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ABSTRACT. For each cosimplicial simplicial set with basepoint, the
authors construct a homotopv spectral sequence generalizing the usual spec-
tral sequence for a second quadrant double chain complex. For such homotopy
spectral sequences, a uniqueness theorem and a general multiplicative pair-
ing are established. This machinery is used elsewhere to show the equiva-
lence of various unstable Adams spectral sequences and to construct for them
certain composition pairings and Whitehead products.

1. Introduction. The purpose of this paper is

ee

(i) to show that there is such a thing as '‘the’’ (homotopy) spectral sequence
of a cosimplicial simplicial set with base point (resp. cosimplicial simplicial
group), and

(ii) to comstruct for these spectral sequences a natural pairing.

Our prime example is ‘‘the unstable Adams spectral sequence’’ obtained in
[1] by a different method. The above results will be applied in [2] to establish
for that spectral sequence smash and composition pairings and Whitehead products.

We start with observing (in § 2) that the category of cosimplicial simplicial
abelian groups is equivalent with the category of second quadrant double chain
complexes and then devote the next six sections (§ 3——§ 8) to formulating and
proving

I. Let X be a cosimplicial simplicial set with base point and let ﬂtlxs de-

note its normalized homotopy groups, i.e.
7, X =m,X°n kers®N ... NkersS-1,

Then there is (in a sense which will be made precise in §7) a unique natural

spectral sequence {E X} with

EJ*X = nt'xs fort>s>0,

0 otherwise,
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306 A. K. BOUSFIELD AND D. M. KAN [March

which, if X is a cosimplicial simplicial abelian group, coincides for t > s >0
with the spectral sequence of the associated second quadrant double chain complex.
1'. Let B be a cosimplicial simplicial group. Then there is (in a sense

which will be made precise in $4) a unique natural spectral sequence {E B} with

E{'B= 7, BS fort>s>0,
=0 otherwise,

which, if B is abelian, coincides for t > s > 0 with the spectral sequence of the
associated double chain complex.
The remainder of the paper is devoted to proving
II. Let X and Y be cosimplicial simplicial sets with base point. Then the
pairing
7! XS A al Y Logixsts' A gl yses’

— ﬂ;+l:(xs+s' A Ys+s') =2 (X /\Y)s+s'

t+t

(where [ denotes a graded version of the cosimplicial Alexander-Whitney map)
induces a pairing of spectral sequences

ESIX AESH'Y — ES+sh et (X AY),

I1'. A similar result for the group case.

The definition of the spectral sequences, the proof of their uniqueness and
the demonstration that the above pairing of E,-terms induces a pairing of spectral
sequences, all involve certain universal examples which are introduced in $5s.

Our notation and conventions for cosimplicial objects will be as in [1}.

2. Preliminaries.
2.1. The normalization of a simplicial abelian group. We recall from
(4], [5] that for a simplicial abelian group A the normalization N_A is the chain

complex, trivial in dimension < 0, defined in the following two equivalent manners:
(1) N A=A nkerd N ... Nkerd,

with boundary map induced by the “‘remaining’’ face operator d,), or

(ii) NnAzAn/(ims0 D oo @imsn_l)

. . n 17 .
with boundary map given by d = 21.:0( -1) d:NA—N, _ A
Both definitions yield the same identification HN, A= 7,4, 9 2.0. More-
over, the functor N is an equivalence between the categories of simplicial abel-
ian groups and of abelian chain complexes which are trivial in dimension < 0.

Dualizing this we get
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2.2. The normalization of a cosimplicial abelian group. For a cosimplicial
abelian group A we define its normalization N *A as the cochain complex, trivial

in dimension < 0, with

N"A =A” N kers®N ... N kers™!

and coboundary map given by 0 = 2;;0 (- 1)id*: N*='A — N"A.  Clearly, the
functor N* is an equivalence between the categories of cosimplicial abelian
groups and of abelian cochain complexes which are trivial in dimension < 0.

2.3. A nonabelian remark. Definition 2.2 also makes sense when applied to
a cosimplicial (but not necessarily abelian) group; in that case, however, the co-
boundary maps need not be homomorphisms.

Finally we consider

2.4. The double normalization of a cosimplicial simplicial abelian group.
If A is a cosimplicial simplicial abelian group, then N *N A=N, N*A, and
hence it makes sense to talk about its “‘double’’ normalization. Clearly, this
double normalization functor is an equivalence between the categories of co-
simplicial simplicial abelian groups and of second quadrant double chain com-

plexes.

3. The spectral sequence of a cosimplicial simplicial abelian group. The
spectral sequence {E A} of a cosimplicial simplicial abelian group A can be
defined as the spectral sequence of its double normalization (2.4) N *N LA=
N*N,’= A, i.e., one forms the total chain complex (TA, d..) given by

TA=- @ wewp,

t=s=gq
drb =8b+ (- 1)°9b for b€ N°NA,

filters this by putting FTA = ®i_>sNiN ,A, and then takes the associated spec-
tral sequence.

For our purposes, however, we need

3.1. A more explicit definition. Denote by 7;A® C 7, A° the normalized
homotopy group, i.e. the subgroup #,N°A = H N, N°A = N*H N A =N°m AC
7, A%, and define ‘‘relations’’, i.e. not always defined multivalued functions
d: nt'As - 771'“_1/\5*', 72 1, by putting d b = ¢ whenever one can get from b
to ¢ by diagram chasing, i.e. whenever there are elements b, e NS*'N, .A
(0 <i<r) such that b, €b, 8b,_, €cand 8b,_, =(- 1)‘+i"labi 0<i<r).
One readily verifies that these relations have the following properties:

(i) naturality: if b € nt'AS and ¢ E”tln—lAs" are such that'd b = ¢ and
if f: A— B is a cosimplicial map, then d f,b={,c,

(ii) additivity: if b, b'€ 7T;AS and ¢, c'€ rrt'+r_ ,A®* are such that d b =
cand dp’'=c’, then d(b-b")=c-c’,
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308 A. K. BOUSFIELD AND D. M. KAN [March

(iii) d, is the function Ef:ol (-1)d : nt'As — nl'As"’l,

(iv) the domain of definition of d, (r> 1) is the kernel of d_, if be nt'As,
then d b = c for some c if and only if d,_,b =0,

(v) the indeterminacy of d, (r> 1) is the image of d_2if b ent'As, then
d0=>b if and only if d _,a =04 for some a,

(vi) the d, are '‘differentials’: if b € 7, '‘AS and ¢ 61rt vr— \A°* are such
that d b =c, then dc=0

In view of these properties one now can obtain the spectral sequence {E'A}

by putting
EJ'A = 17; A%,
Ef"\ = (77[' A® N kerd, _ 1)/(7;.\8 8] imdr_l), r>1,
where
kerd _ =1{bld _b=0}, imd_, ={c|d _ b=c forsome b}

and defining the differentials d: EJ*'A — ESHmtar= 1A as the homomorphisms
induced by the relations 4. Moteovet one clearly has E;: ’A CE; A, for r> s,
and hence the E_-term is given by Eg''A = nDsEf AL

We end with observing that all this can be slightly generalized in

3.2. The augmented case. If A is augmented [1, §91, then one can augment

the above spectral sequence, i.e. define a natural filtration
. CF#IACFIAC ... CFAA=nA"!

together with homomorphisms
e
F?A 4, Ego't+qA, q>0,

such that ker e, = F;“'IA, as follows: Let e : 7 A"l — TTt A9 denote the relation ob-
tained by putting €8 = b whenever there are elements a_, € NtA 1 and a; €
Nt+i+lNiA (0<i<gq) such that a_, €a, Ba,_, €b and 8a;_, = (- 1)7+19a,
(0<i<gq). Asin 3.1, these relations bhave the properties:
(i) naturality,

(ii) additivity,

(ii1) ey Is the function dg: rrtA"l — ﬂtAo = ﬂtlAO,

(iv) the domain of definition of e, (g > 0) is the kemel of g1

(v) the indeterminacy of €, (g > 0) is the image of d,

(vi) the image of €, contams only ‘‘infinite cycles’’, i.e. if a €7 A’ and
b eﬂ A are such that e a="b, then db=0 forall r.

In vxew of these properties we can now put FA =, A~ N ker e,y 920,
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e
. . . q
and observe that each relation e_ then induces a homomorphism FIA — EZ-/+A,
g > 0, whose kernel is exactly F:“lA.

4. The spectral sequence of a cosimplicial simplicial group. We now formu-
late our first result which, roughly speaking, states that for cosimplicial simplicial
groups there is a unique (natural) spectral sequence generalizing the one of §3,
i.e. which for cosimplicial simplicial abelian groups coincides with (part of) the

spectral sequence of $3. To be precise we have

4.1. Theorem. Let B be an augmented cosimplicial simplicial group and let

nt'Bs =Nz B Cna B°. Then there are unique relations

diaBS—a BS*, 3112530,

e, ﬂB'l——»ﬂ Bq g>0,¢t>0,

which
(i) have properties (i) through (vi) of 3.1 and 3.2 (except that we do not in-
sist on the additivity of d_ for t=s =0, r>1; but we instead require d:

B0 — ﬂ _ IB' to be ** crossed-addlnve for r>2, i.e. if b, b’ 6170B0 and c,
c'e 77'_ lB' are such that d b= c and d b ‘=c’, then dr(b -bN=c-Gb-b")X'
where the left action of kerd, C ﬂo'Bo on m!_ B’ is induced by the natural homo-
morphism ker 4, — 7,B” and the left action of 7 B" on 17"_ lB'), and

(ii) for abelian B, coincide with the relations d, and e, of $ 3.

This allows us to define

4.2. The spectral sequence of an (augmented) cosimplicial simplicial group.
The spectral sequence {ErB} of a cosimplicial simplicial group B is the spectral
sequence obtained by putting

Ei*‘B:nt'Bs, t>s>0,
=0, otherwise,
Es"B = (Es"B N kerdr_l)'/(Ef"B Nimd _)),

ES/'B= N gsB
r>s T
with, as differentials, the homomorphisms d: Ef"B — ES tidrs 1B induced by
the relations 4 of 4.1.
Furthermore if B is augmented, then, as in 3.2, we can augment this spectral
sequence by putting F{B =7, B~!n ker €y 42 O and observing that the re-
lations e, of 4.1 then mduce homomotphlsms FqB ——»Eﬂ 1+4B whose kernel is

exactly FI* 1B.
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310 A. K. BOUSFIELD AND D. M. KAN [March

Clearly if B is abelian this (augmented) spectral sequence coincides for
t — s >0 with the one of $3, justifying the use of the same notation.
Also, [2, $5), readily implies

4.3. Corollary. The above (augmented) spectral sequénce is naturally equiv-
alent with the one of (2, $ 11l

4.4. Remark. The above spectral sequence is ‘‘fringed’’ in dimension 0 in
the sense of [1, § 4], i.e. EB-= H(Er_ Brd,_ 1) except possibly when ¢t —s =0,
when one may have E BC H(E _ B, d__,) instead.

The proof of Theorem 4.1 will be given in $6.

5. Universal examples for the 4_and e . In this section we discuss certain

cosimplicial objects D and E(q ;) Which will tumn out to be universal ex-

(r,s,1)
amples for the 4, and €, They are the main tool in the proof of Theorem 4.1
($6) and will also be used to prove the existence of pairings ($ 10).

5.1. The universal example D(r,s,l)' Forr7>1 and s >0, D

n
(7,s,s)

(r.5.5) will be
the cosimplicial simplicial set with base point where each D is obtained
from the standard simplex Alr] (5, p. 14] by

(i) collapsing the (s~ 1)-skeleton to a base point (for s = 0 this should be
interpreted as ‘‘taking the disjoint union with a base point’’), and

(ii) taking the (s + r — 1)-skeleton,

and where the cofaces and codegeneracies are induced by the standard maps 5, p. 14]

5. o.
Aln-11 2 Al), Aln+1]1 2 AL, 0<i<a. .
For t>s >0, D(r's't) then is obtained from D(r's s) by application (in the sense
of [1, § 9] of the (¢ — s)-fold suspension functor [5, p. 124].

Note that this definition also makes sense if 7 = « and that

(5.1a) D(oo,S,t)/D(‘r.Syt)= D

Let Z be the ‘‘free abelian group on’’ functor [1], i.e. the functor which

(00,5 +7,04+7)°

assigns to a simplicial set with base point X the simplicial (free) abelian group
generated by the simplices of X with the base point (and its degeneracies) put

equal to the identity. Then we have

5.2. Properties of ZD(N s @ nt'ZDS = Z and is generated by the

(oo,s,t)

nondegenerate t-simplex of Dfm,s,,)7

(ii) mn ZDfoo,s,,) = 0 otherwise.
Proof. This follows readily from the fact that for any simplicial set with

. . . . N ~
base point X there is a natural isomorphism 7, ZX = H_X, where H, denotes
k

(o0, s,7) Das the

the reduced (integral) homology, and the observation that each D

homotopy type of a wedge of t-spheres.
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5.3. Properties of ZD (i) =, '7DS
degenerate t-simplex of D(r sty

(i1) nt . ZDfr‘”; n=Z andis generated by the collapsing map Al + 71 —

= Z and is generated by the non-

(r,s,t)° (r,s,t)

S 47
(r,s,t)
(i11) = ZD(r s.t) = 0 otherwise, and

(iv) the differential d_in E ZD

is an isomo ]
(r.s.0) n morphism

a Es+r Jltr=1 ' S+71
——'

E = 77 ZD = ﬂt+f—'lZD('»s’t).

(rys,t) =
Proof. The first three parts follow readily trom 5.2 and (5.1a) while part (iv)
is a simple calculation.
If F denotes Milnor’s ‘‘free group on’’ functor [3], i.e. the functor which as-
signs to a simplicial set with base point X the simplicial (free) group generated
by the simplices of X with the base point (and its degeneracies) put equal to the

identity, then we can for the FD formulate properties similar to 5.2 and 5.3.

(r,s,t)
To do this we need the notion of

5.4. The additive subgroup of = FD(r s,y For K €S, and n2>1 let
@ FKC m,FK denote the subgroup consisting of all u €7 FK such that f, .«u =
fxu + fyxu where f,, f,, f,,: FK— F(KVK) are the homomorphisms which respec-
tively send x €K to x, x,, x,x, € F(KVK) (with x, denoting x in the ith K).
It is easy to show that

(i) the inclusion K — FK induces a homomorphism m K — 9’ FK, and

(i) forany K, L €S,, # F(KVL) = % FK® ¥ FL. If we put %'FD*

FD?r s, 1) nm FD{" s.0) then we can formulate

(r,s,t)

for t > 0. (1)'7?FD _nFDs =7

5.5. Properties of FD(r s.t) (rs.0) Crson) =

and is generated by the nondegenerate t-simplex of D( ros. 1)}

(i1) ”t+r- FD¢Y. ) = Z and is generated by the collapsing map Alt + 71—
S +r

(r,s,1)

Proof. This follows easily using the fact that Df' s 1) is equivalent to a
wedge of t-sphetes and (¢ + r - 1)-spheres.

5.6. Properues of FD( 0.0 for 7> 2. As in 4.1 (i) we view 17 _ IFDZr,O,O)
as a left 7 FD?T 0,0) module. A straightforward computation then shows that there

is a unique function b: n FD - rrr'_lFD' 0,0) Skch that

(r,0,0) (r,0,

(i) b is a crossed bomomorpbzsm, ive. hlx +y) = hx + x(by),

(1) bf f b wbere & FD( 0 0)—* FD( 0,0) is the homomorphism sending
x eD( 0,0) into x2 eFD(r 0,0y
(iii) d g, = g,d, where g: FD(r,O,O) - ZD(r,o,O) is the abelianization.

We end with considering
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5.7. The universal example E(q't). For >0 and t =0, E(q,O) will be the
augmented cosimplicial simplicial set with base point where each E?q,o) is ob-
tained from the standard simplex Alz + 1] by

(i) collapsing to a base point the image of Alz] under the map 8,: Aln] —
Alz + 1], and

(ii) taking the g-skeleton,
and where the operators d' and s’ are induced by the standard maps

o.
Al A1), Alns 20l e 1), 0<i<n

For t> 0, E(q’t) is then obtained from E(q,O) by application of the t-fold sus-
pension functor.

One readily proves the following analogues of 5.3 and 5.5.

5.8. Properties of ZE . () m, ZE~

degenerate t-simplex of ET

= Z and is generated by the non-

q,t) (q t)

(q ty
(ii) ﬂt+qZE?q 1 = Z and is generated by the collapsing map Alt + g+11—

E( q,t)’

(ii1) = ZE(q H

(iv) the homomorphism e, (3.2) is an isomorphism

= 0 otherwise, and

@

q _ 1 4, ra.,t+q _ ! q
F? —ﬂZE(q’ :EM _77“_qZE(q’l).

5.9. Properties of FE

degenerate t-szmplex of E 2.1y and

\ (i1) 77t+q
E( a,t)°

. (1) ntFE?ql't) = Z and is generated by the non-

(q n=7< and is generated by the collapsing map Alz + g+ 11—

6. Proof of Theorem 4.1. We now prove Theorem 4.1 and show at the same

(rs.y and Eqg o)
dr and €, of this theorem. To do this we define the relations a" and €, of

time that the D of $5 are universal examples for the relations

Theorem 4.1 in terms of the D(r s.1) and E and then show that these rela-

(q.1)
tions have indeed all the desired properties.
6.1. Definition of the 4, in terms of the D
1
m FDS7 s.1)
element hi (see 5.6) if r > 2, and for t > 0 denote by j 6%’t -1 Df"'; 0 the
(in view of 5.5) unique element such that d_g,i = g,j where g: FD

(r,s,1)" Choose a generator i €

denote by j 61r'__ FD( 0,0) the element doz - d i if -1 and the

(r,s,)

ZD("S'” is the abelianization. For any cosimplicial simplicial group B and

elements b € nt'Bs and c € nt'"_ IBS"" we then put d b= c if and only if there

is a homomorphism f: FD — B such that f,i=b and {,j=c.

(r,s,1)
Similarly we have
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6.2. Definition of the €, in terms of the E

-1 . ] q
"tFE(q,z) and denote by j € "z+qFE(q,z

that qu*i = g,j- For any augmented cosimplicial simplicial group B and ele-

(q.1)r Choose a generator i €

) the (in view of 5.9) unique element such

ments a € 77tB‘1 and b € ﬂt'+qu we then put e _a = b if and only if there is a
bhomomorphism f: FE(q,z) — B such that fi=a and f,j=b.

Clearly both these definitions do not depend on the choice of the generator i.

One readily verifies that the relations defined above have properties 4.1(ii),
3.1(i), (ii) (modified as in 4.1(i)), and (iii) and 3.2 (i), (ii) and (iii) and that, con-
versely, they are uniquely determined by these properties. Properties 3.1 (iv) and
3.2 (iv) are equivalent to the following lemma which can be proved by calculations
similar to the ones used in proving that a simplicial group satisfies the extension

condition [5].

6.3. Lemma. Let B be an augmented cosimplicial simplicial group. A ho-
momorphism f: FD( — B (resp. f: FE(q_1 py — B) then can be extended
— B (resp. FE(q n— B) if and only if f,j=0.

r-1,s,t)

to a homomorphism FD(r,s,t)

The proof of Properties 3.1 (v) and 3.2 (v) is not hard. And finally Prop-
erty 3.1 (vi) follows by naturality from the fact that (ignoring the augmentation)

(ros,t) ~ E(S+r.t—s- 1)/ E(s,t—s-— 1)
follows directly from this same lemma.

and Lemma 6.6 below, while Property 3.2(vi)

6.6. Lemma. "n'FEfq,z) =0 for n—-k<t.

Proof. Let d be the smallest integer such that n < (d + 1)(g + ¢). As each

Efq'” has the homotopy type of a wedge of (g + t)-spheres, there is, by the Hil-

ton-Milnor theorem [3], a functor T from free abelian groups to abelian groups
such that "nFE(q,t) = Tf{quE(q,t)'
hence, by [4, p. 2331, ﬂnFEfq y=0 for k> dq. The desired result now follows

readily.

Moreover this functor is of degree < d and

t

7. The spectral sequence of a cosimplicial simplicial set with base point.
Our next result is that, for cosimplicial simplicial sets with base point, there
also is a unique (natural) spectral sequence generalizing the one of $3. To be

precise, we have

7.1. Theorem. Let X be an augmented cosimplicial simplicial set with base

point and let nt'xs = N7 X Cn X°. Then there are unique relations

d; ﬂ;xs-—» nt’”_lX“', r>1,t>s>0,

e : ﬂtX'l-ﬂr

q ’+qxq’ 920, >0,

t

which
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(1) have properties (i) through (vi) of 3.1 and 3.2 (except that we do not in-
sist on the additivity of a'r for t=1, s =0, r > 1; but instead we require such
d, for r> 2 to be *‘crossed-additive’’, as in 4.1 (i)), and

(ii) for X an augmented cosimplicial simplicial abelian group, coincide with

the relations d, and e, of § 3,

Thus we can define
7.2. The spectral sequence of an (augmented) cosimplicial simplicial set
with base point. If X is a cosimplicial simplicial set with base point, then its
spectral sequence {E X} with
EPX=nX5 t>s>0,

’

=0, otherwise,

can be defined as in 4.2. And, as in 4.2, an augmentation of X induces an aug-
mentation of the spectral sequence.

If X is an augmented cosimplicial simplicial group, then, in view of The-
orem 4.1, the above spectral sequence coincides for t —s > 0 with the one of
S 4, justifying the use of the same notation.

Again [2, $ sl readily implies

7.3. Corollary. The above (augmented) spectral sequence is naturally equiv-
alent with the one of [2, $ 4.

7.4. Remark. The above spectral sequence is “‘fringed’’ in dimension 1
with the one of [2, § 4, i.e. EX= H(Er_ X d,_ 1) except possibly when ¢ -'s =
1, when one may have E XCH(E__ X, d, _,) instead.

8. Equivalence of the results of § 4 and §7. Using the loop group functor
G and the classifying functor W [5] we will show
8.1. Proposition. Theorems 4.1 and 7.1 imply each other.

8.2. Proposition. Let B be an augmented cosimplicial simplicial group
and let 0: ﬂt+l-WBs = 7, B° denote the boundary isomorphism of [s}. Then the

"‘other’’ boundary isomorphisms
dg, = (- 1)¥o: 7, WB® = 7 B°

induce an augmented s pectral sequence isomorphism, i.e. isomorphisms 80‘:
ES:t+1WB = ES:'B, 9, : F1 WB = FB which commute with the d_ and e _.
r r 0e" "t 41 t L4 q

8.3. Proposition. Let X be an augmented cosimplicial simplicial set with
base point and let 0: rr”lxs = 7,GX® denote the boundary isomorphism of [51.
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Then the "‘other’’ boundary isomorphisms
t). S o s
dg,=(=Dd:m, X°= 7,GX
induce an augmented spectral sequence isomorphism, i.e. isomorphisms

. W+ 1Y a2 13 . 49 ~ F4
0o, EXHIX=ENGX, 0y, FI X=FIcX

which commute with the dr and €,

These propositions follow readily from the basic properties of the functors
G and W [5] and the following observations which are not hard to verify.

(1) If A is an augmented cosimplicial simplicial abelian gr'oup, then the
"Otbj’” boundary isomorphisms 601: 77[+1WAS = m A® induce isomorphisms am:
r/l'+1WA$ = 77" AS which commute with the relations d, and e, (of § 3).

(ii) If B is an augmented cosimplicial simplicial group and d_ and e, are
relations on the ﬂt,Bs and ntB'l satis/y.ifg 3.1 and 3.2 (i) through (vi), then the
"otbfr" boundary isomorphisms Ao, WHIWBS = n,B° induce relations on the
ﬂt'+1WBs and ﬂt“WB'1 which also satisfy 3.1 and 3.2 (i) through (vi).

(iii) If X is an augmented cosimplicial set with base point and dr and €,
t+lX‘1 satisfying 3.1 and 3.2 (i) through (vi),
then the "‘other’’ boundary isomorphisms 301: nmxs = ﬂlGXS induce relations
on the ﬂl'GX" and ntGX"l which also satisfy 3.1 and 3.2 (i) through (vi).

8.4. Remark on the proof of Theorem 7.1. Instead of reducing it to The-

. 1
are relations on the 7, “X‘ and w

orem 4.1, one can try to prove Theorem 7.1 directly using the arguments of $6

with D(,'S't) and E(q't) instead of FD(r’s’t) and FE( One then runs into a

q,1)"
slight problem because X° need not satisfy the extension condition, nor need
the analogue of 6.3 be true. However, both these problems disappear if one re-

places X by WGX.

9. Pairings (the abelian case). We end this paper with recalling the usual
pairing of spectral sequences for augmented cosimplicial simplicial abelian groups
(or equivalently (2.4) second quadrant double chain complexes) and showing the
existence of a similar pairing for augmented cosimplicial simplicial groups and
for augmented cosimplicial simplicial sets with base point. This section will
deal with

9.1. The abelian group case. For any two simplicial abelian groups A and
B we denote by 7,A A m, 1B AN LA 1(A ® B) the pairing induced by the Eilen-
berg-Zilber map [4, p. 2171 N,A®N_B £ N_(A ® B), and recall that it is

(1) bilinear,

(ii) associative, , ,
(iii) commutative (with sign (- 1)), ie. t*(u Av)=( D" WA for
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u€mnA, ven B and t: AQB — B® A the twisting map.
For two augmented cosimplicial simplicial abelian groups A and B one then

can define a pairing
9.2) mAsAa B Lnr A @Byt
as the map induced by the composition

’ ! ] '
"tAs A‘”t'Bs _L ﬂtAs+s Aﬂl'Bs+s A, ”Hz'(A @ ByS+s

where f is the (graded) Alexander-Whitney map [4, p. 217] given by
8 8
fuy v) = (= D as*s" oo as*ly, @51 %),
A straightforward calculation then yields the following ‘“‘well-known’”’ result.

9.3. Theorem. The pairing (9.2) induces a pairing of spectral sequences

EStA AESWB A ESHS'HYA ®B), 1<r<w,

which is augmented, linear, associative and commutative (with sign (- 1)¢=5)¢ =s),

i.e.
(i) the pairing on E | is the pairing (9.2),
(i) for u eEf"A and v EEf 't B (1<7r< o),

d (u Av)= (d,u Av)+ (= 1) A d ),

(iii) the pairing on E'+1 is induced by the one on E, (1 <7< =) and the pair-
ing on E_, is induced by the ones on the E_ (1<r< o),
(iv) the pairing on E_ is compatible with the augmentations, i.e., if u €
F?A and v GF;’: B, then u« A v GF?L‘I,I(A ® B) and €asq’ wAv)= e u /\eq,v,
(v) the pairing is bilinear,
(vi) the pairing is associative,

(vii) the pairing is commutative (with sign (- 1)(¢=s)(¢ =) for r> 2.
9.4. A slight refinement. Let A ® BCA ®B consist of the augmentation
!
and all simplices of the form @5+ ... @5ty ®@°~1 ... d%) where u €AS,
veBs ' and s, s > 0. Then the pairing (9.2) can clearly be factored through a
pairing
ﬂ;As A nt,BS’ A 77;+ty(A ®'By+s
and hence one has

9.5. Theorem. The pairing of 9.4 induces a pairing of spectral sequences

EsiA AESB L Ests i’ A @'B),  1<r<e,
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which is augmented, bilinear and associative (commutativity does not make sense).

10. Pairings (the other cases). First we consider

10.1. The sets with base point case. For any two simplicial sets with base
point X and Y we denote by 7,X A 7Y L LAY /(X A'Y) the unique natural
pairing such that, whenever X and Y are simplicial abelian groups, the following

diagram commutes:

\ ”t+t’(XAY)
7 X Na,Y l"
t t A
"t+t.'(X®Y)

where plx, y)=x®y forall (x, y) e X A Y. Clearly this pairing is
(i) linear in the first (second) variable whenever t > 0 (¢t' > 0),
(ii) associative,
(iii) commutative (with sign (= 1) l)-
For two augmented cosimplicial simplicial sets with base point X and Y
this pairing induces, as in (9.2), a pairing

! ,(X /\Y)s+s'

(10.2) mXs Al Y DNt

which, as in 9.4, can be factored through a pairing

' '(x ,N'Y)S«O-S'

' ropA
(10.3) ﬂt'Xs A ﬂt,Ys =,

where X A YCX AY has the obvious meaning, and one has, as in 9.3 and 9.5,

10.4. Theorem. The pairings (10.2) and (10.3) induce pairings of spectral

sequences

ESX A ES 'Y Lpstsite ' XA YY), 1<r<o,
!
ESX AES' 'Y Lupses'sttt XATY),  1<r<m,

which are augmented, bilinear and associative. Moreover the first pairing is
1 '
commutative (with sign (= 1)(t=S)t'=s ),

Proof. The commutativity is easy. The existence and other properties of
the first pairing follow immediately from the existence and properties of the sec-
ond pairing. And the latter, in turn, is a ready consequence of Theorem 9.5 and
the observations:

(i) it suffices (8.4) to consider only the cases X =D Y=D

and X=E , Y=E_ /0,

(q,t)

(r,s,1) (ros 'yt
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(ii) in the first case the obvious map (X N Yk - ZX A Y=

(ZX @' ZY)* induces an isomorphism of 77['“ + when k=s+s' and of
[

7Tt+t '+r—

(iii) in the second case this obvious map induces an isomorphism of ™,

_ ! _ 1

when k=— 1 and of Tieast'+a’ when k=q +q .
We end with

10.5. The group case. For any two simplicial groups B and C we denote by

aBAn,,C A

Iwben k=s+s'+r

+t!

14t ,F(B A C) the composite pairing

7B Aw,Cla, «(BAC)—mu, 1FBAC)
where B/A C — F(B AC) is the obvious map. Clearly the pairing nas properties
10.1 (i), (ii) and (iii).
For two augmented cosimplicial simplicial groups B and C this pairing in-

duces, as in (10.2) and (10.3), pairines

(10.6) ﬂt'BS A ﬂZ,Cs—/—\«ﬂt’H,F(B A C)‘”s',
(10.7) 7, B° A niCS _/int’H,F(B A'C)S+s

and one has, as in 10.4,

10.8. Theorem. The pairings (10.6) and (10.7) induce pairings of spectral

sequences
ESB A ES''C Lops+s' vt BB AC),  1<r<o

Ef’lB /\E‘:I’“C AI‘Ef+S,’t+tIF(B /\IC)’ 1 <7< oo,

which are augmented, bilinear and associative. Moreover, the first pairing is

commutative (with sign (- 1)=s)e’=s D).

The proof is similar to that of Theorem 10.4.
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