
TRANSACTIONS of the
AMERICAN MATHEMATICAL SOCIETY
Volume 162, December 1971
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ANALYTIC FUNCTIONS

BY

CLASINE van WINTER^)

Abstract. It is shown that the Hardy class §2 for the upper half-plane is equal to

the set of functions f[r exp (/<£)] which are analytic in the open half-plane and square-

integrable with respect to r for 0 < $ < -n. A function /is in §2 if and only if its Mellin

transform with respect to r is a constant times/(r) exp ($>t—i(j>ß), where/must belong

to a certain £2-space. This result enables/in ip2 to be constructed from its boundary

values on the positive real axis.

A study is made of a class SÎ consisting of integral operators K on §2 having

kernels K{r, r', <f>) which are square-integrable with respect to r and r'. It is found

that $ is a Hubert space and is a proper subset of the Schmidt class. The class Ä is

not an ideal in the algebra S3 of all bounded operators on Jp2, but there is a Banach

algebra 91 which is dense in 33 and contains Ä as an ideal. An operator A in 91 is

associated with a family of operators A(<t>) on £2[0, oo). As a result, a Fredholm

equation on §2 with a kernel K in fí is associated with a family of equations on

S2[0, oo) with kernels K(<¡>). The solution of the equation with kernel K(<j>) has an

analytic continuation which solves the equation on 4?2 with kernel K, and all solutions

in §2 can be obtained in this way.

Arguments based on the Mellin transform show that the kernels K(r, r', <j>) of

operators in 5Í form a Hardy class §2(2) of functions of two variables, one complex

and one real. A generalization leads to Hardy classes §2(n) of functions of« variables.

On §2(«), there is a class of operators fí(n) whose kernels form a class §2(2n).

This formalism was developed with a view to the «-body problem in quantum

mechanics. It is explained that the results on §2(n— 1) are instrumental in evaluating

quantities which occur in the theory of «-particle scattering.

1. Introduction.

1.1. Motivation. Consider an integral equation of the form

(LI) Ar) = g(r)+ r (r-X)-*V(r, r')f(r') dr'       (0 ï r < oo),
Jo

where/and g are in S2, the function g is known and/is to be found. Let A be a

complex number and suppose that j"^ | V(r, r')\2 dr' exists and is bounded uniformly
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in r. This gives an equation which occurs in quantum mechanics when one studies

the scattering of two particles [3, p. 1077], [4, pp. 178-197], [7, pp. 319-322]. The

variable r would represent the kinetic energy of the relative motion of the particles,

V describing their interaction. The resolvent of the two-particle Hamilton operator

satisfies an equation like equation (1.1).

If A is not real and V satisfies the assumption stated above, the equation has a

kernel in the Schmidt class. Hence it can be solved in terms of a quotient of two

Fredholm series. If A tends to the positive real axis, however, the Fredholm series

cease to converge and so the solution breaks down. This difficulty is directly related

to the Hamilton operator having a continuous spectrum along the positive real

axis. Now, scattering theory can be regarded as the physics approach to studying a

continuous spectrum. In fact, for applications to physics it is essential that we try

and tackle equation (1.1) in the case that A takes positive real values.

At this point, it is helpful to observe that one does not really need a complete

solution of equation (1.1). It can be shown that observable scattering quantities

have the general structure of

(1.2) rf(r)h(r)dr,
Jo

where/satisfies equation (1.1) and h is a suitable function in 22. Through equation

(1.1),/will depend on A, hence f=f(r, A). Further simplifications arise from the

fact that one merely requires

(1.3) lim Tf(r, I-ie)h(r)dr,
£-0 Jo

it being understood that /2:0 and e^O. Thirdly, it often suffices to consider func-

tions/corresponding to smooth functions g in equation (1.1), and it may often be

assumed that V also has suitable smoothness properties. In this paper, we develop

an approach to equation (1.1) and related equations which exploits all three

simplifying circumstances.

1.2. The Hilbert space |>2. To begin with, we only consider functions g which

are boundary values, as <j> tends to 0, of functions g^e1*) which are analytic in the

open upper half-plane and have the property that

(1.4) r¡g(re^)\2dr
Jo

exists and is bounded, uniformly in j> for 0<<j><tt. For applications to physics, it

is actually sufficient to assume that g is analytic and that the integral (1.4) con-

verges merely in some sector 0<</><</>, with >¡i<tt, but in the present paper we

prefer the notational convenience which results from working in the whole upper

half-plane.

According to Theorem 2.7 below, the set of functions g considered in the previous

paragraph is precisely the Hardy class £>2 for the upper half-plane. This is usually
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studied by considering analytic functions g(x + iy) and letting y vary. In the present

paper, however, it is essential that we use polar coordinates r, <f> and vary </>. This

results in an approach to §2 which appears to be new. Our major analytical tool is

the Mellin transform. It is shown in Theorem 2.9 that a function g(/ei'*) is in §2 if

and only if its Mellin transform with respect to r is of the form g(t) exp (<f>t-%i</>),

where g must satisfy

(1.5) P   (l+e^lg^dt < oo.
J — 00

This result can be regarded as an analogue of the Paley-Wiener theorem [2, p. 131],

[5, p. 8], [9, p. 128]. It enables g in £>2 to be constructed explicitly from its boundary

values g(r) on the half-line r^O and is also instrumental in showing that the set of

boundary values g(r) of functions g in Sq2 is dense in the space of functions which

are defined on r^O and are square-integrable. The latter space is simply denoted

by 22 in the present paper. The above facts are discussed in Remark 2.11 and

Theorem 2.17.

If/ and h are in §2, then

(1.6) i°°/(rei'*)/i(rei*)ei* dr

does not depend on </>, by Corollary 2.8. Suppose, therefore, that the solution/(/•)

of equation (1.1) is the boundary value of some/in §2, and let the same hold true

for h(r) in the expression (1.2). Instead of actually finding the quantity (1.2), it

then suffices to evaluate the integral (1.6) for some convenient nonzero </>. Now

suppose that V has analyticity properties which enable equation (1.1) to be con-

tinued analytically, /(re'*) being a solution of the continued equation. All we have

to do, then, is to solve equation (1.1) for some convenient <j> and insert the solution

in the integral (1.6). But if r in equation (1.1) is replaced by re'*, with 0<</>^tt,

then there does not seem to be any problem involved in writing X = l—ie and letting

e tend to 0. Hence, it should be possible to evaluate the expression (1.3) by first

rotating the path of integration, next performing the limit with respect to e. This

idea was put forward by the author in reference [12]. Working out all details also

requires the results of references [10] and [11].

1.3. The class of integral operators ®. For the above ideas to be applicable, it

is not essential that A enters in the integral kernel precisely in the form (1.1). In

the main body of this paper, we therefore drop A altogether and we address our-

selves to the general problem of studying a class S of integral operators K on §2

which act according to

(1.7) Kf(re^) = P K(r, r ', </))f(r 'e^e'* dr ',
Jo

the integral kernel satisfying

(1.8) \K(r, r', <j>)\2 dr dr' < oo.
Jo Jo
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The set of functions K which are kernels of operators K in S is also denoted by Si.

Theorem 3.5 says that an integral operator A'on §2 is in Si if and only if the Mellin

transform of its kernel has certain properties analogous to equation (1.5). According

to Theorem 3.8, one can define an inner product so that Si becomes a Hubert

space. This space is a proper subclass of the Schmidt class <S on §2, by Theorem

3.11. In the Schmidt norm, Si is dense in ©, by Theorem 3.12.

1.4. The class of operators 91. It is well known that the Schmidt class <3 is an

ideal in the algebra 93 consisting of all bounded linear operators on §2. An example

in §4.1 shows that Si is not an ideal in 93. This may give rise to various difficulties in

the applications which we have in mind. §§4.2-4.4 are therefore devoted to a

Banach algebra 91 of operators on §2 which is a proper subset of 93 and contains

Si as an ideal. The set 9Í is dense in 93 in the strong topology, by Theorem 4.19,

but it is pointed out in Corollary 4.21 that there are operators in 93 which cannot

be approximated uniformly by operators in 91. Any operator of finite rank obviously

belongs to 93, but Remark 4.18 shows that there are operators of rank 1 which do

not belong to 91.

If/runs through §2, but </> is kept fixed, so that/(re1*) is regarded as a function

of r only, then the functions/(re'*) yield a set 1>(<f>) which is dense in £2, by Theorem

2.17. Now let A be in 91. The restriction of /l/(re'*) to fixed <f> can then be written

in the form A(<f>)f(rei(t'), this defining an operator A(<f>) having a unique continuous

extension to all of S2, by Lemma 4.9. This is the decisive feature of the class 91

which makes it useful for applications. In particular, it is due to this property that

one can consider an equation on Q2 involving operators in 91, restrict the equation

to 4>=0, and obtain a meaningful equation on S2.

Given some fixed A in 91, the logarithm of the S2-norm of A(<f>) is a convex

function of </>, by Theorem 4.10.

1.5. Fredholm equations. The properties of the class 91 are used, in particular,

in §5, which discusses Fredholm equations on §2 with kernels in Si. If \/y is not

an eigenvalue of K, one can solve the equation

( 1.9) f(rew) = g(rei"') + y f °° K(r, r ', j>)f(r 'e^e** dr '

with Schmidt-class methods on §2, next <f> can be restricted to some fixed value.

Alternatively, <j> is fixed first, the restriction of Kto 2)(^) is extended to the operator

K(<j>) on S2, and/is found from an equation on S2 with kernel K(<¡>). Theorems 5.4

and 5.5 state that the two approaches give exactly the same result. Thus, the

restriction of the solution is the solution of the restricted equation. If we think

primarily in terms of equation (1.1), and if this is the restriction to </> = 0 of an

equation on §2 with a kernel in Si, then we can also say that the solution of the

restricted equation has an analytic continuation which solves the analytically

continued equation.

In case 1/y is an eigenvalue of the operator A' in equation (1.9), it is also an
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eigenvalue of all operators K(</>). The restriction to fixed <f> of an eigenvector f(reié)

of A'is an eigenvector of K(<f>), and the functions/(re'*) obtained in this way together

account for all eigenvectors of K(<f), by Theorem 5.8.

Summarizing, our program for evaluating the integral (1.3) can be carried through

whenever V(r, r') in equation (1.1) is so as to make (r — l+ie)'1V the boundary

value A^(0) of an operator K in Ä.

1.6. Functions of several variables. With arguments based on the Mellin trans-

form, it is shown in §6 that the functions K(r, r', <f>) in SÎ depend only on re'* and

r'e'*. Writing

(1.10) r = p cos 0,   r' = P sin 0       (0 ^ P < oo, 0 = 9 = tt/2)

yields functions &(pe'*, 9) such that

(1.11) f*'\/0 f" !*(/*'*. ^IV*
Jo Jo

exists and is bounded, uniformly in <f> for 0<</)<tt. This result resembles the

expression (1.4). Indeed, Theorem 6.2 and Corollary 6.4 state that the functions K

in 5Î form a Hardy space ©2(2) of functions of pe'* and 0, the variable 0 being real

and pe'* taking values in the upper half-plane. This space provides an appropriate

framework for studying equations like

f(ri, r2) = g(rx, r2)

(1.12) i"° rm
+ [(rl + ñf^-Xyw^, r2, r[, r'2; X)f(r[, r'2) dr[ dr2,

Jo  Jo

which occur when one considers the scattering of three particles. If in such equations

it is demanded that / be the boundary value of a function in §2(2), this means,

essentially, that Ä is not only regarded as a space of two-particle operators, but at

the same time as a space of three-particle functions. The class Ä being an ideal in 91

then means that 9Í is an algebra of two-particle operators which can also be

applied in a meaningful way in three-particle systems.

The results of the present paper can be extended without difficulty to Hardy

spaces §2(«) of functions of« variables (n = 2, 3,...), one complex and n—\ real.

The space §2(/i—1) is useful for studying systems of n particles along the lines

indicated above. Detailed applications to physics will be published in a separate

paper.

2. The Hilbert space.

2.1. General properties. Let/be an analytic function, regular in the upper half-

plane, and assume that there is a constant H such that

(2.1) P   \f(x+iy)\2dx<H      (y>0).
J — oo
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Then there exists a function f(x) in S2 such that, as y tends to 0, the function

f(x+iy) tends to/(x) for almost every x. Furthermore,

(2.2) lim P   \f(x+iy)-f(x)\2dx = 0.
3/->0 J-oo

In the upper half-plane,/is the Poisson integral of its boundary function according

to

(2.3) f(x + iy) = (y/Tr) P   [(u-x)2+y2]-y(ü)du.
.1 — 00

These facts are discussed in Titchmarsh's book [9, pp. 125-128].

The set of all functions having the properties listed above is called the Hardy

class §2. With the inner product

(2.4) (f,g)= P  f(x)g(x)dx,
J — 00

§2 becomes a Hubert space, which we likewise denote by ©2, see Hoffman's book

[2, p. 104].
Now consider the function class © characterized by the following definition.

Definition 2.1. The class of functions/which are analytic, regular in the upper

half-plane, and have the property that

(2.5) P \flre»)\*
Jo

dr

exists and is bounded, uniformly in <j> for 0<<f><ir, is denoted by ©.

It is our first objective to show that a function / is in © if and only if it is in

£>2. The proof depends on several lemmas.

Lemma 2.2. If fis in §2, then it is in &.

Proof. Since / is in §2, it can be written as a Poisson integral according to

equation (2.3). The integral (2.5) thus takes the form

(sin¿)27r-2P[r2¿rP    P   \f(u)f(v)\
JO     L J — co   J — co(2.6)

x(u2 + r2 — 2urcos <f>Yi(v2 + r2 — 2vr cos <tj)-1 dudv

It suffices to show that this is bounded uniformly for 0<</><tt. Writing w = rf,

v=rr¡ reduces the integration over r to

(2.7) J" \f(rt)f(rv)\ dr â |ft| "1/a £ \f(u)\2 du.

Thus, it only remains to prove that

(2.8) sin^P   |í|-1/2(í2 + l-2fcos^)-1í/í
J — 00
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is bounded uniformly in </>. On the intervals — oo < <f < — j and j < <f < oo, the factor

|fI"1'2 does not exceed 51'2. Since

(2.9) sin^P   (e + l-2{cos<l>)-1dÇ = tt,
J — CO

the two intervals under discussion do not give difficulties.

Now consider the interval — }^<f^j and suppose first that sin^^f. Then

| cos <f>\ äf, hence (<f—cos £)2ä-^- and

(2.10) (sin¿)(i2 + l-2f cos<¿)-i g f.

Next, suppose that sin^^f. Since <f2 +1 — 2f cos </>^sin2 </>, this case again gives

equation (2.10). Thus, on — j^f^j, the integrand in the expression (2.8) does

not exceed a constant times |<f| "1/a. Since this is an integrable function, we may

conclude that the expression (2.6) is bounded uniformly for 0 < <f> < tt. This com-

pletes the proof of the lemma.

2.2. Functions in ©. In showing that $2 is contained in ©, the essential points

are that/in g>2 has boundary values, and that it can be expressed as an integral in

terms of these. We proceed to show that functions/in © also have these properties.

Once this result is available, it is but one step to see that © is contained in §2.

Lemma 2.3. If fis in ©, then there are boundary functions f(r) and j'(re'") such

that

(2.11 ) lim f°° |/(re'*)-f(re"")\2 dr = 0       (i/, = 0,tt).
<t>->\l> Jo

Proof. The change of variables

(2.12) re'* = ew,       w = u+iv

transforms the upper half-plane into the strip -oo<w<oo, 0<t;<ir. If/is in ©,

then the function

(2.13) F(w) = (re^)ll2f(rei"')

is analytic in the strip and has the property that

(2.14) P   |F(«+zïO|2a«
J— 00

exists and is bounded uniformly for 0<t;<7r. This follows immediately from

Definition 2.1 for ©. From the theory of functions analytic in a strip [5, pp. 3-8],

[9, p. 131], it follows that there are boundary functions F(u) and F(u + ítt) such that

(2.15) lim P   \F(u + iv)-F(u+i</j)\2du = 0       (<£ = 0, tt).
»-•*  J- 00
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Given equation (2.13), the boundary functions F correspond in an obvious way to

boundary functions/ Expressing equation (2.15) in terms of/and the variable

re'* easily gives the desired relation (2.11).

Lemma 2.4. If fis in © andO<<f><TT, then

(2.16) lim rll2f(re^) = 0,       lim rll2f(rei"') = 0,
r-*0 r-»oo

the limits being attained uniformly in </> in any closed interval 0<<f>yfij>fi<j>2<TT.

Proof. In the notation of equation (2.13), it suffices to show that F(w) tends to 0

as u tends to +co, uniformly in v for 0<y1^u^u2<77. Now, F(w) can be written

in the form

(2.17)

F(w) = (2TTÍ)-1 r   (x-w)-1F(x)dx
J— 00

/»CO

— (277/)"1 (x + ítt—w)~ 1F(x + in) dx
J-00

[9, p. 131], where F(x) and F(x+ítt) are in &2 by equation (2.15). To make an

estimate of the integrals in this formula, it is convenient to split the interval

—co <x< co into three parts, — co<x^— X, — X<x< X, and Argx<co. Schwarz's

inequality plus the fact that Fis in S2 implies that the contributions from \x\ £ X

tend to 0 as A" tends to co. Given X, the contribution from \x\ < X tends to 0 as u

tends to ±oo. Thus, F(u + iv) tends to 0 as « tends to ±co. It is easy to see that the

limit is uniform in v in any interval 0 < Vy f¡ v ̂  v2 < tt. This proves the lemma.

Lemma 2.5. Iff is in @, andf(r) andf(rei71) are its boundary functions in the sense

of Lemma 2.3, then

/•CO /»CO

(2.18)     f(z) = OO"1      (/-z)-1/(/-)c7a-(2t7/)-1      (r + z)-^f(rë")dr,
Jo -'o

(co

[(r-xf+y2]-^f(r)dr

Hyl*)\   [(r+xf+y^^Are^dr,
'o

provided Im z>0 andy>0.

Proof. Let T be the boundary of the region bounded by the curves (j> — <j>y,

y = <l>2, r = ry, r = r2, with 0<<¿i<<¿2<77 and 0<r1<r2<co. If z is inside V,

(2.20) f(z) = Of) -1 j (w - z)" V( w) dw.

Now let ry and r2 tend to 0 and co, respectively. The integral (2.20) receives con-

tributions from the circles r = rx and r = r2. These tend to 0 by Lemma 2.4. The
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contributions from the rays </> = <f>1 and </> = (/>2 tend to limits owing to/being in ©.

Summarizing,

(2.21)
J»QO

(r exp (ifa)-z)~y(r exp (ifa)) exp (ifa) dr
o

/»CO

-(2-rri)-1 i   (r exp (i</>2)-z)-xf(r exp (i</>2)) exp (i<j>2) dr.

One can now let <f>± tend to 0 and j>2 tend to tt. Schwarz's inequality and Lemma 2.3

then give equation (2.18).

The right-hand side of equation (2.20) vanishes if z is replaced by z. Hence, so

do the right-hand sides of equations (2.21) and (2.18). Subtracting from equation

(2.18) and writing z = x + iy gives equation (2.19).

Lemma 2.6. Iff is in ©, it is in ®2.

Proof. It suffices to show that equation (2.1) is satisfied. Hence, owing to equa-

tion (2.19), it essentially suffices to show that the integral

(2.22) I = y2T   dx P P [(r-xf+y^-^s-xf+y^-iimmi dr ds
J-oo Jo   Jo

is bounded uniformly in v for y > 0. The integration over x is straightforward, and

gives

(2.23) / = 2^ P P [(r-í)2 + 4/]-1|/(r)/(í)| dr ds.
Jo Jo

Writing r-s=u, we observe that J™ \f(r)f(r — u)\ dr is bounded uniformly in u.

Furthermore, the integral ]""„ y(u2+4y2)~1 du is bounded uniformly in y, if y>0.

Hence so is /. This takes care of the first term on the right in equation (2.19). The

argument also applies to the second term. The triangle inequality now completes

the proof.

Theorem 2.7. The function classes §2 and © are identical.

Proof. This follows from Lemmas 2.2 and 2.6.

Corollary 2.8. If fand g are in §2, then the integral

(2.24) P/(re'*)g(re'*)e'* dr,

regarded as a function oj'(/>, is constant in Of^fi^n.

Proof. Since ©2 is the same class as ©, the integral converges. Now let F be the

contour introduced in the proof of Lemma 2.5. Then

(2.25) ^f(z)g(z)dz = 0.

Lemma 2.4 makes it possible to let r1 and r2 tend to 0 and oo, respectively. This

gives the required result for 0<<f><rr. Using Lemma 2.5, one can let <f>1 and </>2
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tend to 0 and tt, respectively, and so one can also cover the limiting cases <f> = 0,Tr.

It was already indicated in §1.2 that this result is useful in applications.

2.3. Mellin transforms. According to the Paley-Wiener theorem, / belongs to

£>2 if and only if the Fourier transform of its boundary function vanishes for

negative arguments [2, p. 131], [5, p. 8], [9, p. 128]. There is a similar result on

Fourier transforms of functions analytic in a strip. Now remember that Lemma 2.3

is based on the transformation ew = re'*, which maps a strip in the w-plane onto

the upper half re'*-plane. The transformation takes the Fourier transform into the

Mellin transform. As a result, there is a Mellin-analogue of the Paley-Wiener

theorem. We now turn to the proof of this.

Theorem 2.9. A complex-valued function f defined on the upper half-plane belongs

to the class %>2 if and only if it is an inverse Mellin transform according to

(2.26) /(re'*) = (2tt)-1/2 P   /(i)(re'*)-"-1/2 dt,
J — oo

with some function f(t) satisfying

(2.27) P   (\+e2^)\f(t)\2dt < oo.
J— 00

Proof. The function F(w) which corresponds to/(re'*) according to the proof of

Lemma 2.3 is of the form

(2.28) F(w) = (2t7)-1/2 P  f(t)e~iwtdt,
J — 00

where/(r) must satisfy equation (2.27). This follows from the theory of functions

that are analytic in a strip [9, p. 131]. The relation (2.13) between F and /gives

equation (2.26), showing that the condition of the theorem is necessary.

Now suppose that/(f) is given and satisfies equation (2.27). Consider the right-

hand side of equation (2.26). If 0<</><tt, Schwarz's inequality and equation (2.27)

readily show that the integral in equation (2.26) converges absolutely. Since the

integrand is analytic, so is the integral [1, p. 257]. Thus,/as defined by equation

(2.26) is analytic in the upper half-plane. Now observe that/(re'*), regarded as a

function of r, is the inverse Mellin transform off(t) exp ((/>t-^i</>). Since the latter

function is square-integrable, again by equation (2.27), so is/(re'*). It is easy to see

that the integrated square is bounded uniformly in <f> for 0<<£<tt. Hence,/is in ©.

But © is nothing but §2, and so the condition of the theorem is sufficient. This

completes the proof.

Remark 2.10. Taking Mellin transforms in Theorem 2.9 gives the result that/

is in §2 if and only if its Mellin transform is of the form

(2.29) f(t, </>) = (2tt)-112 P/(re'*)r"-1/2 dr = e*'"'*'2/^),

f(t) satisfying equation (2.27).
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Remark 2.11. It only requires a minor extension of Theorem 2.9 to prove that a

function/(r) which is defined on râO and is square-integrable is the boundary

value, as <f> tends to 0, of a function/in £>2 if and only if its Mellin transform f(t)

satisfies equation (2.27). Given/(r), one can find f(t). Next, equation (2.26) yields

f(reié), and so one can actually construct the function in the upper half-plane from

its values on a mere part of the boundary.

2.4. The class ÍQ2 as a Hilbert space. If an inner product is defined according to

equation (2.4), the class §2 becomes a Hilbert space. For the applications which

we have in mind, it is useful to compare the Hilbert space ©2 with a space of Mellin

transforms of functions in ©2. This is facilitated by the following definitions.

Definition 2.12. For any/in ©2, the corresponding boldface letter / denotes

the Mellin transform f(t, <f>) of the function f(reié), in the sense of equation (2.29).

Definition 2.13. The class of functions

(2.30) f(t,?) = e*t-i't>l2f(t)

defined on —oo<t<co,0fi<f>fÍTr which have the property that

(2.31) P   e2^\f(t)\2dt
J — CO

exists and is bounded, uniformly in <£ for 0fi<j>fiTr, is denoted by §2. With the inner

product

(2.32) (f,g)= P   (\+e™)f(t)g(t)dt
J— CO

this class is a Hilbert space. This is also denoted by $2.

There is an intimate relation between the spaces |>2 and §2, which is used through-

out the rest of this paper. It is expressed by the following theorem.

Theorem 2.14. The mapping f '->/ generated by the Mellin transform according

to equation (2.29) is a unitary mapping o/§2 onto §2.

Proof. Since Theorem 2.9 and Remark 2.10 already state that the mapping is

onto, it suffices to show that it preserves inner products. If g is in §2, then the

Mellin transform of g(rei4') is g(-t) exp (-<j>t + ii<f>), by equation (2.29). Thus, by

general formulas for Mellin transforms,

(2.33)

f/O)g{r) dr+ rf(re^)g(re^) dr
Jo Jo

= P   fi.t)g(t)dt+r  e"t-M2f(t)e"i+"'l2g(t)dt.
J - CO J - 00

The left-hand side is (/, g) and the right-hand side is (/ g). This proves the theorem.
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Remark 2.15. In addition to equation (2.33), the general theory of Mellin

transforms also implies that, ifO^<f>^TT,

(2.34) P|/(re'*)|2aV= P   e2*(|/(i)|2 dt.
JO J-oo

Since the right-hand side of this expression is a convex function of <f>, so is the left

side. In other words, if 0^4>¿tt,

(2.35) P |/(re'*)|2 dr ^ (1-</>/tt) P |/(r)|2 dr + ̂ /rr) P |/(re"0|2 dr.
Jo Jo Jo

The equality sign occurs only if/=0. Denoting the norm off by ||/|| yields

(2.36) Jj/(re'*)|2aVg ||/||2.

Applying Holder's inequality to the right-hand side of equation (2.34) shows that

log J" |/(re'*)|2 dr is also a convex function of </>.

We conclude this section with a definition, followed by a theorem which says

that the class §2 is actually very large.

Definition 2.16. The set of all complex-valued functions g(r) which are defined

and square-integrable on the half-line r ^ 0 is denoted by S2. The set of all complex-

valued functions g(t) which are defined and square-integrable on -oo<i<co is

denoted by 22.

Theorem 2.17. Given a function g(r) in 22, a fixed angle </j in O^ip^tr, and a

positive e, there is a function j"(re'*) in §2 such that

(2.37) P|/(re'*)-g(r)|2d>< «•
Jo

Proof. Let g(t) be the Mellin transform of g(r). Given e, there is a positive T

such that

(2.38) rT ¡g(t)\2dt+r\g(t)\2dt<e.
J-oo Jt

Now define/(/) by

m - *-*+»"**) (-T<t<T),

= 0 (\t\>T).

Next, consider the function f(t) exp (<j>t - \i<f>). This is a function /(/, <f>) in $2.

Also,/(r, i/i) vanishes for large \t\ but is equal to g(t) otherwise. More precisely,

(2.40) P   \f(t,4.)-g(t)\2dt
J — 00

<   E.

Taking inverse Mellin transforms gives a function/(re'*) in §2. It also takes equa-

tion (2.40) into equation (2.37), showing that / satisfies the conditions of the

theorem.
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Corollary 2.18. The boundary values f(r) of functions f(re10) in Q2 are dense

in £2.

3. A Hilbert space of integral operators.

3.1. The function class Si. If the space ©2 is discussed in the language developed

above, it becomes natural to consider a certain class of integral operators on §2

which is studied in this and the next few sections. We start by formally defining a

class Si of functions AT/, r ', <f>). Next, we show that the functions in Si can con-

veniently be characterized in terms of their Mellin transforms. From this it then

follows that one can define an inner product which makes Si a Hilbert space.

This function space provides the starting point for a corresponding space of

operators, which is studied in the next section.

Definition 3.1. Let K(r,r',<(>) be a function defined on 0<r<oo, 0<r'<oo,

0 < $ < tt, and suppose that

(1) The integral

(3.1) rr\K(r,r',9)\2drdr'
Jo Jo

exists and is bounded, uniformly in <j> for 0 < <f> < tt.

(2) The function

(3.2) (Kf)(r, </>) = £" K(r, r ', <f,)f(r V*y * dr '

depends only on re'* and is in £2 whenever/is in &2. The class of all functions K

with these properties is denoted by Si.

Lemma 3.2. If K is in Si, then its Mellin transform is of the form

K(t, f, 9) = O)"1 P PK(r, r', 9y^2(r')^'-V2 dr dr-
(3.3) Jo Jo

= e^-^-^Kit, f),

with some function K(t, t') satisfying

(3.4) P   P   (l+e2*'-2*'')!^, t')\2dtdt' < co.
J — 00    J — 00

Proof. By property (1) of Definition 3.1, the integral

(3.5) 7 = Í°° f °° g(reitS,)K(r, r ', <f>)f(r V*)e2i* dr dr '
Jo Jo

converges whenever / and g are in §2. By property (2) and Corollary 2.8, it does

not depend on <f>. The function K has a double Mellin transform by property (1).

Let this be the function K(t, t', </>) as defined by the second member of equation

(3.3). Then

(3.6) 7=P    ¡°°  g(-t)K(t,t',?)f(t')e-<tlt+*t'+i*dtdt'.
J — 00    J — 00
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Now, / and g may be any two functions which are square-integrable and vanish

outside bounded intervals. Also, K is square-integrable. Since / does not depend

on <f>, it follows that the integrand does not depend on <f>. This gives equation (3.3).

To get equation (3.4), observe that the integral of \K(t, t', <f>)\2 with respect to t

and í ' is equal to the expression (3.1). Since this is bounded on 0 < </> < tt by assump-

tion, so is the integral of \K\2. The relation (3.4) follows from this by an obvious

limiting process.

Remark 3.3. Our notation is chosen such that

(Kf)(t, </>) = Í»"*'8 P (Kf)(r, flr«-K» dr

(3.7) :
= e*-'*" f     K(t,t')f(t')dt'.

J— 00

Corollary 3.4. If K is in Ä then the function

(3.8) (gK)(r ', </>) = J"" g(re^)K(r, r ', ¿)e'* dr

depends only on r'e'* and is in §2 whenever g is in §2.

Proof. Owing to Lemma 3.2, the Mellin transform of (gK) is equal to

(3.9) e"'"'« ["  g(-t)K(t,-t')dt,

and is thus of the form required by Remark 2.10. Since g is in f>2 and K satisfies

equation (3.4), it is easy to check that the integral in equation (3.9) has the

integrability property (2.27). Hence, (gK) is in §2 by Remark 2.10.

By using Mellin transforms, one can easily prove a number of statements on

functions in Ä that are analogous to properties of functions in &2. We proceed to

give a summary of these.

Theorem 3.5. A function K(r, r', </>) defined on 0<r<co, 0<r'<oo, 0<</><tt is

in Ä if and only if it is of the form

(3.10) K(r, r',</>) = (2tt) -1 f "   P   K(t, t ')(re'*) " « " ll2(r 'e'*)"' "1,a dt dt ',
J— CO     J— 00

with some function K satisfying equation (3.4).

Proof. It follows from Lemma 3.2 that the condition of the theorem is necessary.

Now suppose that we are given a function K(t, t') satisfying equation (3.4). For

0<<I><tt, the right-hand side of equation (3.10) converges absolutely and thus

defines a function K(r, r', <f>). Owing to equation (3.4), the function \K\2 is inte-

grable, hence K has property (1) of Definition 3.1.

For any/in §2, the integral (3.2) for (Kf) converges absolutely for almost every

r and is a square-integrable function of r. By studying its Mellin transform as in



1971] FREDHOLM EQUATIONS ON A HILBERT SPACE 117

the proof of Corollary 3.4, it readily follows that (Kf) depends only on reilp and

is in §2. Hence, K is in Si, as we wished to show.

Lemma 3.6. If K is in Si, then there are boundary functions K(r, r', 0) and

K(r, r', tt) such that

(3.11)       lim P r \K(r,r', </>)-K(r, r',</>)\2 dr dr' = 0       (</, = 0, tt).
<* —* Jo  Jo

If f is in §2 and (Kf) is defined by equation (3.2), then the boundary values of (Kf)

satisfy

12

(3.12)   lim P   (Kf)(re"<>)- P K(r, r', </-)/(r V^e"* dr'
<*-►* Jo   | Jo

dr = 0       («A = 0,77).

Proof. Consider the Mellin transform K of K. With the help of Lemma 3.2, it is

easy to see that this has mean-square limits as </> tends to 0 or to 77. In particular, it

tends to K(t, t')as<f> tends to 0. Now let K(r, r', 0) be the inverse Mellin transform

of K(t, t'). Then K(r, r', 0) satisfies equation (3.11).

Since (Kf) belongs to £2, it must tend to boundary values as <j> tends to 0 or to 77.

Given K(r, r', 0) as defined above, it is not difficult to check that the Mellin

transform of (Kf) tends to the Mellin transform of the second term on the left in

equation (3.12). This suffices to prove equation (3.12) for <f> tending to 0.

The case of <f> tending to 77 can be discussed in the same way. This completes the

proof of the lemma.

Definition 3.7. The class of functions

(3.13) K(t, t',</>) = e«-**-"KO, t'),

defined on  -oo<í<co,  -oo</'<oo, O^^^tt and such that K(t,t') satisfies

equation (3.4), is denoted by it. With the inner product

(3.14) (K, L) = P    P   (l+e2M-2nt')K(t, t')L(t, t') dt dt'
J — CO    J — CO

this class is a Hilbert space. This is also denoted by S.

Theorem 3.8.  With the inner product

(3.15) (K, L) = P P [K(r, r', 0)L(r, r', 0) + K(r, r', Tr)L(r, r', tt)] dr dr'
Jo Jo

the class Si becomes a Hilbert space. The mapping K-^-K generated by the Mellin

transform according to equation (3.3) is a unitary mapping of Si onto SÎ.

Proof. Theorem 3.5 states that the mapping is onto. If (K, L) and (K, L) are

defined by equations (3.15) and (3.14), then

(3.16) (K,L) = (K,L).

This can be shown as in the proof of Theorem 2.14. Since it is obvious that S is a

Hilbert space, equation (3.16) implies that (K, L) has all the properties of an inner
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product. It also follows that 5Î becomes complete under the norm which derives

from the inner product (3.15). Hence, Ä becomes a Hubert space. The Mellin

transform maps this onto $ and preserves inner products. Hence, the Mellin

transform is unitary.

3.2. Operators on §2. From now on, the Mellin transform is denoted by T,

and is regarded as a unitary operator on §2 onto §2. Thus,

(3.17) r/(re'*) =/(/,<£).

If B is any bounded linear operator on §2, then (Bf, g) is a bilinear functional

on §2. Now,

(3.18) (Bfig) = (BY-y,T^g),

hence (Bf g) can also be regarded as a bilinear functional on §2. This defines an

operator on $2 which we denote by B. In other words,

(3.19) TAT"1 = B.

The norm of B is denoted by \B\.

Now let K be any function in Ä. The relation

(3.20) A/(re'*) = P K(r, r', <£)/(/'e'*)^* dr'

then defines a linear operator with domain §2. This is denoted by K, the set of all

operators K obtained in this way being denoted by St. Thus, Ä is now both a

function class and a class of operators. Given any K in 5Î, it follows from Remark

3.3 that the corresponding operator AT is an integral operator on §2 acting according

to

(3.21) Äfti, ¿) = e*'"'*'2 P   K(t,t')f(t')dt' = P   e^K(t,t')e-^'f(t',<f,)dt'.
J — X J — OO

By Theorem 3.8, 5Î and S can be regarded as Hubert spaces of operators.

Referring to equations (3.14) and (3.15), we define the «-norm by

I 1/2r poo  /»co -i 3

k(K) = y    Jo (\K(r, r', 0)\2+\K(r, r', tt)\2) dr or'j

= k(#)=[P    P   (l+e2"'-2"'')!^,'')!2^^'']

The relation

(3.23) P P |ü:(r, r', <¿)|2 or dr' = P e2*'"2*''!^, r')|2 dt dt' g [k(K)]2
JO   JO J- oo   J-oo

is analogous to equations (2.34) and (2.36).

Lemma 3.9. If K is any operator in Ä, then

(3.24) ||A-1| ̂ k(K).
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Proof. This follows from equation (3.20) with Schwarz's inequality and equation

(3.23).
3.3. The Schmidt class on §2. Our emphasis on functions being square-integrable

suggests that we compare the class Si with the Schmidt class on §2. The Schmidt

class is denoted by <B. It is the class of all operators S on §2 which admit polar

decompositions of the form

(3.25) Sf=^anan(f,bn),
n

where {an} and {bn} are orthonormal sets in §2, the quantities an are positive

numbers, and 2n CTn converges [6, p. 33]. The Schmidt norm is defined by

(3.26) a(S) = g a2]1'2.

In an obvious notation, the corresponding operator S acts according to

(3.27) Sf(t, 9) = e«-^2 2 onan(t) P   (\ + e™)f{t')b(t') df
n J— oo

and is thus of the form

(3.28) Sf(t, </>) = e*'-™2 P   S(t, t')f(t') dt' = P   e*lS(t, t')e-^f(t', <f>) dt',
J — 00 J — CO

with

(3.29) S(t, t') = 2 °nan(t)bn(t')(1 + e™).
n

Since {an} and {An} are orthonormal sets in §2, it readily follows that

r (■<*>     /»co t 1/2

(3.30) a(S) = (\+e2"t)\S(t,t')\2(l+e2ntyidtdt'\    ■

This leads to the following theorem.

Theorem 3.10. An operator S on §2 belongs to © ifandonly if its Mellin transform

S acts according to equation (3.28), with some function S(t, t') satisfying equation

(3.30).

Proof. It was shown above that the condition is necessary. Now suppose that

we are given an operator S such that its Mellin transform S is of the form (3.28)

and satisfies equation (3.30). From equation (3.30), it follows that the function

(3.31) R(t, t') = (l+e2nt)ll2S(t, t'Xl+e™')-112

is a square-integrable function of t and t', and is therefore the kernel of an operator

in the Schmidt class on 22. Hence, R has a decomposition

(3.32) R(t, t') = 2 Pncn(t)dn(t')
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in terms of orthonormal sets {cn} and {dn} in 82, the sum 2n P2 converging. Now, if

{cn} is orthonormal in 22, then {(1+e2,It)"1/2cn} is an orthonormal set in §2. Let

this be denoted by {an}, and denote the set corresponding to {</„} by {bn}. Solving

equation (3.31) for S(t, t') then yields a function S(t, t') which is exactly of the

form (3.29), with an = pn. The corresponding operator S must act according to

equation (3.25), the sum 2n CTn converging. Hence, S is in <3. This completes the

proof of the theorem.

The next theorem gives the desired comparison between the classes 5Î and <3.

Theorem 3.11. 77ie class ® is a proper subclass of the Schmidt class (B.IfK is an

operator in SÏ, then

(3.33) <j(K) S K(K).

Proof. If K is any operator in Ä, then K acts according to equation (3.21), the

«-norm being given by equation (3.22). Now notice the similarity between equations

(3.21) and (3.28). Since

(3.34) (l+e^'Xl+e211'')"1 ^ l + e2"1"2"'',

the integral (3.30) for cr(K) converges and does not exceed k(K). Hence, equation

(3.33) is satisfied. By Theorem 3.10, Kis in <S, and the quantity a(K) is the Schmidt

norm of K. This shows that the class Ä is contained in ©.

It remains to prove that $ is a proper subclass of <&. To see this, consider a

kernel S(t, t ') of the form

(3.35) S(t,t') = a(t)b(t')(l+e2*t-),

where a and b are in 4}2. This corresponds to an operator S of rank 1. Whether

this is in SÎ is determined by the integral

(3.36) P    P   (l+e2nt-2nt')\a(t)b(t')\2(l+e2,u')2dtdt'.
J — 00    J— OO

Given the fact that a and b are in §2, the integral converges if and only if b(t)e~nt

and b(t)e2"t are in 22. Thus, there are many examples of operators of rank 1 which

do not belong to Ä. This makes it obvious that Ä is a proper subclass of © and

thereby completes the proof of the theorem.

We conclude this section with a result analogous to Theorem 2.17. It says that

Ä is dense in © in the Schmidt norm.

Theorem 3.12. Given an operator S in <S, there is a sequence of operators KT in

Ä such that

(3.37) lim o(S-KT) = 0.
T-*oo

Proof. If - T< t ' < T, it is easy to see that

(3.38) 1+ea»t-2«r ^ (l+e2"r)(l+e2»í)(l+e2"í')-i.
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Now let S be an operator in <3 and consider the function S(t, t') defined by equa-

tion (3.28). For any F>0, define

KT(t,t') = S(t,t')       (-T<t'<T),
(      } = 0 (|»'| > T).

It is obvious that the operator KT associated with KT(t, t') is in <B. By equation

(3.38) and Theorem 3.5, it is also in Si. Furthermore, by equation (3.30)

1/2

(3.40)   a(S-KT)=\{       dt'T   (l+O|S(r,r')|a0+ea*t')"1A<*'l
U|i'|>T J--» J

which tends to 0 as F tends to co, owing to S being in <S. Hence, KT tends to S in

the Schmidt norm. This proves the theorem.

4. A Banach algebra of linear operators.

4.1. Norm ideals. If S is in the Schmidt class © and 77 is any bounded linear

operator with norm ||7?||, it is well known [6, p. 30] that both BS and SB are in @,

the Schmidt norms satisfying

(4.1) a(BS) ^  \\B\\a(S),        a(SB) fi \\B\\a(S).

In the particular case of a unitary operator U, one has

(4.2) a(US) = a(SU) = a(S).

In the following, the algebra of all bounded linear operators on §2 is denoted by 93.

In Schatten's terminology [6, p. 54], <3 is a norm ideal in 93.

The class Kis not an ideal in 93. For example, consider the operator U defined by

(4.3) Uf(re"») = i(re"") -1J[l/r^-u).

It is easily seen that U2= 1. In fact, Uis unitary and selfadjoint. It corresponds to

the operator U on §2 given by

(4.4) Uf(t, </>) m e*' - W2 - */( -1).

Now let K be an operator in Si and consider the function K(t, t ') which satisfies

(4.5) Kf(t)= P   K(t,t')f(t')dt'.
J — CO

Remember that/(i) is the same as/(i, 0). With equation (4.4) it follows that

UKf(t)= P   e-^K(-t,t')f(t')df,

KUf(t)=\      K(t,-t')e>*f(t')dt'.
J — CO

In order that UK and KU be in Si, it is necessary and sufficient that

(4.7) P    P   (e^ + e-^lK^t'^dtdf < co,
J — 00    J — 0O
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by Theorem 3.5. But K being in ft merely requires that the integral (3.4) converges,

and so there are numerous examples of operators in ft such that UK and KU are

not in ft.

It is crucial in the foregoing example that L/(re'*) depends on values taken by

/(re'1") for arguments </r other than <f>. Indeed, Uf(rei<t') is determined completely by

the behavior of/(re'"') on the half-line ^=tt—</>. As a result, there is no relation

between the magnitudes of J" |/(re'*)|2 dr and J0œ | L/(re'*)|2 dr.

In the next section, we define an operator class 91 which does not have this

undesirable feature. In particular, we introduce an a-norm so as to make 91 a

Banach algebra. The a-norm is investigated in some detail in §4.3. This prepares

for §4.4, where it is proved that ft is an ideal in 91.

4.2. The Banach algebra 91.

Definition 4.1. The class of all linear operators A mapping §2 into §2 such that

(4.8) a(A, ft =sup [jo" M/(re'*)|2 dr]' *\j™ |/(re'*)|2 or]

exists and is bounded, uniformly in <j> for 0 < </> < tt, is denoted by 91.

When studying the class 91, it is convenient to use the following notation.

Definition 4.2. Let / and g be any two functions in §2, and let their Mellin

transforms be/and g. Then the symbols (/ g)é, (f, g)¿, \\f¡0, \\f\\¿ stand for

(4.9)

if, g)* = P /(/e'*Mre<*) dr,        \\f\U = l(f,fU'2,
Jo

(f,g)o = P   e2^f(t)g(t)dt,        ll/IU - [(f,f)Am-
J-00

It follows from general formulas for Mellin transforms that

(4.10) (f,g)* = (f,g)*.

Lemma 4.3. If A is an operator in 91, the quantity

(4.11) «(A, <f) = sup M/IUII/1L

exists and is bounded, uniformly in <f> for 0^<f>^ir.

Proof. The 0<<£<7r part of the assertion is true by assumption. Also, given any

/in ©2, it is implied by Definition 4.1 that Af is in |>2. Thus, there are boundary

functions Af(r) and Af(rei!t), as in equation (2.11). More specifically,

(4.12) lim M/IUI/IL - M/llo/ll/llo-

Now suppose that the </> = 0 part of the assertion is false. Given any large positive

N, there would be an/in $2 such that

(4.13) M/||o > JV||/||o.
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This would imply that we could make IM/IL/II/IL as large as we please by first

choosing/in a suitable way, next choosing <j> sufficiently close to 0. But this violates

the assumption that A is in 9Í. Thus, the </>=0 part of the lemma is true, and

similarly for the <j> = 77 part. This proves the lemma.

Definition 4.4. Let A be an operator in 91. Then a(A) is defined by

(4.14) a(A) =   sup  a(A,<j>).
0<(p<n

Actually, it is shown in Theorem 4.10 that log a(A, <f>) is a convex function of <f>.

Hence

(4.15) a(A) = max [«(,4, 0), <x(A, tt)].

It is easily seen that a(A) is a norm for operators A in 9Í, making 9t a normed

algebra. We proceed to show that 91 is a Banach algebra.

Lemma 4.5. If A is in 91, it is a bounded operator on §2, the norm \\A\\ satisfying

(4.16) \\A\\ fi a(A).

Proof. Given an operator A in 91 and a function/in £2, it follows from the proof

of Lemma 4.3 that there exist quantities M/IU with ^ = 0,77. In fact, equation (4.12)

implies that

(4.17) M/Ho ̂  «(¿)||/||o,

and similarly for ^=77. Since

(4.18) Ml = sup (M/IIS+ \\Af\\2r2(\\f\\20+ll/ll2)-1'2,
/e$2

the desired relation (4.16) follows.

Theorem 4.6. The class 91 is complete in the a-norm.

Proof. Let {A„} (n = 1, 2,... ) be a sequence of operators in 91 such that a(An—Am)

tends to 0 as n and m tend to 00. It follows from the triangle inequality for the

a-norm that {a(An)} is a Cauchy sequence and, hence, tends to a limit. Let this be

denoted by a.

Owing to equation (4.16), the quantity ||^n-/4m|| tends to 0. Hence, there is a

bounded linear operator A on Í02 such that \\An — A\\ tends to 0. We want to show

that A belongs to 91, with a(An — A) tending to 0.

By virtue of equation (2.36),

(4.19) \\Afl ^ \\(An-A)fU+\\Anf\\, fi \\An-A\\ ||/||+«(^n)||/||0.

Letting n tend to 00 gives

(4.20) \\AfU < «ll/IU.

Hence, A belongs to 91, with a(A) ̂  a.
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It remains to show that a(An — A) tends to 0, this implying, in particular, that

a(A) = a. To complete this part of the proof, observe that {a(An—A)} is a Cauchy

sequence, again by the triangle inequality for the a-norm. Let the limit of the

sequence be ß, and suppose that ß > 0. Choose M so large that a(An - Am) < jS/4 for

n,m>M. By the definition of ß, there is an N, which we may choose to be larger

than M, such that, given any fixed n>N, there exists a function/„(re'*)^0 in ©2,

and an angle <f>(n) satisfying

(4.21) \\(An-A)fnlM ^ m\fn\Uny

For n,m>N, this gives

II(Am - A)fn|| Wtt) ̂ ||(An - A)fn|„>(„,- ||(An - Am)fn|| i(B)

=  Í0ll/n|L<n)-a(^„-^m)|/n|Un>  ^  i£||/n|L<n)-

At the same time, equation (2.36) implies that

(4.23) \\(Am-A)fn\Uny ï \\Am-A\\ \\fn\\.

Combining equations (4.22) and (4.23), keeping n fixed, and letting m tend to co

yields

(4.24) tfll/J«») = 0.

If/S^O, this requires that/„(re'*(n)) = 0. Since/, is analytic, it follows that/,=0.

This is a contradiction, hence ß=0. Thus a(An-A) tends to 0 as « tends to co,

which proves the theorem.

Corollary 4.7. The class 9Í is a Banach algebra under the a-norm.

4.3. The a-norm. If we are given a function/in §2 and we keep <j> fixed, we have

a function/(re'*) in S2, for each fixed </>. Similarly, if A is an operator in 91, it is

shown below that it is associated with an operator A(<j>) on £2, for each fixed <j>.

To discuss this point, it is convenient to adopt the following notation.

Definition 4.8. If g is an element of £2 and B is a bounded linear operator on

£2, their S2-norms are denoted by X(g) and X(B), respectively. The 82-norms of

the Mellin transforms g and B are denoted by X(g) and X(B).

Lemma 4.9. If A is in 91, it is associated with a family of bounded linear operators

A(<j>) mapping the space &2 into S2 and satisfying

(4.25) X[A(</>)] - a(A, </>).

Here 0¿(/)¿tt. For every fin f>2,

(4.26) A(<f>)f(re^) = Af(ré%

the function f on the left also being regarded as an element o/S2.

Proof. Let A be fixed in 9t, let/run through §2, but consider /(re'*) and Af(rei0)

only for some fixed <j> in 0^</>^tt. According to Theorem 2.17,/(re1*) runs through
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a set which is dense in S2. Let this set be denoted by ^>(</>) and define A(</>) by

equation (4.26) for all/in $>(<£). Since A is in 9Í by assumption, A(<f>) thus defined is

a bounded linear operator with domain ^>(j>), its norm being a(A, <j>). Since 1)(<j>)

is dense in S2, the operator A((f>) on 1)(<j>) has a unique closure with domain £2.

This closure we also denote by A(<f>). It has all the properties required by the lemma.

Upon taking Mellin transforms, §2 goes into §2, the space £2 goes into £2, and

■£>(<£) goes into a set %(<f>) which is dense in 82. It follows from Remark 2.10 that a

function g(t) is in1(4>) if and only if g(t) exp (-</>t) andg(i) exp (Trt-<j>t) are in 82.

Denoting the Mellin transform by F and using equation (2.29) gives

(4.27) YAf(re") = Af(t, c/>) = e^-^Af^),

and so

(4.28) Af(t, <j>) = e*1 -W2Ae~*+W2f(t, <f>)

for every/(r, </>) in %(<f>) and every A in 93.

Now let A be in 91. Consider the restriction of A(<¡>) to <£>(</>) and denote the

Mellin transform of this by A(<f>). The operator A(<f>) thus defined may be used

instead of A on the left in equation (4.28). On the right, one would then replace A

by ^4(0). The restriction of A(<j>) to %(</>) can be extended to all of 22 in the same way

as A(<f>) was extended to 22. This yields

(4.29) a(A, 91 = X[A(</>)] = sup X[A(t)g]/X(g).

Observe, however, that a(A, <j>) can also be obtained by taking the sup for g

running only through some convenient set contained in all domains $(<£). This

idea is used in the proof of the following theorem.

Theorem 4.10. For any fixed operator A in 9Í, the function \oga(A,4>) is a

convex function of <f> in 0fi</> fin.

Proof. Choose some </> in 0^<^^77. The quantity a(A, <f>) can be found by letting

g in equation (4.29) run through the set 60 consisting of all bounded functions

which vanish outside bounded intervals. If g is in 60, it is in 1>(<f>). Hence eétAe ' ^(t)

is in $(<?$), by equation (4.28). This is the same as saying that Ae'^gO) and

é^Ae~mg(t) are in 82.

Now let <t> take complex values in a strip,

(4.30) </> = a + ir        (0 ^ a ^ 77, -co < t < co),

and consider the expression

(4.31) N(f) = [e«Ae-«g{t)][<aip tft)A exp (-tt)g(t)] dt,
J — 00

keeping A fixed in 91 and g fixed in 60- Straightforward analysis shows that A^)

is analytic in the interior of the strip and continuous on the lines a=0 and C7=77.
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For ct=0, it follows with equation (4.29) that

(4.32) \N(h)\ ^ X[A(0)e-™g(t)]X[A(0)e™g(t)] g [a(A, 0)X(g)f,

and similarly for a=rc. The line analogue of Hadamard's three-circle theorem

[13, p. 93] now says that, for 0<ct<7t,

(4.33) \N(</>)\ Í [a(A,0)]2-2*i*[a(A,Tr)]2<»*[X(g)]2.

If <f> is real, N(<f>) is nothing but {X[A(</>)g]}2. Dividing by [X(g)]2 and taking the

sup for g running through <£0 thus gives

(4.34) a(A, ¿) ^ [a(A, 0)]1 -*/n[a(^, tt)]*"1.

This shows that log a(A, <j>) is convex and thereby proves the theorem. The relation

(4.15) has now also been justified.

Remark 4.11. The equality sign occurs in equation (4.34) if A is a constant

multiple of the identity operator. It also occurs if

(4.35) Af(re^) = (re'*)'u/(re'*),       Af(t, </>) = e^-^ftt + u),

with some real u. In this case, a(A, <£) = e-*".

The proof of Theorem 4.10 leads to an alternative characterization of the class

91, which we give for future reference.

Theorem 4.12. 77te class 91 is the class of all linear operators A on §2 for which

there exist numbers a(A) such that

(4.36) |M/||0 ú a(A)\\f\\0,       \\Af\\n Ú «0i)||/||,

for every fin Q2.

Proof. If A is in 91, it is obvious from Definitions 4.1 and 4.4, combined with

Lemma 4.3, that a number a(A) satisfying equation (4.36) must exist.

Now suppose that we are given equation (4.36). It must be shown that A is in 91.

The data permit us to construct operators A(0) and Afa, as in Lemma 4.9. Their

A-norms do not exceed a(A). For any g in Ê0, equation (4.31) defines an analytic

function N((/>). Its boundary values N(fr) and N(tt+ít) satisfy inequalities of the

form (4.32). This gives an inequality of the form (4.33) for N(</>). It follows that

e*'^e"*( is a bounded operator on <S0 whose norm does not exceed a(A). Since 60

is dense in 22, the operator e^e-*' can be extended to all of 22 without increasing

its norm. Let the extension be denoted by A(<j>). The restriction of A(<f>) to $(<£)

is all that is required to find Af(t, </>), next Af(re^), for any/in §2. Since the A-norm

ofe^Ae'^ does not exceed a(A),

(4.37) X[e«Ae " *'/(/, </,)] g a(A)X[f(t, <#],

which is the same as

(4.38) \\Af\U Ú a(A)\\f\U.

This shows that A is in 91 and completes the proof.
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4.4. Operators in the algebra 91. It is proved in Theorem 4.14 that Si is an ideal

in 91. It is pointed out in Remark 4.18 that there are many operators of rank 1

which do not belong to 91. Thus, 91 is small in a sense, yet it is found in Theorem

4.19 that 91 is dense in 93, in the strong topology on §2. If one chooses a fixed </>

and considers all operators A(</>) associated with operators A in 91, one obtains a

set which is dense in the algebra of all bounded linear operators on S2, by Theorem

4.22.

Lemma 4.13. If K is an operator in Si, then it is in 91, and

(4.39) a(K) ^ k(K).

Proof. Let K be in Si and let its kernel be K(r, r', </>). By Schwarz's inequality

and equation (3.23),

r poo  poo -i 1/2

(4.40) IIAJIU fi [Jo Jo  \K(r, r', <j>)\2 dr dr'\    ||/|U â k(AT)||/|U

for every/in §2. From this the lemma follows immediately.

Theorem 4.14. Let K and A be operators in Si and 91, respectively. Then AK and

KA are in Si, with

(4.41) k(AK) ^ <x(A)k(K),       k(KA) ^ cc(A)k(K).

Proof. Since A'and A are in 91, so is AK. For fixed <f>, Lemma 4.9 says that there

are extensions K(<f>), A(<j>), and (AK)(<f>) mapping S2 into S2. In fact, it is easy to

see that K(</>) is an integral operator having the same kernel as K. Let this be

K(r, r', (f>). Since this is a function in fi2, it follows that K(<j>) is in the Schmidt class

on S2. Its Schmidt norm on £2 is equal to

r poo /«co -i 1/2

(4.42) [Jo Jo  \K(r,r',<f>)\2drdr'\    ■

Furthermore, A(<f>) is bounded on £2 and has A-norm a(A, 4>). From this it follows

that A(<f>)K(<f>) is in the Schmidt class on fi2 and has a Schmidt norm not exceeding

r poo  poo -i 1/2

(4.43) a(A,<l>)\jo jo\K(r,r',<f>)\2drdr'\    ■

More specifically, it follows that A(<f>)K(</>) is an integral operator with an S2-

kernel whose norm does not exceed the quantity (4.43). But A(<f>)K(<f>) is the same

operator as (AK)(<j>). Thus, there is a kernel (AK)(r, r', <f>), say, such that

rpoo   {■<*> -| 1/2 r poo  poo -i 1/2

(4.44) [Jo Jo   \(AK)(r, r', <f>)\2 dr rfr'j      ^ a(A, ̂ )[j    ^  \K(r, r', <f>)\2 dr rfr'j    •

Now observe that the operator AK on £>2 is obtained by first restricting (AK)(<f>)

to the set 1>(<£), next letting <f> run from 0 to 77. This gives

(4.45) AKf(re") = P (AK)(r, r', <j>)f(r'e^e'* dr'
Jo
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for all/in £>2. Since the right-hand side of equation (4.44) is bounded uniformly in

<f> for 0<</>< tt, by assumption, it follows that AK is in ft. The definitions of the

k- and a-norms, equations (3.22) and (4.14), now give the first relation (4.41).

There is a similar argument for the operator KA and the second relation (4.41).

This completes the proof of the theorem.

Corollary 4.15. 77te class ft is an ideal in the Banach algebra 9t.

If S is an operator in the Schmidt class © having Schmidt norm a(S), and if V

is unitary, then it is well known [6, p. 30] that both VS and S F are in © and have

Schmidt norms o-(S). The analogous property of the class ft is expressed by the

following theorem.

Theorem 4.16. Let K be an operator in ft, let V be a bounded linear operator

mapping ©2 onto £>2, and suppose that

(4.46) (Vf Vg)0 = (f,g)0,       ( Vf, Vg\ = (/ g)n

for every fand g in |)2. Then VK and KV are operators in ft satisfying

(4.47) k(VK) = «(KV) = k(K).

Proof. The operator Fis in 91 by Theorem 4.12. Hence, there are operators V(0)

and V(tt) defined along the lines of Lemma 4.9. Owing to equation (4.46), these

have unit norm.

Now let/run through §2. This makes/(r) run through T)(0). Since the range of

Fis equal to §2, by assumption, Vf(r) also runs through ®(0). The operator V(0)

with domain £2 is obtained by extending V from ®(0) to all of £2. With the help

of equation (4.46), it is easy to prove that the range of V(0) is all of £2. Hence,

V(0) is unitary on £2. And similarly for Vfa).

Now consider the operator K(0), which is in the Schmidt class on £2. As in the

proof of Theorem 4.14, (VK)(0) is also in the Schmidt class on £2. Since V(0) is

unitary, K(0) and ( VK)(0) have the same Schmidt norm on fl2. Let the kernels of

these operators be K(r, r ', 0) and ( VK)(r, r ', 0), respectively. On £2, the Schmidt

norm is the norm of the kernel of the operator in question. Hence

(4.48) rr\(VK)(r,r',0)\2drdr' = P P \K(r, r', 0)|2 dr dr',
Jo Jo Jo Jo

and similarly for <f> = Tr. From this it follows with equation (3.22) that k( VK) = k(K).

A similar argument shows that k(KV) = k(K).

Remark 4.17. An operator F mapping §2 onto ©2 and satisfying equation (4.46)

is unitary on $2. The operator U defined by equation (4.3) is unitary but does not

belong to 91 and does not satisfy equation (4.46).

Remark 4.18. Consider the operator S corresponding to the kernel S(t, t') given

in equation (3.35). This is an operator of rank 1. By equation (3.28), it acts accord-

ing to

(4.49) Sf(t, <j>) = P   e*a(t)b(f)(\ +exp (>/')) exp (-</>t')f(f, </,) dt',
J — 00
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where/(í, <f>) takes values in X(<£). The integral operator on the right can be extended

to all of 82 if and only if

(4.50) b^l+e^e-ote*2.

In order that S be in 91, Lemma 4.9 thus requires that b(t)e2nt and b(t)e~nt be in 82,

a condition which is also sufficient for S to be in 91. From this it follows that there

are many examples of operators of rank 1 which are not in 9t. In fact, when com-

bined with the proof of Theorem 3.11, the present remark implies that an operator

of rank 1 is in 91 if and only if it is in Si.

We complete this section with results analogous to Theorems 3.12 and 2.16.

Theorem 4.19. Given a bounded linear operator B on §2, there is a sequence of

operators AT m 9t such that

(4.51) lim \\(B-AT)f\\ = 0
r-* oo

for every fin §2.

Proof. For any F> 0, define the operator PT and its inverse Mellin transform PT

by the requirement that

52) PtAU ïï = W'V       (~T<t<T),

= 0 (\t\>T),

for every/in §2. Given an operator 77 with norm ||77||, it follows with equation

(2.36) that

rpr -i 1/2

\\BPTfU = 11*11 \\Pt/\\ = 11*11 (1 +e™)\f(t)\2 dt
(4.53) U-T J
v ' r     fT nl/2

fi ||77||e"r[2j r e2«l\f(t)\2 dt\     ^ 21'a||JB||*r-r||/|U.

Hence, 77Pr is in 91. Choosing AT=BPT yields an operator AT in 91 which tends to

B strongly as F tends to oo. This proves the theorem.

Remark 4.20. Consider the operator U defined by equation (4.3). There is no

operator A in 9t such that ||U-A\\ < 1.

Proof. If A is an operator in 9Í and iff is any function in &2, we have

(4.54) ¡Uf\\0 fi ¡Af\\0+\\U~A\\ ¡/II fi «i><)||/||o+||tf-¿|| «/II-

This is the same statement as

1/2

Tfoo -11/2

= a^)[J „ IA0I" *J    +11^-^11 [J m (l+e2^)\f(t)\2dt
(4.55)

■"-- nl/2 rpoo -i 1/2

Now if ||t7—y4|| <1, equation (4.55) is violated whenever the support of/is con-

fined to i-values that are sufficiently large. This proves the assertion.
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Corollary 4.21. The operator U defined by equation (4.3) cannot be approximated

uniformly by operators in 9Í.

Theorem 4.22. Given a bounded linear operator B on £2 and a fixed angle i/> in

O^t/i^TT, there is a sequence of operators AT in% such that

(4.56) lim X[Bg-AMg] = 0
T-* oo

for every g in £2.

Proof. Let AT and its inverse Mellin transform AT be defined by

(4.57) ATf(t, </)) = exp (<f>t-\fy-tf,t+ffl)PTBPTf{t, <f>),

where/runs through §2. This clearly gives an operator AT mapping §2 into £>2.

It is easy to prove that

(4-58) \ATfU Ú e2*T\\B\\ \\f\\„

hence that AT is in 91. The extension AT(i//) on £2 is equal to PTBPT. Since this is

an operator which tends to B strongly as T tends to oo, the theorem follows.

Remark 4.23. Consider the operator B on £2 whose Mellin transform B on 82

acts according to Bg(t)=g( — t). There is no operator A in 9t such that X[B — A(tf>)]

< 1 for some t/i in O^tfi^rr.

Proof. If A is any operator in 9t and g is in e0, then

(4.59) X[Bg-A(4,)g] ̂  X[B-A(4,)]X(g).

Now suppose that i/ktt and choose a positive 8 such that t/r+S^ir. Then

(4.60) [j"^ e™\Bg(t)\2 dtj"2 ^ X[e«A(+)g] + e*TX[B-A(i)]X(g).

Since g is in e0 by assumption, g can be regarded as a function/(r, </>), where/is

in §2. This gives

(4.61) A(4.)g(t) = Af(t, <A),

and the first term on the right in equation (4.60) is nothing but H/í/IU+í. If ^4 is in

9Í, then H/í/l^+a does not exceed a(A)\f\l¡l+0, which in turn is equal to a(A)X(e6tg).

Written out explicitly, equation (4.60) thus gives

(4.62)
[[^^¿K-OI2*]

1/2

rfoo -ii/2 [-/•«> i

ga(i4)lJ   oo e2áí|í(í)|2 dtJ     +e'TW-M>l>)]l\   ̂ kWI2^]
1/2

Now suppose that X[B—A(*/>)]< 1. The relation (4.62) is then violated if the

support of g is restricted to some interval T0< —t<T, where T0 and Tare positive

and sufficiently large. This proves the assertion for the case </r<7r. To cover the
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case f=TT, one can choose a negative 8 and integrate from — F to oo in equation

(4.60).

Corollary 4.24. 7n the case of the operator B on 22 considered in Remark 4.23,

there is no sequence of operators AT in 91 such that, as T tends to oo, the sequence

AT(ip) tends to 77, uniformly in the X-norm,for some fixed 9 in 0 fi y fi tt.

5. Integral equations.

5.1. Inhomogeneous Fredholm equations. Consider an integral equation of the

form

(5.1) f(rei!t) = g(re") + yT K(r,r', <f>)f(r'é*y* dr',
Jo

where/and g are in §2, the function K(r, r', </>) is the kernel of an operator K in

Si, and y is a complex number. Suppose that g is known and that/is to be found.

Since Si is a subclass of the Schmidt class <S on §2, equation (5.1) can be solved by

a known generalization of the Fredholm theory of integral equations [8, pp. 96,

97]. Specifically, if \/y is not an eigenvalue of K, there is a unique solution of the

form

(5.2) f=g + yà(y)g/o(y).

For fixed y, the quantity A(y) is an operator in 3, the quantity S(y) is a complex

number. Both A(y) and S(y) are entire functions of y. The coefficients in the series

expansions

(5.3) A(y) =   J   Any«, 8(y) =   f   8ny«
n=0 n=0

can be obtained from the recurrence relations

A0 = K,       S0 = 1,

(5.4) An + 1 = 8n + 1K+KAn (n ^ 0),

-(«+1)8,+1 = trace (An-8nK)       (n ^ 0).

The series for A(y) converges in the Schmidt norm. The function 8(y) vanishes at

y=y0 if and only if l/y0 is an eigenvalue of K [8, p. 100].

It follows from the second relation (5.4) by an induction argument that An + 1 is

an operator in Si with kernel

(5.5) An+1(r, r', </>) = on+1K(r, r', <f>)+ \~ K\r, r', <f,)An(r", r', </>)e" dr".
Jo

As for the trace in equation (5.4), the trace class X is the class of all operators F

which can be written as products of two operators in © [6, p. 37]. If F is in %,

it has a polar decomposition of the form

(5.6) Tf=ZTnan(f,bn),
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where {a„} and {bn} are orthonormal sets, the quantities t„ are positive numbers,

and 2n Tn converges [6, p. 41]. The trace of the operator (5.6) is given by [6, p. 37]

(5.7) trace T = £ (Tbn, bn).
n

In the special case of the space ©2, this leads to the following lemma.

Lemma 5.1. Let M be an operator of the form M=K2KU where K2 and K± are

in ft. Let M(r, r', </>) be the kernel of M and let the Mellin transform M(t, t') be

defined as in equation (3.3). Then M is in the trace class %, with

(5.8) trace M = P   M(t, t)dt= P M(r, r, <¿)e'* dr.
J-oo Jo

Proof. Since ft is a subclass of ©, the product of two operators in ft belongs to

3:. Thus, M is in %. Since the Mellin transform is a unitary mapping of £>2 onto ¡§2,

the trace of M on §2 is equal to the trace of M on §2.

The function M(t, t') has a decomposition of the form

(5.9) M(t, t') - 2 Pnan(t)bn(t')(1 + e2*''),
n

where {an} and {bn} are orthonormal sets in #2, the quantities p.n are positive num-

bers, and 2„ p.n converges. As in the proof of Theorem 3.10, it is convenient to

consider

(5.10) N(t, t') = (1 +e2nt)ll2M(t, t')(l +e2M')-1'2.

This is the kernel of an operator N in the trace class on 22. Since {(1 + e2Kt)ll2an}

and {(1 + e2ni)V2b¿¡ are orthonormal sets in 22, it follows from equation (5.7) that

the trace of N on 22 is equal to the trace of M on §2. But on 82, it is known that

(5.11) trace TV = P   N(t,t)dt.
J — OO

This justifies the first half of equation (5.8). To obtain the second half, it suffices to

take t' = t in a relation of the form (3.3) and to integrate over t. The assumption

that M is a product K2KX takes care of all convergence questions and yields

equation (5.8) without difficulty. That the integral in equation (5.8) does not

depend on <f> is analogous to the observation made in Corollary 2.8. This proves

the lemma.

Corollary 5.2. Combining the above lemma with equation (5.4) yields

(5.12) -(«+ l)Sn+1 = £" [An(r, r, <f))-8nK(r, r, ¿)]e'* dr       (n §= 0).

Since Sn + 1 is the trace of a product of operators in ft, it does not depend on <f>.
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It was already mentioned above that the series (5.3) for A(y) converges in the

Schmidt norm. In the case of equations with kernels in Si we have the following

more powerful result.

Lemma 5.3. Let K be an operator in Si and let quantities An and 8n be defined

according to equation (5.4). Then the series (5.3) for A(y) converges in the K-norm to

an operator in Si which acts according to

(5.13) A(y)f(re">) = J " A(r, r',</>; y)f(r 'e")e" dr ',

for every fin §2. Here A(r, r',<f>;y) is an element of the function class Si.

Proof. If <f> is kept fixed, the relation (5.1) can be regarded as an equation on fi2.

In the notation of Lemma 4.9, the kernel on fi2 is K(<f>). This is an operator in the

Schmidt class on S2, for every fixed </>. To solve the equation on fi2, one needs

quantities A(y) and S(y), as in equation (5.2). These can be found from recurrence

relations which are easily seen to take exactly the form (5.4). Now, from the theory

on S2 it is well known [8, p. 95] that

(5.14)

rr\An+1(r,r',i>)\2drdr'
Jo Jo

fi «(*/»)"[[" £" \Xfr, r\ </>)\2 dr dr'J (n ̂  1).

On §2, equation (3.22) therefore gives

(5.15) k(A„ + 1) ^ ell2(e/n)n'2[K(K)]n + 1       (n ^ 1).

From this it follows that the series for A(y) converges in the /c-norm. Since Si is a

Hilbert space, the limit A(y) is in Si. Hence, it is an integral operator according to

equation (5.13). This proves the lemma.

The foregoing results permit the situation to be summarized as follows.

Theorem 5.4. Let K be an operator in Si and let g be a function in §2. Define

quantities An and 8n by equations (5.4), (5.5), and (5.12). The series (5.3) then con-

verge for all complex y, the series for A(y) converging in the K-norm to an operator

in Si which acts according to equation (5.13). The function 8(y) vanishes at y = y0

if and only if l/y0 is an eigenvalue of K. 7/8(y)#0, the equation (5.1) has a unique

solution fin §2 given by equation (5.2).

Theorem 5.5. Let the data be as in Theorem 5.4, but restrict equation (5.1) to

some fixed </> inOfi<f>fiTT and regard the resulting relation as an equation on S2 with

kernel K(</>). The function 8(y) vanishes at y = y0 if and only ifi/yo is an eigenvalue of

K(<f>). If 8(y) / 0, the equation on fi2 has a unique solution which is the restriction to

fixed <j> of the solution on ÍQ2 considered in Theorem 5.4.
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Proof. This result follows from observations made in the proof of Lemma 5.3.

Notice that, once the solution on £2 is available for any particular fixed <f>, the

solution on £>2 can be obtained along the lines of Remark 2.11.

5.2. Homogeneous Fredholm equations. If 8(y) vanishes for a particular y, it is

implied by Theorem 5.4 that the equation

(5.16) y P K(r, r', </>)f(r'e'*)e'* dr' = /(re'*)

has at least one solution in £2. Obviously, this is also a solution in £2 of the

equation restricted to fixed <f>. Let the number of linearly independent solutions in

©2 be denoted by N, and let N(</>) be the corresponding number on £2. It is the

purpose of the present section to show that N=N((f>), for 0¿i<f>-¿Tr. The proof uses

properties of the adjoint operators K* and K*(</>).

Lemma 5.6. Let K be an operator in ft and let K be its Mellin transform on §2.

The adjoint operator K* on §2 acts according to

/»co

(5.17) K*f(t,</>) = e^(l+e2"t)-1K(t',t)(l+exp(2TTt'))exp(-<t,t')f(t',<f,)dt',
J — 00

for every fin §2.

Proof. This follows from equation (3.21) and the definition of an adjoint

operator.

Lemma 5.7. Let K be an operator in ft, and let K be its Mellin transform. Choose

some fixed </> in 0^</>^tt and define the operator K(<f>) by

(5.18) K(^>)f(t,<f>) = Kf(t,<f,),

for every f(t, (/>) in 1(</>). If K(<j>) is regarded as an operator on 22, its adjoint K*(<f>)

on S2 acts according to

(5.19) K*(</>)h(t) = P   e-MK(t',t)e\p(</)t')h(t')dt',
J — 00

for every h in 22.

Proof. This also follows from equation (3.21).

Theorem 5.8. Let K be an operator in ft, choose some fixed <j> in 0^<f>^-rr, and

let K(<f>) be the operator on £2 associated with K in the sense of Lemma 4.9. Define

the function b(y) as in Theorem 5.4. Suppose that 8(y) = 0, so that \/y is an eigenvalue

of K and K(<f>). Let its multiplicities be denoted by N and N(</>), respectively. Then

N=N(</>), and each eigenvector of K(<f>) is the restriction to fixed j> of an eigenvector

ofK.

Proof. The Mellin transform of equation (5.16) reads

(5.20) y Í °°   e*K(t, t') exp (-</>t')f(t', j>)dt' = f(t, <¿).
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We are assuming that this has N linearly independent solutions in $2. Since each

solution in §2 can be restricted to fixed <f> to give a solution in 82, it is obvious that

N((/>)^N.
Now remember that, if 1/y is an eigenvalue of a Schmidt-class operator S, then

1/y is an eigenvalue of S*, the multiplicities of 1/y and 1/y being equal [8, p. 103].

Thus, if equation (5.20) is regarded as an equation on 82, it follows with Lemma 5.7

that the equation

(5.21) y P   e-mK(t',t)txry(9t')h(t')dt' = h(t)
J — 00

has N(9) linearly independent solutions h(t) in 82. To each of these, there corre-

sponds a function

(5.22) f(t, <f>) = e*i-'*'2 + '«(l +e2'a)-1h(t)

in §2. This is an eigenvector of the operator K* given by equation (5.17), which thus

has at least N(y) eigenvectors corresponding to the eigenvalue 1/y. Since K* is the

adjoint, on §2, of K, it follows that N^ N(<f>). Since it was found above that N(<f>)

sêTV, we may conclude that N=N(<f>). This means, in particular, that the set of

eigenvectors of K in §2 exhausts all possibilities for eigenvectors of K(<f>) in S2,

and so each eigenvector of K(<f>) must be the restriction to fixed <f> of an eigenvector

of K. This proves the theorem.

5.3. Applications. Consider equation (1.1), choose g so that it is the boundary

value of a function in§2, and suppose that A is not real and positive. For any given

function V, Theorem 3.5 provides a convenient criterion to determine whether the

kernel of equation (1.1) is the boundary value K(0) of a kernel A'in Si. If the answer

is yes, and 1 is not an eigenvalue of K, the equation can be solved for/(r), next

f(re") can be found along the lines of Remark 2.11. Alternatively, one can first

find K, next solve for /(re1*). Either method yields the same result by Theorem 5.4.

Once/(r) and f(rei<s¡) are known, these quantities can be inserted in the integrals

(1.2) and (1.6). Since K(0) depends on A in this case, so does the expression (1.2).

Typically, it follows from the structure of the Fredholm solution for/(r) that the

integral (1.2) is a meromorphic function of A in the A-plane cut along the positive

real axis. For A 2:0, however, the kernel of equation (1.1) presents difficulties, and

so the expression (1.2) is no longer manageable.

Suppose now that X = l—ie, where /ä0 and eäO. Choose some fixed f", and

consider the equation with kernel K(<f>). Let this be solved for f(re"), and insert the

solution in the integral (1.6). This gives the same result as the integral (1.2), by

Corollary 2.8. Now examine the expression (1.6) as a function of A. In typical cases,

it is found from the Fredholm solution that (1.6) is a meromorphic function of A

in the A-plane cut along the line arg X=<f>. Thus, transferring from the integral (1.2)

to (1.6) makes it possible to continue analytically in A, the result being a function

with a branch point at A=0. Applications of this technique will be given in a

separate paper.
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6. Functions of several variables.

6.1. Alternative characterization of the space ft. There is another characterization

of the space ft, which throws new light on the ways in which ft can enter in applica-

tions. It is best understood if equation (3.10) is expressed in terms of new variables.

Writing

r = p cos 0, r' = o sin 0       (0 < p < oo, 0 ^ 9 ^ tt/2),
(6.1)

t — t' = u, t + t' = —2v (-oo < u < oo, -oo < d < oo),

(6.2) Àïr, r ', </>) = *(/., <¿, 0),       tf(í, í ') = k(u, v)

gives

*0, </>, 0) = (2,7)-'f    P   *(«, lOG*")-««-»
J — oo   J- oo(6.3)

x (cos 0 sin 0)-""2-1/2(tan 0)-'" du do.

Now perform the integration over v and define

(6.4) k(u, 9) = (2tt)-1I2(cos 0 sin i)-««-w I °°   jfc(M, »)(tan 0)-<u <fc.
J — oo

Well-known formulas for Mellin transforms show that

/•jr/2 r oo

(6.5) k(u, 9)l(u, 9)d9 = k(u, »)/(«, ») <ft;
Jo J-oo

for almost every u and every pair of functions k and / corresponding to functions K

and L in ®. Owing to equation (3.4), the integral

(6.6) P   (l+e2"u)\k(u, 9)\2du
J— 00

exists for almost every 0 in 0 ̂  0 ̂  7r/2 and is an integrable function of 0.

Now observe that

(6.7) k(P, </>, 0) = (27T)-1'2 P   k(u, 0)(pe'*)-"'-1 du.
J — 00

This shows that k(p, <f>, 9) depends only on pe'* and 0 and thereby leads to a number

of observations.

Remark 6.1. If K(r, r', <p) is a function in ft, it depends only on re'* and r'e'*.

Theorem 6.2. Let K(r, r', </>) be a function in ft and let k(p, </>, 9) be defined by

equations (6.1) and (6.2). Then k(p,<f), 9) depends only on pe'* and 0. For almost

every 0 in O ¿ 0 ̂  tt/2, the quantity

(6.8) (pe^)ll2k(P, 4>, 9)

is an analytic function of pe''* which belongs to ©2.



1971] FREDHOLM EQUATIONS ON A HILBERT SPACE 137

Proof. This follows with Theorem 2.9.

A corollary can be formulated with the help of the following definition.

Definition 6.3. The class of functions f(pei(tl, 8) which are defined in the region

0<p<oo, 0<<f><TT, 0^0^77/2, are regular analytic in pei0 for almost every 8,

and have the property that

pJt/2 p oo

(6.9) dd\    \f(pe",8)\2pdp
Jo Jo

exists and is bounded, uniformly in <f> for 0<^<77, is denoted by §2(2).

In the above notation, the argument 2 refers to the functions in question depend-

ing on two variables, one complex and one real. Given a function / in i>2(2),

there are boundary functions/(p, 8) and/ipe"1, 8). This can be shown as in Lemmas

2.3 or 3.6. With the inner product

pjl/2 p co

(6.10) (/ g) =        dd\    [f(P, 8)g(P, 0)+f(jx>", 8)g(Pe<\ 8)]P dp,
Jo Jo

the function class £>2(2) becomes a Hilbert space. This is also denoted by §2(2).

Corollary 6.4. If the function K(r, r', 9") is in Si, then the function k(p, <f>, 8)

defined according to equations (6.1) and (6.2) is in ©2(2).

6.2. Generalizations. In much the same way as there is a class of operators Si on

the Hilbert space §2, there is a class of operators Si(2) on the space ©2(2). Operators

in Si(2) have kernels K(p, 8, p, 8', </>) such that

(6.11) P* ¡""de dd' P P !*(,,, 8, p', 8', <j>)\2P dPp' dp'
Jo    Jo Jo  Jo

exists and is bounded, uniformly in </> for 0<9,<tt. The functions in question

depend only on pe", p'e", 8, 8' and are related to the elements of a Hilbert space

£>2(4) of functions of four variables, one complex and three real.

An obvious change of variables permits §2(2) to be regarded as a space of

functions f(rye10, rtf"). Correspondingly, Si(2) is a space of operators having

kernels K(rlt r2, r[, r'2, <f>). Theorem 3.5 can now be generalized to the statement

that a function K(ry,r2,r'y,r'2,<f>), defined on 0<rj<oo, 0<r;'<oo (/=1,2),

0 < </> < tt, is the kernel of an operator in 5t(2) if and only if it is of the form

t< ^   K(ry, r2, r'y, r'2, </>) = (2tt)-2 P   K(tu t2, t'y, t^é*)'"^^)-«*-™
(6.12) J-co

x (r'ye")^ -ll2(r'2e")^~1/2 dty dt2 dt[ dt2,

with some function K satisfying

pco

(6.13) [l+exp2Tr(ty + t2-tí-t2)]\K(ty,t2,ty,t2)\2dtydt2dtídt2 < OO.
J — 00
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A Hubert space £2(3), and, in fact, Hubert spaces §2(n) of functions of« variables

(« = 2,3,...), one complex and n— 1 real, can be obtained by starting from

functions f(u, 9U ..., 9n_1) satisfying

/»Jl/2 /»co

(6.14) d9x---d9n_A      (l+e2™)\f(u,91,...,9n_1)\2du<co,
Jo J-oo

as in the expression (6.6), and taking inverse Mellin transforms with respect to u.

On each space §2(«), there is an operator class ft(n) consisting of integral operators

whose kernels constitute a space ip2(2«).

6.3. Applications. The space ©2(2) and the operator class ft(2) provide a con-

venient framework to study integral equations of the form

f(ri, r2) = g(ru r2)

+ P P [(r2i + r2y>2- A]-1^, r2, r'u r'2; X)f(ri r'2) dr[ dr2.
Jo  Jo

Such equations arise when one investigates scattering in a system of three particles.

Typically, r1 and r2 would be the kinetic energies of particle 2 relative to particle 1,

and particle 3 relative to the center of mass of particles 1 and 2.

If g in equation (6.15) is the boundary value of a function in §2(2), and W is

such as to make the kernel of equation (6.15) the boundary value of a kernel in

ft(2), then the ideas of §5.3 can be carried over to the present situation without

difficulty. To investigate systems of n particles, the appropriate generalization is to

consider the space §2(« — 1) and the operator class ft(n— 1).

In applications to physics, the state of an «-particle system is described by a

function in §2(« — 1), an «-particle observable is represented by an operator

mapping §2(n—1) into ©2(«-l). Now let A represent a two-particle observable.

This means that it is an operator on £>2 into §2. One would expect that it remains

an observable if a third particle is added to the two-particle system. Thus, one

would expect that A is also an operator mapping £>2(2) into i>2(2). But §2(2) is

essentially the same as the function space ft, which in turn is the same as the

operator space ft. Hence, if there is to be an algebra 91 of physically meaningful

operators A on §2, one would wish ft to be an ideal in 91. This is precisely the

requirement met by the algebra 91 discussed in §4.

There is an obvious way to let operators in 91 act on any space §2(«—1). In

each case, it is found that ft(n— 1) is an ideal in 91. As implied by the notation, 9Í

consists of two-particle operators. On £>2(«— 1), there are also algebras 9t(«i—1)

of m-particle operators (m = 3,..., ri), the class ft(n— 1) being an ideal in each

9l(«z-l).

Operators A in 9t(m- 1) are associated with boundary values as </> tends to 0.

The boundary values can be extended to operators A(0) on all of £2(«— 1), as in

Lemma 4.9. The set of all operators ,4(0) obtained in this way is dense, in the strong

topology on £2(«-l), in the set of all bounded linear m-particle operators on
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£2(n —1), as in Theorem 4.22. Similarly, fonctions in ¡Q2(n — 1) tend to boundary

values as </> tends to 0, the set of all boundary values being dense in £2(n— 1), as in

Corollary 2.18. These two facts enable the conventional quantum mechanics of

n-particle systems to be translated into a formalism on §2(n — 1). The results of the

present paper then enable certain problems in scattering theory to be tackled in a

satisfactory way. The main idea is outlined in §1. Details will be presented in a

separate paper.
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