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INDUCED FLOWS
BY
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ABSTRACT. The construction of induced transformations is considered in the

setting of topological dynamics. Sufficient conditions are given for induced

flows to be topologically weakly mixing, and it is proved that Toeplitz flows

and certain Sturmian flows satisfy these conditions and give rise to new and eas-

ily constructed classes of flows which have entropy zero and are uniquely ergodic,

minimal, and topologically weakly mixing. An example is given of a weakly mix-

ing minimal flow which is not topologically strongly mixing.

1. Introduction. S. Kakutani (oral communication) has constructed examples
of induced measure-preserving transformations on Lebesgue spaces which are
weakly mixing but not strongly mixing. By beginning with a doubly infinite se-
quence x on the symbols 0 and 1 and doubling the 1’s in x, one obtains a new
sequence x; Kakutani proved that if x is a particular Toeplitz sequence or one

. . ~ ~
of many sequences of Sturmian type, then the orbit closure X = of x  under the
shift o is minimal and uniquely ergodic and the measure-preserving transformation

~ ~ . . . . .

o: X — X is weakly mixing but not strongly mixing. Related examples are
found in [14, §8). It was already known to von Neumann [21, $ VI that one

could construct a measure-preserving transformation with continuous spectrum from
one with pure point spectrum by using induced transformations.

The concept of induced transformation [13] can be carried over from ergodic
theory to topological dynamics. By a flow we mean a pair X = (X, T), where X
(called the phase space) is a compact Hausdorff space and T: X, — X is a homeo-
morphism. A flow X = (X, T) is said to be minimal if for each x € X the orbit
O(x) = {T"x: n € Z} is dense in X. If X = (X, T) is a minimal flow and X is the
disjoint union of a finite number of closed sets, then both primitive flows X* and
derivative flows fo of X (both called induced flows) can be defined. These in-

duced flows are again minimal, and under certain conditions they are topologically
weakly mixing.
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In §§2 and 3 we show how to construct the two types of induced flows and
give sufficient conditions for them to be topologically weakly mixing. We also
observe that inducing from a given flow preserves unique ergodicity, minimality,
expansiveness, and equicontinuity, and allows an easy computation of the topolog-
ical entropy of the resulting flow. In $4 we define two classes of examples, the
Sturmian flows and the Toeplitz flows (these include the examples considered by
Kakutani). We show that these flows satisfy the sufficient conditions of §§2 and
3, so the flows induced by them are uniquely ergodic, topologically weakly mixing,
and minimal.

In $5 we show that the particular Toeplitz flow considered by Kakutani has a
derivative which is topologically weakly mixing but not topologically strongly
mixing. We also mention in $6 an application of the foregoing results to a ques-
tion concerning the irregularities of distribution of the fractional parts of multiples
of irrational numbers.

Before proceeding we recall some common definitions. Let X = (X, T) and
Y =(Y,5) be flows. We say ¢ is a homomorphism from X to Y, written ¢: X — Y,
if ¢ is a continuous map from X to Y such that S°¢ =4 oT; ¢ is an isomor-
phism if ¢: X —Y is also one-to-one and onto. Let K denote the compact group
of complex numbers with absolute value one, and if € € K then define T§= K —K
by Ts(B)=¢&B for B € K. Let Ké denote the flow (K, Tg). A continuous func-
tion /: X — K is called a continuous eigenfunction of X with eigenvalue & if
{ is a homomorphism from X to K§ , i.e. f(Tx) = &f(x) for x € X. The flow
X xY is defined to have phase space X x Y and homeomorphism T x S, where
(T x $)x, y) =(Tx, Sy). X is said to be (topologically) ergodic if whenever
A CX, A isclosed, and T(A) = A, then either A =X or A is nowhere dense. X
is (topologically) weakly mixing if X=X is ergodic. It has been proved [22] that
if X is minimal then X is weakly mixing if and only if it has no nontrivial equi-
continuous homomorphic images. Now any nonconstant continuous eigenfunction
of X provides a nontrivial equicontinuous homomorphic image of X. Conversely,
it Y= (Y, T) is a nontrivial equicontinuous homomorphic image of X, then Y is
a compact abelian group [4, Remark 4.6.2], and any nontrivial character of Y will
give rise to a nonconstant continuous eigenfunction of X. Thus X is weakly
mixing if and only if every continuous eigenfunction is constant (cf. [16, Corollary
2.11)).

Two points x,y € X are said to be positively (or negatively) proximal in case
there is z € X and a net {nr} of positive (or negative) integers such that
T"’x — z and T"'y — 2. If x and y are both positively and negatively proximal,
then they are said to be doubly proximal; if x and y are either positively or nega-

tively proximal, then they are said to be proximal. The w-limit set of x with
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respect to T is defined to be the set of limit points of {T"| n > 0}. Clearly x
and y are positively proximal if and only if A N Q # &, where A is the diagonal
of X x X and Q is the w-limit set of (x, y) with respectto T x T.

In the hope that the wide range of this paper may make it a suitable introduc-
tion to current work in the field, the authors have tried to keep the paper as self-
contained as possible. For background information the most basic works are (41,
[6], and [9). We are grateful to Professors H. B. Keynes and N. G. Markley for

several helpful conversations.

2. The primitive of a flow. In this section and the following one we deal with
the topological analogues of the ergodic-theoretic constructions discussed in [13].

Let X = (X, T) be a flow, N a positive integer, and u: X — {1, 2, ..., N} a
continuous function ({1, -+, N} has the discrete topology). We will use the func-
tion u to define a new flow X = (X¥, T¥), called the primitive of X with respect
touw Forn=1,2,---,N, let X2=u'l{n¥. Foreachn=2,...,N and i =
1,2,--:,n-1, let X:; be a homeomorphic copy of Xg, and suppose qb; X,’; —»-X";”
is a homeomorphism for n =2, -+« , N and i =0, 1, .-+, 2 = 2, Let (75? be the
identity map on X?, and for n =2, .-+, N let ¢Z"1: X:’l — Xg be the inverse
of the map ¢~:'2 ©...0 qull ° ¢2 Let X* denote the discrete union of the sets

X! forn=1,2,-++,N and i =0, 1, .-+, n - 1. We define T* X* — X* by

¢;x ifxeXi and i <n -1,
T%x =
T(¢>z-1x) if xEX:; and i =n - 1.

Then T* is a homeomorphism and clearly X* is minimal if and only if X is mini-
mal. The formation of X“ in the case N = 2 is illustrated by the following dia-

gram, in which the action of T on X is represented by solid arrows and the action
of T* on X" by dashed arrows.

1
S,
: S~
x _e="Tm=<_ i ~o y
4 [] ~
: "\_,g/:éd
0 -0
Xi ,\2

Note that y = T2x = (T%)x.

u . . . . . .
Theorem 2.1. X bas a continuous eigenfunction with eigenvalue ¢ if and

only if there is a continuous function f: X — K such that [(Tx)/f(x) = E4%) for
all x € X.
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Proof. If g is a continuous eigenfunction of X“ with eigenvalue &, then let
{ be the restriction of g to X C X¥. It is easily checked that f(Tx)/f(x) = &%)
for all x € X.

Conversely, given a continuous function f: X — K with (f o T)/f = £*, define
g: X* - K by )
‘fl/(ﬁﬁ:l_l SERE °¢i°¢)2)_1x) if x €X:l and > 0,

glx) =
f(x) if xex?cCx.

Then clearly g is continuous and g(Tx) = &lx) for all x € X%

We can now state a condition which will ensure topological weak mixing of the

primitive of a minimal flow.

Theorem 2.2. Let X = (X, T) be a flow, N a positive integer, and u: X —
{1, 2, -+, N} a continuous function. Suppose there is a pair of doubly proximal
points x,y € X such that |u(x) - uly)| =1 and u(T"x) = u(T™y) for n £ 0. If g
is a continuous eigenfunction of X* with eigenvalue &, then & =1.

Proof. By Theorem 2.1 it suffices to prove that if /: X — K is continuous
and foT/f =&Y, then €=1. Now for n > 1,

fT")  [(T"x) (T 1) f(Tx)
f&) AT 1) (T7 %) flx)

- /(T"y) /(T"— ly) e /(Ty) ()=ulx) _ /(T"y) é'u(y)—u(x)_
AT 1) (T %) &) 15

By letting n tend to infinity along the net of positive integers mentioned in
the definition of doubly proximal, we conclude that f(y) = £#®)=#0) (), A simi-

lar calculation shows that, for n <0,
[)/[(T7x) = {(y)/(T™y);

then using the fact that x and y are negatively proximal, we conclude that f(x) =
fy). If follows that 1= £#O)~u() _ £31 04 hence &= 1.

Remarks. The rather special hypothesis of this theorem can be weakened in
several ways.

2.1. Suppose that there are a pair of doubly proximal points %,y € X and non-
negative integers r, s such that u(T"x) = dT™y) unless — <n <s. If
|Z5__, [u(T"x) - u(T"))]| = 1, then it still follows that X* has no continuous
eigenfunctions with eigenvalues other than 1.

2.2. Suppose there are a pair of doubly proximal points x,y € X and a num-
ber M such that 0 < |27_) [w(T?) - «(T%)]| <M for all n. Then a modification

of the proof of Theorem 2.2 shows that if g is a continuous eigenfunction of X*
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with eigenvalue &, then € is a kth root of unity for some k with 0 <k <M.

3. The derivative of a flow. As is the case with the induced transformations
of ergodic theory, the above construction of the primitive of a flow determined by
a function can be reversed.

Let X = (X, T) be a flow, and suppose A is an open-closed subset of X such
that for each x € A there are a positive integer » and a negative integer m for
which T”x € A and T™x € A (such a set A will be called doubly recurrent). We
will define a new flow fo =(A, TA)' called the derivative of X with respect to
A, by letting T ,: A — A be the “‘first return time’’ transformation; that is, T,
maps each point x of A to the first point of Tx, T%x, ..+ which is in A. More
precisely, let A7 =A NT™14, AJ=4 NT 24 -49,...,40- AT "A -
(A(I)U ce UAS_I), e+vs.. Then A CU::’:l A?,; since A is compact, there is a
smallest N such that A = & for n > N; and A is the disjoint union of Ao, Ag,
...,AI%. Now we define T4: A — A by TA|A2=T", n=1,2,---,N. Again
T, is a homeomorphism, and KA is minimal if and only if X is minimal.

Let us define u,: A —{1,2, .-+, Nl by u, [A0=n for n=1,2, -+, N.
Then the primitive (XA)HA of fo with respect to the function u, is isomorphic
with X. Similarly, if we start with a flow X = (X, T) and a continuous function u
from X into a finite set, then, regarding X as a subset of X¥ we see that (?X")X

is isomorphic with X. For a given flow X, a primitive or derivative of X is
called a flow induced by X.

Theorem 3.1. KA has a continuous eigenfunction with eigenvalue ¢ if and
only if there are a continuous function f: X — K and £, &,, -+, &y € K such
that & =& for m=1,2, -+, N and [oT/f=¢ on A UTAS U ... uT?" 4],
n=1,2,+++ N.

Proof. Similar to the proof of Theorem 2.1.

Theorem 3.2. Let X = (X, T) be a minimal flow and A an open-closed subset
of X (so A is automatically doubly recurrent). Suppose there is a pair of doubly
proximal points x € A and y € X — A such that, for n £ 0, T"x € A if and only
if T"y € A. If g is a continuous eigenfunction of ‘XA with eigenvalue &, then

£-1.

Proof. Suppose f: X — K is continuous and fl, tfz, cee, fN € K are such
that & =& and foT/f=& on ADUTAJU... UT" A2 forn=1,2, -+, N;
because of Theorem 3.1 it suffices to prove that &= 1.

Let A;:TiAg fori=1,2,-+-,n-1,n=2,3+-+,N. Suppose x eAgl;
then we must have y € Asﬁ-k for some k£ with 1 <k <N —m. Because T'x € A
if and only if T’y € A for j > 0, for j > m the two points T’x and T’y must lie

in the same cell A;(j) of X. Similarly, for j <k the points T’x and T’y lie
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in the same cell Ai(].) of X. Therefore

{(T7x) {(T7y)

;(-;:—1—-) fOtj>m Ol.’j<—k.
Y

5a(h T
X
On the other hand,

™ T ™ )
frm=) [ x)zf,,,:f, - fT7y)  [(Ty)

AT %) . f(x) m fT™= 1) fly) -
f(T—R+1y) f(x) [T+ fly) ok
(TR AT [ )
(The latter statement holds because Tky € A?"He CA and Tiy g A for 0<j<k,
so T™*%x €A and T x ¢ A for 0 <j <k; therefore, since THT k%) = x € A,
in fact T™%x € AQ. It follows that T™**"1x e TAJ = AL, T~**% € A2, ..
T-1x e Ak-1)

As in the proof of Theorem 2.2 we may compute that, for large enough j,

/(zj)_ & [TYy) %) & 1)

" and S — .
)& ) (TR & Ty

frm”+k;

and

= :=§9 but

]

Using the fact that x and y are doubly proximal, we conclude that
16) = &&)/€ ., and  fly)= rfsl +k/(x)/‘f-

Therefore &% = fﬁn‘k e = é’,::,l: = ¢ and §= 1.

Remarks. 3.1. If X is a minimal flow and / is a continuous eigenfunction of
X with eigenvalue 1, then { is constant. Thus if X is minimal and (&)(A) satis-
fies the conditions of (Theorem 2.2) (Theorem 3.2), then (‘xu)(i A) is topologically
weakly mixing and minimal. We will consider specific examples in the next section.

3.2. Aflow X = (X, T) is said to be uniquely ergodic if there is a unique
Borel probability measure p on X which is invariant in the sense that u(T~!E) =
u(E) for each Borel subset E of X. X is expansive if there is an index @ of the
uniformity of X such that given x, y € X with x #y, there is an integer n for
which (T"x, T") ¢ a. X is equicontinuous if {T": n € 1} is a uniformly equi-
continuous family of maps X — X. Straightforward arguments show that if X is
(uniquely ergodic) (expansive) (equicontinuous), then so is any flow induced by X.

3.3. For a given flow X, let M(X) denote the collection of all T-invariant
Borel probability measures on X. It follows from [1] and [7] that, denoting by
B(X) the topological entropy of a flow X (see [2] for the definition), »(X) = b(fo)

supﬂeM(X)p.(A) for any doubly recurrent open-closed subset A of X. From this it

follows that if H(X) = 0 then H(X*) = 0 and b(fXA) =0 if p(A) > 0 for some p €
M.
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4. Examples. If we are interested in finding flows which satisfy the hypoth-
eses of Theorems 2.2 and 3.2, then zero-dimensional flows, especially the sym-
bolic flows, are obvious candidates.

Let S =1{0, 1} be the space of all bilateral seguences x = -+ d=1) x(0) x(1) x(2)

- on the symbols 0 and 1. When {0, 1} is given the discrete topology and
S the corresponding product topology, S becomes a compact zero-dimensional
metrizable space with compatible metric d(x, y) = (k + 1)7}, where & = inff|n|:
x(n) £ y(n)}. The shift transformation o: S — S is defined by (0x)(n) = x(n + 1).
Then o is a homeomorphism and & = (S, 0) is a flow. If X CS is closed and
0X = X, then X = (X, 0) is also a flow; such flows X are called symbolic f[lows.
For more details concerning symbolic flows, see [9, Chapter 12].

An n-block, for some positive integer n, is an element of {0, 1}”. If x € §
and B is an n-block, then the phrase B appears at the kth place in x means that
x(B)x(k + 1) +++ x(k + n = 1) = B. An n-block B is said to be the initial n-block
of an element x € § if B appears at the Oth place in x.

Now let x € §, let X = O(x)™ be the orbit closure of x under the shift o,
suppose X =(x,0) is minimal, and let B be a block which appears at some place
in x. Let A ={y € X: B is an initial block of y}, and define u: X — {1, 2} by
u|A =1 and u|(X -A)=2. Then from the flow X we may form the induced flows
X* and iA' In the case when B is the 1-block 0, the transformation Ty:A—A
consists of “‘shifting to the next zero;’’ the primitive flow X" in this case is iso-
morphic to the symbolic flow O(x")~, o), where x' is the sequence obtained from
x by ‘‘doubling ones’’. (fo can also be realized as a symbolic flow.)

Let B be the 1-block 0 and let v and A be as above. Then for certain
choices of x € S, X = (O(x)~, 0) will be minimal and will satisfy the conditions
of Theorem 2.2 and Theorem 3.2. Such is the case if x is a Sturmian sequence
(Example 1) or a Toeplitz sequence (Example 2). Thus in these cases the induced
flows X“ and iA are minimal and topologically weakly mixing. For a particular
Toeplitz sequence x we will see (§5) that the derivative :XA is not topologically
strongly mixing.

The Sturmian and Toeplitz flows, which are of fundamental importance in
topological dynamics, have been discussed by many authors using a variety of
approaches. For the sake of completeness and clarity we will give a detailed con-
struction of these flows via elementary techniques, using a method similar to [25].

Example 1. Sturmian flows. Since we prefer additive notation in this example,
we take the circle group K to be [0, 1), with addition modulo one. Unless stated
otherwise, all real numbers will be reduced modulo 1 and taken to be in [0, 1), A
metric in K is given by d(y, y') = mint |y - y'|, 1 - | ¥ = y'|}. Note that if p, g € K

with p < g, then there are two closed intervals with endpoints p and ¢, namely
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[p,ql={r e K|p<r<q}and lg,pl={r € K| g <r <1 or 0<r<p}. Intervals
such as [p, ¢) and (g, p] are defined similarly. For a set 4, X4 Wwill denote the
characteristic function of A.

Let a be irrational and B € (0, 1). Define f: K —1{0, 1} by f(3) = X[o,5 ")
and for n € Z define x(n) = f(na), so x, € S. The flow X = Olx )7, 0) is
called a Sturmian flow of type (a, B). These flows are related to the Sturmian
minimal sets [10}. Sturmian flows are special cases of the flows considered in
[19], [24].

Let T(y) =y + a for y € K, so K = (K, T) is a minimal flow. We now assume
that B ¢ Za, because we are interested in this case for our applications. We note
that if B € Za then a Sturmian flow of type (@, B) is not minimal, though it would
have been minimal if we had chosen, in place of [0, Bl, an interval I such that
(Za) N J1 = &, where d denotes boundary.

Theorem 4.1. There is a homomorphism p: X —K such that (a) p~ "y} is a
singleton unless y € E = (Za) U(B + Za); (b) for each y € E, p~ Yy} consists
of exactly two points; (c) p~ {0} = {xgs 1, where x,(0) £ x(0) but x,(n) = x(n)
for n £0; (d) if px) = p(x"), then x and x' are doubly proximal. In addition,

(e) X is minimal.

Proof. Define p(0”x,) =na. To show that p can be continuously extended
to @(xo)_ it suffices to show that Cauchy sequences in @(xo) are mapped to
Cauchy sequences in K. Therefore we assume that n(k) is a sequence with
fan(k)xoi convergent to x, €S$ and let a,, a, be cluster points of {n(k)a}, and
we will show a, =a,. Now for 7 € Z we have f(a, +na)=f(a, +70d) = x,(n)
if [ is continuous at @, +na and @, +nQ, i.e. unless & +nd or @, +na is 0
or B. Thus f(y) =/((a, - a,) +y) for a dense set of y € K, which implies that
a,-a,=0.

Thus p can be extended to all of O(xo)_. The extension is clearly unique,
and it is a homomorphism from X to K since poo =T ©p on the dense set @(xo).
(a) Now we show that p is one-to-one except at the orbits of the points of
discontinuity of f, denoted E. We define a continuous function e: @(xo)' — {0, 1}

by elx) = x(0). Then elo™ ) = x ((n) = f(p0™x()); it follows that if plx) is a
point of continuity of f, then e(x) = f(p(x)). Now suppose plx) = plx") ¢ E, and
let n € Z. Clearly p(o™x) = p(o™x') ¢ E, and therefore p(6™x) is a point of con-
tinuity of f. Now choose a sequence {n(k)} such that o”x = limka"(k)xo. Then
f(plo™x)) = lim, /(p(a"(k)xo)) = lim, x o(2(k)) = x(n). Similarly, f(pla™x")) = x'(n),
so x(n) =x'(n), and thus x =x', as desired.

(b) Since there are points of K ~ E arbitrarily close to 0 € K where { assumes

the value 0, and points of K — E arbitrarily close to 0 where f assumes the
value 1, and the continuous function e: O(xo)' — {0, 1} coincides with f°p on
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the set p~ YK — E), p~'{0} contains two points x, x' such that x(0) =0 and

x'(0) = 1. We will show that x(j) = x'(j) for j # 0, so p~ {0} contains exactly two
points. Now ja = p(oix) = p(ojx') is a point of continuity of f, so x(j) = e(o’x) =
f(pla’x)) = f(plo’x")) = elo’x) = x'(j). Similarly, p is two-to-one at 8. Since p is
a homomorphism, p is two-to-one on E.

(c) This follows from the proof of (b).

(d) Assume p(x) = p(x'); we will show that x and x' are doubly proximal.
Since {na: n >0} and {na: n <0} are dense, we can choose a sequence {n(k)}
of positive (or negative) integers such that lim, [p(x) + n(k)a]l =y ¢ E, and re-
fine {n(k)} so that z =lim, 0" ®)x and z' = lim, 0" ®)x' both exist. Then plz) =
pz")=y ¢ E, so z=2z" as desired.

(e) It remains to show that X is minimal. By Zorn’s Lemma, there is a sub-
flow M CO(x )~ such that (M, 0) is minimal. Since K is minimal, it follows that
p(M) = K. Thus there is some point m, € M such that p(m ) = p(x ). If my=x,
then we are done, for then Olx o)  CM so Olx))™ =M. Suppose then that m = x,,
where x, is as in part (c). We will show that x € O(x,)7, so that Ox o) C
@(mo) =M, as desired. From part (c) it is clear that x (0) =0 and
x,(n) = x((n) for n # 0. Now form a sequence {n(k)} such that n(k)a € (0, B) for

an(k)

all &, lim n(k)a = 0, and {o"*®)x | conver es, say lim %, =x. Now
k0o 1 8 y Hmg_, 1

we need only show that x = x; to complete our proof. But

b ) = lim plo™®x ) = Jim nlk)a = 0 = plx ),

k —o00

plx) = lim plo
koo
and

%(0) = khm o k)y (O) lim xl(n(/e)) = klim xo(n(k))

= hm X[o,ﬁ](n(k)a) = klirzxo 1=1.

By (c) x =x as desired.
Corollary. The flow X is uniquely ergodic.

Proof. K is uniquely ergodic because of the uniqueness of normalized Haar
measure, which we denote by v. If p is a Borel probability measure on X which
is invariant under o then p(p), defined by p(u)(B) = u(p~ Y(B)), is an invariant
measure on K so p(p) = v. Thus p: (X, p) — (K, v) is a measure-theoretic isomor-
phism because it is one-to-one except on the countable, zero-measure set E. There-
fore X is uniquely ergodic.

From Theorem 4.1(c) and Theorems 2.2 and 3.2 we see that if we set ulx) =
1 +elx) and A =4~ Y1}, then the primitive X“ and the derivative XA of a
Sturmian flow X of type (a, B), where a is irrational and B ¢ Za, are topolog-

ically weakly mixing and minimal. Previously Katok and Stepin [14] and Kakutani
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(oral communication) have proved that the primitive X* is measure-theoretically
(and therefore topologically) weakly mixing for certain choices of a and .
Example 2. Toeplitz flows. For this example K is replaced by the group of
2-adic integers, denoted G (the construction could as well be carried out with G
equal to the inverse limit of any totally directed set of finite cyclic groups). G,

being the inverse limit of cyclic groups of order 2", consists of sequences
g={gp 885 ")€ [1o, 1,---, 2t -1}
i=0

such that g, = g,,, (mod 2°) for i=0, 1,2, --- . When addition in G is defined
coordinatewise (mod 2° in the ith coordinate) and G is given the product topology,
then G becomes a compact abelian group.

Let 6=(0,1,1,1,---) € G (so -0=0(0,1, 3,7, ---)), and for g € G define
Tg =g+ 6. Then {T"0: n € Z} corresponds to the rational integers in G so it is
dense in G [12, Chapter V.5]; from this it follows readily that § = (G, T) is a
minimal flow.

Define 7(g) = min {;: g = gjﬂ} forg #- 0 and {-0) = 0. Then r is continuous
on G-{-6} Let

0 if n is even,
Uln) =
1 if n is odd,

for g€ G set f(g) =y odg), and for n € Z let yo(n) = f(n6), so Yo €S. Let
Y= (@(yo)—, o).

Theorem 4.2. There is a homomorphism p: Y — § such that (a) p~ gl is a
singleton unless g € E = 7.0 (the orbit of the point of discontinuity of [); (b) for
each g € E, p‘lfgl consists of exactly two points; (c) p'lf—m = iyo. yI}, where
}’1(0) # yo(O) but yl(n) =yon) for n£0; (d) if ply) = p(y"), then y and y' are

doubly proximal. In addition, Y is minimal and uniquely ergodic.

Proof. Similar to the proof of Theorem 4.1 and its corollary.

As before, let u(y) = 1 + e(y) (recall e(y) = y(0)) for y € Y, and let A =
«~ {1}, Then the hypotheses of Theorems 2.2 and 3.2 are again satisfied, and it
follows that the primitive Y¢ and derivative ‘BA are topologically weakly mixing
and minimal.

Toeplitz sequences were first studied in [8] and were named in [11].
Kakutani (oral communication) proved that for this particular Toeplitz sequence
¥o» the induced flow Yu s uniquely ergodic and measure-theoretically weakly
mixing, hence also topologically weakly mixing.

Remarks. 4.1. Note that the sequence ¥ has the following property. For a

block A = aa,---a, of 0’sand 1’s, let A*=aa, - a a"z, where 0' =1

172 n-1
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. Then the initial
n-1"n~1

block ¥o(0)y (1) - -+ yO(Z" - 1) of y, coincides with A for n > 0.
4.2. The method of construction used in these two examples can of course be

and 1' = 0. Let A;=0, andfor n>0 let A =4 A*

applied in other cases as well. For example, let } = (H, T) be any minimal flow
and B a subset of H such that

E=|J T"0BGH

n€Z

where 9B denotes the boundary of B. We will construct a flow X = (X, T) for
which there is a homomorphism p: X — H and for which one can prove a theorem
similar to Theorem 4.1. Pick hy € H - E and define n: Z — H by n(n) = T"(b).
Let C(-) denote the set of bounded continuous real-valued functions on the
space (- ). We say a subset B of C(Z) is translation invariant if g € B implies
g, € B for each n € Z where g,(m) = gln + m) for m € L. Define A=tgoy:
g € C(H)}, so that @ is a uniformly closed, translation invariant subalgebra of
C(Z). Define f: Z — {0, 1} by f(n) = fXB(T"bO). Let (* be the smallest trans-
lation-invariant, uniformly closed subalgebra of C(Z) containing qu {7, By 4],
[5], or [17] there is a flow X = (X, T) and 7 Z — X such thar @* = {g 0"
g € C(X)}, and a homomorphism p: X — H such that n=po° 77*. Let A= p'l(B)
and define u: X — {1, 2} by u|A=1 and u|(X - A) = 2. If there isa point
x € dB such that T"x ¢ 9B for all n £ 0, then it can be shown that (X, T) has
properties analogous to those mentioned in Theorem 4.1, and so the induced flows
X* and fXA have no nonconstant continuous eigenfunctions. This approach, in
many disguises, is common in the literature: cf. [5, pp. 8-32], [4, Chapter 9], or

[17] (a good exposition of these methods can be found in [3]).

5. Weak mixing without strong mixing. For this section let x denote Yor
where y, is the particular Toeplitz sequence discussed in Example 2; x may also
be defined by x(n) = 0 if and only if 7= (k* 2%™ -1 for some odd & and some
m=0,1,2,---. Recall that the initial 2”-block of x is A,, where A isasin
Remark 4.1.

Let X=0x", X=(X, 0), and 4 = {y € X: y(0) = 0}. It follows from Example
2 that the derivative f’XA of X with respectto A is topologically weakly mixing
and minimal. Recall that a flow (Z, T) is said to be topologically strongly mixing
if for any nonempty open sets U, V C Z there is n, such that T"UNV # &
whenever |n| > ;. We will prove that X, is not topologically strongly mixing.

For any block B which appears in x, let 5(B) denote the collection of all
(nonnegative) integers which have the following property: there is a block C such
that the block BCB appears in x and the block BC contains n zeros. If ﬁA is

topologically strongly mixing, then for each block B which appears in x there is
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an n, such that n(B) Dine Z:n> noi (cf. [23, Theorem 1.2]). Fix odd r> 3.
For each n=0,1,2,... let v, denote the number of zeros in the initial 2"-block
A of x. Then po=1,p,=1, py=3,p3=5p4=11,:-- and p,— oe. We will prove
that for odd n>r, p_-1¢ 7(A4); therefore X, cannot be topologically strongly
mixing.

For the following three lemmas, let » denote an arbitrary nonnegative integer.

Lemma 5.1. A appears at the (k- 27*Uyh place in x for all k € Z.

Proof. From Remark 4.1 it follows that the 2" !-block appearing at the
(& 27" )eh place in x is either A ,; or A:+1r both of which have A for their
initial 2”-block.

Lemma 5.2. If A appears at the mth place in x then m=k* 2" for some
kel

Proof. For n = 0 there is nothing to prove. Suppose then that n> 1, so An
= An_lA:_l, and suppose that A ~appears at the mth place in x. Making the
appropriate induction hypothesis, we may assume that m = &k ° 271 for some k€ Z.
Suppose k is odd. Then A:-l is the 2"~ !-block which appears at the m + 2n-1

= (k+ 1)27~! place in x; by Lemma 5.1, since k + 1 is even, A:_l =A and

n=-1?
. . . . . ’
this is impossible. Therefore k£ must in fact be even, and m =k * 2” for some

k' € Z. The result then follows by induction.

Lemma 5.3. If n isodd, p_, =2p +1=1+3%_gp; if n iseven, p 4 =
2p, -1= E?:o p;- Thus (since r is odd) if n> 1 then

n—1 o, (n odd),
b= 2 b;=
SR b p, (n even).
Proof. That p ., =2p,+ (- 1)"*! is clear from the fact that A_,, = A A"

and p,=1. The remaining formulas are then easily proved by induction.

Lemma 5.4. 7(A) is contained in the collection of all numbers a of the form
a =€rpr+€r+lpr+l toeee +’Empm’

where m > 1, each €, is 1,0, or =1 for i=r, 7+ 1, -+, m, and em=1.

Proof. Because of Lemma 5.2 it suffices to show that for each n=1, 2, ...
the number of zeros in an initial k& * 2"-block of x, forany k=1,2,...,2" -1,
is a number of the form

Brp'+3 + 6

r+1pr+1 to ren-— lpr+n—l’
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where each &, is 0 or 1 for i=7r, r+1,..+, 7+ n~1. We proceed by induction
on n. The statement is clearly true for n = 1, since the number of zeros in the
initial 2"-block A of x is p, by definition.

Suppose then that for each k=1, 2, ..., 2" — 1 the number of zeros in the
initial k * 2"-block of x is a number of the specified form. If k = 27, then the
number of zeros in the initial &* 2"-block of x is P+, which is a number of the
required form. If k € {27 + 1,27 + 2, -++, 2"*1 _ 1}, then the initial k * 2"-block
of x is A _, followed by the initial (k - 2")2"-block of A:+,. Since k- 27 < 2"
and this latter block is also an initial block of x, the induction hypothesis implies
that it contains 8,p, + 8 y1p 4y ++++8 4 0,4, , zeros for some choice of
8,=0or 1, i=r,7+1,-++, 7+ n~ 1. But then the initial k * 2"-block of x con-
tains Op +8 4 ip 4y + - ot O 4p—1Pptn_1 + D,+, zeros, and this is a number of
the required form.

Assuming € # 0, unless € =1 it follows from Lemma 5.3 that @ < 0; this is

why we may assume that ¢ = 1.
Theorem 5.1. With X and A as above, f'XA is not topologically strongly mixing.

Proof. Let n be odd, n > r; as we have remarked, it is enough to show that

b, - 1 is not a number of the form a = €D, + € 4D 4yt HE D where each

€,is 1,0, or -1 and €, =1, for any m >r. Because of Lemma ;3 we may assume
without loss of generality that m > n.

The smallest number of the above form is achieved by taking €,=-1 for i=
rs 7+ 1,«¢e, m—1; from Lemma 5.3 we obtain

m—1 ?, (m odd),

it ‘ 1+p  (m even).
Now if for some & > n we change €, from -1 to O, then @ becomes either by +
b, or p, +p,+ 1, both of which are larger than p . Therefore in order to achieve
a=p, -1, we must keep €,=-1for k=n,n+1,..., m~-1. Thus

m—1

azpm— E pi+€n-1pn—1+“'+€rpr

0, (m odd),

=€, b, tect €D, +
l+p,  (m even).

The question then becomes whether we can ever have b = €p b+t
€,p, equal to either -1 or -2. Let € (g > 1) be the first nonzero coefficient in

this expression, so b = €yt tep. I €= 1, b is positive by Lemma 5.3.
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If ¢, = -1, the largest possible value of b is achieved by taking €, =1 for

k=r,7r+1,---,9 — 1. This gives

g-1 ‘p, (q Odd)9
b=—-p + p; =
g ,}:‘, -p,-1 (g even),

so in any case b < - 5. Therefore b can never be -1 or -2.

This example completes the proof that in the following diagram relating four
properties of uniquely ergodic flows, none of the implications can be reversed, even
if we were to restrict the statements to the class of minimal flows with metrizable

phase spaces.

1
measure-theoretic
> strong mixing s
2 3
topological measure-theoretic
strong mixing weak mixing
4

N topological

weak mixing

That (3) does not imply (1) was proved by Kakutani in the examples mentioned
above. Kolmogorov [18] shows that (4) does not imply (3) when the acting group is
a one-parameter family of homeomorphisms. It follows from [15, Proposition 3.3]
that (4) does not imply (3) for our setting of a cyclic group {T"} of homeomorphisms.
Petersen [23] constructed an example for which (2) holds but not (1); and of

course our present example disposes of the question whether (4) implies (2).

6. Irregularities of distribution. In this section notation is as in Example 1,
Sturmian flows, and again all real numbers are assumed reduced modulo one so as
to lie in K= [0, 1).

It is well known [20] that if a is irrational then the sequence {na:n € Z} is
uniformly distributed. In particular if I is an interval in K of length 8, then
lim _y,, (1/|n) Z7_5 x/(ia) = B, i.e. {na} hits I with probability B. Clearly if
y € K then what we have said about {na} is true for {y + na} (consider I'+y in
place of I). In particular if we pick y, y' € K then each of the sequences
{y + na} and {y' + na} hits I with probability S.

The Sturmian flows of Example 1 are closely related to the question of whether
one of the two sequences {y + na}, {y' + na} hits I infinitely more often than the

other. More precisely, let
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n
Ny, n) = X x,{y +ia);
i=0
then from the discussion above we know that

lim — (N(y, m) = NGy, m)) = B — B = 0.

et |n|

We wish to determine when the quantity N(y, n) — N(y', n) is unbounded.

It is not hard to show that if y' = y + ka, then|N(y, n) = N(y', n)| <k for
n € Z. It can be proved that if B ¢ Za, then for a residual set of (y, ¥') € Kx K
we have (N(y, n) - N(y', n)) unbounded in ». This is done by showing that if
{x, y} CX —p~HE), x and y are proximal under 0%, and y # 0™ for any n€ Z,
then N(p(x), n) = N(p(y), n) is unbounded in n. The assertion then follows from the known
result [16, Remark 3.4] that, since X* is weakly mixing, its proximal relation is
residual.

It is possible to prove a much stronger result [26]: If 28 ¢ Za or 2(y - y')
¢ Za then N(y, n) - Ny, n) is unbounded whenever y -y ¢ Za.
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