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ARCHIMEDEAN-LIKE CLASSES OF LATTICE-ORDERED GROUPS^)
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JORGE MARTINEZ

ABSTRACT. Suppose <? denotes a class of totally ordered groups closed

under taking subgroups and quotients by o-homomorphisms. We study the follow-

ing classes: (1) Res (£?), the class of all lattice-ordered groups which are sub-

direct products of groups in C; (2) Hyp(C), the class of lattice-ordered groups

in Res(C) having all their ¿-homomorphic images in Res(<?); Para(C), the class

of lattice-ordered groups having all their principal convex ¿-subgroups in ResíO.

If C is the class of archimedean totally ordered groups then Para((?) is the class

of archimedean lattice-ordered groups, Res(Ç) is the class of subdirect products

of reals, and Hyp(C) consists of all the hyper archimedean lattice-ordered groups.

We show that under an extra (mild) hypothesis, any given representable lat-

tice-ordered group has a unique largest convex  ¿-subgroup in Hyp(C); this so-

called hyper-C-kernel is a characteristic subgroup. We consider several examples,

and investigate properties of the hyper-<?-kernels.

For any class C as above we show that the free lattice-ordered group on a

set X in the variety generated by C is always in Res(C). We also prove that

Res ((?) has free products.

Introduction. The theory presented in this paper grew out of an attempt to

abstract the properties of the class of archimedean lattice-ordered groups (hence-

forth: /-groups), and some of its subclasses.  The classes we construct offer an

appetizing alternative to studying varieties of /-groups, one which quite surely

has generalizations in other universal algebraic settings, although the reader may

satisfy himself as to the special nature of many of the arguments.

For any class C of totally ordered groups (henceforth: o-groups) which is

closed under taking subgroups and quotients by o-homomorphisms, we construct

Res (c), the class of /-groups which are subdirectly representable in a product of

o-groups in C An /-group is hyper-<2 if it is in Res (C) and every /-homomorphic

image is in Res ((2). The main result in §1 says that every representable /-group

contains a unique maximal convex /-subgroup which is hyper-C; we call this the
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hyper-(2-kernel; it is a characteristic subgroup (Theorem 1.6).

In §2 we define Para ((2): an /-group is in Para(c) if every principal convex

/-subgroup is in Res ((2). We show that if (2 is the class of archimedean o-groups

then Para(c) is precisely the class of all archimedean /-groups (Proposition 2.1).

Para ((2) carries, in general, a lot of the abstract properties of archimedean /-groups:

it is always closed under /-subgroups, products and quotients by polar subgroups

(Proposition 2.2 and Theorem 2.4).

Our most surprising result is perhaps Theorem 3.5: for any set X, the free

/-group over  X in the variety generated by a class C is residually-C We also

show that Res ((2) has free products (Proposition 3.6). The crucial tool in §3 is

that of the (2-radical of an /-group; it turns out to be the intersection of prime sub-

groups whose quotients in the /-group are (2-groups.

For the basic material on /-groups we refer the reader to [4] and [6], We as-

sume that the reader is familiar with the concept of a variety of universal algebras,

or equivalently an equationally closed class of algebras. In any case our main

reference for facts concerning universal algebra is [2].

Finally, we mention some special notation. For an /-group G, and 0 < g € G,

G(g) denotes the convex /-subgroup generated by g. If {GjJ A e A} is a family of

/-groups their cardinal sum G is their direct sum qua groups with coordinatewise

ordering; the notation is G = [Jj- jGjJ A € A}. If A is a (proper) subset of B we

write (A C B) A C B. If both A and B aie subsets of a set X, A\b is the com-

plement of B in A. For a subset 5 of a group G, (S) is the subgroup generated

by S. If g, h e G, gh = - h + g + h.

1. Hyper-(2-kernels. The starting point in this discussion shall be a class of

o-groups (2 which is closed under taking subgroups and quotients by o-homomor-

phisms. That is, if G e (2 and H is o-isomorphic to a subgroup of G then H e(2;

further, if K is a normal, convex subgroup of G then G/K e (2. For the duration

of the article we shall deal only with classes of o-groups having these two closure

properties. The model for our discussion is in the class of archimedean o-groups.

For a given class C, an /-group G is called residually-ß if G can be repre-

sented as a subdirect product of o-groups in (2. We shall denote the class of all

residually-(2 /-groups by Res ((2). To say that G e Res ((2) is equivalent to the

condition that for each 0 < x e G there be a normal prime subgroup N of G, such

that x i N and G/N e (2. An /-group G is hyper-Ç. if it is residually-C and every

/-homomorphic image of G is residually-C. Hyp ((2) is the class of all hyper-C

/-groups. If (2 is the class of archimedean o-groups then "hyper-C" coincides

with the usual notion of hyper-archimedeaneity.

If Ö is a variety of representable /-groups and (2 is the class of o-groups in

Ö then Ö = Res ((2) = Hyp ((2). Such a class of o-groups is said to be full. We

remark here that for any class (2, the variety generated by (2 is obtained by taking
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all /-homomorphic images of residually-c /-groups. Thus, if Res(c) = Hyp(C)

then £ is a full class of o-groups.

A convex /-subgroup C of an /-group G is regular if C is maximal with re-

spect to not containing some 0 ^ g £ G; we also say that C is a value of g. An

element O^geC is special if it has only one value; the value of a special ele-

ment is also said to be special. G is a finite-valued /-group if every nonzero

element has finitely many values. It is well known [4, Theorem 2.21] that G is

finite valued if and only if every nonzero element g € G is a sum of finitely many

special elements whose absolute values are pairwise disjoint.

If K is an /-ideal of G which is maximal without some element 0 ^ g £ G

we say that K is regular (among l-ideals). An /-group is representable if and

only if every regular /-ideal is a prime subgroup [4, Theorem 1.8] (regular convex

/-subgroups are always prime). The meaning of the term l-ideal value is evident.

We now state the following:

1.1 Proposition. // G is a finite-valued residually-£ l-group, then G is

hyper-C

Proof. If 0 < g e G, write g = gl + g2 + ... + gn , where the g{ are pairwise

disjoint special elements. If M is a regular /-ideal of G maximal without g, then

some g ■ i M. Suppose M   is an /-ideal that contains M properly; since g £ Al   it

must be true that all the gi are in M . The conclusion is that M  is an /-ideal

value of g.. Now g. is special so that Al is contained in Q, the unique value of

g.. The conjugates Qx of Q form a chain and HiQ*! * e Gi = Al [4, Theorem 1.8];

this proves that Al is the only /-ideal value of g..

We have shown that all regular /-ideals are (unique) values of special ele-

ments, among /-ideals. Since G e Res (C) there is a family of normal prime sub-

groups \Ny | yeTl with zero intersection such that G/Ny £ C, for each y eT.

For any regular /-ideal Al, choose a special element x of which Al is the /-ideal

value. There is a y0 £ T such that x i Nyn, and hence N-,   Ç Al; G/M is a quo-

tient of G/Ny    and so G/M £ €..

Now if K is an /-ideal of G, it is the meet of regular /-ideals. But we have

just shown that the factor of such an /-ideal in G is in C; it follows that G/K £

Res (c). This proves G is hyper-C, and we are done.    D

Let us now consider some "new" examples of closed classes of o-groups.

(I) An o-group G is c-archimedean (conjugate-archimedean) if for each

0 < x £ G and g £ G there is a positive integer n such that nx > x8. The class

of c-archimedean o-groups is closed. It is clear that an o-group G is c-archi-

medean if and only if every convex subgroup of G is normal.

(II) An /-group G is weakly abelian if, for each 0 < x £ G and g £ G, 2x >

x8. The class of weakly abelian /-groups forms a variety, so that the weakly

abelian o-groups are a full closed class.
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If (2 is the class of c-archimedean o-groups we shall call an /-group in

Hyp ((2) hyper c-archimedean. It is evident that every weakly abe lian /-group is

hyper c-archimedean. The residually-(2 /-groups satisfy the condition that for each

0 < x € G and g&G there is a positive integer n such that nx ¿ x8; /-groups sat-

isfying this last axiom shall be called c-archimedean. We then have the following

characterization of hyper c-archimedean /-groups.

1.2 Theorem. For a representable l-group G, the following are equivalent:

(i) G is hyper c-archimedean;

(ii) G is c-archimedean and every l-homomorphic image is c-archimedean.

(iii) // N is a prime of G then N is normal in G.

(iv) All convex l-subgroups of G are normal in G.

(v) // 0 < x € G, g&G there is a positive integer n such that nx > Xs.

Proof, (i) —► (ii). If G is hyper c-archimedean it is certainly c-archimedean,

and every quotient is a subdirect product of c-archimedean o-groups, and hence

c-archimedean.

(ii) —> (iii). Representability guarantees that minimal primes are normal. If

N is a minimal prime then G/N is c-archimedean. If M is any prime of G, it con-

tains a minimal prime M   and M/M' is normal in G/M , whence M is normal in G.

(iii) —, (iv). Obvious since every convex /-subgroup is the meet of primes.

(iv) —» (v). Clear.

(iv) —» (i). If all the convex /-subgroups of G are normal, and K is an /-

ideal of G every prime subgroup containing K is normal. Thus, G/K is a sub-

direct product of c-archimedean o-groups, and G is therefore hyper c-archimedean.

If £R denotes the set of regular convex /-subgroups of an /-group G, we call

a subset J of 51 plenary if M J = 0 and J is a dual ideal in in; that is, M e J

and M Ç N e % imply that Ne?.

1.3 Theorem. Suppose (2 denotes the class of c-archimedean o-groups. Then

G e Res ((2) if and only if there is a plenary subset of regular subgroups of G in

which a nonzero element of G has the same values as any of its conjugates.

Proof. Let us suppose first that G is residually-(2. We consider all regular

subgroups M having the property that M is normal in G and G/M is a c-archi-

medean o-group; call the family of all such regular subgroups JR.   If 0 < x € G

then we can find a normal prime N such that x i N and G/N is c-archimedean.

Now N is contained in some value M of x, and it is clear (see Theorem 1.2)

that M € ÎTC; this proves that (l Î1Î = 0. Since the class (2 is quotient closed ÎR

is a dual ideal; we conclude that 3H is a plenary subset. For each M eJH, G/Me(2

so that it is obvious that any nonzero element of G has the same values in M as

any of its conjugates.
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Conversely, if there is such a plenary subset j, then any regular subgroup

Al £ j  is normal in G. Since j  is a dual ideal every convex subgroup of G/M is

normal, which says that G/M £ (2. fl ÍP = 0, which implies that G is a subdirect

product of c-archimedean o-groups, and our proof is complete.

1.3.1 Corollary. G is hyper c-archimedean if and only if for each 0/x€G

and g £ G all the values of x and xe coincide.

We now return to an arbitrary (closed) class C. The next lemma will be ex-

tremely useful.

1.4 Lemma. A representable l-group G is hyper-C if and only if G/M £ Ç. for

every regular l-ideal M of G.

Proof. Suppose first that G £ Hyp ((_). An o-group with a minimal /-ideal is

subdirectly irreducible. If Al is a regular /-ideal then G/A1 is such an o-group;

since G £ Hyp (£.), G/M is residually-C and hence in C

Conversely, if G/M £ c for every regular /-ideal Al, consider an arbitrary /-

ideal K of G; K is the meet of regular /-ideals, and we conclude that G/K is

residually-C. This proves that G is hyper-(£ and we are done.    □

Remark. Suppose H is an o-group which is residually-C Then H need not

be in c (we shall give examples later). Thus if G is an /-group in Hyp (C) and

N is a normal prime subgroup, G/N need not be in C although it is residually-C..

1.5 Proposition, (i) // G eHyp(C) and H is an l-subgroup of G, then H is

byper-£.

(ii) Hyp(C) is closed under quotients and cardinal sums.

Proof, (i) Suppose N is a regular /-ideal of H; there is an /-ideal N   of G

such that N = N' C\H. Then H/N =* H/(N' n H)<*N' + H/N', and Ai' + H/N' is

an o-subgroup of G/N   £ Res ((£); hence H/N is also residually-C—and therefore

in c, since it is subdirectly irreducible—since Res (c) is /-subgroup closed. By

Lemma 1.4, we conclude that H £ Hyp (C).

(ii) It is trivial that Hyp(C) is closed under /-homomorphic images. As for

cardinal sums, suppose G = Q3 {Gj A £ A} and each Gx is hyper-C If N is a

regular /-ideal of G then, since N is prime, it contains all the G^ save one, say

G*  . Then G/N « GK /(N C\GX ), and the latter is in 0. since ¿V O Gx    is a

regular /-ideal of G»  . Again G is hyper-C by Lemma 1.4.    D

We now turn to classes which have the following additional property: if G is

an o-group having a family of convex subgroups \Gy\ y £ T] such that G = U G«

and each G„ e £ then G £ C. This is clearly a local property of sorts; if £ has

this property we say C is locally closed with respect to convex subgroups. Ac-

tually, there will be no confusion in suppressing the qualification "with respect
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to convex subgroups", and we shall do so throughout. Further, the convex sub-

groups of an o-group lie on a chain, so we are dealing with local closure relative

to directed families of convex subgroups.

We can now state and prove the main result in this section.

1.6 Theorem. Suppose (2 is a locally closed class of o-groups, and G is a

representable l-group.  There is an l-ideal (2(G) of G which is hyper-Ç. and con-

tains every hyper-(¿ convex l-subgroup of G. (2(G) is in fact a characteristic sub-

group; (that is, it is left invariant by any l-automorphism of G).

Proof. Consider the family K of hyper-C convex /-subgroups of G. We will

show H is a complete sublattice of the lattice of convex /-subgroups. By 1.5 (i),

K is certainly closed under intersections, so it suffices to show that the join of

hyper-(2 convex /-subgroups is hyper-(2. Suppose then that {Kx\ Ae A| is a sub-

family of H, and let K = V K\> In view of representability and a result of Wolf-

enstein in [10] any two convex /-subgroups of G commute. Let N be a regular

/-ideal of K; the convex /-subgroup generated by N and Kx is N + Kx, and we

have

K/N =* V \N + Kx/N\ AeA|.

Each N + Kx/N * Kx/N n Kx, and each Kx/N O Kxe£ since Kx eK (using

Lemma 1.4 once more). So K/N is the join of a chain of convex subgroups in (2

and is therefore itself in (2. It follows that K eK.

The theorem now ensues in its entirety since (2(G) = V H is obviously

characteristic, and hence an /-ideal.

1.7 Theorem.  Once again let £ be a locally closed class, and G be a rep-

resentable l-group.  Then

(i) A n (2(G) = (2(A), for every convex l-subgroup A of G;

(ii) <2((2(G)) = (2(G);
(iii) (2(A + B) = (2(A) + (2(B), for any convex l-subgroups A and B;

(iv) <2(A n B) = (2(A) n (2(B), for any convex l-subgroups A and B.

Proof, (i) Clearly A H (2(G) Ç (2(A); on the other hand, if K is a hyper-<2

convex /-subgroup of A, it is also a convex /-subgroup of G, whence K Ç A n (2(G).

(ii) Trivial.

(iii) By the proof of 1.6, (2(A) + (2(B) Ç (2(A + B). If C is a hyper-(2 convex

/-subgroup of A + B then C = (C O A) + (C O B), since the lattice of convex /-

subgroups is distributive [4, Theorem 1.4]. But (C n A) + (C n B) Ç (2(A) + (2(B)

and the desired equality follows.

We leave (iv) to the reader.

We call (2(G) the hyper-C-kernel of an /-group G. In view of what is absent



ARCHIMEDEAN-LIKE CLASSES OF LATTICE-ORDERED GROUPS 39

in 1.7 one immediately wonders what can be said about G/Ç.(G). This /-group is

again representable, so one may speak of its hyper-c-kernel; there is a character-

istic /-ideal of G, <22(G), so that &(G)/C(G) = &G/C(G)). Inductively, we de-

fine, for an ordinal a, (z.a    (G) to be that characteristic /-ideal of G satisfying

e^iGWiG) = eiG/Ca(G)). If r is a limit ordinal let CTiG) = \J\e°{G)\ a<r\.

The chain <Ü(G) = £l(G) Ç &(G) Ç...Ç ea(G) Ç... is called the hyper-t-kernel

sequence of the /-group G.

For the remainder of this section we shall look at some examples. All ex-

amples of closed classes of o-groups we have given so far are locally closed.

(The full classes are locally closed because varieties are closed under direct

limits.) At the end of the section we shall point out some examples that are not

locally closed.

Suppose u and 03 are varieties of /-groups; the product variety 0 • ID is the

variety of all /-groups G having an /-ideal A in Ö such that G/A £ ffl. One easily

checks that U • (0 is indeed a variety, and that this product is associative. (The

proofs of these two facts are identical to the ones for groups; see [8].) So now

let C be the full class of o-groups of a variety of representable /-groups Ö. Then

Cn(G) = G for a positive integer n if and only if G £ Ö" = Ö • Ö.ö (n times).

Let Cf denote the variety of abelian /-groups. It is well known that a free

group admits total orders (sse [6]); obviously the hyper-U-kernel of such a free

group is zero. Call a representable /-group anti-abelian if u(G) = 0. The class

of anti-abelian /-groups is closed under taking convex /-subgroups (1.7(i)), and

subdirect products. The last assertion follows from the more general fact:

1.8 Proposition.  // C is a locally closed class and a is an l-homomorphism

of the representable l-group G onto H then [C(G)]a- Ç CiH).

Proof.  [c(G)]a is a convex /-subgroup of H, and is certainly hyper-(_; the

desired inclusion follows.    D

If a: G —► H is as in Proposition 1.8, and H is anti-abelian, then 0(G) Ç

Ker (a). So if a: G —► HG¿ is a subdirect representation of the /-group G by anti-

abelian /-groups then G is anti-abelian. It follows then from Conrad's representa-

tion for free representable /-groups [4, Chapter 6] that a free representable /-group

is anti-abelian. We also see that in Proposition 1.8 equality does not hold in gen-

eral; in fact, every abelian /-group is the image of an anti-abelian /-group.

Let us give two examples to show what relationship the center Z(G) of an

/-group G might have with S(G). Let G = Z wr Z, the restricted wreath product

of Z, the additive group of integers, with itself; we declare ik; •• • ,an, ... ) > 0

if k > 0, or k = 0 and the first nonzero a    is positive. G is an o-group with

trivial center, yet 0(G) = {(k; • • • , a , .. .)e G\ k = 0).

On the other hand, suppose G is the group of triangular 2 by 2 matrices
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(q *) with rational entries, and such that a > 0, c > 0, all under matrix-multiplica-

tion. If 1 denotes the identity matrix set

a    b\

0   e)
>1

if a > 1, or a = 1 and c>l, or a = c = 1 and b > 0. Then G is an o-group whose

center consists of all diagonal matrices, yet

0(G) =jr    M   b rationalÎ

Notice that Z(G) is not convex, and Z(G) n 0(G) = 1.

Let us now turn to the situation with archimedean /-groups. For now let GU

denote the class of archimedean o-groups. Let G be a representable /-group, and

0 < g e G; g e GU(G) if, and only if G{g) is hyper-archimedean. Suppose 0 < g e

Cu(G); if N is a minimal prime of G with g i N then N O G(g) is a normal maxi-

mal convex /-subgroup of G(g) [A, Theorem 2.4], Moreover, there is a one-to-one

correspondence between the convex /-suhgroups of G that do not contain g, and

the proper convex /-subgroups of G(g) (this correspondence is effected by inter-

secting with G(g); see [4, Theorem 1.14]). Thus N is maximal with respect to

missing g, and is therefore regular. Conversely suppose every minimal prime of

G missing g is a value of g. For each such prime M,  M O G(g) is a maximal

/-ideal, and clearly the primes of G(g) ate trivially ordered, whence G(g) is

hyper-archimedean. We have proved

1.9 Proposition.  Let G be a representable l-group; then 0 <geGU(G) if and

only if every minimal prime of G without g is a value of g.

1.9.1 Corollary. For a representable l-group G, CU(G) is the intersection of

all primes of G which are not minimal.

1.9.2 Corollary. If G  is finite valued (and representable) then Cu(G) = 0

if and only if G has no regular minimal prime subgroups.

An element 0 < s of an /-group G is basic if the set {g e G \ 0 < g < s\ is

a chain. A ¿as is for an /-group is a maximal set of pairwise disjoint elements

each of which is basic. If G is archimedean then (u(G) contains every basic

element; there are, however, hyper-archimedean /-groups with no basic elements.

The element s > 0 in a representable /-group G is singular if 0 < g < s

implies that g A (s - g) = 0.

1.9.3. Corollary. // 0 < s e G is singular then s e Cu(G).

Proof. By a result of Conrad and McAlister [5, Lemma 4.5] every value of a

singular element is a minimal prime.
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However, an /-group may have a nonzero hyper-archimedean kernel without

having any singular elements. If G = IIÍRX| Ae Ai (A an infinite set), then Qn(G)

is the cardinal sum of the Rx, yet G has no singular elements.(2) On the other

hand, if H = IIÍZx¡ A e A} then (?*(//) is the /-ideal of all bounded integral se-

quences. Notice that H n Qn(G) ¿ Q«(H).

For certain subdirect products of integers we can describe &i(G).

1.10 Proposition. Suppose G is a subdirect product of integers, say G C

njZjJ AeA(; suppose also that G contains a bounded weak order unit. Then

Lu(G) consists of the bounded elements of G.

(Recall that 0 < e £ G is a weak order unit if e A g > 0, whenever 0 < g £ G.)

Proof. Clearly every bounded element is in u*(G), for the bounded elements

form an /-ideal; and if a, b £ G are bounded there is a positive integer n such

that rc[minl|ax| |A e support ia)\] > sup\\b\\ | A £ support (¿>)}.(3)

Suppose conversely that 0 < x £ Cu(G); let u be a bounded weak order unit

in GUiG). Then fl,(G) = Giu) a P, where P is the polar of u in &(G) [4, Theorem

2.4]. But P = 0, so mu> x, for a suitable positive integer m\ this means x is

bounded, and the proof is complete.    D

We now consider the hyper-archimedean kernel sequence. Obviously, G is an

extension of a hyper-archimedean /-group by another if and only if Cti2(G) = G.

(In fact, for any locally closed class C, G = C (G) if and only if G is an exten-

sion of a hyper-C /-group by another.) For such /-groups we get

1.11 Proposition. If G = Qn2(G) then each root in the root system of primes

of G has at most length 2 (that is, every prime is either minimal or maximal). Fur-

ther if N is a prime which is not maximal then there is an element 0 < a £ &AG)

whose value is N.

Conversely, suppose G is a representable l-group with the property that a

prime of G is either minimal or maximal.  Let A be the intersection of all prime

subgroups of G that contain a prime properly; then (L(G) = A, and G/A is hyper-

archimedean if for each minimal prime N of G that is not maximal there is an ele-

ment 0 < a £ A whose value is N.

Proof. Suppose G = Qi2(G), and Ai is a prime of G. If N 2 &A.G) then

N/CL(G) is a maximal prime of G/&AG); thus N is maximal in G. If N 7j &(G)

then N O (hiG) is a maximal prime of QniG), which implies that Af is maximal

with respect to not containing Ui(G). Hence Ai is regular, and its cover is G it-

self or a maximal prime subgroup containing (LAG). Further N O Cu(G) is also a

minimal prime of CLi(G), hence N is a minimal prime of G.

(2) R denotes the additive group of real numbers with its natural ordering.

(3) See Theorem 2.4 of [4].
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If N is not maximal it is minimal and Q>i(G) <¿ N, so we may select 0 < a e

(u(G)\N; by Proposition 1.9, N is a value of a.

The converse of this proposition is clear (A = Cu(G) by Corollary 1.9.1).

1.11.1 Corollary. If G - &nn(G) then a root in the root system of primes of

G has at most length n. In particular every prime is regular.

1.11.2 Corollary. Suppose G is finite valued.  Then G = &"(G) and (in-1(G)

CG if and only if the maximum length of a root of primes is exactly n.

Finally, since the hyper-C-kernel is always characteristic, and the free abe-

lian /-group is characteristically simple [l], we have

1.12 Proposition.  // G is a free abelian l-group then Cti(G) = 0.

The class % consisting of cyclic o-groups is certainly locally closed. The

residually-H   /-groups are the subdirect products of integers, and the hyper-Z /-

groups are the /-groups G in which every prime subgroup has a cyclic factor in

G. The hyper-Z-kernel of an /-group H consists of those elements of H whose

values are minimal primes with cyclic factor in their respective covers.

To conclude the section let us list some examples of closed classes of o-

groups which are not locally closed.

(a) All o-groups admitting a finite central chain of (normal) convex subgroups.

This class is closed under taking subgroups and quotients since the convex sub-

groups of an o-group form a chain.

(b) All o-groups whose chain of convex subgroups is finite.

The reader may think up various variations on the theme in these examples,

such as: all o-groups with the ascending chain condition on convex subgroups,

all o-groups with a terminating descending central chain, etc.

2. Para-(2 /-groups. We exhibited in the residually-<2 and hyper-(2 /-groups

associated with a class (2 of o-groups   some archimedean-like behaviour. In this

section we try to generalize the notion of archimedeaneity itself.

Let (2 be a closed class of o-groups; an /-group G is said to be para-ß if

there is a directed system of convex /-subgroups of G each of which is residually-

(2, and whose union is G.

When (2 = Ui, the class of archimedean o-groups, we have

2.1 Proposition. The para-ßb l-groups are precisely the archimedean l-groups.

Proof. Certainly an /-group in which every principal convex /-subgroup is

archimedean is itself archimedean (see Proposition 2.2(i) below). On the other

hand, if G is an archimedean /-group and 0 < x e G then G(x) is an archimedean

/-group with a strong order unit. Thus G(x) is a subdirect product of reals, and of

course G is the union of the G(x).
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The following proposition lists some of the basic properties of Para ((2), the

class of all para-(2 /-groups.

2.2 Proposition, (i) An l-group is para-C if and only if G(x) is residually

(2, for each 0 < x e G.

(ii) Para ((2) is closed under taking l-subgroups.

(iii) Para((2) is residually closed.

(iv) Hyp ((2) Ç Res ((2)Ç Para ((2) Ç Var((2) = the variety of l-groups generated

by (2. // (2 is a full class then equality holds throughout. (Note: in general

Var(c) consists of all l-homomorphic images of residually-(2 l-groups.)

(v) A para-Ç. l-group with a strong order unit is residually-Ç,.

Proof, (i) Clear, since Res ((2) is closed under taking /-subgroups,

(ii) Suppose H is an /-subgroup of G e Para (C), and 0 < x e H. H C\ G(x) =

H(x), and since G(x) is residually-(2 so is H(x); from (i) we conclude H is para-(2.

(iii) By (ii) just proved, it suffices to show that a cardinal product of para-(2

/-groups is para-(2. Suppose G = IIÍG^| y eT\ with each G y in Para (O, and

take 0 < x e G. Under the yth projection G(x) is mapped onto Gy(xy), and so

G(x) is isomorphic to a subdirect product of the Gy(xy) (y e T). But each Gy(xy)

is residually-(2, whence G(x) is residually-(2. By (i), G e Para ((2).

(iv) and (v) are obvious and are left to the reader.    O

For our next important result we need a lemma.

2.3 Lemma. Suppose G is residually-Ç, and 0 < a e G; then a , the polar of

a, is the meet of normal prime subgroups N of G having the property that a jt N

and G/N e (2.

Proof. Certainly a   is contained in any such prime. On the other hand, if

b A a > 0, then since G e Res ((2) there isa normal prime subgroup N of G such

that G/N £ (2 that misses both a and b.

2.4 Theorem. Suppose G is para-C and P is a polar subgroup of G; then

G/P e Pata ((2). //, moreover, G e Res ((2) then G/P is also in Res ((2).

Proof. Since a polar of an /-group is the meet of principal polars, and

Para ((2) is residually closed, it suffices to let P = a  for some 0 < a e G. We

suppose first that G is in fact residually-(2; it is immediate from Lemma 2.3

that G/a' e Res ((2). We weaken the hypothesis and take G to be para-(2. For

each 0 < x e G such that a e G(x) we have that G(x)/G(x) n a' e Res ((2), since

G(x) e Res ((2) and G(x) O a' is the polar of a in G(x). Now G(x) + a/a' =*

G(x)/G(x) O a , and so G(x) + a'/a   is residually-(2; G is the union of all the

G(x) + a , allowing us to deduce that G/a' e Para ((2). This completes the proof

of the theorem.
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Under some additional hypotheses we can obtain more information about

Para (O.

2.5 Proposition. Suppose C is a locally closed class and G is a finite

valued parade l-group; then G is hyper-Q.

Proof. If G is a finite-valued para-C /-group then for each 0 < g £ G Gig) is

finite valued and residually-C, and hence hyper-C by 1.1. G is the direct limit of

hyper-C convex /-subgroups, in other words G = C*(G), and G itself is hyper-C  □

We have already indicated that a residually-C1 o-group need not be in C Sup-

pose, for example, that c consists of all o-groups whose chain of convex sub-

groups satisfies the descending chain condition. C is subgroup and quotient

closed, and is in fact locally closed. But if G = ffi°°       Z , where Z   = Z for
' **s n=—oo   j¡, fi

each integer n, and the ordering is lexicographic from the left, then G ft C, yet

it has enough quotients in C to make it residually-C. If C does have the prop-

erty that residually-C   o-groups are in C, we say that C is residually closed.

The following classes are all residually closed: the archimedean o-groups, the

c-archimedean o-groups, any full class of o-groups.

2.6 Proposition. // C is locally closed and residually closed we have

(1) a para-C. o-group is in (_;

(2) G  is hyper-Q if and only if G is para-& and every l-homomorphic image

of G is para-Ç..

Proof. (1) If G is a para-C o-group each G(x) is a residually-C p-group, and

so G(x) £ c. In view of the local closure of C we conclude that Gee.

(2) If G eHyp(C) it is clearly in Para(C); moreover each /-homomorphic

image of G is residually-c and hence also para-C. Conversely, suppose G £

Para (C) and each /-homomorphic image of G is para-C. For each regular /-ideal

Al of G, G/M £ Para(C) and is an o-group in view of the representability of G.

By (1) G/M £ C; Lemma 1.4 now guarantees that G is hyper-C.

2.7 Proposition. Suppose £ is locally closed and residually closed. Let

G £ Para(C) and 0 < a £ G be a basic element. Then G/a' £ c"; consequently, if

G has a basis it is residually-Ç..

Proof. G/a' is para-C by 2.4; since it is an o-group [4, Theorem 2.2] it is

in C by 2.6(1). If G has a basis {sjj Ae Ai then G is subdirectly representable

by a product of the G/s^; clearly then G £ Res (£).    D

Consider now the special case of the class of c-archimedean o-groups. We

have already seen that the subdirect products of c-archimedean o-groups are

characterized by the condition that there is a plenary subset in which any non-

zero element has the same values as any of its conjugates (Theorem 1.3). We

can characterize the representable c-archimedean /-groups as follows.
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2.8 Theorem. Suppose G is a representable l-group; G is c-archimedean if

and only if for each 0 < x e G and g e G there is a value of x which is also a

vlaue of x8.

Proof. The sufficiency is clear. As for the necessity, suppose no value of

x > 0 coincides with a value of x8. In view of representability, a value of x

either contains a value of xs properly, or is properly contained in one. Consider

y = (x8 - x) V 0; the values of y are precisely those values of x8 which exceed

a value of x. (Since G is c-archimedean there is at least one such.) But. then

the values of y8 ate precisely the values of x2g which exceed a value of x8.

Consequently, every value of y is properly contained in a value of ys, that is,

ny < y8 fot all n = 1, 2, • • • , which contradicts the assumption that G is c-

archimedean.

We conclude therefore that x must share some value with x8.   a

We would like to know whether a similar condition characterizes the para-c-

archimedean /-groups. The following condition seems stronger than that of

Theorem 2.8 yet weaker than that of Theorem 1.3: For any 0 < x e G there is a

value of x which is a value of any conjugate of x. We get the following containments:

Res (C) Ç Para (Oçe*   and    ResiOçÎ) çC*,

where (2 denotes the class of c-archimedean o-groups, (2* the class of all repre-

sentable c-archimedean /-groups, and 3) represents the class of all /-groups

satisfying the last condition set forth above. It seems unlikely that equality will

hold in any of these cases, but we lack counterexamples. Para (a and 2) also

appear to be incomparable.

We do get the following partial result.

2.9 Proposition. A finite-valued, representable, c-archimedean l-group G is

hyper c-archimedean.

Proof. Let M be a regular subgroup of G; since M is special [4, Corollary

II to Lemma 2.20] there is a special element 0 < a e G whose value is M. For

any g e G the value of a8 is M8, and M is comparable to M8. Suppose M C M8;

then na < a8 fot each positive integer n, which contradicts the c-archimedeaneity

of G. By symmetry M8 </. M and so M = M8; the conclusion is that M is normal

in G.

But if every regular subgroup is normal in G, so is every convex /-subgroup;

by 1.2 we have that G is hyper c-archimedean.

A similar argument gives us

2.10 Proposition. Suppose G is representable and has the property that

every positive element g e G is the join (possibly infinite) of pairwise disjoint
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special elements. If G is c-archimedean it is a subdirect product of c-archimedean

o-groups.

Proof. The condition in the proposition is equivalent to the assertion that

the set of special regular subgroups is plenary [3, Theorem 2.1]. Using the argu-

ment of 2.9 we know then that G/M is a c-archimedean o-group for every special

regular subgroup Al. This suffices to prove what we claim.    D

Another open question here is: what (elementwise) condition characterizes

the para-Z /-groups, where Z is the class of cyclic o-groups? It seems to be

quite a task to find a para-Z /-group which is not a subdirect product of integers.

In this connection we could pose a more general question: for any class C,

when is Res(C) a proper subclass of Para(C)? If C is a full class we know that

Res(C) = Para(C); is the converse true?

3. Radicals and universal algebra. It is well known that any variety of univer-

sal algebras has free algebras (see [2]). In particular, any variety of /-groups has

free /-groups. We should like to describe these free /-groups when the variety is

obtained from a closed class C. Var(C) will denote the variety generated by C;

recall C C Hyp(C) Ç Res (C) Ç Para(C) Ç Var(C).

We introduce the following auxiliary concept; given a representable /-group,

G, let

Re(G) = (Í0 < g £ G I g has no /-ideal values Ai with G/N £ C}>.

3.1 Lemma. RçiG) is an l-ideal of G.

Proof. Let R = {0 < g £ G \ g has no /-ideal values Ai with G/AÍ eC{. We

show R is a normal convex subsemigroup of G. Normality is obvious; as for con-

vexity, suppose 0 < h < g £ R; ii Al is an /-ideal value of h such that G/M is in

C, then since gi M there is an /-ideal value of g, say N, containing Al. But

G/N is a quotient of G/M and therefore in C; consequently h £ R since g has

no such values.

Next, if a, b £ R and N is an /-ideal value of a + b with G/N £ C, then N

is an /-ideal value of a or b, a contradiction. Hence a + b £ R.

This suffices to prove the lemma.

3.2 Lemma. Rp(G) is the meet of all the regular l-ideals whose factors in G

are members of C.

Proof. Since an element outside Rq(G) does have a value whose factor in G

is in (E, it is sufficient here to prove that every such regular /-ideal contains

Rp(G). Suppose therefore that N is a regular /-ideal of G such that G/N £ C If

0 < a £ Rq(gS\N then a has an /-ideal value Al containing Ai; as before G/M £ £

which is contrary to assumption. It follows then that Rq(G) Ç A/, and we are done.
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3.2.1  Corollary. G/Rq(G) is a residually.(2 l-group. G is residually-C if and

only if Re(G) = 0.

Corollary 3.2.1  justifies our calling RJG) the Ç-radical of G.

3.3 Lemma. Suppose G and H are representable l-groups and <f> is an l-

homomorphism from G onto H. Then [RAG)]^ C RAH).

Proof. We may suppose H - G/K, for a suitable /-ideal K of G. Suppose

0 < g e Rç(G)\K and D = N/K is an /-ideal value of g + K; then N is an /-ideal

value of g, and H/D W G/N, so that H/D is not in (2. Thus g + Ke R^W).

3.4 Theorem. For any representable l-group G, G/R^(G) is residually-C.

Moreover, if H is a residually-Ç. l-homomorphic image of G then H is an l-homo-

morphic image of G/RJG).

Proof. The first statement is Corollary 3.2.1. If a: G —*H is an /-homomor-

phism onto H e Res (a then, by Lemma 3.2, Rç(G) C Ker(a), and so a factors

through G/R^G).

3.4.1 Corollary.  // (2 is a full class then the C-radical of an l-group G is

the "word" l-ideal of G determined by Var «2); Rp(G) is therefore a fully invar-

iant l-ideal (it is left invariant by all l-endomorphisms).

We are now ready to prove the main theorem in this section.

3.5 Theorem.  For any set X the free l-group in \at(Ç) over X is residually^.

Proof. Let <x: X —>G be a mapping into the residually-(2 /-group G. F(X)

denotes the free representable /-group on X. There is a unique extension of a to

an /-homomorphism ß of F(X) into G; we may assume without loss of generality

that ß is onto G. If we set Ff(X) = F(X)/Re(F(X)) then by Theorem 3.4 there is

a unique /-homomorphism a*: ß>(X) —. G such that na* - ß (r¡ is the natural map

of F(X) onto F(j>(X)). It is clear that a determines  a* uniquely, and that the re-

striction of 77 to X is one-to-one, since a can be chosen one-to-one for a suit-

able G eRes(a. This proves that Fq(X) is free over X for Res (a.

However, if H e Var (a there is an /-group G e Res (a and an /-homomor-

phism cf> from G onto H. Suppose we are given a map a: X —» H; select gx e G

fot each x e X so that gx<f> = xd and call the assignment x —♦ gx ß; then ß(j> - cl.

By the previous paragraph ß has an extension to an /-homomorphism ß*: F/s(X)

-» G. If we let a* = ß*<f> then xa*= xß*(f> = xß<f> = xa, fot all x e X. Since X

generates Fç(X) as an /-subgroup, a* is uniquely determined by cl. Hence Fç(X)

is free over X ¡n Var (a, and the proof is complete.    D

Remark. This theorem sheds some light on Weinberg's theorem stating that

the free abelian /-groups are subdirect products of integers (see [9]). We cannot
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derive Weinberg's result as a corollary, for it is precisely that result which guar-

antees that Var(Z) is the variety of all abelian /-groups. But our theorem does

point out that the theorem of Weinberg is not an oddity.

It becomes interesting then to determine just what variety of /-groups is gen-

erated by the class of c-archimedean o-groups. One wonders, in fact, whether

this might not be the variety of representable /-groups.

The theorem also suggests that if one is doing work in universal algebra of

/-groups one might prefer to work with classes like Res ((E), for a suitable class

of o-groups C. According to 3.5, Res(C) has free /-groups, and a similar argu-

ment shows it has free products: let \G\\ A £ A} be a family of residually-C /-

groups, and G = IIG^ be the free product of the G^ in the variety of representable

/-groups. Let G = G /RAG) and tj: G —*G be the canonical map; if u^: G^ —♦ G

is the Ath coprojection, let v^ = u.rj. For any family (<£> : G^ —» H\ of /-homo-

morphisms into a residually-C /-group H, let <fi: G —» H be the unique extension

to G. As in the proof of 3.5, Kg(G) C Ker(<£), and so <fi factors through G with

an /-homomorphism <p: G —, H such that r¡<f> = (fi. For each A e A, v^(b = U)j](fi =

Uy<f> = <f>^. This proves that G is the free product of the Gx in Res (C) with v^

as Ath coprojection.

We summarize

3.6 Proposition. For any class C the category Res(C) has free products.

Caution. The free product of residually-C /-groups in Res (C) is in general

not isomorphic to their free product in Var (C). It is shown in [7] that the free

product of R with itself in the variety of abelian /-groups is not a subdirect

product of reals (it is not even an archimedean /-group!).

One word about Corollary 3.4.1 is in order here: if C is an arbitrary class

the C-radical of a (representable) /-group G might not be the word /-ideal deter-

mined by Var(C), but it is fully invariant nevertheless. This is easily seen by

proving that if H is an /-subgroup of G then RAH) C RAG); Lemma 3.3 takes

care of the remainder of the argument.

All of this seems to suggest that for a given class C of o-groups there is

an elementwise definition of the /-groups in Res(C) and perhaps even Para(C).

For any representable /-group G, the elements of Rq(G) are the obstruction to

G being residually-C; G is residually-C if and only if it has no such elements.

These elements are defined in terms of /-ideal values in G, so one might hope to

do better. As we have already indicated (see §2) for the class Z and the c-arch-

imedean /-groups, the situation in Para(C) is much more complicated.

Finally, one ought to try to abstract the classes of the type of Res(C), with

an eye on a theorem which specializes (when C is a full class) to Birkhoff's

celebrated theorem on varieties. Any class % = Res (C) has the following properties:
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(1) X is /-subgroup closed, (2) X is residually closed, (3) X is closed under

quotients by polar subgroups, and (4) if G 6 X is finite valued then every /-homo-

morphic image of G is in X.

Conversely, suppose X is a class of representable /-groups satisfying (1)

through (4) above, and let (2 be the class of o-groups in X. It is easy to prove

the following result.

3.7 Proposition, (i) (2 is closed under taking subgroups and quotients.

(ii) (2 is residually closed (with respect to o-groups).

(iii) Res (a Ç X.
(iv) G e Hyp (a if and only if G eX and every l-homomorphic image of G

is also in X.

One wants equality in 3.7(iii); it is readily seen that it does not happen in

general: just let X = Para (a for any residually closed class of o-groups. Evi-

dently then the list of properties for X is incomplete. If one adds the requirement:

(5) X is locally closed (with respect to convex /-subgroups), then X D Para (a.

One wonders whether equality must hold there; that is, do the closure properties

labelled (1) through (5) characterize the Para (a classes? We know of no counter-

examples to the conjecture that this be so.
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