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ABSTRACT. In this paper we classify the almost complex structures on a
complex projective space as roots of a certain polynomial equation.

Introduction. A real oriented vector bundle E is said toadmit an almost com-
plex structure if there is a complex vector bundle F such that E = F as oriented
vector bundles. An almost complex structure on E is a (complex) isomorphism
class of such bundles F. When X is a 2n-dimensional oriented manifold and TX
is its tangent bundle, an almost complex structure on TX is called an almost com-
plex structure on X, and X together with an almost complex structure is called an
almost complex manifold. A special case of this is when X is a complex manifold
with complex tangent bundle JX. Since (JX), = TX, X always admits an almost
complex structure,

In this paper we study the generic complex manifolds, the complex projective
spaces, and classify their almost complex structures as roots of a certain polyno-
mial equation. In this context we give an answer to a question of Hirzebruch [7]
posed in 1954 concerning which elements of cohomology arise as Chern classes
of almost complex structures. The techniques used to solve this problem apply
equally well in other cases (for example to U(n), $2%, G AC") = Grassmannian of
2-planes in C", §2™+! x L™(p)—where L") is the lens space and p is suffi-
ciently large, various products of these, etc.) and the details and calculations in

these cases will appear later. For example, one can easily show that § el

$2m+1 admics precisely one almost complex structure. (In fact this is the com-

plex tangent bundle of the complex structure defined by Calabi and Eckmann [9].)

1. Definitions and statement of main theorems. Let Z™ be the product of m
copies of the integers as an abelian group. We consider Z™ C Z™*! by the inclu-
sions (aj+++,a ) P (ay,-+, a_,0), and pur Z%= U
Ppt Z” — Z be projection onto the mth coordinate.

ns1Z" For each m, let
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124 ALAN THOMAS

Let t € HACP™) be the cohomology class corresponding to  the submanifold
CP”-! via the natural orientation of CP™, The abelian group HUCP™) is free
with generators ¢, t%,..., ™, For convenience of notation we identify this group
with Z™ by means of the isomorphism a,? + a2t2 tooeta " @y, ay, 000, am).

Definition. The kth Newton function s: Z*—17 is defined inductively by

(i) sl = Pl’
Gi) sp(@) = p,(@)s,_ (@)= py(a)s, _,(@) + -+v+ C1*=1p, _ (a)s (@) +
-1)*kp, (a).

We notice that s,(a) is a polynomial in p,(a,-- , (@), the first k coordinates of a.
Inductively we define a homomorphism f,: Z* — Z by
(i) f, = identity,
(i) flapeeesa)=1f,_((ayeee, a) - (k-Df,_(a,eee,a,_ ).
Theorem A. The n-ple a=(a,.--, a)) is the Chern vector of a vector bundle
over CP” iff [ (s,..-, s,) =0 mod k! for 1<k <= where s;=sfa).

For n a positive integer let
r(n) = 7 = largest integer < Vi n,
r'(n) =7 = smallest integer > ¥%n,
uln)=u=0 if n is even,
=1 if n=3 mod 4,
=2 if n=1 mod 4.
Define f*: yAQN Z[[A] (the ring of formal power series over the integers) by
the equation

[y oees ) = L+ "0+ (= D)™™ ] (1 + kt) k

1<ksr 1~ kt

and let f7(x,+++, x) be the coefficient of 1™, that is

f"('xl, ceey x',) = z /:In(xl’ ooy x',)[m,
m
We note that [ ;(xl, coey xr,) is a polynomial of degree less than or equal to m,

Theorem B. There is a 1-1 correspondence between the set of almost com-
plex structures on CP” and the set of solutions of the equation f:(xl, caey x'c) =
n + 1. Moreover, the almost complex structure corresponding to the solution
(al, cee, ar,) bas ith Chern class /;‘(a p*» @) so that the ‘total Chern class’

is precisely {Ma ,++, a_,) truncated after the nth term.

Inductively we define a homomorphism g 7k —> Z by
(i) g, = identity,
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ALMOST COMPLEX STRUCTURES ON COMPLEX PROJECTIVE SPACES 125
(ii) gk al’ cee, ak) =gk-l (a2’° e, ak) - (k - 1)2gk-l(al’ LAY ak-l).

Theorem C. The n-ple a=(ay,--+, a ) is the Chem vector of an almost com-
plex structure on CP" iff

(1).al=n+ 1 mod 2;

2 a,=n+ 1;

(3) gylspy sgeee, 55, P)=0mod 202k -1, 2<k<r

(4) if nisodd, g /(s),+++, s ) =0 mod u(n));

(5) Syp=m+ 1 for 1<k<r;
where s, = si(a).

2, PLeliminaries. We recall briefly from [2] the functors G and H and their rela-
tion with K-theory. The reader is referred to this paper for explicit and further details.
For X a finite connected based CW-complex, G(X) is the abelian group

whose elements are formal expressions

l+ay+-eo+a +--+ where a; € H¥(X)

with addition @ defined by
Q+a +-) @A +b +ee)=ldcy+eee
where c;=a;+ “i-lb1+ “i-zbz +eest by ‘
If E is a C”-bundle over X with ith Chern class c(E)e H 2i(X) then the

‘total Chern class’ of E

cEY =14+ c(B) 40+ Cn(E)

is an element of G(X), and since if F is a C™-bundle over X c(E®F) = ¢(E)®
c(F), we see that ¢ induces a natural homomorphism

¢ KX — Gx).
Then ¢ is an isomorphism modulo finite groups. (In fact a much stronger result
is true [2].) The image of ¢ is the subgroup of ‘vectors’ which occur as total
Chern class of a vector bundle. .
~ '\lz . . ~N.

Let H(X) = @nH ™(X) as an abelian group. We give H(X) the structure of a
graded ring with product denoted by juxtaposition defined in terms of cup product
by the formula

(m + a)! 2
n n=mxm U x, where x, € H*(X).

~ ~
There is a natural homomorphism o: G(X) — H(X) which is defined in terms of
Newton polynomials with the property that if a € HAX) then o1 + @) = (@, a2, , @),
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126 ALAN THOMAS

~ ~ » . ~ N . . 3
Ve define s: K(X) = H(X) to be the composite s = oc, which is a ring homo-
morphxsm. If E is a complex vector bundle over X, then the ith term s, of
S(E - dim E) is related to the Chern classes c, by the formula

S;=CyS;_ g+ +(—1)’°kck=0.

Both 0 and s are isomorphisms modulo finite groups.
3. Proof of Theorem A. We now consider the case X = CP™, Let H be the
line bundle over CP” defined by
={(v, v) eCP"x C™*!: y €V}

where we think of CP” as the set of l-dimensional subspaces of C?*!. Let 7
=H-1le¢ K(CP") and let 7, be the image of 7 under the ‘realification’ map

R: K(X) — KO(X).

The following theorem is well known. (See, for example, [3].)

3.1 Theorem. (1) 'k‘(CP") is generated by M, 1%, -+« 7' subject to the

single relation 7**! =0,

(2) KO(CP™) is generated by powers of 1 subject to the relations
(@) if n is even, (ny)*! = 0;

(ii) if n=1 mod 4, 2(n, Y+1-0 and (g 41 0;

(iii) if n =3 mod 4, (nR)""l =0.

~ ~
In particular, K(CP") is free abelian, and so is KO(CP™) provided n £ 1
mod 4. If 7n=1 mod 4, then KO(CP?) is the direct sum of a free abelian group
and a copy of Zz, so has a unique element of order 2, namely (17R)'+l.

3.2 Lemma. E(CP") is a free abelian group of rank n.

Proof. Since G(CP") is isomorphic to K(CP™ modulo finite groups, it is
finitely generated, so it suffices to show it is torsion free. Suppose a € G(CP™)
and k € Z such that ka = 0. Writing a= 1+ a_ + higher terms where a, € H"(CP") is
nonzero, we see that

ka =1 + ka_+ higher terms

so that & = 0 since H*"(CP™) is torsion free.
It follows that the maps

¢ K(CP™ - G(CP™, o G(CP™ — H(CP™, 5 K(CP™) — H(CP™)
are all monomorphisms. We identify G(CP™) with Z7 by means of the bijection

n
l+alt+...+ant H(al,..-,an)-
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ALMOST COMPLEX STRUCTURES ON COMPLEX PROJECTIVE SPACES 127

Let C =Im 'c\" and S=Ims. Then C can be identified with the set of elements
{a € Z* such that (s,(a), s,(a), ... S L) e St
For k €Z, let v, = Hk -l eK(CP") Then c(v Y=14+kt eG(CP") and

s(v) (k, k2,..., k™). Since vV =V, -V -vl,andq v,, one can

k+l
show inductively that

7t =2, - (f)"k-l * (Ize)”k-z — +(‘l)k-l(k’:1)”

and hence K(CP™) is generated by v,s+++, v . So § consists of all elements of
the form

a,s(v)) + a,s(v,) + «++ +a, s(v)) where a, €Z,

i.e. those elements (b,,-++, b ) € Z" such that the system of simultaneous equa-
tions
ay+2a,+3a;+-c+na =b),

2 2 2
ay+2%ay+3%az + o0 4m “,,-bz’

a; +2%y+ 3%, + o 4na, =b,
has a solution with @, integers.
3.3 Lemma. () [y % i35 -vs i) = j1/G = DL

(ii) The augmented matrix of the above system of equations is row equiva-
lent over the integers to the matrix M defined by

M =0 if i>j,
=[fisi%soees i) fori<j<m,
=f{byseeesb) forj=n+1.

Proof. Part (i) is proved by induction on i, starting with f,(j) = j = j!/(j - D\,
Then

Figals ooes i =[G o oes D) = if G ooy D = G= D[ Sy ey 7

using the fact that f; is a homomorphism, and the result follows.

Part (ii) is proved using (i) and by applying to the augmented matrix those
row operations which inductively define f.
Since M, = i! by the lemma, we see that

S={(byy+--58): [(byy-+-,5)=0 mod il for 1 <i<n}

which completes the proof of Theorem A.
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128 ALAN THOMAS

For X a CW-complex, let Vect (X) be the set of (isomorphism classes of)
C"-bundles over X. If dim X = 2r, then Vect, (X) is an abelian group. If E, F €
Vectn(X), then by stability properties there is a C"-bundle, say E « F determined
uniquely up to isomorphism such that E® F = (E . F) @ n, where n denotes the
trivial C"-bundle. The function (E, F) — E . F defines the group structure, and
the natural map

Vectn(X) —K(X), EPE-n

is an isomorphism.

IfE ¢ Vectn(CP"), then ¢ (E) € C, and this defines a function f: Vect"(CP")
—C. Conversely, if @ € C then there is a C*-bundle E with f(E)=a. If E'isa
second such C"-bundle, then &(E - E')=0 so E~E'=0 in KCP*) and by sta-
bility, E E' and the isomorphism class of E is well defined. This defines a
function g: C — Vect, (CP") such that fg = 1.

3.4 Lemma. The maps f: Vect (CP") — C and g: C — Vect (CP") are in-
verse isomorphisms (of abelian groups).

This lemma together with Theorem A classifies C"-bundles over CP™. If E
is a C’-bundle over CP” we say that E extends over CP"*° if there is a C’-
bundle E' over CP"*$ which restricts to E. It is an interesting and unsolved
problem to determine necessary and sufficient conditions for a C"-bundle over CP?

to extend over CP?+S, The following is a solution in the simplest case @ =n,
s=1).

3.5 Proposition. A C"-bundle over CP™ extends over CP7+1 ff
fn+1(sl’ ceey le) =0 mod(n + 1)!

where s, = si(c), and ¢ = (CI(E), cz(E),- ooy c"(E), 0).

Proof. Necessity is an easy corollary of Theorem A. Let F be the crl.
bundle over CP?*! with c(F)=c,E) for 1<i<n,and c, ,(F)=0. By hypoth-
esis and Lemma 3.4, there is such a bundle. Over CP* we can write FX G @ 1
by stability, and then by Lemma 3.4 G = E by examining Chem classes. So F
has a nonzero section over CP” and since the Euler class of F is zero this sec-
tion extends to a nonzero section over CP?*!, So F~ E'®1 for some E' an n-
dimensional bundle over CP?*!, and E' restricted to CP” is E.

4, Almost complex structures. If X isa 2z-dimensional oriented manifold, let

e: K(X) = Vect, (X) — H2"(X) = Z
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ALMOST COMPLEX STRUCTURES ON COMPLEX PROJECTIVE SPACES 129

be the function which associates to an n-dimendional complex vector bundle its
nth Chern class, that is, its Euler class.

4.1 Proposition. If X is @ 2n-dimensional oriented manifold, there is a 1-1
corres pondence between the set of almost complex structures on X and the set of
elements x € K(X) satisfying

(1) elx) = e(X) = Euler number of X;

2) RX)=TX~2n in KO(X), where R: 'E(X) — l?b'(X) is the realification homo-
morphism, and TX is the tangent bundle of X.

Proof. If A is an almost complex structure then R(A ~ ) = TX ~ 27 and e(d - n)
=c (A) Euler class of TX = Euler class of X. Conversely if x € K(X), let A e
Vectn(X) be the corresponding element. Then R(A —1n)=TX - 2n, so Ap= sably
TX, whence A, ® 1= TX®lso Ay = TX since they have the same Euler class,

which is the obstruction to removing the trivial line bundle.

4.2 Corollary. If X is a 2n-dimensional oriented manifold such that

(1) H¥(X) bas only torsion relatively prime to (j = 1)1,

(2) I’(\OJ(X) bas no 2-torsion,
then there is a 1-1 correspondence between almost complex structures on X and
elements E € Vectn(x) such that

(a) Czi(E ®E)= pi(X)= ith Pontrjagin class, 1< i< n,

) e(E) = eX).

Proof. If x € K(X), then R(X)= TX - 2n iff CR(x)= C(TX)~ 2n (where
C: KO(X) — ’I\('(X ) is the complexification homomorphism) since 1?60() has no
2-torsion and RC is multiplication by 2. So R(E-n)=TX - 2n iff E®E -~ 2n
= C(TX) = 2n, that is iff E®E and C(TX) are stably isomorphic. By a result
of Peterson [4] under the conditions of the hypothesis, 2 vector bundles are sta-
bly isomorphic iff they have the same Chern classes, and the result follows.

A particular example of Corollary 4.2 is X = CP” for n # 1 mod 4.

4.3 Proposition. The kernel of R:R(CP?) — Ko(cP) is freely generated by
(1) wyseeerw,, neven;
(2 wyseresw,, " n=3 mod 4
(3) wyseeesw, 27", n=1 mod 4 where w, = H* — H~k,

Proof. This is an easy consequence of the theorems of Fujii on the structure

of KO(CP?) (I5], [6]) and the fact that

(n-7n+ ﬁ)k =wy,q+ (linear combination of wy, +++, wk)

which is easily proved by induction starting with &= 0.
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130 ALAN THOMAS

Let J denote the complex tangent bundle of the complex manifold CP* and
let T denote the real tangent bundle of the differentiable manifold CP?. Then
J =T, and so if x € KICP"), R) = T - 27 iff

n
x=(T-n)+aw +eecvaw +ua,n
for some integers @ys+++,a a . For such an x,

o
) = (14 0™ 4 (=1 Y JT (LR
1sksr 1 =kt

=fn(a19 "’!arl)

and so c(x) = nth Chern class = [2(a;,+++,a,). So using Proposition 4.1 we see
that any almost complex structure determines a solution of the equation

[:(-"11 ey, xrl)gﬂ"' 1.
Conversely, if (al,- ey ar:) is a solution, let
n
x=(T-n) +aw, +---+aw +uam

so that R(x)=T and e(x) =2 + 1 so by Proposition 4.1 x determines an almost
complex structure. This completes the proof of Theorem B.

The proof of Theorem C now follows from Proposition 4.3 by methods similar
to §3. For an element x € K(CP?) is of the form

n
x=(J-n)+aw +.+s+aw +uam" for some a,

iff sG)=sT -n)+ a;sw )+ o rasw)+ ua,:s(n") for some @, iff the n
equations (1<i<n)

ays(w)+ oo vasw)+aus ") =sx) - s (T-n)
have a solution with @, integers. Since

s(wk) =2k, 0, k3,0,%%0,...)

we see that SZi(x) = szl.(s. -n)=n+ 1, The equations for i odd are
Aay +2ay + oo +1a)=5,(x)=(n+1),

2ay + 2"’a2 +oeoet r3a') = ss(x) -(r+1),

2r=

Aay +27 gy 4 eeetr 10)=5, ) =(2+1)

and if » is odd
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ALMOST COMPLEX STRUCTURES ON COMPLEX PROJECTIVE SPACES 131
2(al +2%, + 00t r”a') - u(n!)a', = sn(x) -(n+1).

Theorem C now follows from the following lemma.

4.4 Lemma. (i) g,(isj2se+es7? D= G+i=D1/G =i
(ii) The augmented matrix of the above system of equations is row equivalent
over the integers to the matrix N defined by

N=0 if i>j,
=2g (s 2 oees i) for i<js<n

o . 4
=gfsprspees Sy;-p) for2<i, and j=1 + l} where s, = s (x),

=sl"(”+1) fori=1,j=r+1

and if n is odd
N;=0 if1<igr j=7,
==2uln), i=j=r.

The proof of this lemma is similar to the proof of Lemma 3 with the additional

observation that

gi(sl-(n+l), s3-("+1)"'°’52i-1—("+1»
”gi(sl"”’52,'-1)'31‘(”"'1’""‘1'""”"’1)
=gi(sl,---,52i_l) for i>2,

=Sl—(ﬂ+1) fOl'i=l.
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