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ISOLATED SINGULARITIES FOR SOLUTIONS OF THE NONLINEAR

STATIONARY NAVIER-STOKES EQUATIONS

BY

VICTOR L. SHAPIRO (1)

ABSTRACT.   The notion for (u, p) to be a distribution solution of the nonlin-

ear stationary Navier-Stokes equations in an open set is defined, and a theorem

concerning the removability of isolated singularities for distribution solutions in

the punctured open ball ß(0, rQ) — \0\ is established.   This result is then applied

to the classical situation to obtain a new theorem for the removability of isolated

singularities.   In particular, in two dimensions this gives a better than expected

result   when compared with the theory of removable isolated singularities for

harmonic functions.

1.    Introduction.   Let Ö be a bounded open set in Euclidean N-space,   EN,

N > 2, and let { =ifv ..., fN) be a fixed vector in C\ü), 0 < a < 1.   (u, p) will

be said to be a regular solution of the nonlinear stationary Navier-Stokes equations

in 0 if u is in C2+a(i2j) and p is in C +a(flj) for every open subset flj whose

closure is contained in 0 and if, furthermore, (u, p) satisfies

«jj v&u. - ukdu./dxk - dp/dx. + f. = 0,       j=\,...,N,

du./dx, = 0,

in ñ, where u = (zz,, ■ • • , uA, v is a nonzero constant, and the summation con-

vention is used.

We let B(0, rQ) designate the open N-ball with center 0 and radius rQ and

obtain as a corollary to Theorems 2 and 3 the following result for regular solutions

of (1.1) in B(0, r0)-10}.
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Theorem 1.   Let (u, p) be a regular solution of (1.1) 272 B(0, rQ) - Í0} where

f is in C°\B(0, rA], 0 < a < 1.  Suppose that

(i)  there is a ß > N such that u is in Lß[BiO, rA];

(ii)   |u| = o(|x|-(N-1)/2) as  \x\ -. 0 for the case N = 2;

(iii)   |/>|=o(|x|-W-»Has |x|-0.

Then (u, p) can be defined at  0 so that (u, p) is a regular solution of (1.1) in

B(0, r0).

For N > 3, (ii) z's superfluous.

We observe that for N = 3, Theorem 1 gives an improvement of the result

mentioned in the next to the last paragraph of [10],   Also for N = 2, Theorem 1

gives a better than expected result when compared with the theory of removable

isolated singularities for harmonic functions.   (See the first paragraph of [lO].)

If  (u, p) is a regular solution of (1.1) in il, then it satisfies

i/Azz. - d[u .u.]/dx, - dp/dx. + f. = 0,      j = l,...,N,

duk/dxk = 0

in ii.

In view of this fact, we shall say that (u, p) is a distribution solution of the

nonlinear stationary Navier-Stokes equations (1.1) in fi [where we now only sup-

pose that f is in L*(Q)] if u is in L2(fi), p is in Ll(Q), and

J_ [vuAcp + u.u,dcp/dx, + pdcp/dx. + cpf.]dx = 0,       /= 1, •• •, N,
u      1 j * * 11

jQ[ukdcP/dxAdx = 0

for all cf> in C ^(0).

We intend to establish the following result for isolated singularities of dis-

tribution solutions of (1.1).

Theorem 2.   Let u be L2[ß(0, rA] and f and p be in Ll[BÍQ, rA],  Suppose

(u, p) is a distribution solution of the nonlinear stationary Navier-Stokes equa-

tions (1.1) Z72 B(0, rA - |0|.  Suppose furthermore that

(i)    r~N /B{0 f) \p\dx = ok-«*-") as r — 0, and that

(ii)    \r-N fB(l<r) lul^xl1^ = o(r-(N-1)/2) as r^O where y = 2 for N

>3 and y>2 for N = 2.

Then (u, p) is a distribution solution of (1.1) in B(0, rA.

We shall also establish the following regularity result for distribution solu-

tions of (1.1).

Theorem 3.   Let Q be a bounded open set in  EN,  N > 2, zztzzt" assume that

u  is in Lß(Cl), ß > N, and that p is in LH-Q).   Suppose furthermore that (u, p)

is a distribution solution of the nonlinear stationary Navier-Stokes equations
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(1.1) z're ñ, where f is in C (ß), 0 < a < 1.   Then (u, p) is equal almost every-

where in Q to a regular solution of (1.1).

It is clear that Theorem 1 is an immediate corollary to Theorems 2 and 3.  We

establish Theorems 2 and 3 below in §4 and §3, respectively.

2.  Fundamental lemmas.   In order to establish Theorems 2 and 3 we shall

need some results in multiple trigonometric series.

We shall use the following notation:   B(x, r) will designate the open N-ball

with center x and radius r; TN will designate the N-dimensional torus jx: - 77 <

x. < 77, /' = 1, • • •, N\; (x, y) will designate the usual inner product x.y, + • • • +

xNyN; and 772 will designate an integral lattice point.

For q in LxlTN), we shall set

(2.1) qXm) = (277)-N /_    qix)e-i{m-x)dx

and designate the Abel partial means of q tot t > 0 by

(2.2) qix,t)=   Z q\m)ei{m-x)-^1-
m

(Throughout the rest of this paper, we shall   not use the summation conven-

tion.)

It follows from [5, p. 56, (17)] that

(2.3) qix, t) = (2t7)-N   f_    qiy)Aix-y,t)dy
J > N

where

(2.4) Aix. t) =  litn  bNt    £     [r2 + |x + 277m|2]-(N+1>/2

R~°o \m\zR

and bN is a positive constant.

Observing that for   t > 0, Aix, t)> 0   fot  x  in   TN   and that

(277)-* L    Aix, t)dx = 1, we see from (2.3) and (2.4) that

(2.5) if q in LyiTN), 1 < y < ~, then

lim^0 ¡Tn \qix, t) - qix)\ydx = 0.

Next, for 7 = 1, • • •, N, we introduce the functions //.(x) defined in E„ as

follows:

(2-6) //.(x) = lim   Z  im.ei(m-x>-\m\'/\m\2.
t-0   mjiO       '
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From [5, p. 72], we obtain that the following properties prevail:

H .ix) is in L*iTN),    and

(2.7) H'Xm)^ im./\m\2    for m 4 0,

/T(0) = 0.
i

In a similar manner, we introduce the function Hix) defined in EN as follows:

(2.8) f/(x) = lim   X   ef(ra,x)"lmli/|m|2.

Z—0    777/0

From [5, p. 72], we   also obtain that the following properties prevail:

Hix) is in L iTN), and

(2-9) H~im)=\m\~2 for m 4 0,

fT(0) = 0.

Also from [5, p. 72], we obtain

(2.10) Hix) - \x\2/2N and H.(x) for 7 = 1, •••, N

are harmonic in EN - U   Í277777},
n       m

and from (2.6, (2.7), (2.8), (2.9), (2.10), and [6, Lemma 2] that

(2.11) dHix)/dx. = H.ix)    for x in En -  (J  ¡227722I.

From [5, p. 72] we also have that there are finite constants b   , *?.., c,., and

cN such that

\Hix)-b'N\x}-<N-2)\<c'N    for/V>3

|/7(x) - b'   log |x| *! I  < c'     for N = 2

(2.12) " "
|f/;.(x) - ^x.lxl-^l < c£    for N > 2

for /' = 1, ■ • •, N and x in TN - ÍOj.

Next, using (2.6) through (2.12), we see that the following lemma holds:

Lemma 1.   Let qix) be in L ÍTA, let 0 < r. < 1, and let n be a nonnegative

integer.   Suppose furthermore qix) is in Cn+<TB(0, rA], 0 < a < 1.   Set

Qix) = Í2n)~N jT    qiy)Hix-y)dy

and
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Q.lx) = l2n)-N JTn qiy)H.lx - y) dy    for j = 1, • • •, N.

Then Qlx) is in C"+2+a[ß(0, 7)] and Q.lx) is in C"+1+a[B(0, r)] for every r such

that 0 < 7 < 7j.

Next, we intend to establish the following lemma:

Lemma 2.   Let qlx) be in LllTA and let 0<r   < 1.   Suppose that qlx) is

in Lr[B(0, rA] where  Ky<N.   For j = 1, • • •, N,  set

(2.13) Q.lx) = l2n)-N fT    qly)H.lx-y)dy.

Then Q.lx) is in L/vr/(/V_y)[ß(0, r)] for every r such that 0 < r < r{

Let

(2.14) 0<r4<r3<r2<71.

The lemma will be established if we can show

(2.15) Q.lx) is in  LNy^N-y\BlO, rA].

In order to do this, we choose a function A(x) such that

Mx) = 1    for 0 < |x| < r3

(2.16) = 0    for r2 < |x| < <*>    and

A(x)    in C°°lEN).

Next, we set

Q' Ix) = (277)-/V   f      \ly)qly)H (x - y)dy    and
(2.17) N '

Q".lx) = l2n)-N   L    [l-\(y)]q(y)H<<x-y)dy.
J    N '

From (2.12), we have there is a constant c.. such that

(2.18) |H.(y)| <cN|y|-(A,-n    for y in T„ - |0i.

From (2.16), (2.17), and (2.18), we have that

lo) (*>| <cN(277)-W   f \\iy)qly)\\x-y\-<N-»dy
(2.19) JW2)

almost everywhere in B(0, rA.
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Consequently, it follows from [3, Lemma 5, p. 13] and the hypothesis of the

lemma that

(2.20) Q\   is in L^^-^BiO, r¿].

Also from (2.10), (2.16), and (2.17), we have that

(2-21) Q".   is in C°°[B(0, rA].

From (2.13) and (2.17), we have that Q. = Q. + Q" whenever both Q. and

Q. are finite. But then (2J5) follows immediately from (2.20) and (2.21), and

the proof to the lemma is complete.

Lemma 3.   Let q, r.,  and Q. be as in Lemma 2 except now suppose that

N < y < ».   Then Q. is in CS[B(0, r)] for every S such that 0 < 8 < 1 - iN/y)

and for every r such that 0 < r < r..

Once again we suppose that (2.14) holds.   Then the lemma will be established

if we can show

(2-22) Q. is in CS[B(0, rA]    for 0 < S < 1 - Ov/y).

With b"N as in (2.12), set

(2.23) H nix) = H fa) - b"Nx.\x\-N    for x in B(0, 2) - {01.

Then it follows from (2.10) and (2.12) that H     can be defined at 0 so that

(2-24) H j is hatmonic in B(0, 2).

Next, with X defined as in (2.16), we set for x in B(0, rA

(2.25) Q.1(x) = (277)-W fm0r )X{y)q(y)ftnix^y)dy

and

(2.26) Q.2ix) = (277)-N Jß(0ir ) MyVvXx. - y )\x - y\~N dy.

With Q".  defined as in (2.17), we see from (2.13), (2.16), (2.25), and (2.26) that

(2.27) Q ix) = Q.jix) + Qj2ix) + Q". ix)    for x in B(0, rA.
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Now as before (2.21) holds.   From (2.24) and (2.25) we see that

(2.28) Q     is harmonic in B(0, rA.

On the other hand, from (2.16), (2.26), the hypothesis of the lemma [3, Lemma

5, p. 13] and the following inequality (see [8, (21), p. 221])

|(x. + h)\x + b\-N-x.\x\-N\ < K\h\s[|x + »|-w-»+»> + w-wr-i*»)]

where K is a constant independent of x and h, we see that

(2.29) Qj2 is in CS[B(0, rA]    for 0 < 5 < 1 - (N/y).

But then (2.22) follows from (2.21), (2.27), (2.28) and (2.29), and the proof of

the lemma is complete.

Next, we set

(2.30) K   (x) = xJck/\x\2*N    fot x 4 0 and j, k = 1, •.., N,   j 4 k,

and observe that K-fe(x) is a spherical harmonic Calderón-Zygmund kernel (see

[l, p. 261]).  We then define for j 4 k and for x 4 2rrm

K**(x)=  lim        L      [K Ax + 2trm) - K ..i2nm)]    and

(2.31) R— 1SW*R

K*klx) = K.kix) + K**klx).

Also, we observe from [l, p. 252] that the series defining K**ix) is absolutely
2

convergent for x in TN where

(2.31')        T2, = \z: z = x + y, |x| <2 and |y.| < 77 for 7 - 1.N\.

In particular, we note that K**i0) is defined.

Next, we observe from [l, pp. 257—261] that

lim(277)-N   f       a/n     K*.ix)e*m>*dx
f_o JrN-B(o,f)   7*

(2.32) =Ç.km.mk\m\-2    fot m 4 0

= 0 for   772 = 0

where <f.,   is a nonzero constant.

We next establish the following lemma:
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Lemma 4.   Let qix) be in L iTA and let 0 < r. < 1.   Suppose that qix) is

in Ly[BiO, rA] where 1 < y < oo.   Then for almost every x in BÍ0, rA the fol-

lowing limit exists and is finite:

(2.33) qjk(x) = lim #ür)-* ¡r^B^ &)K> " >>*

Furthermore,   q.,   is in L^[ß(0, r)] /or every r such that 0 <r <r. .

Once again we suppose that (2.14) holds.   The lemma will be established if

we show that

(2.34) the limit in (2.33) is finite valued almost everywhere in B(0, rA

and

(2.35) q.h is in LT_B(0, rA].

We let Xix) be as in (2.16) and we set

(2.36) q'.kix) = lim #W" STn_b(x() Xiy)qiy)K*kix - y)dy.

Since Xiy)qiy) is in L^iTA, we have ftom [l, Theorem 1, p. 253] that

(2.37) qAx) exists  and is finite almost everywhere in TN,

and from [l, Theorem 2, p. 253] that

(2.38) q'.kix) is in LyiTN).

Next, we set

(2.39) f i« = ¡5 tf0^" /tn-b(x,) [1 - ^W*> - y) *

Since for z 4 0 and z in T^ [where  T2   is defined in (2.3l')], we have that

K*Az) = K.Az) + K*Hz) and since furthermore K**iz) is continuous in T2    we
7« JR. JK. ]K Í,

conclude from (2.16) and (2.39) that

(2.40) q .Ax) is continuous in ß(0, rA.

But then from (2.33), (2.36), and (2.39) we have that q .fe(x) = z/'fe(x) + z/"fe(x)

whenever both 9-¿(*) and z/.,(x) exist and are finite.   Consequently (2.34) fol-

lows from (2.14), (2.37),   and (2.40).  Also (2.35) follows from (2.14), (2-38),
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and (2.40), and the proof of the lemma is complete.

Next, we state the following lemma.

Lemma 5.   Let qlx) be in L1(TA and let 0 < r. < 1.   Suppose that qix) is

continuous in B(0, r.).   For t > 0 and j 4 k where j, k = 1, • • •, N, set

(2.41) q.Ax, t)=   Y   qAm)m.m.\m\-2ei(m-x)-\m\t.

' m40 7

Then

lim   [,„(*, t)-l2n)-»{7¿ fTN_B{x,t)q(yK(x-y)dy]

= 0    for x in B(0, rA.

The above lemma follows from the material in [4, pp. 44—46].  We leave the

details to the reader.

Next, we establish the following lemma.

Lemma 6. Let qix) be in L (TA and let 0 < r. < 1. For t > 0 and j 4k

where j, k = 1, • « •, N, let q.Ax, t) be defined by (2.41). Suppose that qix) is

in Ly[BlO, rA] where  1 < y < <x.   Then for almost every x in B(0, rA,

lim q Ax, t) = q.Ax)

where q.Ax) is defined almost everywhere by the limit in (2.33)-
JK

Once again we suppose that (2.14) holds.   The lemma will be established if

we show

(2.42) for almost every x in B(0, rA,    lim q Ax, t) = q .Ax).

To establish (2.42), we let A be as in (2.16) and set

(2.43) q"Ax,t)=T.     [z7l77z)-(At7)-U)]772.77Z.|772|-2e,(m-*>-|'»l'.
'* m]l0 '    K

Since [1 - X(x)]q(x) = 0 in B(0, rA, it follows from (2.39), (2.40), and Lemma

5 that

(2.44) lim q'.Ax, t) = q".Ax)    for x in ß(0, rA.

Next, we set

(2.45) CJ^X,   /)=    £    Uí7)~(77z)77Z.77Zt|77z|-2e'(m'^-|'nlí
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and obtain from [4, pp. 44—46] (or from [l] and [5, pp. 55—56]) that

}Z to* * - tjkl^-N fT .bu z) Wy)K*,(* - y)4
(2.46) N '

= 0    almost everywhere in TN.

But then it follows from (2.36), (2.37), and (2.46) that

(2.47) lim q ., ix, t) - q •■ ix)    almost everywhere in TN.
._ft      JR ]K. (V

From (2.41), (2.43), and (2.45), we have that

(2-48) q.kix, t) = q'.k(x, t) + q".k(x, t).

On the other hand, from (2.33), (2.36), and (2.39) we have that z/.,(x) = z/.,(x) +

q Ax) whenever both z/.,(x) and qkix) exist and are finite.   But then (2.42) fol-

lows from this fact, (2.37), (2.40), (2.44) and (2.47).   The proof of the lemma is

consequently complete.

Next, we establish the analogue of Lemma 4 for Holder continuous functions.

Lemma 7.   Let qix) be in L, (TA and let 0 <r. < 1.   Suppose that qix) is

in Cy[BÍ0, r.)] , 0 < y < 1.   Then the limit in (2.33), called qAx), exists and

is finite for every x in BÍ0, rA.   Furthermore qAx) is in C^[ß(0, r)] for every

r such that  0 < r < r..

Once again we suppose that (2.14) holds.  The lemma will be established if

we show that

(2.49) the limit in (2.33) is finite valued in B(0, rA,

and

(2-50) q.k is in C^[B(0, ,,)].

We let Xix) be as in (2.16) and we define q'.^x) by the limit in (2.36).

From [l, Theorem 11, p. 262] we have

(2-51) Ijk^ exlsts and is finite everywhere in B(0, r.)

and furthermore

(2.52) q'.kix) is in Cr[B(0, rA].
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Next, for x in B(0, r A we define q"k(x) by the limit in (2.39).   Since A(y)

1 in B(0, rA, we have that

(2.53) qjk^ exists ant* 1S finite everywhere in B(0, rA.

Furthermore from (2.31), we have that for x in B(0, r A

q"ykix) - #<*)-* L H - WV* - y)^v
(2.54) N 3

+ St****" /^.„^ Ü - X(y)]?(y),-(x - y)dy.

But an easy computation shows that K**(z) is in C (T2) where T2   is defined

by (2.31').   Consequently, it follows from (2.54) that

(2.55) q".k(x) is in CHBÍO, rA].

Since q.k(x) = q   ix) + q"kix) whenever both q .fe(x) and q -k(x) exist and are

finite, (2.49) follows from (2.51) and (2.53).   Also (2.50) follows from (2.52) and

(2.55).   The proof of the lemma is consequently complete.

Next, we establish the analogue of Lemma 6 for Holder continuous functions.

Lemma 8. Let q(x) be in L (TA and let 0 < r. < 1. For 2* > 0 and j 4 k

where j, k = 1, • • •, N, let q .Ax, t) be defined by (2.41). Suppose that qlx) is

in C^[B(0, rA] where 0 < y < 1.   Then for every x in B(0, rA,

lim q.Ax, t) = £7.,(x)
z—0   '" »*

where qt(x) is defined everywhere in B(0, r.) by the limit in (2.33).

To establish the above lemma, we observe from its hypothesis and from Lemma

5 that

lim \qjk(x, Ù-Çrfr«)-» fTN_B(Xit)q(y)K*k(x-y)dy]

= 0    everywhere in ß(0, r.).

Invoking Lemma 7, we conclude from this last fact that

lim [q Ax, t) - q ¿(x)] = 0    everywhere in B(0, 7j).

This completes the proof of the lemma.

Next, we set
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K.(x)= |(/V-l)x2-      £      x2(/|x(2.56)     K.(x)= {(N-l)x2-      ¿-      xí\l\x\2*N    for x^O, 7=1, ...,N.

(2.58)

We then define, for x ^ 277772,

K**ix) =  lim        Z      [K .(x + 277772) - K .(277772)]    and
(2.57) ' R-°° l<|m|<R     ' '

K*(x) = K.ix) + K**ix)
J 7 I

and observe as before that the series defining K**(x) is absolutely convergent

for x in T2^, and in particular that K**(0) is defined.

Now K.ix) is a spherical harmonic Calderon-Zygmund kernel (see [l, p. 261]).

As a consequence we have from [l, pp. 257—261] that

lim (277)""   f K*.ix)e-i(m-x)dx
c~o Jtn-b(o,o   i

= <f.    (N-lW- L        7722     |t72|-2      for   772 ¿0,
'L '       kml;«jtk     kj

= 0 for   772 = 0,

where £. is a nonzero constant.

The following two lemmas follow in a mannet similar to that in which Lemmas

4, 6, 7, and 8 were established.  We leave the details to the reader.

Lemma 9.   Let q be in L iTA and let 0<r. < 1.   Suppose that qix) is in

L^[ß(0, r.)] where   1 < y < °o.   Then for almost every x in B(0, r.) the following

limit exists and is finite.

(2.59) 9/x) = lim   Citer* iTN_B(x^y^ix-y)dy.

Also,  q. is in L^[B(0, t)] for every r such that 0 < r < r..   Furthermore for t >

0, set

(2.60)     qix, i)=  £   q'im) \iN-l)m2-     ¿     mÛ
mjlO L '       hml,jfh       J

m\~2ei<-m,x)~im\t.

Then for almost every x in   BÍ0, rA, lim    n q .ix, t) = q .ix).

Lemma 10.   Let qix) be in LliTA and let 0 < r, < 1.   Suppose that q(x)

is in Cr[B(0, rA], 0 < y < 1.   Tzjezz tee /z'ttzz'Z ¿72 (2.59), called q.(x), exists and

is finite for every x  in B(0, r.).   Also,  q .ix) is in C^[ß(0, r)] for every r such

that 0 < r < r..   Furthermore with q .ix, t) defined by (2.60), lim    0 q-ix, t) =

q .ix) for every x in BÍ0, rA.
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Next, we establish the following lemma.

Lemma 11.   Let qix) be in LxlTN) and let 0 < r-j < 1.   For j = 1, • • •, N,

and t > 0, set

(2.61) q.lx, t)=  £  qAm)m2\m\-2ei(m-x)-\m\t.

" mfl0 '

(a) Suppose q is in L^[ß(0, rA], 1 < y < 00.   Then there exists a function

q..(x) in Ly[ß(0, r)] for every r such that 0 < r < r. with the property that

lim.   n q Ax, t) = o..(x) almost everywhere in ß(0, rA.   Furthermore,  q..(x) =

[qix) - qAÖ) + q.ix)]/N almost everywhere in B(0, rA where q.lx) is defined by

the limit in (2.59).

(b) Suppose q is in C^[ß(0, rA], 0 < y < 1.   Then there exists a function

q..(x) in C7[ß(0, r)] for every r such that 0 < r < r    with the property that

lim    0q..(x, t) = q..ix) everywhere in ß(0, r.).   Furthermore,  q..ix) =

[qix) - q~lÖ) + q.lx)]/N everywhere in ß(0, rA.

We first establish (a) of Lemma 11. Since this part of the lemma is true for

the special case q = constant in 7\,r we see from the start that with no loss in

generality, we can assume that

(2.62) <f(0) = 0.

Next, we observe that

We consequently conclude from (2.2), (2.60), (2.61), (2.62), and (2.63) that

(2-64) q..lx, t) = [qix, t) + q.lx, t)]/N.

From [5, Theorem 2, pp. 55—56], we have that

(2.65) lim qlx, t) = qlx)    almost everywhere in B(0, 7.).
Z-0 '

From Lemma 9, we have that

(2.66) lim q.lx, t) = qix)    almost everywhere in ß(0, rA.
t^o  ' ' J

We conclude from (2.64), (2.65), and (2.66) that
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(2 .67) lim q Ax, t) = qix) + q .ix)    almost everywhere in B(0, rA.
z—0   i» t l

The conclusion to (a) of Lemma 11 then follows immediately from the hypothesis,

(2.62), (2.67), and Lemma 9.

The proof of (b) of Lemma 11 follows in a similar manner.   In (2.65) and (2.66),

we replace almost everywhere by everywhere, and we use Lemma 10 instead of

Lemma 9.   We leave the details to the reader.

Next, we state the following lemma.

Lemma 12.   Let qix) be in Ll(TN) and let 0 < rx < 1.   For j, k = 1, •. •, N

and t > 0, set

qjkix,t)=    £    91772)772.772J772|-V(m'x)-Imk

772^0

Suppose that qix) is in Lr[ß(0, rA],  1 < y < N/ÍN - l), and that

{'-"SB<o.,AW*Y'y-A'~"'-") ""-"'■
Then there exists a ¡unction q.Ax) which is in L^[BÍ0, t)] for every r such that

ik

0 < r < r.  with the property that lira    n q.Ax, t) = q .Ax) almost everywhere in

BiO, r.).   Furthermore

Lemma 12 follows from the techniques used to establish Lemmas 3, 4, and

11(a) and [9, Lemma 5.1, p. 206]-  We leave the details to the reader.

Next, we state the following lemma.

Lemma 13.   Let qix) be in LHTn) and define Qix) and Q.ix) ¡or  7 = 1,

• ••, N almost everywhere in T„ by setting

Qix) = (277)-N fT    qiy)H.ix - y) dy

and

Qix) = (277)""   f      qiy)Hix-y)dy.
J1 N

Then Q(x) and Q.ix) are in L1^) and as r —. 0,

(2.68) r-N  f \Qix)\dx=oir-<N-»)
JB(0,r)       1
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and

r'N L„   AQMJ*-<*r~W~2ïi   forN>3,
(2.69) ß(0,r)

= o(log7-1)   forN = 2.

The proof of (2.68) is very similar to that given on [7, p. 90].   (2.69) follows

in an analogous manner.

3. Proof of Theorem 3. To prove Theorem 3, it is clear that we can assume

with no loss in generality that 0 - B(0, rA where 0 < rQ < 1. We let 0 < 7j < rQ

and observe that the proof will be complete if we can show that there is a vector

field u' and a function p' such that u' is in C +a[ß(0, r)] and p' is in

C1+a[B(0, r)] for every r such that 0 < r < r., suth that (u\ p') satisfy (1.1) in

ß(0, rA and such that u = u and p = p almost everywhere in ß(0, rA. In order

to accomplish this fact, we introduce

rl<r[< r'0 <rQ<l,

and choose a function rf.x) which is in C°°(EN), which equals one in B(0, rA

and equals zero in E„ - B(0, rQ ). We then define a periodic vector field u*(x)

as follows:

u (x) = rj(x)u(x) for x in ß(0, rA,

= 0 for x in TN - B(0, rQ),

u (x) = u (x - 277m)    for x in TN + 2nm.

We define p*(x) and f*(x) in a similar manner and observe that (u*, p*) is a

distribution solution of (1.1) in B(0, rA with f replaced by f*, i.e. (u*, p*)

satisfies (1.3) with Q = B(0, rA and f replaced by f*.

It then follows that Theorem 3 will be established if we establish the fol-

lowing lemma.

Lemma 14.   Let u, p and f be defined in EN and be periodic of period 2rr

in each variable.   Assume also that u is in LnJ"A, ß > N, that p is in L\tn)

and that { is in C°{E  ), 0 < a < 1.   Suppose that (u, p) is a distribution solu-

tion of (1.1) z're B(0, 7-j), 0 < Tj < 1, i.e., (u, p) satisfies (1.3) with ü = BÍ0, rj.

Then (u, p) is almost everywhere equal to a regular solution of (1.1) in B(0, r.).

We see that in order to establish Lemma 14, we can assume from the start

with no loss in generality that

(3.1) /;"(0) = 0,      /=1, ...,/V.
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We first intend to establish

(3.2) pix) is in Lß/2[BiO, r)]    for every r such that 0 < r < r,.

For ease of notation for 0 < r < 1, we shall say

cp is in' C°?[r, TA if ó is in C^°[B(0, r)] and
(3.3)

0 = 0 in TN - BiO, r).

We next observe from (2.5) that if q is in LliTN), cp is in C~[rj, T^], and

qix, t) is given by (2.2) that

z3#x) r      ,       Mx)

jr   <A*J

(3.4)

r      , x W f     7     x W
z/x) —— zzx = hm   I     9(x, t) —— zzx

JTN ox; t-o  "" s oxj

= -(2ít)N £*%»),», ^l-in).
777

As a consequence, we conclude from the hypothesis of Lemma 14, from (1.3),

and from (3.1) that, for qb in C°£[ry T^],

Í N \
2-   \vu'(m)\m\    + i  X,  iu u A Am)m,  + imp ~im) -f. im)> cp "(- ttz) = 0

77)¿0     I Z- = l I

(3.5)
for /= 1, ••-, N,

and

(3-6) £   ¿(£  m.zz-(77z)U-(-772) = 0.

m¿0      \j = l       '   '

(We shall not use the summation convention in establishing Lemma 14.)

Next, with z7.(x) defined by (2.6), we set

(3-7> P.(x) = (277)-/V fr    p(y)Hix-y)dy
N

and

(3.8) Ujk(x) = (277)-N ¡t    uiy)ukiy)Hkix - y) dy.
N

With H(x) defined by (2.8), we set

(3-9) 'Six) = (2tt)- N f     f.iy)Hix - y) dy
N

and then we define
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N

(3.10) „ ,(x) = P (x) + £   U Ax) - J (x).

Now it follows from (3.7), 6.8), (3.9), (3.10) that

r.       N i
vAm) - I im pAm) + i ¿*,   mAu .u,)Am) - f .lm)\ \m\~       fotm40,

(3.11)    '       L *-i      ' '   J
= 0     for  772 = 0.

As a consequence, we obtain from (3.5) and (3.11) that

(3.12) £   [i>uAm) + vAm)]\m\2cf>A-m) = 0    for / = 1, • • •, N.

Now (3.12) implies that

(3.13) f [vu.(x) + v.lx)]Acf>lx)dx = 0,      7=1.N,
Jb(0,7j) 7 7^

for all </> in C^tr., T  ].

We conclude from Weyl's lemma [2, p. 199] that for / = 1, • • •, N there is a

function w .(x) such that

(3.14)      w .(x) is harmonic in ß(0, rA and equal

almost everywhere in 7\. to vzz.(x) + v.(x).

Next, we set

N

(3.15) ll(x)=L  (277)-N   f     u.(y)H.(x-y)dy
■    , •*',,      7 7

and observe that

N

ll   (tTz) =  £    Z772.Zz"(?7z)|77z|~ for   772^0,

(3.16) ;=1
= 0 for  772 = 0.

From (3.6) and (3.16), it follows that

f Vix)tufAx)dx = 0
JB(0,rj)

for all rA in   C?[r., T  ], and we conclude once again from Weyl's lemma that

il(x) = ll (x)    almost everywhere in ß(0, r.)

(3.17) where U'(x) is harmonic in B(0, r.).
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From (3.17) and [6, Lemma 2], it follows that

(3-18) lim  £   MaUK«).«-.*)-M«-0    for x in BiO, rA.
'-*0 772^0 !

Also from (3-14) and [6, Lemma 2], it follows that

/ N \ ,   ,       N    dwix)
(3 19)      um  L       Z  ii«Ji'li»))ei(*'x>-l,"l|- T -=*—   for x in ß(0, r.).
W   J)      <-°,$0  l,tí      '   '      I f7l     dxf

(3

But from (3-14) and (3-16), we have

N
,20) T    2'772.IZ7"(772)-^|772|2,:ll"(?72)=   Z    imiVlim)      for   772 4 0,

fmï '    ' 7=1

and we conclude from (3.18), (3.19), and (3.20) that

/ N \ N   dwix)
(3.21) lim  T   [T   im.v'Xm))eilm'x)-Wt-Tt _L_   for x ¡n ß(0, r.).

'-"«/o \y=l      ; '     / ,=1    3x.

Next, we set

(3.22) Fix) = (277)-N fr    fiy)H.ix - y)dy

and note from the hypothesis of the lemma and from Lemma 1 that

(3-23)      F ix) is a continuous periodic function

which in C1 +a[B(0, rA] for / = 1, • • •, N.

Also we note from (3-22) that

F. (772) = 2772./. (772)17221 "      form40,
(3.24) ' ri     '  '

= 0 for 772 = 0.

Next, we observe from (3.11) and (3.24) that

N N      N

/.   im .v'Am) = - p"im) - ¿_,  ¿_,   m .m.iu u, )"im)\m\"
7=1 ;=l   k=l

(3'25)

- X)  F".im)    for 772^0.

7 = 1        '

Also, we observe that zz.zz,   is in L«ß//2[ß(0, rA], and conclude from Lemmas

4, 6 and 11(a) that there is a function
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(3.26)      W.k(x) in L^/2[B(0, r)] for every r such that 0 < r < r%

with the property that for /, k = 1, •••, N

lim    £     77Z.777,|77z|-2(zZ.ZZ.)"(77z)eI'(m'JC)-|ml'

(3.27) mf

= W A.x)    almost everywhere in B(0, rA.

Also from [5, Theorem 2, pp. 55-56], we have that

lim  £   pAm)ei(m-x)-\m\'= plx) - p"lO)

(3.28) *****
almost everywhere in B(0, rA,

and from [5, Theorem 2] in conjunction with (3.23) and (3.24)that

(3.29) Jim  £   F^V^'^-WUF/x)    for x in ß(0, r,).

We consequently conclude from (3.21), (3-25), (3.27), and (3.29) that

N      N N

-plx) + pAO) - £   £   V Ax) - £  F ,(x)
1ml   hml       ,k jml       '

N   dw.ix)
= ¿* '■   almost everywhere in ß(0, r.).

7 = 1        dxj

We rewrite this last fact as follows:

N      N N

plx) = pAO) -II  WAx) - L  Fix)
iml   k.l       '* , = 1       '

(3.30)
N   dw.lx)

— I —-  almost everywhere in ß(0, rA.
iml      dXj

But then our desired result, namely (3.2), follows immediately from (3.14),

(3.23), (3.26), and (3.30).

Next, we intend to show the following:

(3.31)     If N < ß < 2N, u. is in LNßn2N~^[BlO, r)]

for every r such that 0 < r < 7j. / = 1, • • •, N.

First, we observe from (3.2), (3.7), and Lemma 2 that
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(3.32) if N < ß < 2/V, P. is in LN^/(2N~^[B(0, r)]

for every r such that 0 < r < r..

Likewise, since zz.zzfe is in Lß     on compact subsets of B(0, rA, we have

from Lemma 2 and (3-8) that

(3.33) if N< ß < 2N, U.k is in LNß/i2N~ß)[B(0, r)]

tor every r such that 0 < r < r..

Also, we have from the hypothesis of Lemma 12 and from (3.9) and Lemma 1

that

(3.34) j .(x) is a continuous periodic function which

is in C2+a[B(0, rA].

Consequently, it follows from (3-32), (3-33), (3-34), and (3.10) that

(3-35)      if N < ß < 2/V, v. is in LNß/(-2N~ß)[BiO, r)] for

every r such that  0 < r < r..

But then (3-31) follows immediately from (3-14) and (3-35).

Next, we observe the following:

(3.36)      if ß = N + e where 0 < ( < N, then Nß/i2N - ß) > N + 2(.

As a consequence of (3-31) and (3.36) and working iteratively, we can assume

that

(3-37)      zzy is in L3N/2[B(0, r)] for every r

such that 0 < r < 7j,  j = 1, • • •, N.

But then NilN/2)/[2N - 3N/2] = 3N and we conclude from (3.31)  and (3.37)

that

(3.38) zz;. is in LiN[BiO, r)] for every r

such that 0 < r < 7j, j = 1, • • •, N.

From (3.38), we obtain that

(3.39) u.uk is in L3Af/2[B(0, r)] for every r

such that 0 < r < fj.

As a consequence we see from Lemmas 4, 6, and 11(a) and (3-39) that the func-

tion VI.,   introduced in (3-26) and used in (3.27) actually is better than stated.
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In particular we now have that

(3.40) W.klx) is in LiN/2[BlO, r)] fot every r

such that 0 < r < 7,

and that (3.27) still holds.   Also (3.30) still holds, and we conclude from (3.30),

(3.23), (3.14), and (3.40) that

(3.41) plx) is in LiN/2[BlO, r)] fot every r

such that 0 < r < 7j.

But then it follows from (3.7), (3.41), and Lemma 3 that

(3.42) P. is in C1/6[B(0, r)]  for every r

such that 0 < r < 7j.

Likewise it follows from (3.8) and (3.39) that

(3.43) U.k is in C1/6[B(0, r)] for every r

such that 0 < r < r..

As a consequence, we obtain from (3.10), (3.34), (3.42) and (3.43) that there

is a function v.  with the following properties:

(3.44) v.' is in C1/6[B(0, r)] for every r

such that 0 < r < 7j. and equals v. almost

everywhere in T„.

But then from (3.14) and (3.44), we obtain that there is a function tt.  with

the following properties:

(3.45) u'.   is in C1/6[B(0, r)] for every r

such that 0 < r < r,  and equals  u. almost

everywhere in T'.

But then it follows from (3-45) and Lemmas 7, 8, and 11(b) that the W fe in

(3.26), (3.27), and (3.40) is much better than stated. In particular, we now have

that

(3.46) W.k is in   C1/6[B(0, r)] for every r

such that 0 < r < 7j.

Furthermore, we observe that (3.27) still holds and also that (3.30) still holds.

We consequently conclude from (3-30), (3-23), (3.14), and (3.46) that there is a
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function p (x) with the following properties:

(3.47) p'(x) is in C1/6[B(0, r)] for every r

such that 0 < r < r, and equals p(x)

almost everywhere in T„.

But then it follows from (3.7), (3.47), and Lemma 1 that

(3.48) P. is in C1+1/6[B(0, r)] for every r

such that 0 < 7 <7j.

Likewise it follows from (3.8) and (3.45) that

(3.49)      U.k is in C1+1/6[B(0, r)] for every r

such that 0 < r < 7j.

As a consequence, we obtain from (3.10), (3-34), (3.48), and (3.49) that v.

in (3.46) is such that

;l+l/6[

such that  0 < r < r,

(3.50)      v'.   is in C1+1/6[B(0, r] for every r

1

But then from (3.14) and (3.50) we have that u.   in (3-45) is such that

(3.51) u'.   is in C1+1/6[ß(0, r)] for every r

such that 0 < r < 7j.

Next, it follows from (3.8), (3.51), and Lemma 1 that

(3.52) U., is in C2+1/6[B(0, r)] fot every r

such that  0 < 7 < 7j.

Also, we note from (3.8) that

UAm) = (u .uA (m)im, \m\*      tot m40,

= 0 for  772 = 0.

As a consequence, for t > 0,

dU Ax, t)
(3.53) ~A1-= _  £ 777.772,|77z|-2(a.Z2.)Ä(77z)e''(m'3c)-|n!l<.

dxj mp     ' '  *

We conclude from (3.52), (3.53), and [6, Lemma 2] that the function W\fe(x)

introduced in (3.26) and used in (3.27) is such that
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(3.54)      W.kix) is in C1+1/6[B(0, r)] for every r

such that 0 < r < r.

and furthermore

dU Ax, t)
(3-55) lim-=W,ix)    everywhere in B(0, r,).

z-0        dx. ' L
i

Since (3.30) still holds, and we conclude from (3.54), (3-14), and (3-23) that

p'ix) in (3-47) is such that

(3-56)      p'ix) is in C1+î[B(0, r)] for every r

suchthat 0<r<rx where £=min[a, 1/6].

But then it follows from (3.7), (3.56), and Lemma 1 that

(3.57) P;. is in C2+î[B(0, r)] for every r

such that 0 < r < fj.

As a consequence, we obtain from (3.10), (3.44), (3-34), (3-52), and (3.57)

that

(3.58) v'   is in C2+î[B(0, r)] for every r

such that 0 < r < 7j.

From (3.14), (3.45) and (3.58), we obtain

u'   is in C2 + S[fl(0, r)] for every r

(3-59)        '  ,   .      n .    .such that U < r < r..

But then it follows from (3-8), (3-59), and Lemma 1 that

(3.60) U.k is in C3+Ç[B(0, r)] for every r

such that 0 < r < fj.

As a consequence, we see that we can replace (3.54) with the statement

(3.61) W.kix) is in C2+?[B(0, r)] for every r

such that 0 < r < Tj.

But (3.30) still holds, and we conclude from (3.14), (3.23), and (3.61) that

(3.62) p'ix) is in CI+a[B(0, r)] for every r

such that 0 < r < rj.

Next, it follows from (3.7), (3.62), and Lemma 1 that

(3.63) P. is in C2+a[B(0, r)] for every r

such that 0 < r < r j.
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As a consequence, we obtain from (3.10), (3.34), (3.60), and (3.63) that

(3.64) v'.   is in C2+a[B(0, r)] for every r

such that 0 < r < 7j.

But then from (3.14) and (3.64), we obtain that

(3.65) u'.   is in C2+a[B(0, r)] for every r

such that 0 < r < 7j.

The conclusion to the lemma follows immediately from (3.45), (3.47), (3-62),

and (3.65), and the proof of the lemma and consequently the theorem is complete.

4.   Proof of Theorem 2.   To prove Theorem 2 we can assume, with no loss in

generality, that

(4.1) 0<7j<r0<l,

and that

(4.2) u, p, and f = 0    in TN - B(0, rA.

Also, we assume that

(4.3) (u, p) is a distribution solution of (1.1) in B(0, 7j) - |0i

and observe from (4.1), (4.2), and (4.3) that the theorem will be established once

we establish the following fact:

(4.4) For ob in C~[rj, TN], both (3-5) and (3.6) are valid,

where  with no loss in generality we have assumed that (3.1) holds.

In order to establish (4.4), we say

(4.5) <f> is in C™[rv TN - \0\] if cf> is in C~[B(0, rA - \0\] and

</>= 0 in TN-B(0, rA.

We observe from (4.3) that the following fact does hold:

(4.6) For <p in C~[rj, TN - jOl], both (3.5) and (3.6) are valid.

Next, we let P.. U.,, ?.,, and v. be defined almost everywhere in 7\. by
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(3.7), (3.8), (3.9), and (3.10) respectively and observe from (3.11) and (4.6) that

(4.7) For <f> in C"^. T„ - {Ofl, (3.12) holds.

From (4.7), we conclude that (3-13) holds for all cp in C™[ry TN - \0]].  As a

consequence we conclude from Weyl's lemma that for j = 1, • ••, N there is a func-

tion w .(x) such that
i

(4.8) w .(x) is harmonic in B(0, r^-fOi and

equal almost everywhere in  T„  to vu ix) + v ix).

From condition (ii) in the hypothesis of the theorem and Schwarz 's inequality,

we have for /, k = 1, • • •, N that

(4.9) rN   f        Jzz.zz,Ux = o(7-(A'-1)) as r-0    for N > 3.
•773(0,r)      I   K —

[We note for future reference that (4.9) is also true for N = 2.]

As a consequence, we conclude from condition (i) in the hypothesis of the

theorem, from (4.9), (3.7), and (3.8), and from [7, Lemma 4] that for /, k = 1, • • •,

N both

rN   f \P.\dx = oir(N-2)),    asr-0    and
(4.10) JB(0,r)      ;'

r~N   L     AUAdx = o(rlN-2\    asr-^0    for/V>3.
JB(0,r)       lR —

Likewise, we obtain from (3-9) and Lemma 13 that

(4.11) rN   f |3:.|zzx=o(7-(N-2))    asr-0    for N > 3.
JB{0,r)       I

We consequently conclude from condition (ii) in the hypothesis of the theorem,

from (4.10), (4.11) and (3.10) and from (4.8) that for ; = I, • ••, N

(4.12) f~N Jb(o      1^1 dx = 0(r-(N-2))    as r - 0    for N > 3.

Using the theory of spherical harmonics as in [7, (3.61) and (3.62), p. 94],

we conclude from (4.8) and (4.12) that the following holds:

(4.13) For N > 3, w. can be defined at 0

so that w. is harmonic in B(0, r.).i l

Next, for N > 2, we define ll(x) almost everywhere in T„ by (3.15) and

observe from (4.6), (3.6), and (3.16) that



360 V. L. SHAPIRO

(4'14) Jß(0,r ) ̂ x)A^x)äx = °    f°r <P i" C^[rv TN - )0i].

From (4.14) and Weyl's lemma, we conclude that

(4.15)     ll(x) = H'(x) almost everywhere in B(0, rA

where ll'(x) is harmonic in B(0, rj) — Í0Ï-

From condition (ii) in the hypothesis of the theorem, we obtain

'-NJB<o>/l*-o('-(A,-1)/2)   "'-°
(4.16)

for zV > 2 and ;' = 1, • « >, N.

But then we obtain from [7, Lemma 4] and (3-15) that

rN f      \'U\dx = o(r(N-2)) tot n>3,
J B(0 ,r)

(4.17)
= o(log r~ )    for N = 2,    as r —» 0.

We conclude from the theory of spherical harmonics that

(4.18) From N > 2, ll' can be defined at the

origin so that it is harmonic in B(0, rA.

Next, we show that (4.13) holds also for N = 2.   To see this we observe from

[7, Lemma 4] and from Lemma 13 that

(4.19) For N = 2, the expressions on the right-hand

side of the equality sign in (4.10) and (4.11)

are to be replaced by o(log r~ ).

From (4.8), (3-10), (4.16), and (4.19), we next obtain that

(4.20) r2   f \w.\dx = o(r1/2)    asr-+ 0    for; = 1,2.

Using the theory of spherical harmonics as before we conclude from (4.8) and

(4.20) that for 7=1,2,

(4.21) ti/.(x) = c.log|x| + G.(x) for x in B(0, r^-iO}

where c. is a constant and G .(x) is harmonic in B(0, rA.

From (4.15) and (4.21), we have that (3.18)  and (3.19) hold for x in B(0, rA -

J0i.   We therefore obtain from (3.20) that (3.21) holds for x in B(0, rA - \0\.  We

write this out as follows:
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N ,      J*   dG.ix) /  N \
.. „,     E   V;'UI      + E "T— = lim  Z   ( E irn.v"Am) je«».*)-1 »I«
(4.22) ,-,i ;=i    dXj t-0mji0   \,=1      ' '     /

for x in B(0, 7j) - ÍOi.

Next, we define F ix) almost everywhere in T.. by (3.22) and observe that

(3.24) and (3.25)  hold.   Also from condition (ii) in the hypothesis of the theorem,

we have that

(4.23) there is an r2 with 0 < r2 < r^ such that zz.zz,

is in L r/2[B(0, r2)] for /, k « 1, 2.

Since y > 2, we conclude from (4.23), (3.25), Lemmas 6 and 11 that

(4.24) there is an r, with 0 <r, <r2 and a

function M(x) in L![B(0, r)T such that

the expression on the right-hand side of the

equality sign in (4.22) is equal to Mix)

almost everywhere in B(0, rA.

From (3.22) and Lemma 13, we have that

(4-25) r-2fBI0,T)î\t>f\d*-<*r->).

From condition (ii) in the hypothesis of the theorem, we have that

(4.26) L-2   f Izz.zz.P'^xW^oir-1),
\         Jz3(0,r) '   I   *' J

where with no loss in generality we can also assume that

(4.27) 2 < y < 4.

Now it follows from (3.25) and (4.24) that

N

M(x) + p(x)-p"(0)+ Z Fix)

(4.28)
/-I     '

tN     N "J
Z   Z  mjn.iuju.nm)L«»«.*>-I««l'
/=!    kml        ' ' J

almost everywhere in ß(0, r^).

We conclude from condition (i) in the hypothesis of the theorem, from (4.25), (4.23),

(4.26), (4.27), Lemma 12,  and (4.28) that
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(4.29) r2   ( \Mlx)\dx = olr1)    asr-,0.

From (4.21), we have that G.(x) is harmonic in B(0, rA for j = I, -•-, N.

Therefore dG.ix)/dx. is harmonic in B(0, r.).   Since r, < r., we conclude from

(4.22) and (4.24) that

(4.30) there is a function G(x) harmonic in B(0, rA such that

2? , c.x.|x|      = M(x) + G(x) almost everywhere in B(0, rA.

From (4.30) we obtain that

ct  f x2|xr3¿x=   f (M + GtxJxI"1^
(431) * Jß(O.r)   *'   ' JB(O.r) *'

for 0< r< r3 and ¿ = 1, 2.

From (4.29), (4.30), and (4.31) we further obtain that

(4.32) c.?77= oír)    tot k= 1, 2.

Therefore c, = 0 for ¿ = 1,2, and we conclude from (4.21) that

(4.33) for N = 2, w. can be defined at 0

so that it is harmonic in B(0, rA.

From (4.13) and (4.33), we obtain that

(4.34) C     w .lx)àtplx) dx = 0 fot <f> in C~[r1( TN] and   / = 1, • • •, N.
TN    '

Likewise from (4.15) and (4.18), we have

(4.35) f      íU(x)A<jí(x)¿x = 0    for <p in C~[r., TA.
JTN 0    *

From (4.8), we have that w .(x) = vu .(x) + v .(x) almost everywhere in T^.

From this fact, (4.34), and (3.11) we see that (3.5) holds for </) in C^trj, T^].

Likewise from (3.16) and (4.35), we see that (3.6) holds for cb in C™[rlf T^].

Consequently (4.4) is established and the proof of Theorem 2 is complete.
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