—1 in
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J— B, and that ®=L*Y¥. For F this means, F has absolutely continuous derivatives
of order £2m—1 in J— B, and AgF(x)=L*LF(x)+ F(x) for x €J— B. Since F
and AgF are in £ ,(R) we conclude F € 5#,..(R— B).

We show next that Fe €2"~2(R— B’). Let J be as above and assume D™~ *F
is discontinuous, for some maximal k,, 2<k,=<m, at some point x, €J N B.
Then one can show that D™~*LF is discontinuous at x,. We choose G € S#2(R)
so that x, is the only point of B in its support and that D*-~1G(x,)#0, whereas
D*¥~1G(x4)=0for k#ky, k=1,2,..., m. Then, proceeding as in (2.7), one obtains

(6.20) f LF-IG— f L*LF-G + 0,
J J

and this contradicts (6.16).

So far we have shown that &, is included in S#3(R) N 5#..(R—B) N
%2"-2(R— B'). Assume now F belongs to the latter set and J is as above. Then
integration by parts gives immediately

6.21) f LF.IG = f L*LF.G
J J

for every G € s#°5(J) with compact support in J. By Lemma 4, equation (6.21) is
valid for every G € s#2(R). Since this is true for every discrete component J=J,
of B, and trivial for J= B’, we have proved

(6.22) (F, G), = (L*L+D)F, G), G e #%(R).

Comparison with (6.16) shows that F € @5, and this completes the proof of the
corollary.

In the proof of Theorem 4 it was shown that the range of the operator Ag is
Z2(R). Therefore, we have

COROLLARY 4.2. For every G € ZE(R) there exists a unique solution F=T'yG

of the equation (L*L+ I)F=G which belongs to
HE(R) N H..(R—B) N €*"~%(R—-B').
The solution operator T'y is continuous.

For the boundary-value problem (/,,i-iv) on the finite interval I,, essentially
the same analysis can be carried out. The main difference is expressed in the
“natural boundary conditions” (I ,iv) for the endpoints of the interval. Thus,
we start with the operator A=L*L + I with domain.

2% = {Fe¥¢*(,,—B)N€*~*(I,,—B'): F(x) =0for xe B
and D¥LF(a) = D*LF() =0fork =0,1,...,m—2}.

The results are comprised in

(6.22)

COROLLARY 4.3. Suppose the set B is contained in the interval I,,=[a, b], whose
endpoints are not limit points of B. Then the operator A=L*L+1 from %5(1,) to
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ZLol,) with domain (6.22) has a unique selfadjoint extension Ap with domain Dy
a subset of #%(1,,). Explicitly:
Dp = {Fe H(lop) N Ho(liy—B) N €2 2(I,— B') :
(6.23) D*LF(a) = DXLF(b) =0 fork =0,1,...,m—2},
ApF(x) = L*LF(x)+ F(x), xe€lyp—B, Fe 9.
For every G e F5(l,,) there exists a unique solution F=T3;G of the equation
(L*L+I)F=G which belongs to Dy.
In the special case where B is a finite set, the above descriptions of 2y and 2% are
simplified.
23 = {Fe®™I,—B)N¥*"~2(1,) : F(x) = 0for xe B
and D¥LF(a) = D*LF(b) =0 fork =0,1,...,m—2},
Dy = {Fe #3"(,—B)N €™~ %(1,,) : F(x) = 0for xe B
and D*LF(a) = D*LF(b) =0 fork =0,1,...,m—2}.
It is clear in this case that the selfadjoint extension Ay is simply the closure of A.
The same is true for each of the selfadjoint extensions in this section.

(6.24)

7. Approximations of the solution. Let J be a discrete component of B. We will
construct a sequence of approximations converging to the unique solution F of
(1i, ii, iii, iv) if J is an interval of type I while if J is an interval of type II or III the
approximations will converge, respectively, to that solution F of boundary-value
problem II or III which is singled out as the unique solution of the associated
minimization problem. For the case J=R we will require that B contain a
Tchebychev set {x; < - - - <x,} for L. Notice that we do not require that condition
(4.1) be satisfied and, in general, the solutions of the boundary-value problems II
and III will not be unique. The convergence of the approximations takes place in
#,(J), which implies, in particular, uniform convergence of the derivatives through
order m—1 on compact subsets of J.

Suppose then that J is an interval of type I of the form J=(q, b) and let B,
={x1, X, . . ., X,}<J N B if J N B is not empty. The boundary-value problem

) AF,(x) = 0, xeJ—B,,
(7.1 (I"ii) Fy(x) = f(x), x€B,
D (I"iii) F, € #,(J) N €2™(J— B,) N €2"~2(J)

I"iv) D¥F,(a) = D*f(a), D¥F,(b) = D*f(b), k=0,1,...,m—1,
has a unique solution, and

(71.2) inf [ (LG = f (LF)?

Gea, Js
where %,={G e #,(J) : G(x)=f(x), x€ B,, D*G(a)= D*f(a), D*G(b)= D*f(b),
k=0,1,..., m—1}. The solution F, is characterized by the orthogonality property

.3) f LE(LG—Lf) = 0 for all Ge%,.
J
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Now if BN J is an infinite point set, say B N J contains a sequence converging
to a or b, and if we write

BnJ= () B,
n=1

where B,< B, . ,, then we have the following:

THEOREM 5. Let F, be the solution of (IM, ii, iii, iv) for n=1,2,.... Then F, -~ F
in #,(J) where F is the solution of the boundary-value problem (li, ii, iii, iv) on J
(which is unique by Theorem 3a).

Proof. By (7.2) and (7.3) we have

(7.4) [ary s [apn
(1.5) [ary s [ary nsw,
(1.6) f] (LFy—LF,)? = L (LFy)*— L (LF)?, ns<N.

Using the norm
m-—1

1.7) iz = 3, @@+ | @i,
k=0 7

it follows from (7.4), (7.5) and (7.6) that F, converges in J#,(J), say F,— G.
Since convergence in the norm (7.7) implies pointwise convergence it follows that
Ge (-1 U,. It follows from (7.4) that

[ aor = im [ary s [ arr

Since F is the unique solution of the minimization problem
inf [ (zuy = f (LF)?
ue N #n J7 J

it follows that F(x)=G(x) for all x € J and hence F, — F as asserted.
If J is an interval of type II, say J=(a, o) for concreteness, and B,<J N B is
chosen as before, then the boundary-value problem

(1) AF,(x) =0, xeJ—B,,
78 (Iii) Fy(x) = f(x), x€B,
(7.8) (II"ii) F, € #,(J) N €*™(J—B,) N €2"~2(J),

(I1"iv) D¥F,(a) = D*f(a), k=0,1,...,m—1,
has a unique solution, and [, (LF,)*Z {, (LG)?, G € %,, where now

U, = {GeH(J): Gx) = f(x), x€ By, GP(a) = fa), k =0,1,...,m—1}
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As before, the solution F, is characterized by the orthogonality property
f LF(Lf~LG) = 0 forall Ge %,
J

By using the minimizing and orthogonality properties of F, one shows as before
that F, — F in 5#,(J) with respect to the norm defined by (7.7), where F is the
unique solution of (Ii, ii, iii, iv) which solves the minimization problem

inf [ (LG = f (LF)?,
Ge#% JI J
where
(19) % ={GeHA(J): Gx) = f(x), xe B,GP(a) = f¥(a),k=0,1,...,m—1}.

Now, if J=R, then let B,={x; < - - - <x,} be a Tchebychev set for B and define
a norm by

(1.10) 161t = 3. G+ [ oy

on H#,(R). The norm defined by (7.10) is clearly equivalent to the norm determined
by (2.3). Consider sets B,,<B,< B, ,; < B as before.

Setting £,=min,cz, x and n,=max,p, x then there is a unique solution F, of
the boundary-value problem

(LTI AF,(x) = 0, xeR—B,
.11 (1) F(x) = f(x), x€ B,
(LI Fe #,(R) \ €*"(R) A €% R—B,),
(i)  DHLF)&) = DLF)n,) =0, k=0,1,...,m=2,
and
L (LG)* > fR (LF),, Ge,, G +F,
where

Uy = {G e H(R) : G(x) = f(x), x € B,}.

A corresponding orthogonality property holds and one concludes as before that
F, — Fin J#(R) with respect to the norm defined by (7.10), where F is that solution
of (IIli, ii, iii, iv) for which

L (LG > fR (LFY, Ge® G+F
and

(7.12) U = {GeH(R) : G(x) = f(x), x € B}.
We summarize this discussion in

THEOREM 6. The solutions F, of (II™, ii, iii, iv) converge in 5#,(J) to that solution
F of boundary-value problem 11 which minimizes [ (LG)? in the class of functions
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(7.9) if J is an interval of type 11. If J=R and B contains a Tchebychev set then the
solutions F, of (III™, ii, iii, iv) converge to that solution F of boundary-value problem
111 which minimizes (g (LG)? in the class of functions (7.12).

8. More general differential operators. In this section we seek a solution F of a
differential equation A’F=0 of order 2m. In contrast with §2 it is no longer assumed
that A’ is of the form L*L, but more generally we suppose that there are differential
operators L,, p=1, 2, ..., g, with coefficients in ¥™(R) such that

mp
(8.1) Lp p— Z alle,
1=0
q
(8.2) A = Z L;‘L‘, = a’2nD2m+ e +ao,
p=1

where L} denotes the formal adjoint of L,. Moreover, we suppose that m=m,>m,,
(1=2p<gq) and a,(x)=am(x)Z«>0 for all xe R.

Let 5#' =2¢'(R) denote the class of real-valued functions G on R with G™~?
absolutely continuous for which >2_; [ (L,G)? <co, with the quadratic norm

5.3 61" =3, 16201+ 3, [ .07

One verifies easily that s#’ with the corresponding inner product is a Hilbert space.
Let B be a closed subset of R. We distinguish the two cases when B’ is nonempty
and when B’ is empty. In the latter case we assume that B contains a finite subset
B, such that

(84) Fes#', LF=0(pp=1,...,9), F(x) =0 (xeBy)=F=0.

The boundary-value problem to be considered, for a given f e 5, is of the form,

(8.51) NF(x) =0, xeR—B,
(8.5ii) F(x) = f(x), xe€B,
(8.5iii) Fe #'(R) N €>"(R— B) N €>~%(R—B').

We now prove

THEOREM 7. Suppose B is a closed set of real numbers, B’ the set of limit points
of B, and suppose (8.4) holds if B' is empty. Let A’ be the differential operator (8.2)
and let fe 3#'. Then there exists a solution F=F, of the boundary-value problem
(8.51, ii, iii), where F, uniquely minimizes 3%_; (g (L,F)* among all functions
F e s for which F(x)=f(x), x € B.

Proof. In this case we cannot make use of the results of [2] to prove the existence
of an element minimizing >¢_; [ (L,F)? since we do not have the analogue of the
operator L in §2. However, the existence of the minimizing element is easily
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demonstrated directly by considering the minimization problem in 5#'(R) rather
than in %,(R). We seek an element F, in the flat

(8.6) ¥ ={GeH' : G(x) = f(x), x € B}.

The parallel subspace ¥°={G € s#' : G(x)=0, x € B} is clearly closed in 5#’. We
now introduce new quadratic norms in J#”, equivalent to (8.3):

m-1 q
1G]*2 = > [GP@F+ D f (L,G? ifacB # o,
(8 7) k=0 p=1 JR .

IG|** = > [Gx)P+ qzl L (L,G? if B = g.

x€Bg

Thus ¥ is closed in ' with respect to the norm (8.7). Now, minimizing
i1 fr (L,G)? for G € ¥ is equivalent to minimizing |G|* and it follows that
there exists a unique F, € ¥" such that

8.8) Z [ @Fy = min 2 [ aor

From this minimizing property one infers

®9) > [, @Faw,6 = o

for every G € ¥"°. As in the proof of Theorem 1 one concludes next that Fy e
¢?™(R— B) and

q
(8.10) ANFyx) = D LILFyx) =0, xeR-B.
p=1

Next suppose J is an open interval in R— B’ containing exactly one point x,
of B, and G is an infinitely differentiable function with compact support in J and
vanishing at x,. We use the notation

@8.11) (F) = F(x4), [F]= F(xx—0)—F(x4+0)
introduced in §2. Then repeated integration by parts in (8.9) gives

@612 °° 2, L (L,F)(L,G) = (DGY{(— 1)"(@2)[D*™~2F,]+ - - -}

p=1

+(D2OH(— )"~ ap)[D*" ~°Fy]+ - - -}+ - - - + (D" *G)(an)[ D" Fy].

The dots in each of the bracketed expressions stand for terms involving jumps at
x4 of derivatives of F, of order lower than those that are written. By choosing G
so that (DG)=-.-=(D""%2G)=0, (D"~ 'G)=1, we conclude first [D™F,]=0.
Recursively, we find

®.13) [F] = [Fg=] = -+ = [Fg"~] = 0,
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hence F, € €2™~%(J). Altogether, we have proved that F=F, is a solution of
(8.5i, ii, iii).

Problem (8.5) decomposes into separate problems on the disjoint open intervals J
of R—B’, exactly as in §3. We can then describe uniqueness conditions as in §4.
Indeed, the condition which replaces condition (4.1) is

q q
@14) > LLF=0, > f(L,,F)2 <w=ILF=0, p=12..,4
p=1 p=14JI

if N B=g and I contains + 00 (—00).
Condition (IV) on the solution F becomes in this case:
q

lim > B,[F,G)(x) =0 if +oo (—00) is a limit point of J N B,

X— + 00 (— o) p=1
q q
(VY lim > B,F,Gl(x)— lim > B,[F,G)(x) =0
X— p=1 X— — p=1
if +00 and —oo are limit points of J N B

for every function G € 5#'(R) that vanishes at the points of B. Here
mp—1 mp
8.15) BF,Gl= > > (-D) *Ya,L,F)D*G.

k=0 1l=k+1

As in §4 the condition (IV)" does not restrict the class of problems for which
solutions exist. Indeed, we have

THEOREM 8. The restriction to J of the solution F, of problem (8.5i, ii, iii) which
minimizes Y3_ [ g (L,G)? satisfies condition (IV)'.

Corresponding to Lemmas 2a and 2b of §5 we have the following two lemmas:

LEMMA Sa. Let I=(0, x,) and let x,>x,> --- be a sequence converging to 0.
Let Fe o#'(I), F(x,)=0 for n=1,2,.... Then for each >0 there exists a function
®, in H#'(I) which vanishes at x,, X, . . ., Xy, . . . and near 0, which agrees with F
near x; and for which

(8.16) > f (LF—L,®,)° < é.
p=19JI

Proof. By Lemma 2a there exists a function ®, € #; (I) vanishing appropriately
and agreeing with F near x; such that (5.11), with r.h.s. ¢ 2/g, holds for L=L, and,

[ F-rop < [q f:l L ™ L,60x, O dx df]_le‘*’

for 1=p<gq, where L, operates on the function 0(-, £) and where 8(-, £) is the
unique kernel satisfying L,0(-, £)=36;, D*0(¢, £)=8, n-1 (k=0,1,...,m—1).
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Using the representation
DIG(x) = f ' DLO(x, HLGE) dE, j=0,1,2,...,m—1,
o

valid for every G € 5, (I) such that D*G(0)=0 for k=0, 1, ..., m—1, we obtain
the estimate, for 1 <p<gq,

(LF-L0F = [ [ LoC, OILFO-LoA0)] a| ’

< f L6, O dt f [LF—L,®,
0 I
and

.[, [L,F—L,®,] < L fo L, 00k, O dx dt J; [LF—LOP < ¢/g.

Now @, € #; (I) (1=p=gq), hence ®, € #'(I), and (8.16) is proved.
A similar proof yields

LEMMA 5b. Suppose -+ - x_o<X_1<X1<X3<---,
limx_,=a> —o0, limx, =5b < o©; I=(a,b), Fexy)

such that F vanishes at ..., X_g, X_1, X1, X2, . . .. Then there exists, for each ¢>0,
@, e'(I) such that O, vanishes near a and b and at . .., x_y, X _1, X1, X2, . . . and
such that

q
> f (LF—L,®,)° < &,
p=1JI

We now have, from Lemmas 5a, 5b,

THEOREM 9a. The solution of boundary-value problem (1) for the operator A’ on
the bounded interval J is unique.

THEOREM 9b. The solution of problems (11) and (III) for the operator A’ is unique
if J N\ B is bounded.

THEOREM 9c. Problems (11), (IV)' and (II1), (IV)’ for the operator A’ have unique
solutions if J N B contains a sequence that converges to +oo andfor —oo.

Condition (IV)’ can be replaced by (V) if the following additional hypothesis is
assumed:

(8.17) The coefficients @, = 0, 1,...,m,; p = 1,2,...,q) are bounded.
Lemmas 3a and 3b of §5 are replaced by the following lemmas:

LEMMA 6a. Suppose (8.17) holds, x, <x3< - - -, lim x,=00, I=(x;, o0), Fe#'(I),
F(x,)=0 for n=1,2,...,lim,_, D*F(x)=0 (k=0,1,...,m—1) and ¢>0. There
exists a function ®, € #'(I) which vanishes at x,, X5, ... and near +oo and for
which

q
> f (L,F—L,D,)% < 2.
1

p=1
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Proof. Apply (5.28) to each L,.
In a similar way Lemma 3b is extended by

LEMMA 6b. Suppose (8.17) holds, ---x_o<X_1<X;<Xa<-++, liMX_,=X_o
2 —oo,limx,=x, =00, I=(X_«, Xx), FEH'(I), F(x_,)=F(x,)=0forn=1,2,...,
limey, o D*F(x)=0 (k=0,1,..., m—1) if Xo=+00 (X_,=—00) and £>0.
Then there exists a function ©, € #'(R) which vanishes at ..., X_g, X_1, X1, X2, . . .
and near x _ ., and x ., such that

q
D f (LF—L,®,)° < &,
p=1JI
We then have

THEOREM 10. Under the hypothesis (8.17), problems (II), (V) and (111), (V) for the
operator A’ have unique solutions if J N B contains a sequence that converges to
400 andfor —oo.

Proof. By the proof of Theorem 3d, it follows that the difference G of any two
solutions of the given boundary-value problem must satisfy lim,_, ; (- », D*G(x)=
0(k=0,1,...,m—1). Lemmas 6a, 6b apply to yield @, such that, for every ¢>0,

,,21 ( L (L,G)*— L L,,GL,,cps)

But 3¢_, |, L,GL,®,=0. Therefore, >2_, |, (L,G)*=0 and it follows that L,G=0
for each p=1, 2,...,q. Thus, G=0 since we have assumed condition (8.4). This
proves the uniqueness.

If B is bounded from one or both sides then we expect the solution of problem
(8.5i, ii, iii) to be of “lower degree at infinity.” This special behavior at oo is now
to be explored. It cannot be characterized as in the case of problem (Ri, ii, iii) since
the analogue of the operator L is not available now. However, we will show now
that the characterization of the behavior at oo for solutions of (Ri, ii, iii) has an
equivalent formulation, which can be extended to the more general case. In par-
ticular, let sup,.s x="5b < o0 and suppose the solution F of (Ri, ii, iii) is unique. Then,
by Corollary 2.1, LF(x)=0 for x> b.

Defining 5#;, as the Hilbert space of those functions in H#(R) restricted to
(b, ), with quadratic norm

< &

8.17) lelie,, = 2, [e°®OP+ [ €

we observe that F,, the restriction of F to (b, o0), is in 5, and satisfies (F, 8, =0
for every g € J#,, satisfying g®(b)=0 (k=0, 1, ..., m—1). We designate the sub-
space of all such functions g by #°9 and we define #; to be the parallel flat
obtained by translating #°J by F,. Then clearly F, € #;, N #°3*. Moreover, if



1971] LINEAR ORDINARY DIFFERENTIAL EQUATIONS 263

G eW, N WYL, then for every ge #79,
f LGLg = 0,
b
and it follows that G solves

(8.18) inf [~ Ly = f LGy
b

hew ", Jo

and, since (8.18) has a unique solution, it follows that
[aer - [ arr-o,
b b

i.e., G=F,. We have thus shown that the behavior at co of F, characterized by
LF(x)=0 for x> b, is equivalent to the characterization that the restriction of F
to (b, o0) lies in #;, N #3*. This result generalizes in the following manner.

Suppose F uniquely solves (8.5i, ii, iii) where sup,.z x=b<o0. Let 5, denote
the Hilbert space of functions which are the restrictions to (b, o) of the functions
of ', with quadratic norm

m-—1 q ©
lelds = 3. 1O + 2 [~ Lo
k=0 p=1Vb
and let
Wy = {geHy: g®b) = FOb), k = 0,...,m—1},
with parallel subspace, of codimension m,
Wi ={geH,:g¥b)=0,k=0,1,...,m—1}.
We have then

THEOREM 11. If the set B satisfies sup,.z x=b<oo and if the solution F of the
boundary-value problem (8.51, ii, iii) is unique then the restriction F, of F to (b, o)
is of lower degree at infinity. More precisely, F, lies in the m-dimensional subspace
WOt of H#y and is the unique element in W, N\ W%, There is a similar statement
if inf,.p x=a> —o0.

Proof. Define G as the unique solution of the minimization problem

(8.19) inf > L " (L = Z L ® (LG

hey‘ p=1

Notice that G is characterized by the orthogonality relation

q -
> J L,GL,g = 0
p=1Jb

forallge #',°, i.e. Ge# N W OL
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We show now that G=F,. Indeed, consider the function

F,(x) = F(x), x= b,
=G(x), x> b,

and observe that Fy(x)=F(x) for x € B and F, € #'(R), hence now,
> [wrr=3 [ @wrr+ 3 [T wor
SIS [ @y

II/\

by (8.19). Hence

2 fk (LyFe)? = ‘21 L (L,F)?

and since F uniquely solves

inf > L (L) = 21 fk (L,F)?

hey” p=

it follows that F=F,. In particular, F,=G. This completes the proof of the
theorem.

The approximation theory of §7 carries over here in a similar manner. We need
only assume that condition (8.4) is satisfied if J=R.

REFERENCES

1. Michael Golomb and I. J. Schoenberg, On #™-extension of functions and spline inter-
polation, MRC Technical Summary Report #1090, 1970.

2. Michael Golomb, Splines, n-widths and optimal approximations, MRC Technical Summary
Report #784, 1967.

3. Israel Halperin, Introduction to the theory of distributions, Univ. of Toronto Press,
Toronto, 1952. MR 13, 658.

4. Seymour Goldberg, Unbounded linear operators: Theory and applications, McGraw-Hill,
New York, 1966. MR 34 #580.

5. F. Riesz and B. Sz. Nagy, Legons d’analyse fonctionnelle, 2nd ed., Akad. Kiad6, Budapest,
1953; English transl., Ungar, New York, 1955. MR 15, 132; MR 17, 175.

PURDUE UNIVERSITY,
LAFAYETTE, INDIANA 47907
CASE WESTERN RESERVE UNIVERSITY,
CLEVELAND, OHIO 44106



